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LOCALLY COLLAPSED 3-MANIFOLDS

by

Bruce Kleiner & John Lott

Abstract. — We prove that a 3-dimensional compact Riemannian manifold which is
locally collapsed, with respect to a lower curvature bound, is a graph manifold. This
theorem was stated by Perelman and was used in his proof of the geometrization
conjecture.

Résumé. — Nous démontrons qu'une variété riemannienne de dimension 3 qui est
localement effondrée, relativement & une borne inférieure de la courbure, est un
graphe. Ce théoréme était énoncé par Perelman sans démonstration et a été utilisé
dans sa preuve de la conjecture de géométrisation.

1. Introduction

1.1. Overview. — In this paper we prove that a 3-dimensional Riemannian man-
ifold which is locally collapsed, with respect to a lower curvature bound, is a graph
manifold. This result was stated without proof by Perelman in [24, Theorem 7.4],
where it was used to show that certain collapsed manifolds arising in his proof of
the geometrization conjecture are graph manifolds. Our goal is to provide a proof
of Perelman’s collapsing theorem which is streamlined, self-contained and accessible.
Other proofs of Perelman’s theorem appear in [2, 5, 23, 30].

In the rest of this introduction we state the main result and describe some of the
issues involved in proving it. We then give an outline of the proof. We finish by
discussing the history of the problem.
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8 B. KLEINER & J. LOTT

1.2. Statement of results. — We begin by defining an intrinsic local scale function
for a Riemannian manifold.

Definition 1.1. — Let M be a complete Riemannian manifold. Given p € M, the
curvature scale R, at p is defined as follows. If the connected component of M
containing p has nonnegative sectional curvature then R, = co. Otherwise, R, is the
(unique) number r > 0 such that the infimum of the sectional curvatures on B(p,r)

1
equals — .

We need one more definition.

Definition 1.2. — Let M be a compact orientable 3-manifold (possibly with bound-
ary). Give M an arbitrary Riemannian metric. We say that M is a graph manifold if
there is a finite disjoint collection of embedded 2-tori {T}} in the interior of M such
that each connected component of the metric completion of M — | ; T; is the total
space of a circle bundle over a surface (generally with boundary).

For simplicity, in this introduction we state the main theorem in the case of closed
manifolds. For the general case of manifolds with boundary, we refer the reader to
Theorem 16.1.

Theorem 1.3 (cf. [24, Theorem 7.4]). — Let c3 denote the volume of the unit ball in R3
and let K > 10 be a fizved integer. Fiz a function A : (0,00) — (0,00). Then there is
a wg € (0,c3) such that the following holds.

Suppose that (M,g) is a closed orientable Riemannian 3-manifold. Assume in
addition that for every p € M,

(1) vol(B(p, Rp)) < woR} and

(2) For every w' € [wo,c3), k € [0, K], and r < R,, such that vol(B(p,r)) > w'r3,
the inequality

(1.4) |V Rm | < A(w') r~*+2)
holds in the ball B(p,r).
Then M is a graph manifold.

1.3. Motivation. — Theorem 1.3, or more precisely the version for manifolds with
boundary, is essentially the same as Perelman’s [24, Theorem 7.4]. Either result
can be used to complete the Ricci flow proof of Thurston’s geometrization conjec-
ture. We explain this in Section 17, following the presentation of Perelman’s work
in [21].

To give a brief explanation, let (M, g(-)) be a Ricci flow with surgery whose ini-
tial manifold is compact, orientable and three-dimensional. Put g(t) = @ Let
M; denote the time ¢ manifold. (If ¢ is a surgery time then we take M; to be the
postsurgery manifold.) For any w > 0, the Riemannian manifold (M;,g(t)) has a
decomposition into a w-thick part and a w-thin part. (Here the terms “thick” and
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LOCALLY COLLAPSED 3-MANIFOLDS 9

“thin” are suggested by the Margulis thick-thin decomposition but the definition is
somewhat different. In the case of hyperbolic manifolds, the two notions are essen-
tially equivalent.) As ¢t — oo, the w-thick part of (M, g(t)) approaches the w-thick
part of a complete finite-volume Riemannian manifold of constant curvature — %,
whose cusps (if any) are incompressible in M;. Theorem 1.3 implies that for large t,
the w-thin part of M; is a graph manifold. Since graph manifolds are known to have
a geometric decomposition in the sense of Thurston, this proves the geometrization
conjecture.

Independent of Ricci flow considerations, Theorem 1.3 fits into the program in
Riemannian geometry of understanding which manifolds can collapse. The main
geometric assumption in Theorem 1.3 is the first one, which is a local collapsing state-
ment, as we discuss in the next subsection. The second assumption of Theorem 1.3
is more technical in nature. In the application to the geometrization conjecture, the
validity of the second assumption essentially arises from the smoothing effect of the
Ricci flow equation.

In fact, Theorem 1.3 holds without the second assumption. In order to prove this
stronger result, one must use the highly nontrivial Stability Theorem of Perelman [19,
25]. As mentioned in [24], if one does make the second assumption then one can
effectively replace the Stability Theorem by standard C'*-convergence of Riemannian
manifolds. Our proof of Theorem 1.3 is set up so that it extends to a proof of
the stronger theorem, without the second assumption, provided that one invokes the
Stability Theorem in relevant places; see Sections 1.5.7 and 18.

1.4. Aspects of the proof. — The strategy in proving Theorem 1.3 is to first
understand the local geometry and topology of the manifold M. One then glues these
local descriptions together to give an explicit decomposition of M that shows it to be
a graph manifold. This strategy is common to [5, 23, 30] and the present paper. In
this subsection we describe the strategy in a bit more detail. Some of the new features
of the present paper will be described more fully in Subsection 1.5.

1.4.1. An example. — The following simple example gives a useful illustration of the
strategy of the proof.

Let P C H? be a compact convex polygonal domain in the two-dimensional hyper-
bolic space. Embedding H? in the four-dimensional hyperbolic space H*, let N,(P)
be the metric s-neighborhood around P in H*. Take M to be the boundary dN,(C),
slightly smoothed. If s is sufficiently small then one can check that the hypotheses of
Theorem 1.3 are satisfied.

Consider the structure of M when s is small. There is a region M?statum Jying at,
distance > const. s from the boundary 0P, which is the total space of a circle bundle.
At scale comparable to s, a suitable neighborhood of a point in M?-Stratum g pearly
isometric to a product of a planar region with S*. There is also a region M°d¢ lying
at distance < const.s from an edge of P, but away from the vertices of P, which is
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10 B. KLEINER & J. LOTT

the total space of a 2-disk bundle. At scale comparable to s, a suitable neighborhood
of a point in Me°9e® is nearly isometric to the product of an interval with a 2-disk.
Finally, there is a region M9statum lying at distance < const.s from the vertices
of P. A connected component of M?-stratum ig diffeomorphic to a 3-disk.

We can choose M ?2-stratum = predge gy pjO-stratum o that there is a decomposition
M = M Zstratum g predge (j ppO-stratum with the property that on interfaces, fibration
structures are compatible. Now AMedge ( JfO-stratum g 5 finite union of 3-disks and
D? x I's, which is homeomorphic to a solid torus. Also, MZstratum jg 5 circle bundle
over a 2-disk, i.e., another solid torus, and M?stratum intersects Afedge ([ pf0-stratum
in a 2-torus. So using this geometric decomposition, we recognize that M is a graph
manifold. (In this case M is obviously diffeomorphic to S, being the boundary of a
convex set in H?, and so it is a graph manifold; the point is that one can recognize
this using the geometric structure that comes from the local collapsing.)

1.4.2. Local collapsing. — The statement of Theorem 1.3 is in terms of a local lower
curvature bound, as evidenced by the appearance of the curvature scale R,. Assump-
tion (1) of Theorem 1.3 can be considered to be a local collapsing statement. (This
is in contrast to a global collapsing condition, where one assumes that the sectional
curvatures are at least —1 and vol(B(p, 1)) < € for every p € M.) To clarify the local
collapsing statement, we make one more definition.

Definition 1.5. — Let c3 denote the volume of the Euclidean unit ball in R*. Fix
w € (0,c3). Given p € M, the w-volume scale at p is

(1.6) rp(w) = inf {r > 0 : vol(B(p,r)) = 1177“3}.
If there is no such r then we say that the w-volume scale is infinite.

There are two ways to look at hypothesis (1) of Theorem 1.3, at the curvature scale
or at the volume scale. Suppose first that we rescale the ball B(p, R,) to have radius
one. Then the resulting ball will have sectional curvature bounded below by —1 and
volume bounded above by wg. As wg will be small, we can say that on the curva-
ture scale, the manifold is locally volume collapsed with respect to a lower curvature
bound. On the other hand, suppose that we rescale B(p,r,(wo)) to have radius one.
Let B'(p,1) denote the rescaled ball. Then vol(B’(p,1)) = wy. Hypothesis (1) of
Theorem 1.3 implies that there is a big number R so that the sectional curvature
on the radius R-ball B'(p,R) (in the rescaled manifold) is bounded below by — 5.
Using this, we deduce that on the volume scale, a large neighborhood of p is well
approximated by a large region in a complete nonnegatively curved 3-manifold N,
This gives a local model for the geometry of M. Furthermore, if wg is small then we
can say that at the volume scale, the neighborhood of p is close in a coarse sense to
a space of dimension less than three.

In order to prove Theorem 1.3, one must first choose on which scale to work. We
could work on the curvature scale, or the volume scale, or some intermediate scale (as
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LOCALLY COLLAPSED 3-MANIFOLDS 11

is done in [5, 23, 30]). In this paper we will work consistently on the volume scale.
This gives a uniform and simplifying approach.

1.4.3. Local structure. — At the volume scale, the local geometry of M is well ap-
proximated by that of a nonnegatively curved 3-manifold. (That we get a 3-manifold
instead of a 3-dimensional Alexandrov space comes from the second assumption in
Theorem 1.3.) The topology of nonnegatively curved 3-manifolds is known in the
compact case by work of Hamilton [17, 18] and in the noncompact case by work of
Cheeger-Gromoll [7]. In the latter case, the geometry is also well understood. Some
relevant examples of such manifolds are:

(1) B2 x S,
(2) R x S?

(3) R x X, where ¥ is a noncompact nonnegatively curved surface which is diffeo-
morphic to R? and has a cylindrical end, and

(4) R X7 52.

If a neighborhood of a point p € M is modeled by R? x S! at the volume scale
then the length of the circle fiber is comparable to wy. Hence if wq is small then the
neighborhood looks almost like a 2-plane. Similarly, if the neighborhood is modeled
by R x S? then it looks almost like a line. On the other hand, if the neighborhood
is modeled by R x ¥ then for small wq, the surface ¥ looks almost like a half-line
and the neighborhood looks almost like a half-plane. Finally, if the neighborhood is
modeled by R xz, S? then it looks almost like a half-line.

1.4.4. Gluing. — The remaining issue is use the local geometry to deduce the global
topology of M. This is a gluing issue, as the local models need to be glued together
to obtain global information.

One must determine which local models should be glued together. We do this by
means of a stratification of M. If p is a point in M then for k < 2, we say that p is a
k-stratum point if on the volume scale, a large ball around p approximately splits off
an R¥-factor metrically, but not an R¥*+!-factor.

For k € {1,2}, neighborhoods of the k-stratum points will glue together in order
to produce the total space of a fibration over a k-dimensional manifold. For example,
neighborhoods of the 2-stratum points will glue together to form a circle bundle over a
surface. Neighborhoods of the O-stratum points play a somewhat different role. They
will be inserted as “plugs”; for example, neighborhoods of the exceptional fibers in a
Seifert fibration will arise in this way.

By considering how M is decomposed intc these various subspaces that fiber, we
will be able to show that M is a graph manifold.

1.5. Outline of the proof. — We now indicate the overall structure of the proof
of Theorem 1.3. In this subsection we suppress parameters or denote them by const.
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12 B. KLEINER & J. LOTT

In the paper we will use some minimal facts about pointed Gromov-Hausdorff con-
vergence and Alexandrov spaces, which are recalled in Section 3.

1.5.1. Modified volume scale. — The first step is to replace the volume scale by a
slight modification of it. The motivation for this step is the fluctuation of the volume
scale. Suppose that p and ¢ are points in overlapping local models. As these local
models are at the respective volume scales, there will be a problem in gluing the local
models together if rq(w) differs wildly from r, (). We need control on how the volume
scale fluctuates on a ball of the form B(p, const.r,(w)). We deal with this problem
by replacing the volume scale r,(w) by a modified scale which has better properties.
We assign a scale t, to each point p € M such that:

(1) tp is much less than the curvature scale R,.

(2) The function p — t, is smooth and has Lipschitz constant A < 1.

(3) The ball B(p,t,) has volume lying in the interval [w't], @wt?], where v’ < w

are suitably chosen constants lying in the interval [wg, ¢ 3]

The proof of the existence of the scale function p + t, follows readily from the
local collapsing assumption, the Bishop-Gromov volume comparison theorem, and an
argument similar to McShane’s extension theorem for real-valued Lipschitz functions;
see Section 6.

1.5.2. Implications of compactness. — Condition (1) above implies that the re-
scaled manifold %M , in the vicinity of p, has almost nonnegative curvature. Further-
more, condition (3) implies that it looks collapsed but not too collapsed, in the
sense that the volume of the unit ball around p in the rescaled manlfold M
is small but not too small. Thus by working at the scale t,, we are able to retaln ‘the
local collapsing assumption (in a somewhat weakened form) while gaining improved
behavior of the scale function.

Next, the bounds (1.4) extend to give bounds on the derivatives of the curvature
tensor of the form

(1.7) [VFRm| < A'(C,w')
for 0 < k < K, when restricted to balls B(p,C) in t—M Using (1.7) and stan-
dard compactness theorems for pointed Riemannian manlfolds we get:

(4) For every p € M, the rescaled pointed manifold ( ) M p) is close in
the pointed C¥-topology to a pointed nonnegatively curved C¥-smooth
Riemannian 3-manifold (N, *).

(5) For every p € M, the pointed manifold ( =0 )M p) is close in the pointed
Gromov-HausdorfI topology to a pointed nonnegatively curved Alexandrov
space (X, ) of dimension at most 2.
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LOCALLY COLLAPSED 3-MANIFOLDS 13

1.5.3. Stratification. — The next step is to define a partition of M into k-stratum
points, for k € {0,1,2}. The partition is in terms of the number of R-factors that
approximately split off in (;(lp—)M D)
Let 0 < /1 < B2 be new parameters. Working at scale v,, we classify points in M
as follows (see Section 7):
— A point p € M lies in the 2-stratum if (ﬁM, p) is Ba-close to (R?,0) in the
pointed Gromov-Hausdorff topology.
A point p € M lies in the l-stratum, if it does not lie in the 2-stratum,
but (#M,p) is B1-close to (R x Y}, (0,*y,)) in the pointed Gromov-Hausdorff
topology, where Y, is a point, a circle, an interval or a half-line, and xy, is a
basepoint in Y.
— A point lies in the O-stratum if it does not lie in the k-stratum for k& € {1,2}.
We now discuss the structure near points in the different strata in more detail,
describing the model spaces X, and NV,,.

2-stratum points (Section 8). — If B is small and p € M is a 2-stratum point then
X, is isometric to R?, while N, is isometric to a product R? x S where the S!
factor is small. Since the pointed rescaled manifold (—t]:]W ,p) is close to (Np,*), we
can transfer the projection map N, ~ R? x 8! = R? to a map np defined on a large
ball B(p,C') C %p]\l , where it defines a circle fibration.

1-stratum points (Sections 9 and 10). — If 51 is small and p is a l-stratum point
then X, = R x Y, where Y}, is a point, a circle, an interval or a half-line. The
C*%-smooth model space N, will be an isometric product R x Np, where Np is a
complete nonnegatively curved orientable surface. As in the 2-stratum case, we can
transfer the projection map N, ~ R x N, — R to a map 7, defined on a large ball
B(p,C) C iM , where it defines a submersion.

We further classify the 1-stratum points according to the diameter of the cross-
section Y,. If the diameter of Y, is not too large then we say that p lies in the slim
1-stratum. (The motivation for the terminology is that in this case (%M , p) appears
slim, being at moderate Gromov-Hausdorff distance from a line.) For slim 1-stratum
points, the cross-section Np is diffeomorphic to S? or T2. Morcover, in this case the
submersion 7, will be a fibration with fiber diffeomorphic to N,,.

We also distinguish another type of 1-stratum point, the edge points. A 1-stratum
point p is an edge point if (X,,*) = (R x Y}, x) can be taken to be pointed isometric
to a flat Euclidean half-plane whose basepoint lies on the edge. Roughly speaking,
we show that near p, the set E’ of edge points looks like a 1-dimensional manifold
at scale t,. Furthermore, there is a smooth function ng/ which behaves like the
“distance to the edge” and which combines with 7, to yield “half-plane coordinates”
for ELPJW near p. When restricted to an appropriate sublevel set of ng/, the map 7,
defines a fibration with fibers diffeomorphic to a compact surface with boundary F,.
Using the fact that for edge points N, = R x N, is Gromov-Hausdorff close to a
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14 B. KLEINER & J. LOTT

half-plane, one sees that the pointed surface (N,,*) is Gromov-Hausdorff close to a
pointed ray ([0,00),*). This allows one to conclude that F, is diffeomorphic to a
closed 2-disk.

0-stratum points (Section 11). — We know by (4) that if p is a 0-stratum point, then
(r]—pM , p) is C¥_close to a nonnegatively curved C¥-smooth 3-manifold N,. The idea
for analyzing the structure of M near a O-stratum point p is to use the fact that
nonnegatively curved manifolds look asymptotically like cones, and are diffeomorphic
to any sufficiently large ball in them (centered at a fixed basepoint). More precisely,
we find a scale 7'2 with t, < 7’2 < const. t;, so that:

— The pointed rescaled manifold (T%J\[ , p) is close in the C®-topology to a

C*-smooth nonnegatively curved 3-manifold (N[’)7 *).

~ The distance function d,, in &M has no critical points in the metric annulus

Alp, %, 10) = B(p,10) — B(p,pfﬁ), and B(p,1) C Tig]\f/f is diffeomorphic to IV,
- The pointed space (T%]\/[ , p) is close in the pointed Gromov-Hausdorff topology to
a Euclidean cone (in'fact the Tits cone of Ny).

- Nz/) has at most one end.

The proof of the existence of the scale 'r'g is based on the fact that nonnega-
tively curved manifolds are asymptotically conical, the critical point theory of
Grove-Shiohama [16], and a compactness argument. Using the approximately conical
structure, one obtains a smooth function 7, on T—l(,]\f which, when restricted to
the metric annulus A(p, %, 10) C %]\4 , behaves like the radial function on a cone.
In particular, for t € [ﬁ, 10], the sublevel sets 77;1 [0, %) are diffeomorphic to N;.

The soul theorem [7], together with Hamilton’s classification of closed nonnega-
tively curved 3-manifolds [17, 18], implies that Nz/) is diffeomorphic to one of the
following: a manifold W/T' where W is either S3, S? x S! or T? equipped with a
standard Riemannian metric and I is a finite group of isometries; S' x R?; S? x R,
T? x R; or a twisted line bundle over RP? or the Klein bottle. Thus we know the
possibilities for the topology of B(p,1) C %2]\1,

1.5.4. Compatibility of the local structures. — Having determined the local structure
of M near each point, we examine how these local structures fit together on their
overlap. For example, consider the slim 1-stratum points corresponding to an S2-fiber.
A neighborhood of the set of such points looks like a union of cylindrical regions. If
the axes of overlapping cylinders are very well-aligned then the process of gluing them
together will be simplified. It turns out that such compatibility is automatic from our
choice of stratification.

To see this, suppose that p,q € M are 2-stratum points with B(p, const.t,) N
B(q,const. ty) # @. Then provided that A is small, we know that v, ~ t,. Suppose
now that z € B(p,const.t,) N B(g,const.t,). We have two R?-factors at z, coming
from the approximate splittings at p and ¢. If the parameter 2 is small then these
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LOCALLY COLLAPSED 3-MANIFOLDS 15

R2-factors must align well at z. If not then we would get two misaligned R2-factors
at p, which would generate an approximate R3-factor at p, contradicting the local
collapsing assumption. Hence the maps 7, and 7y, which arose from approximate
R2-splittings, are nearly “aligned” with each other on their overlap, so that 7, and 7,
are affine functions of each other, up to arbitrarily small C!-error.

Now fix 2. Let p,g € M be l-stratum points. At any z € B(p,const.t,) N
B(q, const. ty), there are two R-factors, coming from the approximate R-splittings at
p and q. If By is small then these two R-factors must align well at z, or else we would
get two misaligned R-factors at p, contradicting the fact that p is not a 2-stratum
point. Hence the functions 1, and 7, are also affine functions of each other, up to
arbitrarily small C'-error.

One gets additional compatibility properties for pairs of points of different
types. For example, if p lies in the O-stratum and ¢ € A(p, '1"16’ 10) C %]W belongs to
the 2-stratum then the radial function 7,, when appropriately rescaled, agrees with
an affine function of 7, in B(g, 10) C é]\/[ up to small C't-error.

1.5.5. Gluing the local pieces together (Sections 12-14). — To begin the gluing pro-
cess, we select a separated collection of points of each type in M: {p;}ticls inrums

{Pi}ieLaim> APitielages {Pi}i€losrapum» 5O that

= Use fyovrurn B(pi, const.tp, ) covers the 2-stratum points,

- Uie Lot U etge B(p;, const. t,,) covers the 1-stratum points, and

, 0 . . ;
= Uie 1o.onurum B(piyconst. ) covers the O-stratum points.

Our next objective is to combine the 7,,’s so as to define global fibrations for each
of the different types of points, and ensure that these fibrations are compatible on
overlaps. To do this, we borrow an idea from the proof of the Whitney embedding
theorem (as well as proofs of Gromov’s compactness theorem [14, Chapter 8.D], [20]):
we define a smooth map £° : M — H into a high-dimensional Euclidean space H.
The components of £° are functions of the 7,,’s, the edge function 1z, and the scale
function p — t,, cutoff appropriately so that they define global smooth functions.

Due to the pairwise compatibility of the 7,,’s discussed above, it turns out that
i€ Iyornnnn B(Disconst. vy, ) is a subset S C H which, when
viewed at the right scale, is everywhere locally close (in the pointed Hausdorfl sense)
to a 2-dimensional affine subspace. We call such a set a cloudy 2-manifold. By
an elementary argument, we show in Appendix B that a cloudy manifold of any

the image under £° of |J

dimension can be approximated by a core manifold W whose normal injectivity radius
is controlled.

We adjust the map £V by “pinching” it into the manifold core of S, thereby up-
grading £° to a new map £ which is a circle fibration near the 2-stratum. The new
map €' is C-close to £°. We then perform similar adjustments near the edge points
and slim 1-stratum points, to obtain a map £ : M — H which yields fibrations when
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16 B. KLEINER & J. LOTT

restricted to certain regions in M, see Section 13. For example, we obtain

~ A D?-fibration of a region of M near the edge set E’,
~ §2 or T?-fibrations of a region containing the slim stratum, and
— A surface fibration collaring (the boundary of) the region near 0-stratum points.

Furthermore, it is a feature built into the construction that where the fibered regions
overlap, they do so in surfaces with boundary along which the two fibrations are
compatible. For instance, the interface between the edge fibration and the 2-stratum
fibration is a surface which inherits the same circle fibration from the edge fibration
and the 2-stratum fibration. Similarly, the interface between the 2-stratum fibration
and the slim l-stratum fibration is a surface with boundary which inherits a circle
fibration from the 2-stratum. See Proposition 14.1 for the properties of the fibrations.

1.5.6. Recognizing the graph manifold structure (Section 15). — At this stage of the
argument, one has a decomposition of M into domains with disjoint interiors, where
each domain is a compact 3-manifold with corners carrying a fibration of a specific
kind, with compatibility of fibrations on overlaps. Using the topological classification
of the fibers and the O-stratum domains, one readily reads off the graph manifold
structure. This completes the proof of Theorem 1.3.

1.5.7. Removing the bounds on derivatives of curvature (Section 18). The proof
of Theorem 1.3 uses the derivative bounds (1.4) only for C¥-precompactness results.
In turn these are essentially used only to determine the topology of the O-stratum
balls and the fibers of the edge fibration. Without the derivative bounds (1.4), one
can appeal to similar compactness arguments. However, one ends up with a sequence
of pointed Riemannian manifolds {(Mj, xx)} which converge in the pointed Gromov-
Hausdorff topology to a pointed 3-dimensional nonnegatively curved Alexandrov space
(Moo, %00 ), rather than having C¥-convergence to a C¥-smooth limit. By invoking
Perelman’s Stability Theorem [19, 25], one can relate the topology of the limit space
to those of the approximators. The only remaining step is to determine the topology
of the nonnegatively curved Alexandrov spaces that arise as limits in this fashion.
In the case of noncompact limits, this was done by Shioya-Yamaguchi [30]. In the
compact case, it follows from Simon [31] or, alternatively, from the Ricci flow proof of
the elliptization conjecture (using the finite time extinction results of Perelman and
Colding-Minicozzi). For more details, we refer the reader to Section 18.

1.5.8. What’s new in this paper. — The proofs of the collapsing theorems in [2, 5,
23, 29, 30], as well as the proof in this paper, all begin by comparing the local
geometry at a certain scale with the geometry of a nonnegatively curved manifold,
and then use this structure to deduce that one has a graph manifold. The paper [2]
follows a rather different line from the other proofs, in that it uses the least amount of
the information available from the nonnegatively curved models, and proceeds with
a covering argument based on the theory of simplicial volume, as well as Thurston’s
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proof of the geometrization theorem for Haken manifolds. The papers [5, 23, 29, 30]
and this paper have a common overall strategy, which is to use more of the theory
of manifolds with nonnegative sectional curvature — Cheeger-Gromoll theory [7] and
critical point theory [16] — to obtain a more refined version of the local models. Then
the local models are spliced together to obtain a decomposition of the manifold into
fibered regions from which one can recognize a graph manifold.

Overall, our proof uses a minimum of material beyond the theory of nonnegatively
curved manifolds. It is essentially elementary in flavor. We now comment on some
specific new points in our approach.

The scale function t,. — The existence of a scale function v, with the properties
indicated in Section 1.5.2 makes it apparent that the theory of local collapsing is, at
least philosophically, no different than the global version of collapsing.

We work consistently at the scale v,, which streamlines the argument. In par-
ticular, the structure theory of Alexandrov spaces, which enters if one works at the
curvature scale, is largely eliminated. Also, in the selection argument, one considers
ball covers where the radii are linked to the scale function v, so one easily obtains
bounds on the intersection multiplicity from the fact that the radii of intersecting
balls are comparable (when the scale function p — v, has small Lipschitz constant).
The technique of constructing a scale function with small Lipschitz constant could
help in other geometric gluing problems.

The stratification. — Stratifications have a long history in geometric analysis, espe-
cially for singular spaces such as convex sets, minimal varieties, Alexandrov spaces,
and Ricci limit spaces, where one typically looks at the number of R-factors that split
off in a tangent cone. The particular stratification that we use, based on the number
of R-factors that approximately split off in a manifold, was not used in collapsing
theory before, to our knowledge. Its implications for achieving alignment may be

useful in other settings.

The gluing procedure. — Passing from local models to global fibrations involves some
kind of gluing process. Complications arise from the fact one has to construct a global
base space for the fibration at the same time as one glues together the fibration maps;
in addition, one has to make the fibrations from the different strata compatible. The
most obvious approach is to add fibration patches inductively, by using small isotopies
and the fact that on overlaps, the fibration maps are nearly affinely equivalent. Then
one must perform further isotopies to make fibrations from the different strata com-
patible with one another. We find the gluing procedure used here to be more elegant;
moreover, it produces fibrations which are automatically compatible.

Embeddings into a Euclidean space were used before to construct fibrations in a
collapsing setting [12]. However, there is the important difference that in the earlier
work the base of the fibration was already specified, and this base was embedded into
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a Euclidean space. In contrast, in the present paper we must produce the base at the
same time as the fibrations, so we produce it as a submanifold of the Euclidean space.

Cloudy manifolds. — The notion of cloudy manifolds, and the proof that they have a
good manifold core, may be of independent interest. Cloudy manifolds are similar to
objects that have been encountered before, in the work of Reifenberg [28] in geometric
measure theory and also in [27]. However the clean elementary argument for the
existence of a smooth core given in Appendix B, using the universal bundle and
transversality, seems to be new.

1.5.9. A sketch of the history. — The theory of collapsing was first developed by
Cheeger and Gromov [8, 9], assuming both upper and lower bounds on sectional cur-
vature. Their work characterized the degeneration that can occur when one drops the
injectivity radius bound in Gromov’s compactness theorem, generalizing Gromov’s
theorem on almost flat manifolds [13]. The corresponding local collapsing structure
was used by Anderson and Cheeger-Tian in work on Einstein manifolds [1, 10]. As
far as we know, the first results on collapsing with a lower curvature bound were an-
nounced by Perelman in the early 90’s, as an application of the theory of Alexandrov
spaces, in particular his Stability Theorem from [25] (see also [19]); however, these
results were never published. Yamaguchi [33] established a fibration theorem for
manifolds close to Riemannian manifolds, under a lower curvature bound. Shioya-
Yamaguchi [29] studied collapsed 3-manifolds with a diameter bound and showed
that they are graph manifolds, apart from an exceptional case. In [24], Perelman for-
mulated without proof a theorem equivalent to our Theorem 1.3. A short time later,
Shioya-Yamaguchi [30] proved that — apart from an exceptional case — sufficiently col-
lapsed 3-manifolds are graph manifolds, this time without assuming a diameter bound.
This result (or rather the localized version they discuss in their appendix) may be used
in lieu of [24, Theorem 7.4] to complete the proof of the geometrization conjecture.
Subsequently, Bessieres-Besson-Boileau-Maillot-Porti [2] gave a different approach to
the last part of the proof of the geometrization conjecture, which involves collaps-
ing as well as refined results from 3-dimensional topology. Morgan-Tian [23] gave a
proof of Perelman’s collapsing result along the lines of Shioya-Yamaguchi [30]. We
also mention the paper [5] by Cao-Ge which relies on more sophisticated Alexandrov
space results.

Acknowledgements. — We thank Peter Scott for some references to the 3-manifold
literature.

2. Notation and conventions

2.1. Parameters and constraints. — The rest of the paper develops a lengthy
construction, many steps of which generate new constants; we will refer to these as
parameters. Although the parameters remain fixed after being introduced, one should
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view different sets of parameter values as defining different potential instances of the
construction. This is necessary, because several arguments involve consideration of
sequences of values for certain parameters, which one should associate with a sequence
of distinct instances of the construction.

Many steps of the argument assert that certain statements hold provided that
certain constraints on the parameters are satisfied. By convention, each time we
refer to such a constraint, we will assume for the remainder of the paper that the
inequalities in question are satisfied. Constraint functions will be denoted with a bar,
e.g., Be < Bp(B1,0) means that Br € (0,00) satisfies an upper bound which is a
function of 3; and o. By convention, all constraint functions take values in (0, o).

At the end of the proof of Theorem 1.3, we will verify that the constraints on
the various parameters can be imposed consistently. Fortunately, we do not have to
carefully adjust each parameter in terms of the others; the constraints are rather of
the form that one parameter is sufficiently small (or large) in terms of some others.
Hence the only issue is the order in which the parameters are considered.

We follow Perelman’s convention that a condition like @ > 0 means that a should
be considered to be a small parameter, while a condition like A < oo means that A
should be considered to be a large parameter. This convention is only for expository
purposes and may be ignored by a logically minded reader.

2.2. Notation. — We will use the following compact notation for cutoff func-
tions with prescribed support. Let ¢ € C*°(R) be a nonincreasing function so
that ¢|(—m,0] =1, (bhl‘oo) =0 and ¢((0,1)) C (0,1). Given a,b € R with a < b,
we define @, € C(R) by

(2.1) Pap(2) = dla + (b —a)z),

so that @a,b|(¥oo o = 1 and (I)‘l‘bl[b 00) = 0. Given a,b,c,d € R witha <b<c<d,
we define @, 5.0 € C°(R) by

(2.2) Pupe,d(®) = Db —al—7) Peal),

so that @a,,b’c7d|(_m7a] =0, q)a,b,C,d‘[b’C] =1 and (I)mbwcwdl[d, 00) = 0.

If X is a metric space and 0 < r < R then the annulus A(z,r, R) is B(z, R) —
B(z,r). The dimension of a metric space will always mean the Hausdorff dimension.
For notation, if C' is a metric cone with basepoint at the vertex x then we will some-
times just write C for the pointed metric space (C, ). (Recall that a metric cone is
a pointed metric space (Z,*), which is a union of rays leaving the basepoint *, such
that the union of any two such rays is isometric to the union of two rays leaving the
origin in R?.)

If Y is a subset of X and ¢ : Y — (0,00) is a function then we write Ny(Y") for the
neighborhood of Y with variable thickness t: Ny(Y) = U,y B(y,t(y)).
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20 B. KLEINER & J. LOTT

If (X, d) is a metric space and A > 0 then we write AX for the metric space (X, Ad).
For notational simplicity, we write B(p,r) C AX to denote the r-ball around p in the
metric space AX.

Throughout the paper, a product of metric spaces X; x X5 will be endowed with the
distance function given by the Pythagorean formula, i.e., if (x1,22), (y1,¥y2) € X1 x X5
then dX1 x X2 ((‘Ll ’ '7:2)’ (yb y2)) = \/ag(l ('Tl ) yl) + d%(g ($27 y2)'

2.3. Parameters. — For the reader’s convenience, we tabulate the parameters in
this paper, listed by the section in which they first appear.

Section 1.2: R,

Section 1.4.2: rp(+)

Section 6: A, o, t,, w, w’

Section 7.2: (31, B2, B3, A

Section 8.1: Sa.stratum, Mp and ¢, (for 2-stratum points)

Section 8.2: M

Section 9.1: Bg, ok, BE/, Op

Section 9.2: dg/, pg’, SE/

Section 9.3: Gedge, 7p and ¢, (for edge points)

Section 9.6: Cedge, CE/

Section 10.1: Gslim, 7p and ¢, (for slim 1-stratum points)

Section 11.1: Yq, g, do, 7‘2

Section 11.2: Go_stratums Mp and ¢, (for O-stratum points)

Section 12.1: H, H;, H!, H!, Hostratum, Hslim, Hedge, Ho-stratum, @1, Q2, @3, Qu,
iy T3y Tijs Tht, Ty E°

Section 12.2: Qg

Section 12.3: Ay, ﬁl, Si, §1, O, Ty, 2, r, O

Section 12.4: Ay, Ag, So, Sa, Qs, [, T, 12, s

Section 12.5: As, As, Ss, Ss, Q3, T's, 3, 13, Q3

Section 13: Cadjust

Section 13.2: WP, 21, 11, ¥y, ), €L costratum

Section 13.3: W3, 2o, tha, Wa, b, E2, Cedge

Section 13.4: WY, =3, b3, W3, %, 3, Colim

Section 13.5: Wy, Wy, W3

Section 14.1; MO-stratum = pp

Section 14.2: W4, U, WY, Ms'™ M,

Section 14.3: W3, Uy, Wy, Medee, My

Section 14.4: Wy, Uy, W', M*stratum

Section 15: 1y, Hp, ]V[{')

Appendix B: S, S, r(-), W
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3. Preliminaries

We refer to [3] for basics about length spaces and Alexandrov spaces.

3.1. Pointed Gromov-Hausdorff approximations

Definition 3.1. — Let (X, *x) be a pointed metric space. Given § € [0, 00), two closed
subspaces C7 and Cy are §-close in the pointed Hausdorff sense if C; N B(xx,d~1)
and Cp N B(xx,0~!) have Hausdorff distance at most 4.

If X is complete and proper (i.e., closed bounded sets are compact) then the
corresponding pointed Hausdorff topology, on the set of closed subspaces of X, is
compact and metrizable.

We now recall some definitions and basic results about the pointed Gromov-
Hausdorff topology [3, Chapter 8.1].

Definition 3.2. — Let (X, *x) and (Y, xy) be pointed metric spaces. Given ¢ € [0,1),
a pointed map f : (X,xx) — (Y,*y) is a §-Gromov-Hausdorff approzimation if for
every x1,T2 € B(xx,6!) and y € B(xy,d ' —§), we have

(3.3) |dy (f(x1), f(a2)) —dx(z1,02)| <6 and  dy(y, f(B(xx,07"))) < 6.

Two pointed metric spaces (X,*x) and (Y, xy) are d-close in the pointed Gromov-
Hausdorff topology (or é-close for short) if there is a §-Gromov-Hausdorff approx-
imation from (X,*x) to (Y,*y). We note that this does not define a metric space
structure on the set of pointed metric spaces, but nevertheless defines a topology which
happens to be metrizable. A sequence {(X;,*;)}2; of pointed metric spaces Gromov-
Hausdorff converges to (Y,xy) if there is a sequence {f; : (Xi,*xx,) = (Y, *v)}2,
of §;-Gromov-Hausdorff approximations, where §; — 0. We will denote this by
(Xi7 *Xi)(ﬂ){(Y, *y).

Note that a §-Gromov-Hausdorff approximation is a ¢’-Gromov-Hausdorff approx-
imation for every &' > §. A 6-Gromov-Hausdorff approximation f has a quasi-
inverse f: (Y,xy) — (X, *x) constructed by saying that for y € B(xy,d ' —J), we
choose some x € B(xx,5 ') with dy (y, f(z)) < 6 and put f(y) = x. There is a func-
tion ¢’ = ¢§'(9) > 0 with lims_,0 0’ = 0 so that if f is a 6-Gromov-Hausdorff approxima-
tion then fis a 8’-Gromov-Hausdorff approximation and fo f (resp. f of) is ¢’-close to
the identity on B(xx, (8')~1) (resp. B(xy, (6')~1)). The condition (X;, xx,) 5 (Y, xy)
is equivalent to the existence of a sequence {f; : (Y,xy) — (Xi,xx,)}2; (note
the reversal of domain and target) of d;-Gromov-Hausdorfl approximations, where
5,‘ — 0.

The relation of being d-close is not symmetric. However, this does not create a
problem because only the associated notion of convergence (i.e., the topology) plays
a role in our discussion.
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The pointed Gromov-Hausdorff topology is a complete metrizable topology on the
set of complete proper metric spaces (taken modulo pointed isometry). Hence we can
talk about two such metric spaces being having distance at most § from each other.
There is a well-known criterion for a set of pointed metric spaces to be precompact in
the pointed Gromov-Hausdorff topology [3, Theorem 8.1.10]. Complete proper length
spaces, which are the main interest of this paper, form a closed subset of the set of
complete proper metric spaces.

3.2. C¥-convergence

Definition 3.4. Given K € Z*, let (M1, *pr,) and (Ma, %) be complete pointed
C*K_-smooth Riemannian manifolds. (That is, the manifold transition maps are
CH*+1 and the metric in local coordinates is C¥). Given § € [0,00), a pointed
CE*+lsmooth map f : (My,xnr,) — (Ma,xap,) is a 6-CK approzimation if it is a
§-Gromov-Hausdorff approximation and the C*-norm of f*gaz, — gas,, computed
on B(xp,,67 1), is bounded above by . Two C¥-smooth Riemannian manifolds
(My,%pr,) and (Mg, xp,) are 0-CK close if there is a 6-C approximation from
(]\"'[1,*]\[1) to (Afg,*]\[z).

In what follows, we will always take K > 10. We now state a C*-precompactness
result.

Lemma 3.5 (cf. [26, Chapter 10]). Given v,r > 0, n € Z* and a function A :
(0,00) — (0,00), the set of complete pointed CE*+2-smooth n-dimensional Rieman-
nian manifolds (M, *pr) such that

(1) vol(B(xpm, 7)) > v and
(2) [VFRm| < A(R) on B(*a, R), for all0 <k < K and R > 0,
is precompact in the pointed C¥ -topology.

The bounds on the derivatives of curvature in Lemma 3.5 give uniform
CK+1.bounds on the Riemannian metric in harmonic coordinates. One then
obtains limit metrics which are C*-smooth. One can get improved regularity but we
will not need it.

3.3. Alexandrov spaces. — Recall that there is a notion of an Alexandrov space
of curvature at least ¢, or equivalently a complete length space X having curvature
bounded below by ¢ € R on an open set U C X [3, Chapter 4]. In this paper we will
only be concerned with Alexandrov spaces of finite Hausdorff dimension, so this will
be assumed implicitly without further mention.

We will also have occasion to work with incomplete, but locally complete spaces.
This situation typically arises when one has a metric space X where X = B(p,r),
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and every closed ball B(p,r’) with ' < r is complete. The version of Toponogov’s
theorem for Alexandrov spaces [3, Chapter 10.3], in which one deduces global trian-
gle comparison inequality from local ones, also applies in the incomplete situation,
provided that the geodesics arising in the proof lie in an a priori complete part of the
space. In particular, if all sides of a geodesic triangle have length < D then triangle
comparison is valid provided that the closed balls of radius 2D centered at the vertices
are complete.
We recall the notion of a strainer (cf. [3, Definition 10.8.9]).

Definition 3.6. — Given a point p in an Alexandrov space X of curvature at least c,
an m-strainer at p of quality 5 and scale 7 is a collection {(a;, b;)}™, of pairs of points
such that d(p,a;) = d(p,b;) = r and in terms of comparison angles,

(3.7) Zp(a'iv bi) >m—4,
Zp((l1',7(l]‘) > g — (S,
Zp((li,bj) > g — (5,
~ T

Zp(bi,bj) >—=9

[\

for all 4,5 € {1,...,m}, i # j. Note that the comparison angles are defined using
comparison triangles in the model space of constant curvature c.

For facts about strainers, we refer to [3, Chapter 10.8.2]. The Hausdorff dimension
of X equals its strainer number, which is defined as follows.

Definition 3.8. — The strainer number of X is the supremum of numbers m such that
there exists an m-strainer of quality ﬁ at some point and some scale.

By “dimension of X” we will mean the Hausdorff dimension; this coincides with
its topological dimension, although we will not need this fact. If (X, *x) is a pointed
nonnegatively curved Alexandrov space then there is a pointed Gromov-Hausdorff
limit CrX = lim)_ oo (%X, *X) called the Tits cone of X. It is a nonnegatively
curved Alexandrov space which is a metric cone, as defined in Subsection 2.2. We will
consider Tits cones in the special case when X is a nonnegatively curved Riemannian
manifold.

A line in a length space X is a curve v : R — X with the property that
dx(v(t),v(#")) = |t —t| for all t,¢' € R. The splitting theorem (see [3, Chapter 10.5])
says that if a nonnegatively curved Alexandrov space X contains a line then it is
isometric to R x Y for some nonnegatively curved Alexandrov space Y.
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If v : [0,7] — X is a minimal geodesic in an Alexandrov space X, parametrized
by arc-length, and p # v(0) is a point in X then the function ¢ — d,(y(t)) is right-
differentiable and

dy(y(t)) — d
(39) lim P(/)( )) P(PY(O)) — COS&,

t—0+ t

where 6 is the minimal angle between v and minimizing geodesics from ~(0) to p
[3, Corollary 4.5.7].
The proof of the next lemma is similar to that of [3, Theorem 10.7.2].

Lemma 3.10. Given n € ZY, let {(X;,*x,)}52, be a sequence of complete pointed
length spaces. Suppose that ¢; — 0 and r; — 0o are positive sequences such that for
each i, the ball B(*x,,r;) has curvature bounded below by —c¢; and dimension bounded
above by n. Then a subsequence of the (X;,xx,)’s converges in the pointed Gromov-
Hausdorff topology to a pointed nonnegatively curved Alexandrov space of dimension
at most n.

3.4. Critical point theory. — We recall a few facts about critical point theory
here, and refer the reader to [6, 16] for more information.

If M is a complete Riemannian manifold and p € M, then a point z € M \ {p}
is moncritical if there is a nonzero vector v € T, M making an angle strictly larger
than 7 with the initial velocity of every minimizing segment from z to p. If there are
no critical points in the set cl;l(a7 b) then the level sets {d;l(t)}te(a’b), are pairwise
isotopic Lipschitz hypersurfaces, and d; Y(a, b) is diffeomorphic to a product, as in the
usual Morse lemma for smooth functions. As with the traditional Morse lemma, the
proof proceeds by constructing a smooth vector field £ such that d, has uniformly
positive directional derivative in the direction &.

3.5. Topology of nonnegatively curved 3-manifolds. — In this subsection
we describe the topology of certain nonnegatively curved manifolds. We start with
3-manifolds.

Lemma 3.11. Let M be a complete connected orientable 3-dimensional C¥ -smooth
Riemannian manifold with nonnegative sectional curvature. We have the following
classification of the diffeomorphism type of M, based on the number of ends :

- 0 ends: S* x S%, S xz, §% = RP3#RP?, T3/T (where T is a finite subgroup
of Isom™ (T3) which acts freely on T?) or S®/T" (where T' is a finite subgroup
of SO(4) that acts freely on S3).

-1 end: R3, S xR?, §? xz, R=RP? - B? or T? xz, R = a flat R-bundle over
the Klein bottle.

2 ends: S? xR or T? x R.

If M has two ends then it splits off an R-factor isometrically.
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Proof. — If M has no end then it is compact and the result follows for C'*°-metrics
from [18]. For C¥-smooth metrics, one could adapt the argument in [18] or alterna-
tively use [31].

If M is noncompact then the Cheeger-Gromoll soul theorem says that M is diffeo-
morphic to the total space of a vector bundle over its soul, a closed lower-dimensional
manifold with nonnegative sectional curvature [7]. (The proof in [7], which is for
C>-metrics, goes through without change for C*-smooth metrics.) The possible di-
mensions of the soul are 0, 1 and 2. The possible topologies of M are listed in the

lemma.
If M has two ends then it contains a line and the Toponogov splitting theorem
implies that M splits off an R-factor isometrically. O

We now look at a pointed nonnegatively curved surface and describe the topology
of a ball in it which is pointed Gromov-Hausdorff close to an interval.

Lemma 3.12. - Suppose that (S,*s) is a pointed CK-smooth nonnegatively curved
complete orientable Riemannian 2-manifold. Let xg € S be a basepoint and suppose
that the pointed ball (B(xs,10),%g) has pointed Gromov-Hausdorff distance at most
& from the pointed interval ([0, 10],0).

(1) Given 6 > 0 there is some 6(0) > 0 so that if & < §(0) then for every

x € B(xs,9) — B(xg, 1) the set V,, of initial velocities of minimizing geodesic
segments from x to xg has diameter bounded above by 6.

(2) There is some & > 0 so that if & < 0 then for every r € [1,9] the ball B(xs,7)
1s homeomorphic to a closed 2-disk.

Proof

(1). Choose a point 2’ with ds(xs,2’) = 9.5. Fix a minimizing geodesic v from x
to #’ and a minimizing geodesic v” from xg to a’. If v is a minimizing geodesic from
*s to x, consider the geodesic triangle with edges v, v and 7”. As

(3.13) d(xs,x) + d(z,2") — d(xs,2") < const. §,

triangle comparison implies that the angle at z between v and 7' is bounded below
by m — a(d), where a is a positive monotonic function with lims_,g a(d) = 0. We take
0 so that 2a(0) < 6.

(2). Suppose that § < 6(%). By critical point theory, the distance function d, :
A(xs,1,9) — [1,9] is a fibration with fibers diffeomorphic to a disjoint union of circles.
In particular, the closed balls B(xg,r), for r € [1,9], are pairwise homeomorphic.
When 6 <« 1, the fibers will be connected, since the diameter of (1;91(5) will be
comparable to §. Hence B(xg, 1) is homeomorphic to a surface with circle boundary.

Suppose that B(xg, 1) is not homeomorphic to a disk. A complete connected
orientable nonnegatively curved surface is homeomorphic to S?, T?, R?, or S! x R.
By elementary topology, the only possibility is if S is homeomorphic to a 2-torus,
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B(xs, 1) is homeomorphic to the complement of a 2-ball in S, and S — B(*s,2) is

homeomorphic to a disk. In this case, S must be flat. However, the cylinder A(xg, 1, 2)

lifts to the universal cover of S, which is isometric to the flat R2. If § is sufficiently
1

small then the flat R? would contain a metric ball of radius o which is Gromov-

Hausdorff close to an interval, giving a contradiction. O

3.6. Smoothing Lipschitz functions. — The technique of smoothing Lipschitz
functions was introduced in Riemannian geometry by Grove and Shiohama [16].

If M is a Riemannian manifold and F is a Lipschitz function on M then the
generalized gradient of F' at m € M can be defined as follows. Given € € (0,InjRad,,),
if x € B(m,¢) is a point of differentiability of F' then compute V,F € T,M and
parallel transport it along the minimizing geodesic to m. Take the closed convex hull
of the vectors so obtained and then take the intersection as ¢ — 0. This gives a closed
convex subset of T,, M, which is the generalized gradient of F' at m [11]; we will
denote this set by V&™F. The union (J,,,c,, V& F C T'M will be denoted V& F.

Lemma 3.14. — Let M be a complete Riemannian manifold and let w: TM — M be
the projection map. Suppose that U C M is an open set, C C U is a compact subset
and S is an open fiberwise-convexr subset of w1 (U).

Then for every € > 0 and any Lipschitz function F : M — R whose generalized
gradient over U lies in S, there is a Lipschitz function F: M — R such that:

(1) F is C™ on an open set containing C.

(2) The generalized gradient of F, over U, lies in S. (In particular, at every point
in U where F is differentiable, the gradient lies in S.)

(3) |F = Flo <e.

(4) F‘M*U = FleU'

The proof of Lemma 3.14 proceeds by mollifying the Lipschitz function F', as
in [16, Section 2]. We omit the details.

Corollary 3.15. — Suppose that M is a compact Riemannian manifold. Given K < oo
and € > 0, for any K-Lipschitz function F' on M there is a (K + €)-Lipschitz function
F e C®°(M) with |F — Fl|s <e.
Proof. — Apply Lemma 3.14 withC =U = M,and S = {v € TM : |v| < K+¢}. O
Corollary 3.16. — For all € > 0 there is a § > 0 with the following property.

Let M be a complete Riemannian manifold, let Y C M be a closed subset and let
dy : M — R be the distance function from Y. Givenp € M =Y, let V, C T,M

be the set of initial velocities of minimizing geodesics from p to Y. Suppose that
U C M-Y is an open subset such that for allp € U, one has diam(V,) < 8. Let C be a

ASTERISQUE 365



LOCALLY COLLAPSED 3-MANIFOLDS 27

compact subset of U. Then for every e; > 0 there is a Lipschitz function F:M—5R
such that

(1) ﬁ is smooth on a neighborhood of C.

(
(
(4) For every p € C, the anqle between (Vﬁ)(p) and V,, is at most €.
(

Proof. — First, note that if p € M — Y is a point of differentiability of the distance
function dy then V,dy = —V,. Also, the assignment z + V, is semicontinuous in
the sense that if {x;}72, is a sequence of points converging to x then by parallel
transporting V,, radially to the fiber over z, we obtain a sequence {V;, }3°, C T, M
which accumulates on a subset of V,. It follows that the generalized derivative of dy
at any point p € M — Y is precisely — Hull(V},), where Hull(V},) denotes the convex
hull of V,.

Put 8" = {J,ep Hull(—V,). Then S’ is a relatively closed fiberwise-convex subset
of m~1(U), with fibers of diameter less than . We can fatten S’ slightly to form an
open fiberwise-convex set S C 7~ 1(U) which contains S’, with fibers of diameter less
than 26.

Now take 6 < £ and apply Lemma 3.14 to F' = dy : M — R, with S as in the

2 -

preceding paragraph. The resulting function F : M — R clearly satisfies (1)-(4). To
see that (5) holds, note that if p € U is a point of differentiability of both F' and F
then VF(p) and VF(p) both lie in the fiber S N T, M, which has diameter less than

26. Hence the gradient of the difference satisfies
(3.17) IV(F = F)@)ll = [VF(p) — VF(p)| <20 <.
Since F coincides with F outside U, this implies that F—Fis e-Lipschitz. O

Remark 3.18. — When we apply Corollary 3.16, the hypotheses will be verified using
triangle comparison.

4. Splittings, strainers, and adapted coordinates

This section is about the notion of a pointed metric space approximately splitting
off an RF-factor. We first define an approximate R*-splitting, along with the notion of
compatibility between an approximate R¥-splitting and an approximate R/-splitting.
We prove basic properties about approximate splittings. In the case of a pointed
Alexandrov space, we show that having an approximate R¥-splitting is equivalent to
having a good k-strainer. We show that if there is not an approximate R¥+!-splitting
at a point p then any approximate RF-splitting at p is nearly-compatible with any
approximate R7-splitting at p, for j < k.
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We then introduce the notion of coordinates adapted to an approximate
R*-splitting, in the setting of Riemannian manifolds with a lower curvature bound,
proving existence and (approximate) uniqueness of such adapted coordinates.

4.1. Splittings. — We start with the notion of a splitting.

Definition 4.1. A product structure on a metric space X is an isometry a : X —
X1 X Xo. A k-splitting of X is a product structure v : X — X; x X9 where X; is
isometric to R¥. A splitting is a k-splitting for some k. Two k-splittings a : X —
X1 x Xoand B: X — Yy xY5 are equivalent if there are isometries ¢; : X; — Y; such

that ﬁ = (¢1,¢2) o (.

In addition to equivalence of splittings, we can talk about compatibility of split-
tings.

Definition 4.2. — Suppose that j < k. A j-splitting o : X — X x X5 is compatible
with a k-splitting 8 : X — Y] x Yy if there is a j-splitting ¢ : Y7 — R x R¥=J such
that « is equivalent to the j-splitting given by the composition

(4.3) X 5y x v DY (BRI x RFT) x ¥ 2RI x (R¥ x Va).
Lemma 4.4

(1) Suppose a: X — REXY is a k-splitting of a metric space X, and B : X — RxZ
is a 1-splitting. Then either 8 is compatible with a, or there is a 1-splitting
v :Y — R x W such that B is compatible with the induced splitting X —
(R* x R) x W.

(2) Any two splittings of a metric space are compatible with a third splitting.

Before proving this, we need a sublemma.

Recall that a line in a metric space is a globally minimizing complete geodesic, i.e.,
an isometrically embedded copy of R. We will say that two lines are parallel if their
union is isometric to the union of two parallel lines in R2.

Sublemma 4.5
(1) A path v:R — X1 x X2 in a product is a constant speed geodesic if and only
if the compositions mx, oy : R = X; are constant speed geodesics.

(2) Two lines in a metric space X are parallel if and only if they have constant
speed parametrizations v1 : R — X and v2 : R — X such that d*(v1(s),y2(t))
is a quadratic function of (s —t).

(3) If two lines y1, vz in a product R¥ x X are parallel then either mx (v1), Tx(72) C
X are parallel lines, or they are both points.

(4) Suppose L is a collection of lines in a metric space X. If U%ﬁ v =X, and
every pair y1,7v2 € L is parallel, then there is a 1-splitting o : X — R XY such
that £ = {a ' (R x {y})}yey-
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Proof

(1). It follows from the Cauchy-Schwarz inequality that if a,b,¢ € X; x X5 sat-
isfy the triangle equation d(a,c) = d(a,b) + d(b,c) then the same is true of their
projections a1,b1,c1 € X7 and ag, ba, c2 € Xo, and moreover (d(a1,b1),d(az, b)) and
(d(a1,c1),d(az,c2)) are linearly dependent in R?. This implies (1).

(2). The parallel lines y = 0 and y = a in R? can be parametrized by 1 (s) = (s,0)
and v2(t) = (t,a), with d?(y1(s),72(t)) = (s —t)? +a?. Conversely, suppose that lines
1 and 72 in a metric space are such that d*(v1(s),y2(t)) is quadratic in (s —t). After
affine changes of s and ¢, we can assume that d?(v;(s),y2(t)) = (s —t)? + a? for some
a € R. Then the union of v; and v, is isometric to the union of the lines y = 0 and
y =a in R?.

(3). By (2), we may assume that for ¢ € {1,2} there are constant speed
parametrizations 7; : R — RF x X, such that d?(vyi(s),72(t)) is a quadratic
function of (s — ¢). The projections mgx o 7; are constant speed geodesics in RF,
and the quadratic function d?(mgx o v1(s), Trs © Y2(t)) is a function of (s — t); oth-
erwise d?(mgx 0 v1(s), Trr © Y2(s)) would be unbounded in s, which contradicts that
d?(v1(s),v2(s)) is constant in s. Therefore
(4.6)  d*(mx o yi(s), mx 072() = d*(71(5),72(1)) — d*(mar © M (s), Tan ©72(1))
is a quadratic function of (s—t). By (2) we conclude that wx o7, Tx 02 are parallel.

(4). Let v : R — X be a unit speed parametrization of some line in £, and let
b : X — R be the Busemann function lim; ,o d(7y(t),-) — ¢t. By assumption, the
elements of £ partition X into the cosets of an equivalence relation; the quotient Y
inherits a natural metric, namely the Hausdorff distance. The map (b,7y) : X —
R x Y defines a 1-splitting — one verifies that it is an isometry using the fact that £
consists of parallel lines. O

Proof of Lemma 4.4
(1). Consider the collection of lines £z = {87'(R x {z}) | 2 € Z}. By

Lemma 4.5 (3) it follows that my o «a(Lg) consists of parallel lines, or consists

entirely of points.

Case 1. my o a(Lg) consists of points. — In this case, Sublemma 4.5 implies that
mrr 0 a(Lg) is a family of parallel lines in R¥. Decomposing R into a product
R¥ ~ R! x R*~1 in the direction defined by mgr o a(Ls), we obtain a 1-splitting
of X which is easily seen to be equivalent to S.

Case 2. my o a(Lpg) consists of parallel lines. — Since Uweﬂyoa(cﬁ) vy=Y, by
Lemma 4.5 (4), there is a 1-splitting v : ¥ — R x W such that {y"'(R x {w}) |
we W} =my oa(Llg). Letting o/ : X — (R* x R) x W be the (k + 1)-splitting
given by X 3 RF x Y — (R* x R) x W, we get that my o o/(Lg) consists of
points, so by Case 1 it follows that 8 is compatible with o’.
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(2). Suppose that a : X — RF x Y and 3 : X — R! x Z are splittings. We may
apply part (1) to a and the 1-splitting obtained from the i*" coordinate direction of /3,
for successive values of ¢ € {1,...,l}. This will enlarge o to a splitting o/ which is
compatible with all of these 1-splittings, and clearly o is then compatible with 8. O

4.2. Approximate splittings. — Next, we consider approximate splittings.

Definition 4.7. —— Given k € Z=" and § € [0,00), a (k,d)-splitting of a pointed met-
ric space (X, *x) is a 6-Gromov-Hausdorff approximation (X,xx) — (X1,xx,) X
(X2,%x,), where (X;,xx,) is isometric to (R¥ xgr). (We allow R* to have other
basepoints than 0.)

There are “approximate” versions of equivalence and compatibility of splittings.
Definition 4.8. — Suppose that o : (X, xx) = (X1, *x, )x (X2, *x,) is a (j, 01 )-splitting
and 3 : (X, *xx) = (Y1,*y,) x (Ya,*y,) is an (k, d2)-splitting. Then

(1) « is e-close to 8 if j = k and there are e-Gromov-Hausdorff approximations
oi + (Xi,*x;) = (Yi, xy,) such that the composition (¢1, ¢2) o v is e-close to 3,
i.e., agrees with 3 on B(xx,€ 1) up to error at most .

(2) « is e-compatible with B if j < k and there is a j-splitting v : (Y1,%y,) —
(R7, xp;) % (R¥7J xgx—;) such that the (j, d2)-splitting defined by the compo-
sition
(4.9) X L vixy, DY ®IxRY) x Y 2RI x (RE x Ya)

is e-close to a.
Lemma 4.10. Given § > 0 and C < oo, there is a 0’ = 0'(6,C) > 0 with the
following property. Suppose that (X,*x) is a complete pointed metric space with
a (k,d&")-splitting «. Then for any x € B(xx,C), the pointed space (X,x) has a
(k, 9)-splitting coming from a change of basepoint of cv.

Proof. — In general, suppose that f : (X,*x) — (Y,*y) is a §’-Gromov-Hausdorff
approximation. Given x € B(xx, (), consider z to be a new basepoint. Note that
(4.11) d(xy, f(x)) < d(xx,z)+ 0 <C 4.
Suppose that 0 satisfies

(1) o7t < ()71 =G,

(2) 51 =86<(0) =28 —C and

(3) 6 > 24
We claim that f is a §-Gromov-Hausdorff between (X, z) and (Y, f(z)). To see this,
first if 21,20 € B(x,671) then 1,29 € B(xx, (6')™") and so
(4.12) |dy (f(x1), f(22)) — dx (21, 22)] <& <4.
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Next, if y € B(f(x),6~ — §) then y € B(xy,(d')"! — ¢’) and so there is some
% € Blrx, (8')-1) with d(y, f(3)) < &. Now

(4.13) d(z,@) < d(f(2), f(@)+0" < d(f(x),y)+d(y, f(@)+8 <61 =5+28 <57,

which proves the claim.
The lemma now follows provided that we specialize to the case when Y splits off
an R¥-factor. O

Lemma 4.14. — Given § > 0 and C < oo, there is a &' = §'(6,C) > 0 with the
following property. Suppose that (X,*x) is a complete pointed metric space with a
(k1,08")-splitting oy and a (ka,d")-splitting aa. Suppose that ay is &' -compatible with
as. Given x € B(xx,C), let oy, be the approzimate splittings of (X,x) coming
from a change of basepoint in a1, as. Then ) and ofy are d-compatible.

Proof. — The proof is similar to that of Lemma 4.10. We omit the details. O

4.3. Approximate splittings of Alexandrov spaces. — Recall the notion of a
point in an Alexandrov space having a k-strainer of a certain size and quality; see
Subsection 3.3. The next lemma shows that the notions of having a good strainer
and having a good approximate R*-splitting are essentially equivalent for Alexandrov
spaces.

Lemma 4.15

(1) Given k € Z* and 6 > 0, there is a &' = §'(k,8) > 0 with the following
property. Suppose that (X,*x) is a complete pointed nonnegatively curved
Alexzandrov space with a (k,d")-splitting. Then *x has a k-strainer of quality
0 at a scale %.

(2) Givenn € ZT and § > 0, there is a &' = §'(n,d) > 0 with the following property.
Suppose that (X, xx) is an complete pointed length space so that B (*X, %) has
curvature bounded below by — &' and dimension bound@d above by n. Suppose
that for some k < n, xx has a k-strainer {pZ ", of quality 6" at a scale %.
Then (X, xx) has a (k,d)-splitting ¢ : (X, *x) — (Rk x X', (0,xx/)) where the
composition gk o ¢ has j** component dx (p;r,*X) (p] ,0)-

Proof. — The proof of (1) is immediate from the definitions.

Suppose that (2) were false. Then for each i € ZT, there is an complete pointed
length space (X;,*x,) so that

(1) B(xx,,%) has dimension at most n,

2) B(xx,,i) has curvature bounded below by — 1 and

(2)
(3) *x, has a k-strainer of quahty = at a scale ¢ but
(4)

If ®; : (Xg,*x,) — RF has j'" component defined as above, then ®; is not the
RF pdrt of a (k,d)-splitting for any .
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After passing to a subsequence, we can assume that lim;_,o (X;, *x;) = (Xoo, *x._)s
for some pointed nonnegatively curved Alexandrov space (Xoo,xx., ) of dimension
at most n, the k-strainers yield & pairs {fyj _, of opposite rays leavmg *x.., the
opposite rays vj fit together to form k orthogonal lines, and the j* components of
the ®;’s converge to the negative of the Busemann function of 'y;’. Using the Splitting
Theorem [3, Chapter 10.5] it follows that X .. splits off an R¥-factor. This gives a
contradiction. O

Lemma 4.16. — Given k < n € ZT, suppose that {(X;,*x,)}2, is a sequence of
complete pointed length spaces and §; — 0 is a positive sequence such that

(1) Fach B(*X ' 5 L) has curvature bounded below by — &; and dimension bounded
above by n.

(2) Fach (X;,xx,) has a (k,0;)-splitting.
(3) lim; oo (Xi,*x,) = (Xoo, *x.) in the pointed Gromov-Hausdorff topology.
Then (Xoo,xx..) is a nonnegatively curved Alexandrov space with a k-splitting.

Proof. — This follows from Lemma 4.15. O

4.4. Compatibility of approximate splittings. — Next, we show that the
nonexistence of an approximate (k+ 1)-splitting implies that approximate j-splittings
are approximately compatible with k-splittings for j < k.

Lemma 4.17. — Given j < k < n € Z* and B}, Br+1 > 0, there are numbers 6 =

6(77’" n, ﬁ]:»ﬁk-}-l) > 0. BJ = 61(]31‘: n, Bllmﬂkﬂ»l) >0 and Bk = Bk-(j,k,n,ﬁ;g,ﬂqu) >
0 with the following property. If (X, *x) is a complete pointed length space such that

(1) The ball B(xx,0 ') has curvature bounded below by —& and dimension bounded
above by n, and

(2) (X,*x) does not admit a (k + 1, Bry1)-splitting
then any (j, B;)-splitting of (X, xx) is B),-compatible with any (k, By)-splitting.
Proof. — Suppose that the lemma is false. Then for some j < k < n € Z' and
B, Bry1 > 0, there are

(1) A sequence {(X;,*x,)}2, of pointed complete length spaces,

(2) A sequence {a; @ (Xi,%x,) = (X1i,%x,,) % (Xo4%x,,)} of (j,i")-splittings

and

(3) A sequence {&; : (X, xx,) — (Y1, %y, ) X (Yo, *y,,)} of (k,i~!)-splittings

such that

(4) B(xx,,i~!) has curvature bounded below by —i™!,

(5

) B(*x,,i ') has dimension at most n,
(6) (X,,*X ) does not admit a (k + 1, B41)-splitting for any ¢ and
)

(7) « is not [ -compatible with &; for any i.
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By (4), (5) and Lemma 3.10, after passing to a subsequence we can assume that
there is a pointed nonnegatively curved Alexandrov space (Xoo,*x_, ), and a sequence
{®; : (Xi,%x,) = (Xoo,*x..)} of i~ '-Gromov-Hausdorff approximations. In view of
(2), (3) and Lemma 4.16, after passing to a further subsequence we can also assume
that there is a pointed j-splitting coe 1 (Xoos *x.) = (Xoo.1, *x0 1) X (X025 %X )
and a pointed k-splitting deo : (Xoos*x..) = (Yoo,1:*vie 1) X (Yoo,2, %y, ,) such that
(oo 0 @; (respectively a0 ®;) is i~ -close to «; (respectively @;). By Lemma 4.4 and
the fact that (X, xx. ) does not admit a (k + 1)-splitting, we conclude that as is
compatible with ao.. It follows that o is §j.-compatible with @; for large ¢, which is
a contradiction. O

Remark 4.18. - Assumption (1) in Lemma 4.17 is probably not necessary but it
allows us to give a simple proof, and it will be satisfied when we apply the lemma.

4.5. Overlapping cones. — In this subsection we prove a result about overlapping
almost-conical regions that we will need later. We recall that a pointed metric space
(X, *) is a metric cone if it is a union of rays leaving the basepoint %, and the union of
any two rays 1, v2 leaving * is isometric to the union of two rays 71, 7. C R? leaving
the origin o € R2.

Lemma 4.19. — If (X, xx) is a conical nonnegatively curved Alexandrov space and
there is some x # *x so that (X,x) is also a conical Alexandrov space then X has a
1-splitting such that the segment from xx to x is parallel to the R-factor.

Proof. — Let a be a segment joining xx to x. Since X is conical with respect to
both *x and x, the segment « can be extended in both directions as a geodesic 7.
The cone structure implies that v is a line. The lemma now follows from the splitting
theorem. O

Lemma 4.20. — Given n € Z* and § > 0, there is a & = &'(n,8) > 0 with the
following property. If
- (X, *x) is a complete pointed length space,
-2 € X has d(xx,x) =1 and
- (X,*x) and (X,z) have pointed Gromov-Hausdor(f distance less than &' from
conical nonnegatively curved Alexandrov spaces CY and CY', respectively, of
dimension at most n

then (X, x) has a (1,0)-splitting.

Proof. — If the lemma were false, then there would be a § > 0, a positive sequence
6; — 0, a sequence of pointed complete length spaces {(X;, xx,)}$2;, and points
x; € X; such that for every i:

- d(*X,,fEi) = 1.
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— (Xj,*x,) and (X;, z;) have pointed Gromov-HausdorfI distance less than § from
conical nonnegatively curved Alexandrov spaces CY; and CY/, respectively, of
dimension at most n.

— (Xi,x;) does not have a (1, §)-splitting.

After passing to a subsequence, we can assume that we have Gromov-Hausdorff limits
im0 (X, *x,) = (Xoos*x.), iMoo @ = Too with d(xx.,Te) = 1, and both
(Xoos*x.) and (X, o) are conical nonnegatively curved Alexandrov spaces. By
Lemma 4.19, (X, T ) has a 1-splitting. This gives a contradiction. O

4.6. Adapted coordinates. — In this subsection we discuss coordinate systems
which arise from (k, ¢)-splittings of Riemannian manifolds, in the presence of a lower
curvature bound. The basic construction combines the standard construction of
strainer coordinates [4] with the smoothing result of Corollary 3.16.

Definition 4.21. — Suppose 0 < ¢" < §, and let a be a (k, ')-splitting of a complete
pointed Riemannian manifold (M, xas). Let @ : B(*M7 %) — R* be the composition
B(*M, %) 5 RF x Xy — RE. Then a map ¢ : (B(xpr, 1), %a1) — (RF, ¢(xpr)) defines
a-adapted coordinates of quality ¢ if

(1) ¢ is smooth and (1 + §)-Lipschitz.

(2) The image of ¢ has Hausdorff distance at most & from B(¢(xpr), 1) C R¥.

(3) For all m € B(xar,1) and m’ € B(xas, ) with d(m,m’) > 1, the (unit-length)
initial velocity vector v € T,,M of any minimizing geodesic from m to m’
satisfies

o(m’) — &(m)

(4.22) Do(w) = =4

< 4.

We will say that a map ¢ : (B(*ar, 1),*xn) — (R¥,0) defines adapted coordinates of
quality ¢ if there exists a (k, §)-splitting o such that ¢ defines a-adapted coordinates
of quality d, as above. Likewise, (M, xps) admits k-dimensional adapted coordinates of
quality 0 if there is a map ¢ as above which defines adapted coordinates of quality 0.

We now give a sufficient condition for an approximate splitting to have good
adapted coordinates.

Lemma 4.23 (Existence of adapted coordinates). — For all n € Z* and 6 > 0,
there is a &' = §'(n,0) > 0 with the following property. Suppose that (M,*nr) is
an n-dimensional complete pointed Riemannian manifold with sectional curvature
bounded below by —8'2 on B(*M, 317), which has a (k,0")-splitting a. Then there exist
a-adapted coordinates of quality §.

Proof. — The idea of the proof is to use the approximate splitting to construct a
strainer and then use the strainer to construct Lipschitz-regular coordinates, which
can be smoothed using Corollary 3.16.
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Fix n € Z* and § > 0. Suppose that 6’ < § and (M, ) has a (k,d’)-splitting
a: (M,xpr) — (RF,0) x (Y, xy). Let {ej};?:l be an orthonormal basis of R*. Given a
parameter s € (%, 1015, ), choose pj+ € M so that a(p;+) lies in the 104’-neighborhood
of (£sej, *y).

Define ¢g : B(xar, 1) — RF by

(4.24) do(m) = (d(xrr,p14) —d(m,pri), - dxn, pey) — d(m, pry ) -

We will show that if s and ¢ are chosen appropriately then we can smooth the
component functions of ¢y using Corollary 3.16, to obtain a map ¢ : B(*p,1) —
(R*,0) which defines a-adapted coordinates of quality §. (Note that « is also a
(k, &)-splitting since ¢ < 4.) We first estimate the left-hand side of (4.22). Recall
and v € T;,, M is the initial vector of a

that if m is a point of differentiability of dp,

unit-speed minimizing geodesic mm/ then Dd,,, (v) = —cos (L (m/,pji)).

Sublemma 4.25. — There exists 5§ = §(n,8) > } so that for each s > s, there is
some 8 = gl(n, 5,0) < ﬁ such that if &' < 5 then the following holds.

Under the hypotheses of the lemma, suppose that m € B(xa, 1), m' € B(xa, %)
and d(m,m’) > 1. Let mp;+ and mm’ be minimizing geodesics. Then

0 oy dlmypig) —d(m/, pjy)
(426) COb(Lm (WL 7pj+)) d(’ﬂl,ﬂll)

<.

Proof. — Suppose that the sublemma is not true. Then for each 5 > %, one can find
some s > § so that there are (see Figure 1):

— A positive sequence §; — 0,

— A sequence {(M;, *nr,)}52, of n-dimensional complete pointed Riemannian man-

ifolds with sectional curvature bounded below by —d7% on B(xyy,, 37),

- A (k, 0;)-splitting « of M; and '

~ Points m; € B(xa,,1) and m} € B(*ay,, 3) with d(m;, m}) > 1 so that

- For each 4, the inequality (4.26) fails.

pj:r

FIGURE 1
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Using Lemma 4.16, after passing to a subsequence, we can assume that
lim; oo (M, *ar,) = (Xoo, *x..) in the pointed Gromov-Hausdorff topology for some
pointed nonnegatively curved Alexandrov space (X, *x. ) which is an isometric
product RF x Y,.. After passing to a further subsequence, we can assume

— lim; 0o m; = To for some 2o € B(xx,_, 1),

lim;_, o0 mj = 2l for some 2l € B(xx__,3) with d(zo,25.) > 1,

The segments m,;m/ converge to a segment Tootl, and
~ im0 Pi,j+ = Poo,j+ for some points po j+ € Xoo in R* x {xy._} of distance s
from *x_ .
Then
- lim; 00 va (7n;7pi,j+) = ézoo (51;{>o,poo,j+);
— lim; 00 d(my, m}) = d(2 oo, xl,) and
- lmy_ o0 d(m], pij+) = d(Thes Poo,jt )-
Now a straightforward verification shows that since we are in the case of an exact
R*-splitting, there is a function 7 = 7(4, s) with lim,_,o 7(5, s) = 0 so that

= A(Zoo, Poo.it) — AToo s Poo.
(427) COS(LIoo (xool»poo,j+>) _ ( 0o poo,]+) ( /oo poo,g+) <n
‘ d(ﬂjoov xoo )
Taking s large enough gives a contradiction, thereby proving the sublemma. O

Returning to the proof of the lemma, with s > 3, define ¢y as in (4.24). We have
shown that if §" is sufficiently small then ¢q satisfies (4.22) with § replaced by %6.
By a similar contradiction argument, one can show that if ¢’ is sufficiently small,
as a function of n, s and J, then ¢g is a (1 + %6)—Lipschitz map whose image is a
§-Hausdorff approximation to B(0,1) C R*.

If it were not for problems with cutpoints which could cause ¢y to be nonsmooth,
then we could take ¢ = ¢y. In general, we claim that if s is large enough then we
can apply Lemma 3.16 in order to smooth d,,, on B(x,1), and thereby construct
¢ from ¢y. To see this, note that for any € > 0, by making s sufficiently large, we can
arrange that for any m € B(xy, %.), the comparison angle m (pj+,pj—) is as close to
7 as we wish, and hence by triangle comparison the hypotheses of Corollary 3.16 will
hold with Y = p;4, C = B(xum, %) CU = B(*p, %), and § = 6(e) as in the statement
of Corollary 3.16. O

We now show that under certain conditions, the adapted coordinates associated to
an approximate splitting are essentially unique.

Lemma 4.28 (Uniqueness of adapted coordinates). — Given 1 <k <n€Z" and e >0,
there is an € = € (n,€) > 0 with the following property. Suppose that

(1) (M, *pr) is an n-dimensional complete pointed Riemannian manifold with sec-
tional curvature bounded below by —(€')? on B (*M, %)

(2) a: (M,xn) — (RF x Z,(0,%2)) is a (k,€)-splitting of (M,*nr).
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(3) ¢1 : (B(*n,1),%p) — (R*,0) is an a-adapted coordinate on B(xpr,1) of
quality € .

(4) Either

(a) @2 : (B(xm,1),*nm) — (RF,0) is an a-adapted coordinate on B(xa, 1) of
quality €', or
(b) ¢2 has (1 + €')-Lipschitz components and the following holds :

For every m € B(xp,1) and every j € {1,...,k}, there is an m; €
B(xar, (¢')71) with d(m’;, m) > 1 satisfying (4.22) (with ¢ ~ ¢2), such that
(mge 0 a)(m) lies in the ¢'-neighborhood of the line (mgx o a)(m) + Rey,
and (mz o a)(m;) lies in the €'-ball centered at (7z o a)(m).

Then ” ¢1 — ¢2 ||C]§ € on B(*]u,l).

Proof. — We first give the proof when ¢, is also an a-adapted coordinate on B(*ps, 1)
of quality €.

Let ® : (M,%5;) — R be the composition (M, xpr) = R¥ x Z — Rk,

Given ¢; > 0, if € is sufficiently small, then by choosing points {p; +}¥_, in M
with d(a(p; + ), (€1 'e;, xz)) < €1, we obtain a strainer of quality comparable to €;
at scale e; 1. Given m € B(xp, 1), let v; be a unit speed minimizing geodesic from m
to pi +, let v; € T,,, M be the initial velocity of ;, and let m; be the point on ~; with
d(m;,m) = 2. Given ez > 0, if ¢; is sufficiently small then using triangle comparison,
we get

(4.29) |<’U1‘7 Uj> — (51]| < €9, |(fb(7711) — @(m)) — 2€1j| < €9.
for all 1 <i,5 < k. Applying (4.22) with m’ = m; gives
(4.30) HlaX(lDd)l (Ul) — Ci\ s |D¢2(UL) — €L|) < €9.

Finally, given e3 > 0, since ¢1, ¢2 are (1 + €')-Lipschitz, if ¢ and e are small
enough then we can assume that if v is a unit vector and v L span(vi,...,v) then
max(| D¢y (v)], |Dp2(v)]) < e3. So for any €4 > 0, if €3 is sufficiently small then the
operator norm of D¢y — D¢2 is bounded above by €4 on B(xpr,1).

Since ¢q(xpr) — p2(*ar) = 0, we can integrate the inequality || Doy — Do || < €4
along minimizing curves in B(xpr, 1) to conclude that || ¢1 — ¢2 ||co < 264 on
B(*pr,1). Since e4 is arbitrary, the lemma follows in this case.

Now suppose ¢o satisfies instead the second condition in (4). If m € B(xp, 1),
je{l,... k}, mg- is as in (4), and v; is the initial velocity of a unit speed geodesic
from m to m/, then (4.22) implies that (D(¢2);)(v;) is close to 1 when €’ is small.
Since the j*™ component (¢2); is (1 4 €’)-Lipschitz, this implies V(¢2); is close to v;
when € is small. Applying the reasoning of the above paragraphs to ¢1, we get that
V(¢1); is also close to v; when € is small. Hence |D¢; — D¢o| is small when € is
small, and integrating within B(*,s, 1) as before, the lemma follows. O
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Finally, we show that approximate compatibility of two approximate splittings
leads to an approximate compatibility of their associated adapted coordinates.

Lemma4.31. — Given 1 < j<k<ne€Z" ande >0, there is an ¢ = ¢ (n,e) > 0
with the following property. Suppose that
(1) (M,*ar) is an n-dimensional complete pointed Riemannian manifold with sec-
tional curvature bounded below by —(e')? on B (*M, j—,)
(2) «aq is a (j,€)-splitting of (M,*nr) and «g is a (k,€)-splitting of (M, *pr).
(3) ay is € -compatible with ay.
(4) @1 : (M, *n7) — (R7,0) and ¢ : (M, *77) — (R¥,0) are adapted coordinates on
B(*pr,1) of quality €, associated to a1 and ag, respectively.

Then there exists a map T : R¥ — RI, which is a composition of an isometry with an
orthogonal projection, such that || ¢1 — T o ¢a ||c1< € on B(*ar,1).

Proof. — Let oy : M — RJ x Z; and s : M — RF x Z5 be the approximate splittings.
Let ®; be the composition B(xar, (¢)71) 2 R x Z; — R7 and @, be the composition
B(xar. (€)1 B R¥ x Zy — RF.

By (3), there is a j-splitting v : R¥ — RJ x R*~J and a pair of ¢-Gromov-Hausdorff
approximations & : R — RJ, & : R*J x Zy, — Z; such that the map &> given by
the composition

ddz,)

(51 ,€2)

(4.32) M B RF x 22 R/ x R x 7, R x Z,

agrees with the map «; on the ball B(xa;, (¢/)” 1) up to error at most €. Since
Gromov-Hausdorff approximations (R7,0) — (R7,0) are close to isometries, for all
€1 > 0, there will be a map T : R¥ — R/ (a COI]IpOblthIl of an isometry and a
projection) which agrees with the composition

(4.33) RF LRI x RE7 S RI

up to error at most €; on the ball B(xx;, 61'1), provided € is sufficiently small. Thus
for all e > 0, the composition

(4.34) M5 RFx Z, RN LRI

agrees with @ up to error at most ez on B(xar, €5 1), provided €; and € are sufficiently
small. Using Definition 4.21 for the approximate splitting ae and applying 7', it follows
that for all €3 > 0, if €5 is sufficiently small then we are ensured that T o ¢o defines
aq-adapted coordinates on B(*,r, 1) of quality €3. By Lemma 4.28 (using the first
criterion in part (4) of Lemma 4.28), it follows that if €3 is sufficiently small then
[p1 =T o gallcn <e. O

Remark 4.35. — In Definition 4.21 we defined adapted coordinates on the unit ball
B(*p7,1). By arescaling, we can define adapted coordinates on a ball of any specified

size, and the results of this section will remain valid.
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5. Standing assumptions

We now start on the proof of Theorem 1.3 in the case of closed manifolds. The
proof is by contradiction.

The next lemma states that if we can get a contradiction from a certain “Standing
Assumption” then we have proven Theorem 1.3. We recall from the definition of the
volume scale in Definition 1.5 that if w < w’ then ry(w) > rp(w').

Lemma 5.1. — If Theorem 1.8 is false then we can satisfy the following Standing
Assumption, for an appropriate choice of A’.

Standing Assumption 5.2. — Let K > 10 be a fized integer, and let A’ : (0,00) x
(0,00) = (0,00) be a function.

We assume that {(M®*,g%)}5%_, is a sequence of connected closed Riemannian 3-
manifolds such that

(1) For all p € M®, the ratio ﬁl—) of the curvature scale at p to the é—volume
scale at p is bounded below by .

(2) For allp € M® and w' € [%,c3), let rp(w') denote the w'-volume scale at p.
Then for each integer k € [0,K] and each C € (0,a), we have |[VF Rm| <
A(C ') rp(w) =2 on B(p, Crp(w')).

(3) Fach M*® fails to be a graph manifold.

Proof. — If Theorem 1.3 is false then for every o € Z™*, there is a manifold (M, g%)
which satisfies the hypotheses of Theorem 1.3 with the parameter wg of the theorem
set to w§ = g7, but M® is not a graph manifold.

We claim first that for every p® € M®, we have ryo(1/a) < Rpe. If not then for
some p* € M*, we have rpe(1/a) > Rpe. From the definition of 7y« (1/a), it follows

that

. o 1 1 .
(5.3) vol(B(p®, Rpa)) > ERf,a > @ZRZ("
which contradicts our choice of wg'.

Thus 7y (1/) < Rpe. Then

(G4) (e (1/0))° = vol(BG™, e (1/))) < vOl(BGX, Rye) < < RS

= 8ad PV’

Ryo
rpa(l/a)
Assumption 5.2.

To see that condition (2) of Standing Assumption 5.2 holds, for an appropriate
choice of A’, we first note that if suffices to just consider C € [1, @), since a derivative

> 2a. This shows that {(M®, ¢%*)}22, satisfies condition (1) of Standing

SO a=1
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bound on a bigger ball implies a derivative bound on a smaller ball. For ' € [, ¢3),
we have

(5.5) Crpe (0') < arpe(1/a) < R,.
Now
(5.6)  vol(B(®, Crye (@) > VOl(B(®, rye (@) = @ (rpe ())?
= C30 (Crpe (0'))?.
Put w’ = C3@'. Then

1
5.7 wd = — <w <ecs.
( ) 0 Rat — 3

Hypothesis (2) of Theorem 1.3 implies that
(5.8) [VFRm | < A(w) (Crpe (@)~ 2

on B(p%, Crpe(w')). Hence condition (2) of Standing Assumption 5.2 will be satisfied,
for C € [1,a), if we take

(5.9) A(C, @) = max A(C"%}j’) O (k+2) 0
0<k<K

Standing Assumption 5.2 will remain in force until Section 16, where we con-
sider manifolds with boundary. We will eventually get a contradiction to Standing
Assumption 5.2.

For the sake of notational brevity, we will usually suppress the superscript «; thus
M will refer to M®. By convention, each of the statements made in the proof is
to be interpreted as being valid provided « is sufficiently large, whether or not this
qualification appears explicitly.

Remark 5.10. — The condition K > 10 in Standing Assumption 5.2 is clearly not
optimal but it is good enough for the application to the geometrization conjecture.

Remark 5.11. - We note that for fixed @ € (0, ¢3), conditions (1) and (2) of Standing
Assumption 5.2 imply that for large «, the following holds for all p € M*:

(1) Tﬁ%) > o and

(2) For each integer k € [0,K] and each C € (0,a), we have |[VFRm| <
A'(C, @) rp(@)~* 2 on B(p, Cry(0)).

~

Since in addition vol(B(p,r,(@))) = @(r,(®))?, we have all of the ingredients to
extract convergent subsequences, at the w-volume scale, with smooth pointed limits
that are nonnegatively curved. This is how the hypotheses of Standing Assumption 5.2
will enter into finding a contradiction. In effect, @ will eventually become a judiciously
chosen constant.
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6. The scale function t

In this section we introduce a smooth scale function v : M — (0, 00) which will
be used throughout the rest of the paper. This function is like a volume scale in the
sense that one has lower bounds on volume at scale t, which enables one to appeal to
CK_precompactness arguments. The advantage of v over a volume scale is that ¢ can
be arranged to have small Lipschitz constant, which is technically useful.

We will use the following lemma to construct slowly varying functions subject to
a priori upper and lower bounds.

Lemma 6.1. — Suppose X is a metric space, C € (0,00), and l,u : X — (0,00) are
functions. Then there is a C-Lipschitz function r : X — (0,00) satisfying | <r <wu
if and only if

(6.2) Il(p) — Cd(p,q) < u(q)

forallp,ge X.

Proof. — Clearly if such an r exists then (6.2) must hold.
Conversely, suppose that (6.2) holds and define 7 : X — (0,00) by

(6.3) r(q) = sup{i(p) — Cd(p,q) | p € X} .
Then | <r < wu. For ¢,q¢' € X, since I(p) — Cd(p,q) > l(p) — Cd(p,q’) — Cd(q,q), we
obtain r(q) > r(¢’) — Cd(q,q’), from which it follows that r is C-Lipschitz. a

Recall that c3 is the volume of the unit ball in R®. Let A > 0 and @ € (0,c3) be
new parameters, and put
w

Recall the notion of the volume scale r,(w) from Definition 1.5.

Corollary 6.5. — There is a smooth A-Lipschitz function v : M — (0,00) such that
for every p € M, we have

(6.6) %rp(w) < w(p) < 2ry(u).

Proof. — We let | : M — (0,00) be the w-volume scale, and v : M — (0,00)
be the w'-volume scale. We first verify (6.2) with parameter C' = % To argue by
contradiction, suppose that for some p,q € M we have I(p) — %Ad(p, q) > u(q).
In particular, d(p,q) < % and u(g) < l(p). There are inclusions B(p,{(p)) C

B(q,(14+2A7Y1(p)) € B(p, (1 +4AY)1(p)). Then

(6.7) vol(B(q, (1+2A7")U(p))) > vol(B(p, L(p))) = @l (p) = 2u’ (1 + 2A71)1(p))"
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For any ¢ > 0, if a is sufficiently large then the sectional curvature on B(p, (1 +
4A71)1(p)), and hence on B(q, (1 +2A71)I(p)), is bounded below by — ¢? I(p)~2. As
u(q) < l(p) < (1 +2A7Y)(p), the Bishop-Gromov inequality implies that

w' u(q)® vol(B(g,ulg))) _ vol(B(g, (1+2A71)i(p)))

(6:8) —w@7im T @/l = A
/ sinh?(er) dr / sinh®(er) dr / sinh?(cr) dr
0 0 0
20’ ((1+2A HI(p))°
—  p142A!? ’
/ sinh?(er) dr
0
or
¢ (39) 2¢2(1 + 2A~1)3
(6.9) ) > —

w(q)/1(p) = TajeA-T :
/ o sinh?(cr) dr fO sinb*(cr) dr
0

As the function z +— ;m tends uniformly to 1 as ¢ — 0, for z € (0, 3],
taking ¢ small gives a contradiction. (Note the factor of 2 on the right-hand
side of (6.9).)

By Lemma 6.1, there is a %-Lipschitz function r on M satisfying | < r < u. The
corollary now follows from Corollary 3.15. O

We will write t, for v(p). Recall our convention that the index « in the sequence
{M=}22, has been suppressed, and that all statements are to be interpreted as being
valid provided « is sufficiently large. The next lemma shows C¥-precompactness at
scale t.

Lemma 6.10

(1) There is a constant @ = w(w') > 0 such that vol(B(p,t,)) > w(t,)? for every
pE M.

(2) For everyp e M, C < oo and k € [0, K], we have
. 1
(6.11) |[VERm| < 22 A(C,w) t;(’HQ) on the ball B(p, §Ctp) .
(3) Given € > 0, for sufficiently large a and for every p € M, the rescaled pointed
manifold ( M®,p) is e-close in the pointed CK-topolaqy to a complete non-

negatively curved C¥ -smooth Riemannian 3-manifold. Moreover, this manifold
belongs to a family which is compact in the pointed C¥ -topology.
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Proof
(1). As % tpe < rpa(w'), the Bishop-Gromov inequality gives

(6.12) V(B 3 t0) _ vol(Blprye (W) _ /(e ()

tpo -

S ] 1
/%a(“’ ) sinh®(r) dr /0 sinh?(r) dr /0 sinh?(r) dr
0 .

or
.
61 Vol(B(p*, & 1)) _ W /0 sinh”(r) dr
. =
(3 tpe)? =t e \°
sinh”(r) dr Zrpe (W)
0
w'
- l .
3/ sinh?(r) dr
0
Thus
!/
(6.14) vol(B(p®, tpe)) > vol (B (p,tpe /2)) > v (tpe)?,

1
24/ sinh?(r) dr
0

which gives (1).
(2). From hypothesis (2) of Standing Assumption 5.2, for each C < « and
k € [0, K] we have

(6.15) IVERm| < A'(C,w') rpe (') "2 < 2M42 4/(C ') 0, )
on B(p®, Crpe (w')) D B (p*, 3Crtpe ).

(3). If not, then for some € > 0, after passing to a subsequence, for every a we
could find p® € M® such that (=M@, p®) has distance at least ¢ in the C*-topology

tpa
from a complete nonnegatively curved 3-manifold.
(1) and (2) imply that after passing to a subsequence, the sequence {(;%]\[“,pa)}
v
converges in the pointed C®-topology to a complete Riemannian 3-manifold.

. . R,
But since the ratio r’

tends uniformly to infinity as « — oo, the limit manifold has

13

nonnegative curvature, which is a contradiction. (|
We now extend Lemma 6.10 to provide CH-splittings.

Lemma 6.16. — Given e >0 and 0 < j < 3, provided § < (e, w’) the following holds.
Ifpe M, and ¢ : (%ﬂ]\f[, p) = (RIx X, (0,%x)) is a (j, 8)-splitting, then ¢ is e-close to
a (7, €)-splitting 5 : (%P]\I,p) — (RJ X)A(, (0,%%)), where Xisa complete nonnegatively
curved CE -smooth Riemannian (3 — j)-manifold, and qAS 1s e-close to an isometry on
the ball B(p,e ') C }PM’, in the CK+1_topology.
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Proof. — Suppose not. Then for some € > 0, after passing to a subsequence we can
assume that there are points p® € M“ so that ( M, p ) admits a (j,a!)-splitting
®;, but the conclusion of the lemma fails.

By Lemma 6.10, a subsequence of {(mAI“ “)}Zozl converges in the pointed
CK-topology to a complete pointed IlOIlI’ngd,th(‘ly curved C¥-smooth 3-dimensional
Riemannian manifold (M®°,p°), such that ¢; converges to a (j,0)-splitting ¢ of
(M2, p>). This is a contradiction. O

Remark 6.17. — 1If we only assume condition (1) of Assumption 5.2 then the proof
of Lemma 6.16 yields the following weaker conclusion: Xisa (nonnegatively curved)
(3 — j)-dimensional Alexandrov space, and qAb is a homeomorphism on B(p, e !). See
Section 18 for more discussion.

Let 0 > 0 be a new parameter. In the next lemma, we show that if the parameter w
is small then the pointed 3-manifold (}]W ,p) is Gromov-Hausdorff close to something
»
of lower dimension.

Lemma 6.18. — Under the constraint w < w(o, ), the following holds. For every

p € M, the pointed space (%M, p) is o-close in the pointed Gromov-Hausdorff met-
P

ric to a nonnegatively curved Alexandrov space of dimension at most 2.

Proof. — Suppose that the lemma is not true. Then for some o, A > 0, there is a
sequence w; — 0 and for each i, a sequence {(M(49) pa(i))}> j—1 S0 that for each
7, (t 7 Med) pali, 7)) has pointed Gromov-Hausdorff dlbtdllce at least o from any
nonnegatlvely curved Alexandrov space of dimension at most 2.

Given i, as j — oo the curvature scale at p*(“) divided by .. (w') goes to
infinity. Hence the curvature scale at p“(i‘j) divided by Tpalig) also goes to infin-
ity. Thus we can find some j = j(i) so that the curvature scale at p®(7(0) is at
least i tyaci 0. We relabel Me@i®) as M and p*(3(D) as pi. Thus we have a
sequence {(Mi,pi) }Z] so that for each 1, (%M’:,pi) has pointed Gromov-Hausdorff
distance at least o from any nonnegatively curved Alexandrov space of dimension at
most 2, and the curvature scale at p’ is at least ityi. In particular, a subsequence of
the (%piM’ ¢ pi)’s converges in the pointed Gromov-Hausdorff topology to a nonnega-

tively curved Alexandrov space (X, ), necessarily of dimension 3. Hence there is a
vol(B(p',2%i))

(250)3 7
As 7, (w;) < 2tyi, the Bishop-Gromov inequality implies that

uniform positive lower bound on

3 _ _
Wi (rpe (1:) vol(B(p', ry (w4))) _ vol(B(p', 2t,1))
(6.19) D @) volB e (@i))) , volB260)
i 120N
Y, sinh?(r) dr / sinh?(r) dr /o sinh(r) dr
0 0
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That is,
. ri(ﬁ)l) 3
I(B(p*, 2t ! (*’; )
(6.20) wﬁ w; / sinh?(r) dr (,w? -
(2x,. )" 0 FIN
/ sinh”(r) dr
Jo
1
< 3 w; / sinhQ(r) dr.
Jo
Since w; — 0, we obtain a contradiction. O

As explained in Section 2, we will assume henceforth that the constraint
(6.21) w < w(o, A)

is satisfied.

7. Stratification

In this section we define a rough stratification of a Riemannian 3-manifold, based
on the maximal dimension of a Euclidean factor of an approximate splitting at a given
point.

7.1. Motivation. — Recall that in a metric polyhedron P, there is a natural met-
rically defined filtration Py C Py C --- C P, where P, C P is the set of points p € P
that do not have a neighborhood that isometrically splits off a factor of R¥*1. The
associated strata { P, — Py_1} are manifolds of dimension k. An approximate version
of this kind of filtration/stratification will be used in the proof of Theorem 1.3.

For the proof of Theorem 1.3, we use a stratification of M so that if p € M lies
in the k-stratum then there is a metrically defined fibration of an approximate ball
centered at p, over an open subset of R¥. We now give a rough description of the
strata; a precise definition will be given shortly.
2-stratum. — Here (é]w, p) is close to splitting off an R2-factor and, due to the col-
lapsing assumption, it is Gromov-Hausdorff close to R?. One gets a circle fibration
over an open subset of R2.
1-stratum. Here (tip]W, p) is not close to splitting off an R2-factor, but is close
to splitting off an R-factor. These points fall into two types: those where (%M ,p)
looks like a half-plane, and those where it look like the product of R with a space
with controlled diameter. One gets a fibration over an open subset of R, whose fiber
is D?, §2, or T?.
0-stratum. — Here (éM , p) is not close to splitting off an R-factor. We will show
that for some radius r comparable to t,, (%M , p) is Gromov-Hausdorff close to the
Tits cone CrN of some complete nonnegatively curved 3-manifold N with at most
one end, and the ball B(p,r) C M is diffeomorphic to N. The possibilities for the
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topology of N are: S' x B2, B3, RP? — D?, a twisted interval bundle over the Klein
bottle, S x S2, RP3#RP3 a spherical space form S3/I" and a isometric quotient
T3 /T of the 3-torus.

7.2. The k-stratum points. — To define the stratification precisely, we introduce
the additional parameters 0 < 1 < 2 < f3, and put By = 0. Recall that the
parameter o has already been introduced in Section 6.

Definition 7.1. — A point p € M belongs to the k-stratum, k € {0,1,2, 3}, if (ti]\/[,p)
P
admits a (k, Bx)-splitting, but does not admit a (j, 8;)-splitting for any j > k.

Note that every pointed space has a (0, 0)-splitting, so every p € M belongs to the
k-stratum for some k € {0,1,2,3}.

Lemma 7.2. — Under the constraints 33 < 753 and o < @ there are no 3-stratum
points.
Proof. Let ¢ > 0 be the minimal distance, in the pointed Gromov-Hausdorff metric,

between (R3,0) and a nonnegatively curved Alexandrov space of dimension at most 2.
Taking 3 =7 = ¢, the lemma follows from Lemma 6.18. O

Let A € (85!, 00) be a new parameter.

Lemma 7.3. — Under the constraint A > A(Bs), if p € M has a 2-strainer of size

Bsv, and quality % at p. then (LM.p) has a (2.%82)-splitting =M — R2. In
P P

particular p is in the 2-stratum.

Proof. This follows from Lemma 4.15. 4

Definition 7.4. — A 1-stratum point p € M is in the slim 1-stratum if there is a
(1, B1)-splitting (LM, p) = (R x X, (0,xx)) where diam(X) < 103A.

8. The local geometry of the 2-stratum

In the next few sections, we examine the local geometry near points of different
type, introducing adapted coordinates and certain associated cutoff functions.

In this section we consider the 2-stratum points. Along with the adapted coordi-
nates and cutoff functions, we discuss the local topology and a selection process to
get a ball covering of the 2-stratum points.
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8.1. Adapted coordinates, cutoff functions and local topology near
2-stratum points. — Let p denote a point in the 2-stratum and let ¢, : (f—p]\/[, p) —

R? x (X,*x) be a (2, B2)-splitting.

Lemma8.1. — Under the constraints By < By and 0 < @, the factor (X,xx) has
diameter < 1.

Proof. — 1If not then we could find a subsequence {M*7 } of the M*’s, and p; € M7,
such that with o =0 = %, the map ¢, : (?ljl\laf,pj) — (R? x X, (0,%x,)) violates
the conclusion of the lemma. We then pass to a pointed Gromov-Hausdorff sublimit
(M, Poo), which will be a nonnegatively curved Alexandrov space of dimension at
most 2, and extract a limiting 2-splitting ¢oo : (Moo, Poo) — R? X Xo. The only pos-
sibility is that dim(Ms) = 2, ¢oo is an isometry and X is a point. This contradicts
the diameter assumption. (|

Let ¢o_stratum > 0 be a new parameter.

Lemma 8.2. — Under the constraint By < BQ(Q_Stmtum), there is a ¢p-adapted coor-
dinate 0, of quality Sa-stratum on B(p,200) C (éM, p)

Proof. — This follows from Lemma 4.23 (see also Remark 4.35). O

Definition 8.3. — Let (, be the smooth function on M which is the extension by zero
of Pg g 0|npy|. (See Section 2 for the definition of @ .)

Lemma 8.4. — Under the constraints Ba < Ba, So-stratum < S2-stratum and o < @, the
restriction of 1, to n, ' (B(0,100)) is a fibration with fiber S*. In particular, for all

R € (0,100), |n,| 10, R] is diffeomorphic to S* x B(0, R).

Proof. — For small Sz and 2 stratum, the map 7, : —tlz—)]V[ D B(p,200) — R? is a sub-
mersion; this follows by applying (4.22) to an appropriate 2-strainer at x € B(p, 200)
furnished by the (2, 32)-splitting ¢,.

By Lemma 8.1, if Sogtratum < S$2-stratum then T/;I(B(O, 100)) c B(p,102) C
%AI. Therefore if K C B(0,100) is compact then n,'(K) is a closed sub-
set of B(p,102) C éM', and hence compact. It follows that 7717}77;1(3(0,100)) :
n, 1(B(0,100)) — B(0,100) is a proper map. Thus 7771’77,7](3<0,100)) is a trivial fiber
bundle with compact 1-dimensional fibers.

Since Ny 1(0) has diameter at most 2 by Lemma 8.1 (assuming <o stratum <
Sostratum), it follows that any two points in the fiber 7, 1(0) can be joined by a
path in 7, (B(0,100)). Now the triviality of the bundle implies that the fibers are
connected, i.e., diffeomorphic to S?t. O
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8.2. Selection of 2-stratum balls. — Let M be a new parameter, which will
become a bound on intersection multiplicity of balls. The corresponding bound M
will describe how big M has to be taken in order for various assertions to be valid.

Let {p;i}iclscnnm D€ @ maximal set of 2-stratum points with the property that
the collection {B(ps, $tp,) }ic lo a1 disjoint. We write ¢; for ¢, .

Lemma 8.5. — Under the constraints M > M and A < A,
(1) Uieryoiurnn, B(pistp,) contains all 2-stratum points.

(2) The intersection multiplicity of the collection {supp(Gi) Yie I qrarmm 15 bounded

by M.

Proof

(1). Assume 1 + %A < 1.01. If p is a 2-stratum point, there is an i € Io_gtratum
such that B(p, %tp) N B(p;, %tpl) #+ @ for some i € Io gstratum- Then :T” €[.9,1.1], and
p € B(pitp,)- |

(2). From the definition of (;, if ¢o.stratum is sufficiently small then we are ensured
that supp(¢;) C B(pi, 10t,,).

Suppose that for some p € M, we have p € ﬂjv:l B(Pij,l()tpij) for distinct ¢;’s.
We relabel so that B(pi,,tp, ) has the smallest volume among the B(p;,, tp,, )’s.

If 10A is sufficiently small then we can assume that for all 7, —;— < :—” < 2. Hence the
N disjoint balls { B(p;;, %tmj )}L, lie in B(ps, , 100, ) and by Bishop-Gromov volume
comparison

100
12
vol(B(pi;, 100%y, ) _ /O sinh?(r) dr
vol(B(pi“%tp”)) = / .
0

(8.6)

wl=

sinh?(r) dr

This proves the lemma. O

9. Edge points and associated structure

In this section we study points p € M where the pair (M, p) looks like a half-plane
with a basepoint lying on the edge. Such points define an edge set E. We show that
any l-stratum point, which is not a slim 1-stratum point, is not far from F.

As a technical tool, we also introduce an approximate edge set E’ consisting of
points where the edge structure is of slightly lower quality than that of E. The set
E’ will fill in the boundary edges of the approximate half-plane regions around points
in E. We construct a smoothed distance function from E’, along with an associated
cutoff function.

We describe the local topology around points in E and choose a ball covering of F.
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9.1. Edge points. — We begin with a general lemma about 1-stratum points.

Lemma9.1. — Given € > 0, if 31 < B1(¢) and 0 < &(¢) then the following holds.
If (1 M,p) has a (1,B1)-splitting then there is a (1,¢)-splitting (é]ﬂ,p) — (R x
Y, (0, %y)), where Y is an Alexandrov space with dim(Y’) < 1.

Proof. — This is similar to the proof of Lemma 8.1. If the lemma were false then we
could find a sequence a; — 00 so that taking 81 = j !
would be p; € M* and a (1, !)-splitting of (%N["i,pj), but no (1, €)-splitting
as asserted. Passing to a subsequence, we obtain a pointed Gromov-Hausdorff limit
(Mso, Poo), and the (1,7 1)-splittings converge to a 1-splitting ¢oe : Moo — Rx Y. It
follows from Lemma 6.18 that dim M., < 2, and hence dim Y < 1. This implies that
for large j, we can find arbitrarily good splittings (L]W”J ,pj) — (R x Y}, (0,%y;))

Tp;

where Y; is an Alexandrov space with dim(Y;) < 1. This is a contradiction. O

and o = j~!, for every j there

Let 0 < B < Bgr and 0 < 0 < ogs be new parameters.

Definition 9.2. — A point p € M is an (s, t)-edge point if there is a (1, s)-splitting

1

(9.3) F,: <t—]\~1, p) — (R x Y, (0,xy))
4

and a t-pointed-Gromov-Hausdorff approximation

(9.4) Gp : (Y, xy) — ([0,C],0),

with C' > 200A. Given F}, and G}, we put
1

(9.5) Qp = (IdxGp)o Fy: <?A[’p> — (R x [0,C7,(0,0)).
P

We let E denote the set of (fg,op)-edge points, and E’ denote the set of
(Brr,0p)-edge points. Note that F C E’. We will often refer to elements of E as
edge points.

We emphasize that in the definition above, @), maps the basepoint p € M to
(0,0) e R x [0,C].

Lemma 9.6. — Under the constraints B < B, op < Gg and Ba < By, no element
p € E' can be a 2-stratum point.

Proof. — By Lemma 8.1, if p is a 2-stratum point and ¢, : (tip]\/i/,p) - (R? x
X, (0,%x)) is a (2, B2)-splitting then diam X < 1. Thus if S/, op and Bo are all
small then a large pointed ball in (R?,0) has pointed Gromov-Hausdorff distance less
than two from a large pointed ball in (R x [0, C], (0,0)), which is a contradiction. I

We now show that in a neighborhood of p € E, the set E’ looks like the border of
a half-plane.
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Lemma9.7. — Given e >0, if Bp: < Bp/(6,A), o <Tpi(e,A), Be < Br(Br,08),
or <Gp(Be,op) and A < A(e, A) then the following holds.

For p € E, if Q, is as in Definition 9.2 and @p (R X [0,C], ((),O)) -y (é]\/l,p)
is a quasi-inverse for Q, (see Subsection 3.1), then Q,([—100A,100A] x {0})
is §-Hausdorff close to E' 0 Q1 ([=100A,100A] x [0, T00A]).

Proof. Suppose the lemma were false. Then for some ¢ > 0, there would be

sequences «; — oo, s; — 0 and A; — 0 so that for each i,
(1) The scale function v of M% has Lipschitz constant bounded above by A;, and
(2) There is an (s?, s7)-edge point p; € M such that Qp, ([-100A,100A] x {0})
is not §-Hausdorff close to B} N Q' ([-100A,100A] x [0, 100A]), where Ej
denotes the set of (s;, s;)-edge points in M*:.

After passing to a subsequence, we can assume that liIIlZ‘Hoo(tl M, pi) =

B . . Py
(X, pso) for some pointed nonnegatively curved Alexandrov space (X°° poo).
We can also assume that lim;_, o @, |[7200A,200A]><[(),2OOA] exists and is an isometric

embedding Qs : [~200A, 200A] x [0,200A] = X, with Que(0,0) = po. Then
(9.8) Lim Q,,([~100A,100A] x {0}) = Qo ([~100A, 100A] x {0}).

1—> 00
However, since s; — 0 and A; — 0, it follows that

(9.9)  lim E{NQ, ([~100A,100A] x [0, 100A]) = Qo ([~100A, 100A] x {0}).

Hence for large 1, @7,,([71[)()A, 100A] x {0}) is §-Hausdorff close to Ej N
QM ([=100A,100A] x [0,100A]). This is a contradiction. O

The first part of the next lemma says that 1-stratum points are either slim
1-stratum points or lie not too far from an edge point. The second part says that E
is coarsely dense in E’.

Lemma 9.10. — Under the constraints fp < B (D), op < Gp(A), Bp <
BE(BE’7UE’)7 op < EE(['BE/,O'E/), £ < ,Bl(A,ﬁE), o< E(A,UE) and A < A(A), the
following holds.
(1) For every 1-stratum point p which is not in the slim 1-stratum, there is some
g € E with p € B(q, Avy).
(2) For every 1-stratum point p which is not in the slim 1-stratum and for every
p' € E' N B(p.10Ax,), there is some q € E with p' € B(q.vy). See Figure 2
below.

Proof. — Let € > 0 be a constant that will be adjusted during the proof. Let p be a
1-stratum point which is not in the slim 1-stratum.

By Lemma 9.1, if 3; < 3,(A,¢) and 0 < (A, ¢) then there is a (1,¢)-splitting
F: (rip]\[, p) = (RxY,(0,%y)), where Y is a nonnegatively curved Alexandrov space

of dimension at most one.
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FIGURE 2

Sublemma 9.11. — diam(Y") > 500A.

Proof. — Suppose that diam(Y) < 500A. Let ¢ : (%p]\[, p) — (R x X,(0,xx)) be a
(1, B1)-splitting.

Since p belongs to the 1-stratum, (}p]\[,p) does not admit a (2, 3,)-splitting. By
Lemma 4.17, it follows that if e < €(A) and 8 < 3;(A) then there is a 1555 -Gromov-
Hausdorff approximation (X, xx) — (Y, xy). Since Y C B(xy,500A), we conclude
that the metric annulus A(xx,600A,900A) C X is empty. But then the image
of the ball B(p, ;") C %{I.M under the composition B(p, ﬁfl)gR x X 3 X will be
contained in B(*x,600A) C X (because the inverse image of B(xx,600A) under
Tx o ¢ is open and closed in the connected set B(p,;"')). Thus ¢ : (%p]\[, p) —
(R x B(xx,600A), (0,xx)) is a (1, 31)-splitting, and p is in the slim 1-stratum. This
is a contradiction. O

Proof of Lemma 9.10 continued. — Suppose first that Y is a circle. If € is sufficiently
small then there is a 2-strainer of size %tp and quality % at p. By the choice of A
(see Section 7), p is a 2-stratum point, which is a contradiction.

Hence up to isometry, Y is an interval [0, C] with C' > 500A. If xy € (%, C - 1A—0)
then the same argument as in the preceding paragraph shows that xy is a 2-stratum
point provided e is sufficiently small. Hence %y € [O, %] or xy € [C — 1A_0*C]' In
the second case, we can flip [0, C'| around its midpoint to reduce to the first case. So
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we can assume that xy € [O, 1A0] Let F be a quasi-inverse of F' and put g = ﬁ(O 0).
If AA is sufficiently small then we can ensure that .9 < t” < 1.1. From Lemma 4.10,
if 51 is sufficiently small, relative to Sg, then ¢ has a (1, /35) splitting. If in addition
€ is sufficiently small, relative to og, then ¢ is guaranteed to be in E. Then d(p,q) <
%Atp < Avy.

To prove the second part of the lemma, Lemma 9.7 implies that if p’ €
@’ N B(p,10At,) then we can assume that p’ lies within distance %tp from
F([-100A,100A] x {0}). (This is not a constraint on the present parameter e.)
Choose ¢ = ﬁ(w,O) for some 2 € [-100A,100A] so that d(p’.q) < iv,. From
Lemma 4.10, if 5; is sufficiently small, relative to Sg, then ¢ has a (1, 3g)-splitting.
If in addition e is sufficiently small, relative to og, then ¢ is guaranteed to be in E.
If AA is sufficiently small then d(p’, ¢) < v,. This proves the lemma. |

2. Regularization of the distance function dp/. — Let dg be the distance
function from E’. We will apply the smoothing results from Section 3.6 to dg:. We
will see that the resulting smoothing of the distance function from E’ defines part of
a good coordinate in a collar region near F.

Let ¢g» > 0 be a new parameter.

Lemma9.12. — Under the constraints B < B (A, sp) and o < 7/ (A, 1) there
is a function pgr : M — [0,00) such that if np = P2~ then:

(1) We have

pr_dir

(9.13) - .

<<qpr.

(2) In the set ng [1on 10A] N ( 2)~H0,50A], the function pg: is smooth and its

gradient lies in the (E/—nezghborh,oad of the generalized gradient of dg .
(3) prr — dpr is sgr-Lipschitz.
Proof. Let €1 € (0,00) and @ € (0,7) be constants, to be determined during the

proof.
Put

(9.14) C= <df'>_l [QAO QOA] <dTE>1 [0,504] .

If # € C and A < A(A) then there exists a p € E such that = € B(p,60A) ¢ M.
By Lemma 9.7, provided that B < B/ (e1,A), 0pr < Tpi(e1,A), Br < Bp(Be, UE/)
op <op(Be,op), and A < A(e, A), there is a y € M such that in ;;]\I,

(9.15) ld(y,r) —dp/(2)] < e, |d(y,E") —2dp (z)] < €.

ASTERISQUE 365



LOCALLY COLLAPSED 3-MANIFOLDS 53

*y
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By triangle comparison, involving triangles whose vertices are at x, y and points
in E' whose distance to z is almost infimal, it follows that if ¢; < € (0, A) then
diam(V,,) < 0, where V,, is the set of initial velocities of minimizing geodesic segments
from  to E’. See Figure 3.

Applying Corollary 3.16, if # < (cg) then we obtain a function pg: : M — [0, 00)

such that

(1) pgs is smooth in a neighborhood of C'.

2) |
(3) For every x € (', the gradient of pg: lies in the ¢g/-neighborhood of the gener-
alized gradient of dp.

Ppr _ dpr
£ 3

< Ggr.

(4) ppr — dpr is sp-Lipschitz.
If ¢pr < % then
A 1r
(9.16) ! [1—0. 104 N (%)*1[().50& £,

so the lemma follows. O
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9.3. Adapted coordinates tangent to the edge. — In this subsection, p € E
will denote an edge point and @), will denote a map as in (9.5).
Let Gegge > 0 be a new parameter. Applying Lemma 4.23, we get:

Lemma 9.17. — Under the constraint g < BE(A,gedge), there is a QQp-adapted
coordinate

1
(9.18) M (—]\J,p) D B(p,100A) — R

T,

of quality Sedge-
We define a global function ¢, : M — [0, 1] by extending
(9.19) (P_ga,—sasaoaony)  (Psaga one ) B(p, 100A) — [0,1]

by zero.

Lemma 9.20. The following holds:
(1) ¢p is smooth.

(2) yndcr the constraints fo < Bolostratum)s A < AlSostratum. D), B <
B (so-stratum: &), g < Tp/ (S-stratum: D), Be < Bp(B2, BEr. 0E . -stratum )
o < Te(f2.B8E,0E, Sostratum),  SEr < SEr(S2-stratum)  0Nd Sedge <
Sedge(S2-stratum ), if @ € (M. ne) "H([=10A,10A] x [£A,10A]) then = is
a 2-stratum point, and there is a (2,[2)-splitting ¢ : (%M', ;r) — R?
such that (n;,ng’) : (}TM, z) — (R?,¢(x)) defines ¢-adapted coordinates of
quality Sao-stratum OT the ball B(x,100) C }"]\1.

Proof

(1). This follows from Lemma 9.12.

(2). Let €1,...,e5 > 0 be constants, to be chosen at the end of the proof. For
i € {1,2} choose points #7° € M such that Q, () € B(Qp(:l,‘)i%(i,‘, og) C Rx[0,C].
Provided that fp < Bp(f2,A€1), o < Tr(B2,A,¢1) and A < A(A), the tuple
{arii ?2_, will be a 2-strainer at z of quality €1, and scale at least % in rl’_]\[‘ Therefore,
if e < € (B2) then x will be a 2-stratum point, with a (2, /J’g)—splitting.d : (}r]\[, r) —
(R?,0) given by strainer coordinates as in Lemma 4.15.

Suppose that y is a point in tL,,]\’[ with d(y,z) < € - %, and z € FE' is
a point with d(y,z) < d(y.E’') 4+ e2A; see Figure 4. Then by Lemma 9.7, if
Brr < Bpies, D), o < Tpr(es, A), Bp < Bgles, Ber o), op < Tples, Be,om),
A < A(es, A) and ez < €(e3) then the comparison angles 4,(;1%,2), Ly(r] ., 2)
will satisfy |Zy(:1;li,z) ~ 5| <e3 and |Zy(:1:§“.z) — 7| < e3. If 47 is a minimizing
segment from y to :Irii, and v, is a minimizing segment from y to z, it follows
that |Z,(vi,7:) — 5| < eq and |Zy(v4,7:) — 7| < e, provided that ¢; < &(es)
for i < 3. Therefore |Dng ((vE)'(0))] < €5 and | Dng((75)(0)) — 1] < €5, provided
that e, < &(es) and ¢pr < Tpi(es). Likewise, [Diy((75)'(0)) — 1| < €5 and
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|Dn,((v3)'(0))| < €5, provided that B < Bg(es) and cedge < Sedge(€s). It follows
from Lemma 4.28 that (1),,np) defines ¢-adapted coordinates of quality ¢ogiragum on
B(xz,100) C %]\I, provided that €5 < €5 (So-stratum) and S < Bo(So-stratum )-

We may fix the constants in the order €5, ..., e;. The lemma follows. O

9.4. The topology of the edge region. — In this subsection we determine the
topology of a suitable neighborhood of an edge point p € E.

Lemma 9.21. — Under the constraints fpr < Bp/(A), op < p(A), Bp <
BE(/}E/,O'E/,’IU/), o < EE(,BE/,O'E/), Sedge < Eedg(,(A), Spr < EE/(A), A< K(A) and
o < (A), the map n, restricted to (ny,ne) H((—4A,4A) x (—oc,4A]) is a fibration
with fiber diffeomorphic to the closed 2-disk D?.

Proof. — Let € > 0 be a constant which will be internal to this proof.

By Lemma 6.16, if fg < B(e, A, w’) then the map F,, of Definition 9.2 is e-close
to a (1,¢€)-splitting ¢ : (tip]\[, p) = (R x Z,(0,%7)), where Z is a complete pointed
nonnegatively curved C'¥-smooth surface, and ¢ is e-close in the C**+!-topology to an
isometry between the ball B(p, 1000A) C (éM., p) and its image in (R x Z, (0,%z)).
If in addition o < T (A) then the pointed ball (B(*z, 10A), xz) C (Z, %) will have
pointed-Gromov-Hausdorff distance at most ¢ from the pointed interval ([0, 10],0),
where ¢ is the parameter of Lemma 3.12. By Lemma 3.12, we conclude that B(xz, A)
is homeomorphic to the closed 2-disk.
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Put Y =R x {xz} CR x Z and let dy : R x Z — R be the distance to Y. By
Lemma 3.12, if € is sufficiently small then for every z € R x Z with dy (z) € [A,9A],
the set V. of initial velocities of minimizing segments from x to Y has small diameter;
moreover V. is orthogonal to the R-factor of R x Z. Thus we may apply Lemma 3.16
to find a smoothing py of dy, where ||py — dy ||« is small, and in dy'(A,9A) the
gradient of py is close to the generalized gradient of dy .

Note that by Lemma 9.7, we may assume that ¢ (R x {xz}) N B(p,50A) is
Hausdorff close to E’ N B(p,50A). Since ¢ is C%*1-close to an isometry, the gener-
alized gradient of dy o ¢ will be close to the generalized gradient of dg+ in the region
(np, e ) "H(=D5A,5A) x (2A,5A), where the gradients are taken with respect to the
metric on %p]% . (One may see this by applying a compactness argument to conclude
that minimizing geodesics to E’ in this region are mapped by ¢ to be C!-close to
minimizing geodesics to Y.) Hence if ¢z is small then 7z and py o ¢ will be C'-close
in the region (n,,ne) " (—=5A,5A) x (2A,5A). Similarly, if Sp and Gedge are small
then 7, will be C'-close to 7z o ¢ in the region (1,, g )~ (=5A,5A) x (=00, 5A).

For t € [0, 1], define a map f*: (n,,ne )~ ((—5A,5A) x (—00,5A)) — R? by

(9.22) fr=@n+ (1 —-t)mzod, tne + (1 —1t)py o p).

Let F : (np,ne )"t ((=5A,5A) x (—00,5A)) x [0,1] — R? be the map with slices
{f'}. In view of the C'-closeness discussed above, we may now apply Lemma 21.1
to conclude that (n,,ne) ({0} x (—oc,44)]) is diffeomorphic to (7z, py) ({0} x
(—00,44A)), which is a closed 2-disk.

Finally, we claim that the restriction of n, to (n,,ng/ )~ (—44A,4A) x (—o00,44]
yields a proper submersion to (—4A,4A), and is therefore a fibration. The proper-
ness follows from the fact that (1,, ne) ' ((—4A,4A) x (—o0,4A]) is contained in a
compact subset of the domain of (1, ng). The fact that it is a submersion follows
from the nonvanishing of D, and the linear independence of {Dn,,, Dng/} at points
with (n,,ne) € (—4A,4A) x {4A}. d

Remark 9.23. — Given w’, we take Bg very small in the proof of Lemma 9.21 in order
to get a very good 1-splitting. On the other hand, we just have to take o, and hence
o, small enough to apply Lemma 3.12; the parameter § of Lemma 3.12 is independent
of w’. This will be important for the order in which we choose the parameters.

9.5. Selection of edge balls. — Let {p;}icr.,.. be a maximal set of edge points
with the property that the collection {B(p;, $Atp,)}icl.,,, is disjoint. We write ¢;
for ¢, .

edge

Lemma 9.24. — Under the constraints M > M and A < A(A),
- Uiel(.dg(. B(pi, Avy, ) contains E.
- The intersection multiplicity of the collection {supp((;)}ier.q,. i bounded by M.

Proof. — We omit the proof, as it is similar to the proof of Lemma 8.5. O
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We now give a useful covering of the 1-stratum points.

Lemma 9.25. — Under the constraint A < A(A), any 1-stratum point lies in the slim
B(pi, 3Atpz ) .

1-stratum or lies in | J;¢; )
edge

Proof. — From Lemma 9.10, if a 1-stratum point does not lie in the slim 1-stratum

then it lies in B(p, Aty) for some p € E. By Lemma 9.24 we have p € B(p;, Atp,) for

some i € legge. If AA is sufficiently small then we can assume that .9 < :—” < 1.1.
Pi

i

The lemma follows. O

The next lemma will be used later for the interface between the slim stratum and
the edge stratum.

Lemma 9.26. — Under the constraints Br < Br(A, B2), Sedge < Sedge(A, f2) and A <
A(A), the following holds. Suppose for some i € Loage and q € B(p;,10At,,) we have

(9.27) ner(q) <54, [np,(q)] <5A.

Then ecither p; belongs to the slim 1-stratum, or there is a j € I.4ge Such that q €
B(pj,10Av,,) and |n,,(q)] < 2A.

Proof. — We may assume that p; does not belong to the slim 1-stratum.

From the definition of n; and Lemma 9.7, provided that Bp < BE'(A), Be <
Br(Br), A < A(A) and cedge < Sedge(A), there will be a ¢’ € E' N B(p;, 10Ar,,) such
that [, (¢') —mp. (q)| < 15A. Since p; is not in the slim 1-stratum, by Lemma 9.10 (2)
there is a p € F such that ¢' € B(p,t,), and by Lemma 9.24 we have p € B(p;, Aty,)
for some j € Iegge. If AA is small then we will have [n,, (¢)| < 1.5A. Lemma 4.31 now
implies that if fedge < BcdgC(A,ﬁg) and Gedge < Sedge(A, B2) then [, (¢") —np, (q)] <
1A, Thus |np, (q)] < 2A. O

9.6. Additional cutoff functions. — We define two additional cutoff functions
for later use:

(9.28) Codge = 1 = @1y 0 ( > Q)

1€1eage
1
alc

(929) CE/ = (q)%A,%A.SA,QA O ’I]E/> . Cedge'
10. The local geometry of the slim 1-stratum

In this section we consider the slim 1-stratum points. Along with the adapted
coordinates and cutoff functions, we discuss the local topology and a selection process
to get a ball covering of the slim 1-stratum points.
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10.1. Adapted coordinates, cutoff functions and local topology near
slim l-stratum points. — In this subsection, we let p denote a point in the
slim 1-stratum, and ¢, : (;le,p) — (R x X, (0,xx)) be a (1,3;)-splitting, with
diam(X) < 10%A. Let ¢qim > 0 be a new parameter.

Lemma 10.1. — Under the constraint 81 < B,(4, Sslim):
- There is a ¢p-adapted coordinate n, of quality saim on B(p, 10°A) C (%)M', p).
~ The cutoff function

(10.2) (P_9.105A,-8-105A,8:1054,0-105A) © Tlp

extends by zero to a smooth function ¢, on M.

Proof. — This follows from Lemma 4.23 (see also Remark 4.35). O
Let 1, and (, be as in Lemma 10.1.

Lemma 10.3. — Under the constraints 31 < B1(Sstim> A, w'), Solim < Sslim(A), then
7];1{0} is diffeomorphic to S? or T?.

Proof. From Lemma 6.16, if 81 < [,(A,w’) then close to ¢p, there is a
(1, #1)-splitting ¢ : (i]\[, p) — (R x Z,(0,%z)) for some complete pointed non-
negatively curved C¥-smooth surface (Z,+z), with the map being C**!-close to an
isometry on B(p, 106A). From Definition 7.4, the diameters of the Z-fibers are at most
10*A. In particular, since Z is compact and M is orientable, Z must be diffeomorphic
to S? or T2. Furthermore, we may assume that for any pair of points m,m’ € M
with m € B(p,10°A) C r—lp]\/[, d(m,m’) € [2,10], and wz(¢(m)) = wz(p(m')), the
initial velocity v of a minimizing segment v from m to m’ maps under ¢, to a vector
almost tangent to the R-factor of R x Z.

As ¢ is close to ¢,, we may assume that 7, is a ¢-adapted coordinate of qual-
ity 2¢im. If Saim < Sstim(4), then we may apply the estimate from the preceding
paragraph, and the definition of adapted coordinates (specifically (4.22)), to conclude
that 7, is C''-close to the composition %A[ﬁR x Z — R on the ball B(p, 106A). The
lemma now follows from Lemma 21.3. O

10.2. Selection of slim l-stratum balls. — Let {p;}icr,, be a maximal set
of slim stratum points with the property that the collection {B(p;, Aty ) }ier,,, 15
disjoint. We write (; for (.

Lemma 10.4. Under the constraints M > M and A < A(A),

Uier,,., Bpi,Ary,) contains all slim stratum points.
— The intersection multiplicity of the collection {supp(G;)tiera,, i bounded by M.

We omit the proof, as it is similar to the proof of Lemma 8.5.
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11. The local geometry of the 0-stratum

Thus far, points in the O-stratum have been defined by a process of elimination (they
are points that are neither 2-stratum points nor 1-stratum points) rather than by the
presence of some particular geometric structure. We now discuss their geometry. We
show in Lemma 11.1 that M has conical structure near every point - not just the
0-stratum points — provided one looks at an appropriate scale larger than r. We then
use this to define radial and cutoff functions near 0-stratum points.

Let dp > 0 and Yy, T(, 70 > 1 be new parameters.

11.1. The Good Annulus Lemma. — We now show that for every point p in
M, there is a scale at which a neighborhood of p is well approximated by a model
geometry in two different ways: by a nonnegatively curved 3-manifold in the pointed
C*K-topology, and by the Tits cone of this manifold in the pointed Gromov-Hausdorff
topology.

Lemma 11.1. — Under the constraint T( > -'fg(éo,To,w'), if p € M then there ex-
ists ) € [Yotp, Totp] and a complete 3-dimensional nonnegatively curved C* -smooth

Riemannian manifold N, such that:
(1) (7% M,p) is dg-close in the pointed Gromov-Hausdorff topology to the Tits
P

cone CtNy, of Ny.
(2) The ball B(p,ry) C M is diffeomorphic to Ny.

.0
(3) The distance function from p has no critical points in the annulus A(p, 176’0,7'2).

Proof. Suppose that conclusion (1) does not hold. Then for each j, if we take

6 = jYo, it is not true that conclusion (1) holds for sufficiently large . Hence we
can find a sequence «; — oo so that for each j, (M%7, paj) provides a counterexample
with T = jYo.

For convenience of notation, we relabel (M%7, p, ) as (M;, p;) and write t; for Cpa, -
Then by assumption, for each 'r? € [Torj,jTor;] there is no 3-dimensional nonnega-
tively curved Riemannian manifold N; such that conclusion (1) holds.

Assumption 5.2 implies that a subsequence of {(%]ujv pj)}521, which we relabel as
{(%A[J-,pj)};?il, converges in the pointed C¥-topology to a pointed 3-dimensional
nonnegatively curved C¥-smooth Riemannian manifold (N,ps). Now N is asymp-
totically conical. That is, there is some R > 0 so that if R’ > R then (%N, Doo) 18
%—Cl()SO in the pointed Gromov-Hausdorff topology to the Tits cone CpN.

By critical point theory, large open balls in N are diffeomorphic to N itself. Hence
we can find R > 10 max(To, R) so that for any R” € ($R',2R’), there are no
critical points of the distance function from p, in A(peo, %;, 10R") C N, and the ball
B(pso, R") is diffeomorphic to N. In view of the convergence (ri)]\fj, p;) = (N.px) in

the pointed C*-topology, it follows that for large j there are no critical points of the
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distance function in A(pj, 100 ,R”t]) C Nj, and B(p;, R"vj) C M; is diffeomorphic
to B(poo, R") C N. Taking 'I“J R'tj gives a contradiction. d

Remark 11.2. — If we take the parameter ¢ of Lemma 6.18 to be small then we
can additionally conclude that C1 N, is pointed Gromov-Hausdorff close to a conical
nonnegatively curved Alexandrov space of dimension at most two.

11.2. The radial function near a 0-stratum point. — For every p € M, we ap-
ply Lemma 11.1 to get a scale 7)) € [Yot,,, Tor,] for which the conclusion of Lemma 11.1
holds. In particular, (%]\J , p) is dp-close in the pointed Gromov-Hausdorff topology
to the Tits cone C7 N, of a nonnegatively curved 3-manifold NV,,.

Let d, be the distance function from p in (%]U, p). Let ¢ostratum > 0 be a new
parameter.

Lemma 11.3. — Under the constraint o9 < 30(§'o-scmtum), there is a function n, :
LM — [0,00) such that:

l‘()

1) np is smooth on A(p, 11—0, 10) LM.

T(l

2 ” 'I]p — dp ”oo< SO-stratum -

(1)
(2)
(3) np —dp : r%]\/f — [0, 00) 18 So-stratum-Lipschitz.
(4)

4) mp is smooth and has no critical points in 1, ' ([5,2]), and for every p € [5,2],
the sublevel set n, ' ([0, p]) is diffeomorphic to either the closed disk bundle in
the normal bundle vS of the soul S C Ny, if N, is noncompact, or to N, itself

when Ny is compact.

(5) The composition CI>% a8 9 07 extends by zero to a smooth cutoff function
Cp: M —[0,1].

2107 10

Proof. — We apply Lemma 3.16 with Y ={p}, U= A(p. 5,20) and C'=A(p, 5, 10).
To verify the hypotheses of Lemma 3.16, suppose that ¢ € U. From Lemma 11.1, for
any g > 0, there is an dp = do(p) so that if 6o < J¢ then we can find some ¢ € M
with d(p,q') = 2d(p,q) and d(q,q') > (1 — p)d(p,q). Fix a minimizing geodesic v;
from ¢ to ¢’. By triangle comparison, for any 6 > 0, if u is sufficiently small then we
can ensure that for any minimizing geodesic v from ¢ to p, the angle between ~'(0)
and 7{(0) is at least 7 — &. Parts (1), (2) and (3) of the lemma now follow from

Lemma 3.16.

(4). Using the same proof as the “Morse lemma” for distance functions, one gets
a smooth vector field ¢ in A(p, & 15, 10), such that &£d,, and &, are both close to 1.
Using the flow of &, if ¢o_stratum 18 sufficiently small then for every p € [%,2], the
sublevel sets d;1([0, p]) and 5, ([0, p]) are homeomorphic. Let N be the closed disk
bundle in vS. Then int(N)" %" N, "% int(d; ([0, p])) " int(n, ([0, p])). Since
two compact orientable 3-manifolds with bOllIlddIy are homeomorphic provided that

Izmm o

their interiors are homeomorphic, we have N "2 51([0, p]). (This may be readily
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deduced from the fact that if S is a closed orientable surface then any smooth
embedding S — S x R, which is also a homotopy equivalence, is isotopic to the fiber
S x {0}, as follows from the Schoenflies theorem when S = S and from [32] when
genus(S) > 0.)

(5) follows from the fact that the composition ® 2 3 8 0 0T is compactly sup-

1021010

ported in the annulus A(p, 7. 10). d

Remark 114. One may avoid the Schoenflies and Stallings theorems in the proof
of Lemma 11.3 (4). If M is a complete noncompact nonnegatively curved manifold,
and p € M, then the distance function d, has no critical points outside B(p, 7o) for
some ro € (0,00). In fact, for every r > rg, the closed ball B(p,r) is isotopic, by an
isotopy with arbitrarily small tracks, to a compact domain with smooth boundary D;
moreover, the smooth isotopy class [D] is canonical and independent of r € (rg, 00).
(These assertions are true in general for noncritical sublevel sets of proper distance
functions. They are proved by showing that one may smooth d,, near S(p,r) without
introducing critical points.) The proof of the soul theorem actually shows that the
isotopy class [D] is the same as that of a closed smooth tubular neighborhood of the
soul, which is diffeomorphic to the unit normal bundle of the soul.

11.3. Selecting the 0-stratum balls. — The next lemma has a statement about
an adapted coordinate for the radial splitting in an annular region of a 0-stratum ball.
We use the parameter ¢g;m for the quality of this splitting, even though there is no a
priori relationship to slim 1-stratum points. Our use of this parameter will simplify
the later parameter ordering.

Lemma 11.5. — Under the constraints 6o < d0(B1,Sstim), Yo > Yo(B1), B1 < B (Sstim)

and Sp_stratum < SO-stratum (Sslim ), there is a finite collection {p;}ticto om0 DOINES
in M so that

(1) The balls {B(pi, 1) }ic fynun are disjoint.
2) If g € B(p;, 1002, for some i € Io.siratum, then T‘O < 207'0 and L > 5 + 55 Lo-
i i

(3) For each i, every q € A(pi, %Tgﬂ 10r27) belongs to the 1- sz‘mtum or 2-stratum,
and there is a (1, p1)-splitting of (%]\1 q) for which r— Np, 45 an adapted
coordinate of quality Sslim -

4) Uicryonenn Bpi, 7575.) contains all the 0-stratum points.

(5) For each i € Iy stratum, the manifold Ny, has at most one end.
Proof

(1). Let Vo C M be the set of points p € M such that the ball B(p,r)) contains
a (J—stmtum point. We partially order V; by declaring that p; < po if and only if

(2r9, < ry, and B(py,7 r).) C B(pa,r9,)). Note that every chain in the poset (Vp, <)
has an upper bound, since 7" < T{r, is bounded above. Let V' C Vg be the subset of
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elements which are maximal with respect to <, and apply Lemma 19.1 with R, = rg
to get the finite disjoint collection of balls {B(pi. ) ) }ict . iaun - Thus (1) holds.
(2). If ¢ € B(pi, 107’21_) then rg < 207° , for othelvvlse we would have g € V and
pi < ¢, contradicting the maximality of pl. Thus r’;‘ > 20” > onO
(3). Suppose that i € Ingtratum and g € A(p;., < ol po ]07’ ). Recall that ( o M, p; )
is dp-close in the pointed Gromov-Hausdorff topology to the Tits cone CpN T

pi
If the Tits cone Cr N, were a single point then diam(Af) would be bounded above
by 6017, ; taking &g < % we get ¢ € B(p;, %7'21), which is a contradiction. Therefore
Cr Ny, is not a point. It follows that there is a 1-strainer at ¢ of scale comparable
to 7’2i and quality comparable to &g, where one of the strainer points is p;. By (2),
if Yo > YTo(B1) and & < §(B1) then Lemma 4.15 implies there is a (1, 8;)-splitting
o (%(,A’[v q) = (R x X, (0,%x)), where the first component is given by d,,, — d, (q).
In particular ¢ is a 1-stratum point or a 2-stratum point. By Lemma 11.3, the smooth
radial function 7,, iS Sostratum-Lipschitz close to d,,. Lemma 4.28 implies that if
So-stratum < SO-stratum (Sslim) then we are ensured that 7, is an a-adapted coordinate
of quality ¢gim. Hence (3) holds.

(4). If ¢ is in the O-stratum then ¢ € Vg, so ¢ < (j for some ¢ € V. By Lemma 19.1,
for some i € Iy siratum we have B(q,r )ﬂ B(p77 s ) # @ and ro < 27’ . Therefore
q € B(pi,5r9),) and by (3), we have g € B(p;, 1579,)-

(5). Let € > 0 be a new constant. Suppose that N,, has more than one end.
Then CrN,, ~ R. If 6y < dp(e) then every point ¢ € B(p;,1) C T%]M will have
a strainer of quality ¢ and scale e~'. By (2) and Lemma 4.15, if ¢ < €(81) and
Yo > Yo(p1) then thereis a (1, 51) splitting of (qul\/[, q). Thus every point in B(p;, 7’21)
is in the I-stratum or 2-stratum. This contradicts the definition of V', and hence IV,
has at most one end. O

12. Mapping into Euclidean space

12.1. The definition of the map £ : M — H. — We will now use the ball
collections defined in Sections 8-11, and the geometrically defined functions discussed
in earlier sections, to construct a smooth map £ : M — H = ®iel H;. where

~ I =1, UIp Ulygratum Y Lslim U Jedge U Lo-siratum, where the two index sets I;

and I are singletons I, = {t} and g, = {E’} respectively,

- H; is a copy of R when i = t,

~ H;is a copy of R@R when i € I U lygiratum U Lglim U Ledge, and

- H,; is a copy of R2 & R when i € Io_gtratum-

We also put

Ho stratum = @ig[()».\rrul\nn Hi,
Hslim = @,,;E]S“m Hl‘
Hegge = @ieln.ngn Hi,
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- H2rstratum - @ iy

- =H,

- QZ = HO—stratum @ Hslim @ Hedge:

- Q.‘i = HO—stratum EB Hslim»

- Q4 = Ho_stratums and

~my Qi — Qyym o= my t H = Qi m + H — QF are the orthogonal
projections, for 1 < < j <4.

1€ Iz stratum

If z € Q;, we denote the projection to a summand H; by 7y, (z) = z;. When i # ¢, we
write H; = H] & H!' = R* @ R, where k; € {1,2}, and we denote the decomposition
of z; € H; into its components by z; = (z},z}) € H! & H]'. We denote orthogonal
projection onto H; and H;' by mg and mgy, respectively.

In Sections 8-11, we defined adapted coordinates 7,, and cutoff functions ¢, corre-
sponding to points p € M of different types. If {p;} is a collection of points used to
define a ball cover, as in Sections 8-11, then we write 7; for n,, and (; for {p,. Recall
that we also defined ng and (g in Sections 9.2 and 9.6, respectively. For i € I'\ {t},

we will also define a new scale parameter R;, as follows:
— If i € In.stratum We put R; = 7*2’,’, where 7,
- If i € Igim U ledge U Ioostratum, then By =ty ;
If + = E’/, then R; = t; note that unlike in the other cases, R; is not a constant.
The component £ : M — H; of the map €Y : M — H is defined to be v when

i =rt, and
(12.1) (RiniCi, RiGi)

otherwise.

is as in Lemma 11.5;

In the remainder of this section we prepare for the adjustment procedure in Sec-
tion 13 by examining the behavior of £ near the different strata.

12.2. The image of £°. — Before proceeding, we make some observations about
the image of £, to facilitate the choice of cutoff functions. Let z = £%(p) € H. Then
the components of = satisfy the following inequalities:

(12.2) Te >0
and for every i € lostratum U Istim U ledge U T2-stratum,
(12.3) vi € [0,Ri] and |zi] < ¢iaf,
where

9A when ¢ € Ig/,

% when ¢ € Ip_stratum,
(12.4) ¢i =14 10°A  when i € I,

9A when i € Iegge,

9 when ¢ € I gtratum-
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Lemma 12.5. — Under the constraint A < A(M), there is a number Qo = Qo(M) so
that for all p € M, |D8§| < Q.

Proof. — This follows from the definition of £°. O

12.3. Structure of £° near the 2-stratum. — Put

(12.6) A = U {Inil <8}, A= U {Iml <7}
1€ L2 stratum 1€ 12 stratum

We refer to Definition 20.1 for the definition of a cloudy manifold. We will see
that on a scale which is sufficiently small compared with v, the pair (SJ,Sl) =
(E°(A}),E°(AL)) C H is a cloudy 2-manifold. In brief, this is because, on a scale
small compared with t, near any point in A; the map £° is well approximated in the
C'! topology by an affine function of 7;, for some i € Io_gratum-

Let ¥;,I'; > 0 be new parameters. Define r; : §; — (0,00) by putting ri(z) =
%) ¢, for some p € (£9) 7' (z) N A;.

Lemma 12.7. — There is a constant 4 = Q1(M) so that under the constraints
Y < ST, M), B2 < BT 21 M), Sogtratum < Szostratum (L1, B1. M), Be <
B, L1, A,M), op < (T, 51, A,M),  Gedge < Sedge(l'1, 21, A, M), g <
ML A M), B < B(T1HLELA M), Glim < Satim (D1, S1, AL M), Goostratum <
fg_stmmn(f‘l,El,A,M), T[) > T()(Fl,ZhA,M) and A < K(Fl,El,A,M), the
following holds.
(1) The triple (SH,S’LM) is a (2,T1) cloudy 2-manifold.
(2) The affine subspaces {A;}zes, inherent in the definition of the cloudy
2-manifold can be chosen to have the following property. Pick p € Ay and
put v = E%p) € S1. Let AY C H be the linear subspace parallel to A,
(ie., Ay = AV +2) and let a0t H — AV denote orthogonal projection
onto AY. Then '

(12.8) | DE) — ma0 0 DE|| < Ty,
and
(12.9) Qp ol < lmag 0 DEY(v)]| < ]|
for every v € T, M which is orthogonal to ker(m 40 o DSB).

(3) Given i € Iy.gtratum, there is a smooth map 5? 1 (B(0,8) C R?) — (H))* such

that
(12.10) |DE| < R,
and on the subset {|n;| <8} C [%A[, we have
(12.11) HLEO - (71,,7. ig‘f) o’r},;) <TI.
R; R; o
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Furthermore, if x € Sy then there are some i € I gtratum and p € {|n;| < 7}
such that x = E°(p) and AY =Tm (I, R}T(DEZQ)W ) -

The parameters €1, €a > 0 will be internal to this subsection, which is devoted to
the proof of Lemma 12.7. Until further notice, the index i will denote a fixed element

of IQ-stratum-
Put J - {] € IE’ U]O—strutum U ]slirn U]edge UIQ—eratum | supp (j N B(pia 10Rz) # @}

Sublemma 12.12. — Under the constraints B2 < 32(61), Go-stratum < S2-stratum(€1),
Be < BE(EhA), Sedge < Sedge(€1,D), s < ?g(GhA), B < 51(617A), Sslim <
Solim (€15 A), Sostratum < So-stratum (€1, A) and A < A(er, A), the following holds.

For each j € J, there is a map T;; : R? — R which is a composition of an
isometry and an orthogonal projection, such that on the ball B(p;,10) C R%J\I, the
map 1; 1s defined and satisfies

=t — (Tij o mi)

12.1:
(12.13) 7,

< €1.
Ct

Proof. — As we are assuming the hypotheses of Lemma 7.2, there are no 3-stratum
points.

Suppose first that j € Iogratum. Then d(pj.pi) < 10(R; + R;). If A is suffi-
ciently small then we can assume that % is arbitrarily close to 1, so in particular
d(pj,pi) < 40R;. By Lemma 4.10, if 8, islsufﬁciently small then the (2, 82)-splitting
of (R%JW, pj) gives an arbitrarily good 2-splitting of (’1;‘_,]\/17 pi). By Lemma 4.17, if
B2 is sufficiently small then this splitting of (R%]\[ \ pi) is compatible, to an arbitrar-
ily degree of closeness, with the (2, 32)-splitting of (R%]\I , pi) coming from the fact
that p; is a 2-stratum point. Hence in this case, if S and ¢ogtratum are sufficiently
small (as functions of €;) then the sublemma follows from Lemma 4.31, along with
Remark 4.35.

If j € leage U Lgiim then d(p;,p;) < 10R; + IOSARJu We now have an approximate
1-splitting at p;, which gives an approximate 1-splitting at p;. As before, if 3,
S2-stratums P15 Sedge, Sslims and A are sufficiently small (as functions of ¢; and A) then
we can apply Lemmas 4.17 and 4.31 to deduce the conclusion of the sublemma. Note
that in this case, we have to allow A to depend on A.

If j € I then since supp (g N B(p;, 10R;) # @. we know that ng:(q) € [5A. 9A]
for some ¢ € B(p;,10R;). As A >> 10, it follows from Lemma 9.12 that if A is
sufficiently small then B(p;, 10R;) C np/ ({5A,10A). From the definition of E’, it
follows that if Sg and A are sufficiently small then there is a 1-splitting at p; of
arbitrarily good quality, coming from the [0, Cl]-factor in Definition 9.2. As before, if
BEer, A, Ba, So-stratum: Be and ¢p are sufficiently small (as functions of €; and A) then
we can apply Lemmas 4.17 and 4.31 to deduce the conclusion of the sublemma.

If j € Instratum then since supp(; N B(p;, 10R;) 7&,(,@* we know that n;(q) €

2 9 - some D . ) 5 P 1 o :
[5 1] for some g € B(p;, 10R;). From Lemma 11.5, 7~ = 55 Lo. Hence we may

10°
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assume that B(p;, 10R;) C A(pj, & 0 2), s ). Lemma 11.5 also gives a (1, 81)-splitting

of (%]W, pi). If B1 and f2 are sufficiently small then by Lemma 4.17, this 1-splitting
is compatible with the (2, 3;)-splitting of (R%]\[, pi) to an arbitrary degree of close-
ness. As before, if 81, 82, Sa-stratum and So_stratum are sufficiently small (as functions
of ¢; and A) then the sublemma follows from Lemma 4.31. O

We retain the hypotheses of Sublemma 12.12.

For j € J, the cutoff function ¢; is a function of the n;/’s for j' € J, i.e., there is a
smooth function ®; € C2°(R”) such that ¢;(-) = ®; ({n;/(-)};7es). (Note from (9.29)
that (g depends on npr and {(k }rer,,,..) The Hj-component of £V, after dividing by
R;, can be written as

1 R; R, R;
(12.14) Ef,‘? — (ﬁy,jgj,ﬁcO = (Rz (Do {ny}, 61) (I> o {nj}; €J> .

Let 7% : R? — H be the map so that the H;-component of F’ o, for j € J,
is obtained from the pleceding formula by replacing each occurrence of 7; with the
approximation z* (T, joni), i
(12.15)

e = (1) <%<{ B0 ) en (e, )

whose H.-component is the constant function R;, and whose other components vanish.
That is,
(12.16)

1 R; R; R;
(o (o)) (), )
R'i J J J le J ired Rz J RJ’ J ired

Sublemma 12.17. — Under the constraints ¢ < € (e, M), Yo > Yolea, M) and
A S K(€27M)r

1 1
_(c/‘() o —f() on;

12.1
(12.18) Iz %

< €9
ct

on B(p;,10) C R%]\[.

Proof. — First note that &(p;) = F(pi) = R; and the &-component of £ has
Lipschitz constant A, so it suffices to control the remaining components. For j € J
and j € Ip Ulgim Uledge U Lo stratum, if A is sufficiently small thcn we can assume that
g—: is arbitrarily close to one. Then the H;-component of 4-&” — 4F" on; can be
estimated in C''-norm by using (12.13) to estimate 7, plug,gmg thls into (12.14) and
applying the chain rule. In applying the chain rule, we use the fact that the functions

®; have explicit bounds on their derivatives of order up to 2.
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If j € JN Ipstratum then the only relevant argument of ®; is when j° = j. Hence
in this case we can write
R; R;

1
(12.19) RTEJQ = <Em “®;(n;), ﬁ%(m))

and

1 R; R, R;
g j i L

From part (2) of Lemma 11.5, g— < %—?}. Then the Hj-component of 4&° —
J i
7%]:0 o1; can be estimated in Cl-norm by using (12.13). Note when we use the
chain rule to estimate the second component of R%EO — T%,;]-"O o 1;, namely
% (®;(n;) — @, (%sz on;)), we differentiate ®; and this brings down a factor of g}

when estimating norms. O

Sublemma 12.21. — Given X € (0, 1), suppose that |n;(p)| < 8 for some p € M. Put

x=E%p). For any q € M, if E%q) € B(z,XR;) then |n;i(p) — ni(q)] < 20%.

Proof. — We know that (;(p) = 1. By hypothesis, |£°(p) — £%(¢q)| < XR;. In partic-
ular, [Gi(p) = Gi(g)| < X and |Gi(p)ni(p) — Gi(a)ni(q)| < E. Then

(12.22)  |ni(p) —mi(q)| = ﬁlcz,(q)m(p) = Cilg)ni(q)]
< Ci(lq) [1Gi(P)ni(p) = Cil@)mi (@) + ICi(p) — Ci(@)|ni (p)]]
108
< T <203
This proves the sublemma. O

We now prove Lemma 12.7. We no longer fix i € Is gtratum- Given & € Sy, choose
p € Ay and i € Iygirarum 50 that E%(p) = x and |n;(p)| < 8. Put AV = Inl(d]:f])x(p))7
a 2-plane in H, and let A, = x + AY be the corresponding affine subspace through
x. We first show that under the constraints $; < ¥1(I'1, M), e2 < &(I';, M) and
A < A(T'1, M), the triple (5’1,51, r1) is a (2,T') cloudy 2-manifold.

We verify condition (1) of Definition 20.2. Pick z,y € Sy, and choose p € (£%)~Y(z)N
Ui€ Lo-vorninm 1131 7110, 8) (vespectively ¢ € (€%) 7 (y) N Uier,..yuun 111710, 8)) satisfying
ri(x) = Lty (respectively 71 (y) = Xqtg).

We can assume that A < 1(1W Suppose first that d(p,q) < %’ Then since t is
A-Lipschitz, we get |v, — tq| < tp, so in this case

(12.23) Ir1(x) —ri(y)| = Eilvp — vy < Erep =11 ().
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Now suppose that d(p,q) > 20t,. We claim that if A is sufficiently small then this
implies that d(p,q) > 19v, as well. Suppose not. Then 20t, < d(p,q) < 19t,, so
:2 < 48 On the other hand, since [t, — t,| < Ad(p,q), we also know that v, — 1, <
Ad(p, q) < 19A¢y, so Z—Z > 1—19A. If A is sufficiently small then this is a contradiction.

Thus there are i,j € Ir.gratum such that p € |;]710,8), ¢ € |n;]71[0,8), Ci(p) =

1 =(j(g) and ¢;(¢) = 0= ¢;(p). Then

(1224)  Jo—y[ =[E%p) — £%(q)| = max( v, |¢;(p) — Gi(@)] . v, 1¢(P) — G(@)])

max(ry(z), r1(y))
2%, '

= max(tp, , t,,) > 3 max(t, , ty) =

So |ri(z) — r1(y)| < |z — y| provided £; < X. Thus condition (1) of Definition 20.2
will be satisfied.

We now verify condition (2) of Definition 20.2. Given z € S 1, let i € Io_gtratum and
p € M be such that £%(p) = x and |n;(p)| < 7. Taking ¥ = 115 in Sublemma 12.21,
we have Tm(€%) N B(x, %) C Im(&° ||711|’1[0,7»2))' Thus we can restrict attention
to the action of £2 on |n;|~1[0,7.2). Now Im(]:O|B(0.7.2)) is the restriction to B(0, 7.2)
of the graph of a function GY : H! — (H/)*, since Tj; = Id and Ci|B(0,7.2) = 1.
Furthermore, in view of the universality of the functions {®;};ec; and the bound
on the cardinality of J, there are uniform C'! estinlates on GY. Hence we can find
¥ (as a function of I'; and M) to ensure that ( 5 Im( f“lb,(o 72)) )
in the pointed Hausdorff topology to x4 Im( ]-"0) FlIldHV, if the parameter ey of
Sublemma 12.17 is sufficiently small then we can ensure that (ﬁlm (50),:1;) is
I';-close in the pointed Hausdorff topology to = + Im(D.FS). Thus condition (2) of
Definition 20.2 will be satisfied.

To finish the proof of Lemma 12.7, equation (12.8) is clearly satisfied if the pa-

is h-cloe:e

rameter e of Sublemma 12.17 is sufficiently small. Equation (12.9) is equivalent to
upper and lower bounds on the eigenvalues of the matrix (740 o DEI?)(WA.(; o DSI(})*,
which acts on the two-dimensional space A%. In view of Sublemma 12.17 and the
definition of A, it is sufficient to show upper and lower bounds on the eigenvalues
of DF° i () (D]: (p)) acting on A%. In terms of the function GY, these are the same
as the ug(,nvalues of I + (DGY),, () (DGY),, () acting on R?. The eigenvalues are
clearly bounded below by one. In view of the C''-bounds on GY, there is an upper
bound on the eigenvalues in terms of dim(H), which in turn is bounded above in
terms of M. This shows equation (12.9).

Finally, g,lven i € Iogtratum, W€ can write o L F9 on B(0,8) C R? in the form
h%,' FU= (I, =+ 50) with respect to the orthogonal decomposition H = H} & (H!)*
(Recall that .7: 9 is defined in reference to the given value of i.) We use this to de-
fine g’?. Equation (12.11) is a consequence of Sublemma 12.17. The last statement of
Lemma 12.7 follows from the definition of AZ.
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12.4. Structure of £° near the edge stratum. — Recall that Q2 = Ho_stratum ©
Hglim @ Hedge, and mp : H — Q2 is the orthogonal projection.

Put
(1225) Ay= |J {Iml <84, nm <84}, A= |J {ln| <74, ne <T7A}
1€ Jedge 1€ leage
and
(12.26) Sy = (ma 0 E%)(Ay), So = (mp0E%)(Ay).

Let £5,Ts > 0 be new parameters. Define o : Sy — (0,00) by putting ra(z) =
¥ t, for some p € (120 %) 7 (z) N As.
The analog of Lemma 12.7 for the region near edge points is:

Lemma 12.27. — There is a constant Qo = Qa(M) so that under the constraints
Yo < 39(T2,M), Br < BE(ngzz,BmA,M), op < Tr(l2,32, 82, A, M), Gedge <
Sedge(I'2, X2, B2, A,LM), 1 < [1(T2, X2, B2, A, M), ¢aim < Sslim(I'2, X2, B2, A, M),
So-stratum < fo_stmtum(FQ,Eg,ﬁz,A,M) and A < K(FQ,Z‘Z,/BQ,A,M), the following
holds.

(1) The triple (Sa, So,72) is a (2,Ts) cloudy 1-manifold.

(2) The affine subspaces {Az}zes, inherent in the definition of the cloudy
1-manifold can be chosen to have the following property. Pick p € Ay and
put ¥ = (ma 0 E%)(p) € Sa. Let A2 C Qo be the linear subspace parallel to
A, (ie., Ay = A2 + ) and let a0 H — AY denote orthogonal projection
onto AS. Then

(12.28) | D(m2 0 E°)p — Ta0 0 D(ma 0 E°),|| < Ty
and
(12.29) Q3 vl < [[(mag 0 D(mz 0 £%))(v)]| < Qallv]
for every v € T, M which is orthogonal to ker(mao o D(mz o E%p).

(3) Given i € Ioqge, there is a smooth map c‘:';o : (B(0,8A) C R) = (H)' N Qe
such that

(12.30) IDEY|| < 2R;
and on the subset {|n;] < 8A,ng < 8A}, we have

1 1
‘Eﬂ-z 0 &0 — <17i, E@O o 7},;)

Furthermore, if x € So then there are some i € leqge and p € {|n;)| < TA,
ner <TA} such that x = (120 E%)(p) and A =Tm (I, 7 (DED), () -

3

(12.31) <Ty.

ct

We omit the proof as it is similar to the proof of Lemma 12.7.
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12.5. Structure of £° near the slim 1-stratum. — Recall that Q3 = Ho stratum®
Hgim, and 73 : H — Q3 is the orthogonal projection.
Put
(12.32) Az= |J {lml<8-10°A}, Ay= |J {Im| <7-10°4}
ie]mlgo ie]v(lgv
and
(12.33) Sz = (m30E%)(Az), Sy = (m30E&")(A3).

Let 3.3 > 0 be new parameters. Define r3 : S3 — (0,00) by putting rz(x) =
35 v, for some p € (w30 &)1 (x) N As.
The analog of Lemma 12.7 for the slim 1-stratum points is:

Lemma 12.34. — There is a constant Q23 = Q3(M) so that under the constraints
3 < 83(T3, M), Bp < BE(F3_,23,/327A,M), op < 0e(l'3,X3, 82, A, M), Gedge <
Cedge(I'3. B3, B2, A, M), 81 < (T3, 85, 82, A M), Glim < Tatim (T3, X B2, A, M)
SO-stratum < So-stratum ('3, 23, B2, A, M) and A < A(T's, Z3, 82, A, M), the following
holds.

(1) The triple (Ss,Ss,73) is a (2,T3) cloudy 1-manifold.

(2) The affine subspaces {A;}ucs, inherent in the definition of the cloudy 1-
manifold can be chosen to have the following property. Pick p € Az and
put v = (m30E%)(p) € S3. Let AY C Q3 be the linear subspace parallel to
Ay (e Ay =AY+ ) and let wqo : H — AY) denote orthogonal projection
onto AY. Then

(12.35) [D(m3 0 &%), —ma0 0 D(m3 0 £%),[| < T
and
(12.36) Q3 vl < [lmag 0 D(ms 0 E9)(v)|| < Qs v
for every v € T,M which is orthogonal to ker(mw40 o D(m3 0 E7),).

(3) Giveni € ILgim, there is a smooth map EZQ - (B(0,8-10°A) C R) — (H)* NQs
such that

(12.37) IDEY| < QsR;

and on the subset {|n;| < 8-10°A}, we have

1 1
7 o0& - <7/i~, Eﬁf ° 771’)

‘1 1

(12.38) <Ts.

Ct

Furthermore, if © € Sy then there are some i € Igim and p € {|n;] < 7-10°A}
such that v = (w3 0 £%)(p) and AY = Im (I, %(DE,I(-)),]I »)-

We omit the proof as it is similar to the proof of Lemma 12.7.
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12.6. Structure of £° near the O-stratum. — The only information we will need
near the O-stratum is:

Lemma 12.39. — For i € Iosiratum, the only nonzero component of the map 74 0 0 :
M — Q4 = Hostratum 0 the region {n; € [%, %]} is £, where it coincides with
(Ri"]iaRi)-

13. Adjusting the map to Euclidean space

The main result of this section is the following proposition, which asserts that it is
possible to adjust £° slightly, to get a new map € which is a submersion in different
parts of M. In Section 14 this structure will yield compatible fibrations of different
parts of M.

Let cagjust > 0 be a parameter.

Proposition 13.1. — Under the constraints imposed in this and prior sections, there is
a smooth map € : M — H with the following properties:

(1) For everyp e M,
(13.2) €)= E° DI < cadjustt(p) and ||DE, — DEY|| < cadjust -

(2) For j € {1,2,3} the restriction of mj o € : M — Q; to the region U; C M is a
submersion to a kj-manifold W; C Q;, where

(13.3) = |J Aml<s},

1€ Iz stratum

U= |J {Iml <5A, nz <5A},
ie[edgn

Us= | {lml <5-10°A)
1€ I51im

andk1:2, kQ—_—k’_g:l.

We will use the following additional parameters in this section: ca.stratum, Cedge,
Cstim > 0 and Z; > 0 for i € {1,2,3}.

13.1. Overview of the proof of Proposition 13.1. — In certain regions of M,
the map £V defined in the previous section, as well as its composition with projection
onto certain summands of H, behaves like a “rough fibration”. As indicated in the
overview in Section 1.5, the next step is to modify the map £° so as to promote
these rough fibrations to honest fibrations, in such a way that they are compatible
on their overlap. We will do this by producing a sequence of maps £ : M — H, for
J € {1,2,3}, which are successive adjustments of the map &°.

To construct the map &7 from £771) j € {1,2,3}, we will use the following
procedure. We consider the orthogonal splitting H = @Q; ® Q]l of H, and let
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T =m; s H = Qy, 7er H —>NQ]L be the orthogonal projections. In Section 12
we considered a pair of subsets (A;, A;) in M whose image (5;,S;) under the com-
position m; 0 £771 is a cloudy kj-manifold in Q;, in the sense of Definition 20.1 of
Appendix B. We think of the restriction of £/7! to A; as defining a “rough submer-
sion” over the cloudy k;-manifold (§j, S;). By Lemma 20.2, there is a k;-dimensional
manifold W; C @; near (§j,Sj) and a projection map P; onto W;, defined in a
neighborhood Wj of W;. Hence we have a well-defined map

—~ ( Pjom; , 73 )
(13.4) HDijle -’ Qj@QjL:H,

Then using a partition of unity, we blend the composition (P; o 7, Wj‘) 0 &1 with
&1 M — H to obtain & : M — H. In fact, £ will be the postcomposition of
E7~! with a map from H to itself.

We draw attention to two key features of the construction. First, in passing from
i1 to &7, we do not change it much. More precisely, at a point p € M, we have
|E771(p) — E7(p)| < const.t, and [DE)~! — DEJ| < const. for some small constants.
Second, the passage from £7 to £77! respects the submersions defined by 771,

13.2. Adjusting the map near the 2-stratum. — Our first adjustment step
involves the 2-stratum.

We take Q1 = H, Qi = {0}, and we let Ay, Ay, §1, Sy and 7y : S — (0, 00) be as
in Section 12.3.

Thus (S1,S1,71) is a (2,T;) cloudy 2-manifold by Lemma 12.7. By Lemma 20.2,
there is a 2-manifold W{ C H so that the conclusion of Lemma 20.2 holds, where
the parameter € in the lemma is given by Z; = Z1(I'1). (We remark that W{ will
not be the same as the Wi of Proposition 13.1, due to subsequent adjustments.) In
particular, there is a well-defined nearest point projection

(13.5) PNy (Sq) =W, — WP,

where we are using the notation for variable thickness neighborhoods from Section 3.
We now define a certain cutoff function.

Lemma 13.6. — There is a smooth function ¢y : H — [0, 1] with the following prop-

erties:
(1)
(13.7) P10EY=11n U {Imi| < 6} and
1€ 12 stratum
Y1 0EY =0 outside U {Ims| < 7}.
1€ 2 stratum

(2) supp(z1) Nim(EY) C Wi.

ASTERISQUE 365



LOCALLY COLLAPSED 3-MANIFOLDS 73

(3) There is a constant ) = Q) (M) such that
(13.8) |(dgn)a| <

for all x € im(E°).
Proof. — Let 11 : H — [0, 1] be given by

|3 xy
. Z q)665<l S R 81 R

{i€I2stratum | ;' >0}

(13.9) ¢1(z)=1-®

=

For each i € Io gtratum, the function x — P, 5(| 1) (1 — <I>1 1(#)) is well-defined
and smooth in the set {2/ > 0}, with support contained in the set {z!/ > L1R;}; so
extending it by zero defines a smooth function on H. Hence v, is smooth.

To prove part (1), suppose that ¢ € Is gtratum and |n;(p)] < 6. Then ;(p) = 1 and
Ini| < 6. Putting z = £°(p), we have

(13.10) zi = (z, @) = & (p) = (RiCi(p)n:(p), RiGi(p)) ,

so #// = R; and ‘%l,l € [0,6). Hence

‘ || xy
(13.11) %65(% (- (F)) =1

so Y1 (x) = L.
Suppose now that |n;(p)| > 7 for every i € Iz stratum- Putting z = E%p), for each
i € Iogtratum We claim that

|l a!!

otherwise we would have |2}| < 6.5z} and z} > R;/2, which contradicts our assump-
tion on p. It follows that ¢ (2) = 0. This proves part (1).

To prove part (2), suppose z = EY(p) and ;1 (z) > 0. Then from part (1), |n:(p)| <
7 for some i € Io_gtratum. Therefore, p € Ay and x € E9(A4;) = S C Wl, so part (2)
follows.

To prove part (3), suppose that 2 = £%(p). If 2/ > 0 then ¢;(p) > 0, so the number
of such indices i € Iogtratum is bounded by the multiplicity of the 2-stratum cover;

for the remaining indices j € Is.stratum, the quantity 1 — <I>% 1(—7—;”) vanishes near x.
’ J
Thus by the chain rule, it suffices to bound the differential of

) |z] a
(13.13) D665 < ) I S R

for each 7 € I. stratum for which z/ > 0. But the differential is nonzero only when

Ig“l < 6.5 and > —. In this case, R; will be comparable to z, and the estimate
(13 8) follows (\asﬂy a
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Define U1 : H — H by Uy(z) =z if z ¢ /I/Vl and
otherwise. Put £ = ¥, o £°.

Lemma 13.15. — Under the constraints %1 < %1 (S, Costratum)> L1 <I'1(Q1, Co-stratum)
and 21 < Z1(ca-stratum ), we have:

(1) &' is smooth.

(2) Forallpe M,
(13.16) 1€ () — E°P)I| < costratum T(p)  and ||DE) — DEY|| < ca-stratum -

(3) The restriction of E* to |J ni| < 6} is a submersion to W}.

1€ 12 stratum {

Proof. — That £ is smooth follows from part (2) of Lemma 13.6.
Given p € M, put x = £°(p). We have

(13.17) EHp) — E%(p) = i (x) (Pr(x) — ).

Now |1 (z)] < 1. From Lemma 20.2 (1), |P;(x)—2| < E;7r1(z). From Sublemma 12.21,
we can assume that 7 (z) < 10t,. This gives the first equation in (13.16).
Next,

(13.18) D&, — DE) = (Din)e (Pi(x) —x) + ¥1(x) (DP1), 0 DE) — DE)))
= (D1)e (Pi(x) —x) + ¥i(2) (DP1)z — ma0) 0 DSS +
Y1 (x) (ma0 0 DE) — DEY).
Equation (13.8) gives a bound on [(D1);]. Lemma 20.2 (1) gives a bound on
|Pr(2) — 2| Lemma 20.2(7) gives a bound on [(DP;); — ma0|. Lemma 12.5 gives a
bound on [DEY|. Equation (12.8) gives a bound on |10 0 DE) — DEJ|. The second

equation in (13.16) follows from these estimates.
Finally, the restriction of £ to |J Alm| < 6} equals P o &9 For p €

Ui€l2~stratum {

1€ Iz stratun

n:| < 6}, put z = E%(p). Then

(13.19) D(Py o &%), =ma0 0dE) + ((DPy)y — wan) 0 DE,.
Using (12.9) and Lemma 20.2 (7), if Z; is sufficiently small then D(P; o £°), maps
onto (TWY) Py (z)- This proves the lemma. 0

13.3. Adjusting the map near the edge points. — Our second adjustment step
involves the region near the edge points.

Recall that Q2 = Hostratum © Hslim D Hedge and m : H — Q2 is orthogonal
projection. We let /12, Ao, §2, Sy and ro : §2 — (0,00) be as in Section 12.4.

Thus (Sa, S2,72) is a (2,'y) cloudy 1-manifold by Lemma 12.27. By Lemma 20.2,
there is a 1-manifold W20 C Q2 so that the conclusion of Lemma 20.2 holds, where
the parameter ¢ in the lemma is given by Zp = Z5(I'z). (We remark that Wy will
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not be the same as the W5 of Proposition 13.1, due to subsequent adjustments.) In
particular, there is a well-defined nearest point projection

(13.20) Py Npy(Sy) = Wy — W0,
where we are using the notation for variable thickness neighborhoods from Section 3.
Lemma 13.21. — Under the constraint ¢o_stratum < Co-stratums Lhere is a smooth func-
tion o : {x, > 0} — [0,1] with the following properties:

(1) (13.22) dpo&t=1in |J {Inl<6A ne <6A} and

i€ 1edge
1o 0 EY = 0 outside U {lnil < 7TAnpr < TA}.
1€1edge

(2) supp(v2) Nim(EY) C Wa x Q3.

(3) There is a constant ¥y = QL(M) such that
(13.23) (D) < Qyar?

for all x € im(&').

Proof. — 1If the parameter co_giratum is sufficiently small then £ (p) € Uie Leage {Imi] <
6A,ne < 6A} implies that £%(p) € U, {lni| < 6.1A,np < 6.1A}, and

edge

Elp) ¢ Uielmlgc {Ini| < 7A,np < 7A} implies that £%(p) ¢ Uieledge {Ini] < 6.94,
ner < 6.9A%}.
In analogy to (9.28), put
al
(13.24) Zodge = 1= @1 | Y ﬁ

i€ Iedgv

Define 95 : {x, > 0} — [0,1] by
il

(13.25) o(x) =1 <I>5J< Z @6_1&6.%(5@ ) . <1q>;’1<%>> .

{i€lcage | z}/>0} v
[(1 o

" ! " "

e || x; T
Pg.14.6 10{ —- e IR E

»%( T >> 6‘1A‘F'5A< L ) +10 <RL Fedge Te

It is easy to see that 19 is smooth.
To prove part (1), it is enough to show that

NI

(13.26) Yoo’ =1in () {Inil <6.1A,np <6.1A} and
1€ 1edge
19 0 EY = 0 outside U {Ini] < 6.9A,np < 6.9A}.
i1€1eage

Suppose that i € leqge, |17:(p)| < 6.1A and ng/(p) < 6.1A. Put 2 = E%(p). Recall
that x = R;(;(p), where (; is given in (9.19) with p ~ p;, and 2%, = v,(e/(p),
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where (g is the expression in (9.29). Hence

T
13.27 < = =1,
( ) R, Gi(p)
al
1 - (I)%’] (E) == 17
|z
Dg.1,6.50 2 = ®s1a65a (|mi(p)]) =1

If

ZEC = (pi(p) > 4 then

2
1
T
E/
_— _— 17
( L )

T
Ds.1n,6.50 <|£§ |) =Ps1a65 (Inel(p) =1,

(13.28) 1-@

N
1ol

E‘/
:1/'/-1 :I:/é/
ﬁzcdgc - T = C’i(p)Cedge(p) — (e (p) = Cedge(p) — Cpr (P) > 0.
1 T
I 25 = Cpr(p) < & then (1- @) 4 (22))@g.1a,650 () 2 0 and
T b r IE’
2! 2, |
(13.29) R fedge — = = Gi(P)Gedge(P) = Cer(p) = 1 = Cer(p) 2 5

In either case, the argument of ®,, in (13.25) is bounded below by one and
s0 Pa(x) = 1.

Now suppose that for all i € I.gge, either ¢;(p) =0, or §;(p) > 0 and [1;(p)| > 6.9A,
or ¢;(p) > 0 and |n;(p)] < 6.9A and ng/(p) > 6.9A. If G;(p) = 0, or G;(p) > 0 and
[n:(p)| > 6.9A, then

(13.30)
P6.14,6.54 <|z,/|> : (1 — @y, (%)) = ®s.1a,6.5a (I7:](p)) - (1 ~ 0, (Q(p))) =0.

i 7

If |n:(p)| < 6.9A and ng/(p) > 6.9A then

(13.31)
'k 2
< — &1 ( E )) $6.14.6.50 (l L ]> = (1 — &1 (CE'(p))) “®g1a.6.54 (Ine|(p) =0.
402 $t '/'CE' 472
and
(13.32)
E'Zedgo - .Ti = Ci(p)cedgc(p) — (e (p)

= ®52,94 (15 (P)) - Cedge(P) = P2 a2 n 880805 (P)) - Cedge(p) = 0.
Hence o () = 0.
This proves part (1) of the lemma.

The proof of the rest of the lemma is similar to that of Lemma 13.6. O

2
10
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We can assume that Wy C {z. > 0}. Define ¥s : {x, > 0} — {z. > 0} by
Uy(x) = a if mo(x) ¢ Wy and

(13.33) Uy (x) = (Yo(2) Pa(ma(x)) + (1 — tho(a))m2(x), 75 ()
otherwise. Put £2 = Uy0 &L,

Lemma 13.34. — Under the constraints Yo < Ez(QQ,Cedge), Iy < fg(flg,cedge), By <

EZ (Cedge) and Costratum < E2—stratum(cedge); we have:
(1) &2 is smooth.
(2) Forallpe M,
(13.35) 1E2(p) — E°(D)|] < Cedge t(p) and ||D5§ - Dé’g” < Cedge -

(3) The restriction of m o £% to |J
to We.

{Ini| < 6A,np < 6A} is a submersion

ie[edge

Proof. — As in the proof of Lemma 13.15, £2 is smooth and we can ensure that
q 2 1 1 2 1 1
(13.36) IE“(p) — € (p)| < 5 Cedge t(p) and ||DE; — DE, | < 5 Cedge -

Along with (13.16), part (2) of the lemma follows.
The proof of part (3) is similar to that of Lemma 13.15 (3). We omit the details. [

13.4. Adjusting the map near the slim l-stratum. — Our third adjustment
step involves the slim stratum.

Recall that Q3 = Ho_stratum ® Hslim and w3 : H — @3 is orthogonal projection. We
let 23, As, gg, Sz and 73 : §3 — (0, 00) be as in Section 12.5.

Thus (S’;;, S3,73) is a (2,T'3) cloudy 1-manifold by Lemma 12.34. By Lemma 20.2,
there is a 1-manifold WY C Q3 so that the conclusion of Lemma 20.2 holds, where
the parameter € in the lemma is given by =3 = E3(I's). In particular, there is a
well-defined nearest point projection

(13.37) Ps: N, (S3) = Ws — W,
where we are using the notation for variable thickness neighborhoods from Section 3.
Lemma 13.38. — Under the constraint cedge < Cedge, there is a smooth function s :
H — [0, 1] with the following properties:

(1) (13.39) Yso&?=1in | {lnl<6-10°A} and

1€ [stim

Y3 0E* =0 outside U {Imi| < 7-10°A}.

1€ Lslim

(2) supp(¢r3) Nim(E?) C W\;g X Q.
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(3) There is a constant QU = Q4(M) such that
3
(13.40) [(Dts)a| < Q3

for all x € im(E?).

Proof. — Let ¢3 : H — [0, 1] be given by

(13.41)
|
V3(x) -, Z P6.1.1054,6.5-10°4 <|x4, ) ' <1 -1 (ﬁ))
{i€Laim | =7/ >0} ¢ !
The rest of the proof is similar to that of Lemma 13.21. We omit the details. O

Define W3 : H — H by V3(x) = z if wg(x )€Wg and

(13.42) Us(x) = (¢3(x)Ps(ms(x)) + (1 — s(x))ms(x), w3 (x))
otherwise. Put £3 = W30 &2

Lemma 13.43. — Under the constraints Y3 < X3(23, cstim ), Iz < T3(Q3, colim), Z3 <
EB(Cslim) and Cedge < Eedgo(cslim)7 we have:

(1) &3 is smooth.

(2) Forallpe M,
(13.44) 1E3(p) — E°(P)|| < cstimt(p)  and ||D5; - DSSH < Cglim -

(3) The restriction of w30 & to U;c; {|nil < 6-10°A} is a submersion to Wy
Proof. The proof is similar to that of Lemma 13.34. We omit the details. O
13.5. Proof of Proposition 13.1. — Note from (13.42) that W3 can be factored as

\Ilg22 X IQ; for some \IJ?Q : Q2 — Q2. In particular, mo o W3 = \I/g22 o To.
Put €& = &3, Cadjust = Cslim and

(13.45)
Wi =(U30U) (W) |J {yeH :y>9R. [y <55R},
i€ Ia stratum
W =02 (W)n | {weQa:y) > IR, |yil <55AR;, ye >0, ypr < 5.5Ay},
1€ Leage
Wy =win |J {weQs : v/ > IR, |yi| <55 10°AR;}.

i€ Lslim

The smoothness of £ follows from part (1) of Lemma 13.43. Part (1) of Proposi-
tion 13.1 follows from part (2) of Lemma 13.43.

Lemma 13.46. — W, is a k;-manifold.
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Proof. — We will show that W is a 2-manifold; the proofs for W5 and W3 are similar.
Choose x € Wy. For some i € Iogyratum, We have z/ > 9R; and |z}| < 5.5R; .
Putting

(1347) Vi=Win {y e H : yg/ > 9R;, ty“ < 5.5R;

gives a neighborhood of x in W;. As (WH:,WH;) o (VUz0Wy) = (F}{;,?TH;/), it follows
that V; is the image, under W3 o W4, of the 2-manifold

(13.48) Vi=Wln{ye H : y/ > 9R;, ly}| <5.5R;}.

If we can show that 7y maps V;? diffeomorphically to its image in H{ then V; will
be a graph over a domain in H/, and the same will be true for V;.

In view of (13.16) and the definition of £°, if ¢o tratum is sufficiently small then we
are ensured that V2 = EY{|n;| < 7})N{y € H : |y}| < 5.5R;}. From Lemma 12.7 (3),
Lemma 20.2 (3) and Lemma 20.2 (5), if =; is sufficiently small then we are ensured
that 7y, restricts to a proper surjective local diffeomorphism from VY to B(0,5.5R;) C
H|. Hence V9 is a proper covering space of B(0,5.5R;) C H] and so consists of a
finite number of connected components, each mapping diffeomorphically under 7’ to
B(0,5.5R;) C H]. It remains to show that there is only one connected component.

If V? has more than one connected component then there are y1,y2 € V,° N 7T;{,1 (0)
with y; # y2. We can write y; = £1(p1) and y2 = EX(p2) for some py,pa € {|n;] < 7}.
We claim that there is a smooth path « in M from p; to ps so that £! o v lies within
B (yl, T%Rl) To see this, we first note that if I'y and co_stratum are sufficiently small
then Lemma 12.7 (3) and (13.16) ensure that |n;(p1)] << 1 and |n;(p2)| << 1, as
otherwise we would contradict the assumption that (y1); = (y2); = 0. Let 5 be a
straight line from n;(p1) to n;(p2). Relative to the fiber bundle structure defined by
7; (see Lemma 8.4), let v; be a lift of 74, with initial point p;. Let v2 be a curve in
the S'-fiber containing p,, going from the endpoint of v, to ps. Let 7 be a smooth
concatenation of 71 and 2. Then 7; oy lies in a ball whose diameter is much smaller
than one. If T'y and co_gtratum are sufficiently small then Lemma 12.7 (3) and (13.16)
ensure that £! o v lies in a ball whose diameter is much smaller than R;.

On the other hand, since p; and ps lie in different connected components of V%,
any curve in W from p; to ps must go from p; to {y € H : |y}| = R;}. Thisis a
contradiction.

Thus V is connected and W; is a manifold. O

Recall the definition of U; from Proposition 13.1. By Lemma 13.15 (3), the restric-
tion of £ to U; is a submersion from U; to W7. From Lemma 12.7 (3) and (13.44),
if Iy and cqim are sufficiently small then €& = W30 Wy0&! maps Uy to Wy C
(U3 0Wy)(WYP). To see that it is a submersion, suppose that |7;(p)| < 5 for some i €
I stratum- Put 2% = £%(p) and = = &(p). Note that z} = (2¢);. From Lemma 12.7 (3)
and Lemma 20.2 (3), if Z; is sufficiently small then we are ensured that (D7) 0 onS

SOCIETE MATHEMATIQUE DE FRANCE 2014



80 B. KLEINER & J. LOTT

maps onto T(,oy H] = R?. Then (D7y), 0 DE, = (Drpr)s 0 D(W3 0 Wy),0 0 DE) =
(D77H;)gcO o DEI? maps onto TI:H{ =~ R?. Thus DE, must map T,M onto T,W,
showing that £ is a submersion near p.

Next, by Lemma 13.34 (3), the restriction of m5 0 £2 to Us is a submersion from Us
to WY. Lemma 12.27 (3) and (13.44) imply that if I'y and cgin, are sufficiently small
then T 0 & =m0 W30E2 = \1/?‘ oMy 0&E2 maps Uy to Wo C \IIJQS(WQO) By a similar
argument to the preceding paragraph, the restriction of m5 0o £ to Us is a submersion
to WQ.

Finally, by Lemma 13.43 (3), the restriction of 730 = m30&? to Uz is a submersion
to W5 = WY. This proves Proposition 13.1.

14. Extracting a good decomposition of M

In this section we will use the map & to find a decomposition of M into fibered
pieces which are compatible along the intersections:

Proposition 14.1. —— There is a decomposition
(142) M = ]\[0—51,1‘2%\1111 U ]\[slim U A[udge U ]\[2—%1’&“1111

into compact domains with disjoint interiors, where each connected component of
Mtim o ppedse - op Nf2stratum g g0 be endowed with a fibration structure, such that:

(1) MO-stratum g A gre domains with smooth boundary, while M1 and
MZstratum gre smooth manifolds with corners, each point of which has a neigh-
borhood diffeornorphic to R*=* x [0,00)* for some k < 2.

(2) Connected components of MOSUatm gre diffeomorphic to one of the follow-
ing: S' x S2, S! xz, S = RP3#RP3, T?/T (where U is a finite subgroup
of Isom™ (T3) which acts freely on T?), S?/T (where T is a finite subgroup of
Isom™ (S?) which acts freely on S?), a solid torus S' x D?, a twisted line bundle
S2 Xz, I over RP2, or a twisted line bundle T? X z, I over a Klein bottle.

(3) The components of M*"™ have a fibration with S2-fibers or T?-fibers.

(4) Components of M€ are diffeomorphic (as manifolds with corners) to a solid
torus S' x D? or I x D?, and have a fibration with D? fibers.

(5) MZstratum s g smooth domain with corners with a smooth S-fibration; in
particular the S*-fibration is compatible with any corners.

(6) Fach fiber of the fibration Medee 5 pedee - lying over a boundary point of
the base B is contained in the boundary of M52t or the boundary of
]\,[slim‘

(7) The part of OM®I® which carries an induced S'-fibration is contained in
MZstratum - an d the S'-fibration induced from M agrees with the one inher-
ited from M ?stratum,
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To prove the proposition, we show that the submersions identified in Proposi-
tion 13.1 become fibrations, when restricted to appropriate subsets. Using this, we
remove fibered regions around successive strata in the following order: 0-stratum, slim
stratum, the edge region and the 2-stratum. The compatibility of the fibrations is
automatic from the compatibility of the various projection maps 7;, for j € {1,2,3,4}.

14.1. The definition of MU-stratum _ For each i € Iy_stratum, PUut

€I,

‘ [ 4
(14.3) MU = B (p, 35R;) UE! {x €H:al>9R, L < —} ‘

Lemma 14.4. — Under the constraints Sp.stratum < So-stratum 0N Cadjust < Cadjusts
{MP-stratumy, - is a disjoint collection and each MPSUY™U™ s g compact
manifold with boundary, which is diffeomorphic to one of the possibilities in
Proposition 14.1 (2).

Proof. Note that
T 4
(14.5) (°)71 {1 eH : x> 9R;, — < —} ={peM: ((p) >.9 np) <.4}.

In particular, if ¢ostratum 18 sufficiently small then this set contains
A(pi, .31R;,.39R;) and is contained in A(pi,.QQRhAlR?;). Then if cadjust is suf-
ficiently small, 571{:1; € H|z2! > 9R;, f—:', < 1'46} contains A(p;, .32R;, .38R;) and is
contained in A(p;, .28R;, .42R;).

In particular, B(p;,.38R;) C ]\[io’““"m““ C B(pi, 42R;). Tt now follows from
Lemma 11.5 that {Af0-stratumy, - . are disjoint.

To characterize the topology of MP-stratum if ¢ .. is sufficiently small then we
can find a smooth function f°: M — R such that

’

1. If p € A(p;, 3R;. 5R;) and & = E(p) then fO(p) = 5.

2. If p € B(pi,-35R;) then f9(p) < .39. o

3. If p ¢ B(pi, .5R;) then fO(p) > .41.

Put f! = 5; and define F' : M x [0,1] — R by F(p,t) = (1 —t)f°(p) + tf'(p).
Put f'(p) = F(p.t) and X = (—o00,.4]. If cagjust and So_sratum are sufficiently small
then Lemma 11.1 implies that for each ¢ € [0, 1], f* is transverse to X = {.4}. By
Lemma 21.1, MP-stratum — (£0)=1( ¥ jg diffeomorphic to (f1)~'(X). By Lemma 11.3,
the latter is diffeomorphic to one of the possibilities in Proposition 14.1(2). This
proves the lemma. O

We let ]\[O—stratunl — Ui€]q . ]\[L_()-stratum’ and put Ajl = M \ illt(]\[()_s“m”m).
-stratum
Thus MOstratum and M, are smooth compact manifolds with boundary.

14.2. The definition of ASi™, — We first truncate Ws. Put
!
<4- 10%}

(14.6) Wi =WsnN U r e Q3|2 > 9IR;, :

1€ 151im

and define U} = (73 0 &)~ H(W).

"

Ly
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Lemma 14.7. — Under the constraints im < Ssiim (D) and Cagjust < Cadjust, we have
(1) Uier,,, {lmil £3.5-10°A} € U; C Us, where Us is as in Proposition 13.1.

(2) The restriction of w30 & to Uy gives a proper submersion to W4. In particular,
it is a fibration.

(3) The fibers of w30 & : Ul — W} are diffeomorphic to S* or T?.

(4) My intersects Uy in a submanifold with boundary which is a union of fibers of
w3 0& Uy — Wi

Proof. — For a given i € Igin, suppose that p € ]\f satisfies |n;(p)| < 3.5 - 10°A.
Putting y = (m30£%)(p) € Q3, we have y!/ = R; and < 3.5-10°A. Hence if cagjust
is small (‘nough then since A >> 1, we are ensured thdt putting x = (m30&)(p) € Qs3,
we have z7 > 9R; and | <4 10°A. As p € Us, Proposition 13.1 implies that
r e Ws. Hence Uier, m{|7}1| <3.5-10°A} C Uj.

Now suppose that p € Uj. Putting @ = (75 o £)(p), for some i € Iy, we have
! > 9R, and
that, putting y = (73 o £°)(p),
Ini(p)] < 4.5 - 10°A. This shows that U3 - Ud, proving part ( ) of tho kmma.

By Proposition 13.1, w3 o £ is a submersion from Uz to W3. Hence it restricts to a
surjective submersion on Uj.

Suppose that K is a compact subset of W4. Then (m30€)~!(K) is a closed subset of
M which is contained in Uz = U;c; - {[n:] <5-10°A}. As {pi}icy,

slim

,,I < 4-10°A. If Cad]ust is small (‘nough then we are ensured
//

are in the slim
1-stratum, it follows from the definition of adapted coordinates that {|n;] < 5-105A}
is a compact subset of M; cf. the proof of Lemma 10.3. Thus the restriction of 730 &
to U4 is a proper submersion. This proves part (2) of the lemma.

To prove part (3) of the lemma, given x € W), suppose that p € U} satisfies
(730 E)(p) = . Choose i € Igim so that [n;(p)] < 4.5 10°A. If caqjuse is sufficiently
small then by looking at the components in H;, one sees that for any p’ € U} satisfying
(30 &)(pP') = x, we have p’ € {|n;] < 5-10°A}. Thus to determine the topology of
the fiber, we can just consider the restriction of 73 o € to {|n;| < 5 - 10°A}.

Let mp, - Q)3 — H! be orthogonal projection and put X = TH! (x) € H.. As the
restriction of w0 w3 0 €% to {|n;] < 5-10°A} equals 7, it follows that Thy o m30E°
is transverse there to X. By Lemma 10.3, {|n:| < 5-10°A} N (77 o w30 ENTHX) is
diffeomorphic to S? or T2.

Consider the restriction of (7 om30&) to {|n;] < 5-10°A}. Proposition 13.1 and
Lemma 21.3 imply that if caqjust is sufficiently small then the fiber {|n;| < 5-10°A} N
(7?1.[: omg0&)1(X) is diffeomorphic to $? or T2. In particular, it is connected. Now
(mr o m3 0 E)7H(X) is the preimage, under w3 0 & : Uj — W4, of the preimage of X
under 7y @ W3 — Hj. From connectedness of the fiber, the preimage of X under
mg: o Wi — Hj must just be z. Hence (730 &)~!(x) is diffeomorphic to S% or T2
This proves part (3) of the lemma.
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To prove part (4) of the lemma, given j € Iogtratum, suppose that p € (9]&"[]0'5””“"1.
If z = E(p) then z7/ > 9R; and 2} = .42/, Suppose that p € Uj. If g € U3 is a point
in the same fiber of 73 0 £ : U — Wi as p, put y = E(q) € H. As w3(x) = m3(y), we
have y/ > 9R; and yj = 4yj. Thus g € QM= Hence JM="""™ is a union
of fibers of w30 & : U, — W4. In fact, since dM O-stratum g 5 connected 2-manifold, it
is a single fiber of 73 o £. This proves part (4) of the lemma. ]

Let Wi C Wj be a compact 1-dimensional manifold with boundary such that
(m30 &) (W) contains [y, {lm| < 3.5-10°A}, and put M*'™ = M; N
(730 E)"H(WY). We endow MM with the fibration induced by 73 o £.

Put My = M, \ int(MsHm).

14.3. The definition of Af°d&°, — We first truncate Ws. Put

< 4A}

(14.9) Uy = (mp 0 &)1 (W) N <{7)E/ < 35AYUEHr e H| x>0,

(14.8) Wy =W |J J2€Qala] > 9R;,

i€ lodge

7

and

=421).

Lemma 14.10. — Under the constraints A < X(A), Sedge < Sedge(A) and cadjust <
Eadjust; we have
(1) Uierg,. {Iml <354, Ine/| < 3.5A} C Uy C Uz, where Uz is as in Proposi-
tion 135.1.
(2) The restriction of ma o0& to Uy gives a proper submersion to W5. In particular,
it is a fibration.
(3) The fibers of my 0 £ : Uy — W are diffeomorphic to D?.
(4) My intersects U} in a submanifold with corners which is a union of fibers of
mo o0& Uj — Wi

Proof. — The proof is similar to that of Lemmas 14.4 and 14.7. We omit the details.
O

Lemma 14.11. — Under the constraint cagjust < Cadjust, Mo MUY is compact.

Proof. — Suppose that MaNU} is not compact. As M is compact, there is a sequence

{g"}2, € My N Uy with a limit ¢ € M, for which ¢ ¢ My N US. Put y = £(q).
Since M3 is closed we have g € M and so ¢ ¢ Uj. Since y, > 0 (assuming cadjust is
sufficiently small) we also have g € {np < .35A}UE o e H [z, >0, ZE < 4A}.
We know that 7r2( )€ W) As q ¢ U27 it must be that w2 (y) ¢ W3. Then for some
i € Iedge, we have y!/ > 1"
as otherwise the plecedlng tI"llIlLdthIl stcp would force B(pi, 1000AR;) N My = @,
which contradicts the facts that ¢ € My and d(p;, q) < 10AR;.

cannot be a slim 1-stratum point,

SOCIETE MATHEMATIQUE DE FRANCE 2014



84 B. KLEINER & J. LOTT

Lemma 9.26 now implies that there is a j € leage such that |n;(q)] < 2A. If
Cadjust 18 sufficiently small then we are ensured that y}’ > 9R; and }gf-, < 3A.
Thus 72 (y) € W3 and so ¢ € Uj, which is a contradiction. ’ O

We put Medee = Us N My and W5 = (my 0 £)(M®I2¢). We endow M°8 with the
fibration induced by 7 o £.
Put M = My \ int(Medse).

14.4. The definition of M?2stratum _ We first truncate W;. Put

2

Lemma 14.13. - Under the constraints So-stratum < S2-stratum 1@ Cadjust < Cadjust
we have

!
k)
N

(14.12) Wi =Ww;n U {er|x;’>.9,

1€ L2 stratum

and define U = E-L(W]).

(1) Uieryoininn Uil £ 3.5} C Uy C Uy, where Uy is as in Proposition 13.1.
2) The restriction of £ to U] gives a proper submersion to W{. In particular, it
19 1
s a fibration.
(3) The fibers of M*Statum gre circles.

(4) Msy is contained in Ui, and is a submanifold with corners which is a union of
fibers of E| U — Wj.

Proof. The proof is similar to that of Lemma 14.7. We omit the details. O

We put M?2Zstratum  — Ar o and endow it with the fibration S‘MZ,MW,“
A[lstratum N g(]\[Q—stratum).

14.5. The proof of Proposition 14.1. — Proposition 14.1 now follows from com-
bining the results in this section.

15. Proof of Theorem 16.1 for closed manifolds

Recall that we are trying to get a contradiction to Standing Assumption 5.2. As
before, we let M denote M for large a. Then M satisfies the conclusion of Proposi-
tion 14.1. To get a contradiction, we will show that M is a graph manifold.

We recall the definition of a graph manifold from Definition 1.2. It is obvious
that boundary components of graph manifolds are tori. It is also obvious that if
we glue two graph manifolds along boundary components then the result is a graph
manifold, provided that it is orientable. In addition, the connected sum of two graph
manifolds is a graph manifold. For more information about graph manifolds, we refer
to [22, Chapter 2.4]
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15.1. M is a graph manifold. — Each connected component of MO-stratum hag
boundary either @, S? or T2. If there is a connected component of MO-stratum yith
empty boundary then M is diffeomorphic to S' x S2, S xz, S? = RP3#RP?, T3/I’
(where T is a finite subgroup of Isom™* (7T3) which acts freely on T3) or S3/T" (where
I is a finite subgroup of Isom™(S%) which acts freely on S3). In any case M is a
graph manifold. So we can assume that each connected component of A70-Stratum hag
nonempty boundary.

Each connected component of M3i™ fibers over S' or I. If it fibers over S! then
M is diffeomorphic to S' x S? or the total space of a T?-bundle over S*. In either
case, M is a graph manifold. Hence we can assume that each connected component
of M*"™ is diffeomorphic to I x S? or I x T?.

Lemma 15.1. — Let M™% pe g connected component of MO-stratum - jf p0-stratum
MsHm o£ &5 then OMP-Stram s g boundary component of a connected component of
Mstim [ pgO-stratum o ppstime — g5 then we can write OMPSUAUM = AU B; where

(1) A; = MP-stratum  predee g o digjoint union of 2-disks,
(2) B; = M-stratum q pp2-stratum g yhe total space of a circle bundle and
(3) A; N B; =0A; N 0B; is a union of circle fibers.

Furthermore, if OMPSt™m s q 2-torus then A; = &, while if OMP-stratum s ¢

2-sphere then A; consists of exactly two 2-disks.

Proof. — Proposition 14.1 implies all but the last sentence of the lemma. The state-
ment about A; follows from an Euler characteristic argument. (N

Lemma 15.2. — Let M'"™ be a connected component of M™. Let Y; be one of the
connected components of OMIM™ . [f Y, N MO-stratum L g5 then Y, = gMOstratum o
some connected component MP-Stratum of Jj0-stratum,

If Y; N MO-stratum — o5 then we can write Y; = A; U B; where

(1) A; =Y; N Medee 4s a disjoint union of 2-disks,

(2) B; =Y; N M?statum g 4he total space of a circle bundle and

(3) A;,NB; =0A; NOB; is a union of circle fibers.

Furthermore, if Y; is a 2-torus then A; = &, while if Y; is a 2-sphere then A;
consists of exactly two 2-disks.

Proof. The proof is similar to that of Lemma 15.1. We omit the details. O

Hereafter we can assume that there is a disjoint union Af0-stratum — Afg;s“at”"‘ U
]W%‘f”at“m, based on what the boundaries of the connected components are.
Similarly, each fiber of Ms'™ is S2 or T2, so there is a disjoint union A/Sim =
MgHm U MsHm,
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It follows from Lemmas 15.1 and 15.2 that each connected component of
MPgtratum g ppslim g diffeomorphic to

1. A connected component of MJtratum,

2. The gluing of two connected components of MPF"#™™ along a 2-torus, or

3.1 x T2

In case 1, the connected component is diffeomorphic to S x D? or the total space of

a twisted interval bundle over a Klein bottle. In any case, we can say that M,IQ'ZS”“““‘ U
M3i™ is a graph manifold. Put X; = M — int(MYstratum g ASE™) To show that
M is a graph manifold, it suffices to show that X; is a graph manifold. Note that
Xy = Mgptratum g Arglim g pfedse g pp2stratum,
Suppose that MP-srtum jg a4 connected component of ]Wg;“”at“m. From Proposition
14.1, MP-stratum g diffeomorphic to D3 or RP3# D3, If MP-stratum iy diffeomorphic
to RP3#D3, let Z; be the result of replacing M-stratum iy X} by D3. Then X; is
diffeomorphic to RP*#Z;. As RP? is a graph manifold, if Z; is a graph manifold
then X, is a graph manifold. Hence without loss of generality, we can assume that
each connected component of ]\Iggs”““““ is diffeomorphic to a 3-disk.

From Lemmas 15.1 and 15.2, each connected component of ]\Ig;sm‘t“m U ]\/[g‘lgim is
diffeomorphic to

1. D3,

2. I xS?or

3. 53, the result of attaching two connected components of Moz ™ by a con-

nected component I X S? of Af;lé"‘

In case 3, X; is diffeomorphic to a graph manifold. In case 2, if Z is a connected
component of MgFtratmm A which is diffeomorphic to I x S? then we can do
surgery along {%} x S% C X, to replace I x S? C X by a union of two 3-disks. Let
X5 be the result of performing the surgery. Then X is recovered from X5 by either
taking a connected sum of two connected components of X5 or by taking a connected
sum of X, with S! x S, In cither case, if Xy is a graph manifold then X, is a
graph manifold. Hence without loss of generality, we can assume that each connected
component of (M ggtratum ]\I;B"') C X, is diffeomorphic to D3.

Some connected components of AM°98¢ may fiber over S'. If Z is such a connected
component then it is diffeomorphic to S' x D?. If X; — int(Z) is a graph manifold
then X is a graph manifold. Hence without loss of generality, we can assume that
each connected component of M is diffeomorphic to I x D?.

Let G be a graph (i.e., 1-dimensional CW-complex) whose vertices correspond to
connected components of M gfzs”“t“mUM ;].zi“’, and whose edges correspond to connected
components of M4 joining such “vertex” components. From Lemmas 15.1 and 15.2,
each vertex of G has degree two. Again from Lemmas 15.1 and 15.2, we can label
the connected components of A[g;s”“‘““‘ U ]L[;,ljm U Medee by connected components
of G. Tt follows that each connected component of ]\[g;““*‘“‘“‘ U J\/[;llgi”‘ U Medge g
diffeomorphic to S' x D?.
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We have now shown that X is the result of gluing a disjoint collection of S x D?’s
to MZ-stratum - with each gluing being performed between the boundary of a S x D?
factor and a toral boundary component of M2-stratum = Ag py2-stratum jg the total space
of a circle bundle, it is a graph manifold. Thus X; is a graph manifold. Hence we
have shown:

Proposition 15.3. — Under the constraints imposed in the earlier sections, M is a
graph manifold.

15.2. Satisfying the constraints. — We now verify that it is possible to simul-
taneously satisfy all the constraints that appeared in the construction.

We indicate a partial ordering of the parameters which is respected by all the
constraints appearing in the paper. This means that every constraint on a given
parameter is an upper (or lower) bound given as a function of other parameters
which are strictly smaller in the partial order. Consequently, all constraints can be
satisfied simultaneously, since we may choose values for parameters starting with
those parameters which are minimal with respect to the partial order, and proceeding
upward.

(15.4) {M,ﬂg} =< {Cslim,Qi,Q;} =< F3 =< {23,53} = Cedge < FQ =< {22752} =<
C2_stratum ~ F] < {21751} < G2.stratum < /32 < A < {gedgc»CE’v §slim} <
SO-stratum < {BE’7UE’} <0 < {O',A} <w < U), =< ﬂE = ﬁl < {T0750} < Tlo

This proves Theorem 1.3.

16. Manifolds with boundary

In this section we consider manifolds with boundary. Since our principal appli-
cation is to the geometrization conjecture, we will only deal with manifolds whose
boundary components have a nearly cuspidal collar. We recall that a hyperbolic cusp
is a complete manifold with boundary diffeomorphic to T2 x [0, 00), which is isomet-
ric to the quotient of a horoball by an isometric Z2-action. More explicitly, a cusp
is isometric to a quotient of the upper half space R? x [0,00) C R3, with the metric
dz% + e~*(dx?® + dy?), by a rank-2 group of horizontal translations. (For applica-
tion to the geometrization conjecture, we take the cusp to have constant sectional
curvature — ;.)

Theorem 16.1. — Let K > 10 be a fized integer. Fiz a function A : (0,00) — (0, 00).
Then there is some wo € (0, c3) such that the following holds.

Suppose that (M, g) is a compact connected orientable Riemannian 3-manifold with
boundary. Assume in addition that

(1) The diameters of the connected components of OM are bounded above by wy.
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(2) For each component X of OM, there is a hyperbolic cusp Hx with boundary
OHx, along with a CEY1-embedding of pairs e : (N1oo(OHx ), 0Hx) — (M, X)
which is wqg-close to an isometry.

(3) For every p € M with d(p,0M) > 10, we have vol(B(p, Rp)) < woRz?;.

(4) For everyp € M, w' € [wg,c3), k € [0, K], andr < R, such that vol(B(p,r)) >

w'r3, the inequality

(16.2) |[VERm | < A(w') r~(*+2)
holds in the ball B(p,r).
Then M is a graph manifold.

In order to prove Theorem 16.1, we make the following assumption.

Standing Assumption 16.3. — Let K > 10 be a fized integer and let A" : (0,00) x
(0,00) = (0,00) be a function.

We assume that {(M®, g*)}5_, is a sequence of connected closed Riemannian 3-
manifolds such that

(1) The diameters of the connected components of OM® are bounded above by +.

(2) For each component X of OM®, there is a hyperbolic cusp Hxo along with
a CE*_embedding of pairs e : (N1go(OH xo ), OHxe) — (M, X ) which is
1

= -close to an isometry.

(3) For all p € M* with d(p, 0M®) > 10, the ratio q)(lfﬁ of the curvature scale

at p to the é—volume scale at p is bounded below by «.

(4) For all p € M* and w' € [£,¢c3), let r,(w') denote the w'-volume scale at p.
Then for each integer k € [0, K] and each C € (0,a), we have |VFRm| <
A(Cyw") rp(w') =5 +2) on B(p, Cry(w')).

(5) Each M® fails to be a graph manifold.

As in Lemma 5.1, to prove Theorem 16.1 it suffices to get a contradiction from
Standing Assumption 16.3. As before, we let M denote the manifold M for large .
The argument to get a contradiction from Standing Assumption 16.3 is a slight mod-
ification of the argument in the closed case, the main difference being the appearance
of a new family of points — those lying in a collared region near the boundary.

We will use the same set of the parameters as in the case of closed manifolds,
with an additional parameter rg. It will be placed at the end of the partial ordering
in (15.4), after Y.

Let {0;M }icr, be the collection of boundary components of M, and let e; :
(N1oo(OH;),0H;) — (M,0;M) be the embedding from Standing Assumption 16.3.
Note that the restriction of e; to OH; is a diffeomorphism. Put b; = dpy, € C(H,).
Let 7; be a slight smoothing of b; o ;" on (b; 0 e; ') 71(1,99), as in Lemma 3.14.
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Lemma 16.4. — We may assume that for all p € n; ' (5,95),
(1) The curvature scale satisfies R, € (1,3).
(2) tp <ro.
(3) Thereis a (1, B1)-splitting of (%M, p) for which %ni is an adapted coordinate
of quality Csjim -

Proof. — In view of the quality of the embedding e;, it suffices to check the claim
on the constant-curvature space bl-"l(él7 96). The diameter of 9H; can be assumed to
be arbitrarily small by taking a to be large enough. The Riemannian metric on H;
has the form dz? + e *g7- for a flat metric g2 on T2, with z € [0,100). The lemma
follows from elementary estimates. |

We now select 2-stratum balls, edge balls, slim 1l-stratum balls and 0-balls as
in the closed case, except with the restriction that the center points p; all satisfy
Given i € Ip, let B; be the connected component of M —n; ' (90) containing 9; M.

Lemma 16.5. — If 5 < To(Y}) then M is diffeomorphic to I x T? or {B;}icr, U
{B(pi,79,) }ic Io-straram 18 @ disjoint collection of open sets.

Proof. — We can assume that M is not diffeomorphic to I x T2

Suppose first that B; N B; # & for some ,j € Iy with ¢ # j. Then 77;1(5, 90) must
intersect 17;](5,90). It follows easily that M = Nyo(B;) U N1o(B;) is diffeomorphic
to I x T?, which is a contradiction. Thus B; N B; = @.

Next, suppose that B; N B(pj,fr‘gj) # @ for some i € Iy and j € lostratum- 1f
ro < To(Y() then by Lemma 16.4 we will have Tir,, < 5. Hence r) < 5 and the
triangle inequality implies that p; € 77[1(5, 95). However, from Lemma 16.4 (3), this
contradicts the fact that p; is a O-stratum point.

Finally, if i, € Ip.stratum and ¢ # j then B(p;, T‘gq) N B(pj,rgj) = @ from
Lemma 11.5 (1). O

Hereafter we assume that M is not diffeomorphic to I x T2, which is already a

graph manifold.
For each i € Iy, let H; be a copy of R?. Put Hy = @

Q1= H@ Hp,
B QZ = HO—stratum @ Hslim @ Hedge @ H@,
- Q3 = Hostratum @D Hslim D Ho,
~ Q4 = Hostratum D Ho-
For i € Iy, let ¢; € C°° (M) be the extension by zero of ®ag 30,80,90°7; to M. Define
EY M — H; by E2(p) = (n:(p)¢i(p), ¢i(p)). We now go through Sections 12 and 13,

i1, Hi- We also put
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treating Hp in parallel to Ho.stratum- Next, in analogy to (14.3), for each i € Iy we
put

!
€Ly
!

(16.6) M? = N5 (O;M)U E? {:13 €eH :z{>9, = < 40} .
Then ]Wia is diffeomorphic to I x T?. We now go through the argument of Section 15,

treating each ]Wia as if it were an element of ]\4%'25“3“‘“1 without a core. As in Sec-
tion 15, we conclude that M is a graph manifold. This proves Theorem 16.1.

17. Application to the geometrization conjecture

We now use the terminology of [21] and [24]. Let (M, g(-)) be a Ricci flow with
surgery whose initial 3-manifold is compact. We normalize the metric by putting
qg(t) = #t) Let (M, g(t)) be the time-t manifold. (If ¢ is a surgery time then we take
M; to be the post-surgery manifold.) We recall that the w-thin part M~ (w, t) of M, is
defined to be the set of points p € M; so that either R, = oo or vol(B(p, R))) < ng
The w-thick part M (w,t) of My is My — M~ (w, t).

The following theorem is proved in [24, Section 7.3]; see also [21, Proposition 90.1].

Theorem 17.1. [24] There is a finite collection {(H;,x;)}_, of pointed complete
finite-volume Riemannian 3-manifolds with constant sectional curvature — % and, for

large t, a decreasing function () tending to zero and a family of maps

k k
(17.2) foo | |HiD||B <ri> — M,
== RO

such that
(1) fi is B(t)-close to being an isometry.
(2) The image of fi contains M (3(t),t).

(3) The image under f, of a cuspidal torus of {H;}¥_, is incompressible in M;.

Given a sequence t¢ — oo, let Y be the truncation of |_|f:1Hi obtained by
removing horoballs at distance approximately m from the basepoints x;. Put
A/[Oz — A/[t«x - ft" (}/t“ )

Theorem 17.3. — [24] For large a, M is a graph manifold.

Proof. — We check that the hypotheses of Theorem 16.1 are satisfied for large a.
Conditions (1) and (2) of Theorem 16.1 follow from the almost-isometric embedding
of [_]?:1 (B(i, ﬁ) — B(x;, W)) C |_|,/£-c:l H; in M.
Next, Theorem 17.1 says that for any w > 0, for large o the w-thick part of M;a
has already been removed in forming M. Thus Condition (3) of Theorem 16.1 holds.
From Ricci flow arguments, for each w’ € (0, ¢3) there are 7(w’) > 0 and Kj(w') <

0o so that for large a the following holds: for every p € M*, w' € (0,¢3), k € [0, K] and
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7 < min(R,, 7(w')), the inequality [V* Rm | < Ky (w')r~**2) holds in the ball B(p,r)
[21, Lemma 92.13]. Hence to verify Condition (4) of Theorem 16.1, at least for large
«, we must show that if p € M then the conditions r < R, and vol(B(p,r)) > w'r3
imply that r < 7(w’).

Suppose not, i.e., we have 7(w') < r < R,. Then Rm |B(p,r) >~ Using the
fact that vol(B(p,r)) > w'r?, the Bishop-Gromov inequality gives an inequality of
the form vol(B(p,7(w"))) > w"7 (w') for some w” = w’ (w’) > 0.

We also have Rm ‘B(p,?(w’)) > —%. Then from [25, Lemma 7.2] or [21,

Lemma 88.1], for large @ we can assume that the sectional curvatures on B(p,T(w’))
are arbitrarily close to — ﬁ. In particular, R, < 5. Then

N} —/ N 3
(17.4)  vol(B(p, R,)) > vol(B(p,7)) > w'r® = w' <RL> Rz >w' (w> Rf’).
P 9
If « is sufficiently large then we conclude that p € fio (Y;a), which is a contradiction.
We now take A(w’) to be a number so that Condition (4) of Theorem 16.1 holds
for all M“. From the preceding discussion, there is a finite such number. Then for
large «, all of the hypotheses of Theorem 16.1 hold. The theorem follows. O

Theorems 17.1 and 17.3, along with the description of how M,; changes un-
der surgery [24, Section 3], [21, Lemma 73.4], imply Thurston’s geometrization
conjecture.

18. Local collapsing without derivative bounds

In this section, we explain how one can remove the bounds on derivatives of cur-
vature from the hypotheses of Theorem 1.3, to obtain:

Theorem 18.1. — There exists a wog € (0,c3) such that if M is a closed, orientable,
Riemannian 3-manifold satisfying
(18.2) vol(B(p, Rp)) < woRg

for every p € M, then M s a graph manifold.

The bounds on the derivatives of curvature are only used to obtain pointed
C*-limits of sequences at the (modified) volume scale. This occurs in Lemmas 9.21
and 11.1. We explain how to adapt the statements and proofs.

Modifications in Lemma 9.21. -—— The statement of the Lemma does not require
modification. In the proof, the map ¢ will be a Gromov-Hausdorff approximation
rather than a C**+1-map close to an isometry, and Z will be a complete 2-dimensional
nonnegatively curved Alexandrov space. As critical point theory for functions works
the same way for Alexandrov spaces as for Riemannian manifolds, and 2-dimensional
Alexandrov spaces are topological manifolds, the statement and proof of Lemma 3.12
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remain valid for 2-dimensional Alexandrov spaces. The main difference in the proof
of Lemma 9.21 is the method for verifying the fiber topology. For this, we use:

Theorem 18.3 (Linear local contractibility [15]). — For every w € (0,00) and every
positive integer n, there exist ro € (0,00) and C € (1, 00) with the following property.
If B(p, 1) is a unit ball with compact closure in a Riemannian n-manifold, Rm |B(p’1) >
—1 and vol(B(p, 1)) > w then the inclusion B(p,r) — B(p,Cr) is null-homotopic for
every r € (0,rg).

This uniform contractibility may be used to promote a Gromov-Hausdorff approx-
imation fy to a nearby continuous map f: one first restricts fo to the O-skeleton
of a fine triangulation, and then extends it inductively to higher skeleta simplex by
simplex, using the controlled contractibility radius.

Lemma 18.4. — With notation from the proof of Lemma 9.21, the fiber F' =1, ({0})
is homotopy equivalent to B(xz,4A) C Z.

Proof. — Let $ be a quasi-inverse to the Gromov-Hausdorff approximation ¢.

To produce a map F — B(xz,4A) we take w7 o qS|F, promote it to a continuous
map as above, and then use the absence of critical points of dy near S(xz,4A) to
homotope this to a map taking values in B(xz,4A).

To get the map B(xz,4A) — F, we apply the above procedure to promote ¢A>‘ r
to a nearby continuous map B(*z,4A) — }pk[ . Then using the fibration structures
defined by 71, and (1,,nE’), we may perturb this to a map taking values in F.

The compositions of these maps are close to the identity maps; using a relative
version of the approximation procedure one shows that these are homotopic to identity
maps. O

Thus we conclude that the fiber is a contractible compact 2-manifold with bound-
ary, so it is a 2-disk.

Modifications in Lemma 11.1. — In the statement of the lemma, NV, is a 3-
dimensional nonnegatively curved Alexandrov space instead of a nonnegatively curved
Riemannian manifold, and “diffeomorphism” is replaced by “homeomorphism”.

In the proof, the pointed C¥-convergence is replaced by pointed Gromov-Hausdorff
convergence to a 3-dimensional nonnegatively curved Alexandrov space IN; otherwise,
we retain the notation from the proof. We need:

Theorem 18.5 (The Stability Theorem [19, 25]). — Suppose {(My,*;)} is a sequence
of Riemannian n-manifolds, such that the sectional curvature is bounded below by a (k-
independent) function of the distance to the basepoint xi.. Let X be an n-dimensional
Alezandrov space with curvature bounded below, and assume that ¢ @ (X, *00) —
(My, *1) is a dg-pointed Gromov Hausdorff approximation, where o), — 0. Then for
every R € (0,00), € € (0,00), and every sufficiently large k, there is a pointed map
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Y o (B()oo, R+ €),%00) = (M, xi) which is a homeomorphism onto an open subset
containing B(*g, R), where dgo (d}k, (bk;B(*x R+€)) < e.

Using critical point theory as before, we get that the limiting Alexandrov space
N is homeomorphic to the balls B(ps, R”) for R" € (%R’ ,2R'), and there are no
critical points for d,_ or dp, in the respective annuli A(poo, %—;, 10R" ) C N and
A(pj, %, 10R" ) C r]T]MJ The Stability Theorem produces a homeomorphism 1
from the closed ball B(ps, R”) C M to a subset close to the ball B(p;, R") C i]\fj;
in particular, restricting ¢ to the sphere S(poo, R”) we obtain a Gromov-Hausdorff
approximation from the surface S(poo, R”) to the surface S(p;, R”). Appealing to
uniform contractibility (Theorem 18.3), and using homotopies guaranteed by the ab-
sence of critical points we get that ’z/)| S(ps, R 18 close to a homotopy equivalence. As
in the proof of Theorem 11.3, we conclude that ¢(B(ps, R")) is isotopic to B(p;, R").

Finally, we appeal to the classification of complete, noncompact, orientable,
nonnegatively curved Alexandrov spaces N, when NN is a noncompact topological
3-manifold, from [29] to conclude that the list of possible topological types is the
same as in the smooth case.

Theorem 18.6 (Shioya-Yamaguchi [29]). - If X is a noncompact, orientable, 3-dimen-
sional nonnegatively curved Aleczandrov space which is a topological manifold, then X
is homeomorphic to one of the following: R?, ST x R?, S2 x R, T? x R, or a twisted
line bundle over RP? or the Klein bottle.

When N is compact, we may apply the main theorem of [31] to see that the
topological classification is the same as in the smooth case. Alternatively, using
the splitting theorem, one may reduce to the case when N has finite fundamental
group and use the elliptization conjecture (now a theorem via Ricci flow due to finite

extinction time results).

Remark 18.7. — Theorem 18.1 implies the collapsing result stated in the appendix
of [30]. Note that Theorem 18.1 is strictly stronger, since the curvature scale need
not be small compared to the diameter. However, we remark that the argument of [30]
also gives the stronger result, if one uses [31] or the elliptization conjecture as above.

19. Appendix A : Choosing ball covers

Let M be a complete Riemannian manifold and let V' be a bounded subset of M.
Given p € V and r > 0, we write B(p, r) for the metric ball in M around p of radius r.
Let R : V — R be a (not necessarily continuous) function with range in some compact
positive interval. For p € V, we denote R(p) by R,,. Put S1 =V, p1 = sup,cy R,
and po = infyey Ry. Choose a point p; € V so that R, > %pl. Inductively,
for i > 1, let S;41 be the subset of V' consisting of points p such that B(p,R,) is
disjoint from B(pi, Rp,) U -+ U B(p;, Ry, ). If Siz1 = @ then stop. If S;41 # @, put
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Pit1 = SuDpeg, R, and choose a point p;1 € Si41 so that Ry, > %piﬂ. This
process must terminate after a finite number of steps, as the p;-neighborhood of V
cannot contain an infinite number of disjoint balls with radius at least %poo.

Lemma 19.1. — {B(p;.Rp,)} is a finite disjoint collection of balls such that V C
U; B (pi,3Rp,). Furthermore, given q € V., there is some N so that g € B (pn,3R,y)
and Ry < 2R, .

Proof. — Given q € V, we know that B(q, R,) intersects |, B(pi,Rp,). Let N be
the smallest number 4 such that B(q, R,) intersects B(p;, Rp,). Then ¢ € Sy and so
pn = Rq. Thus R,y > 1pn = 3R, As B(q,R,) intersects B(py. R,y ), we have
d(g,pN) < Rg+Rpy <3Rpy- O

20. Appendix B : Cloudy submanifolds

In this section we define the notion of a cloudy k-manifold. This is a subset of a
Euclidean space with the property that near each point, it looks coarsely close to an
affine subspace of the Euclidean space. The result of this appendix is that any cloudy
k-manifold can be well interpolated by a smooth k-dimensional submanifold of the
Euclidean space.

If H is a Euclidean space, let Gr(k, H) denote the Grassmannian of codimension-k
subspaces of H. It is metrized by saying that for P, P» € Gr(k, H), if 7, 72 € End(H)
are orthogonal projection onto P; and Ps, respectively, then d(P;, P,) is the operator
norm of my — 7. If H' is another Euclidean space then there is an isometric embedding
Gr(k,H) — Gr(k, H® H'). If X is a k-dimensional submanifold of H then the normal
map of X is the map X — Gr(k, H) which assigns to p € X the normal space of X
at p.

Definition 20.1. — Suppose C, 0 € (0,0¢), k € N, and H is a Euclidean space. A
(C.9) cloudy k-manifold in H is a triple (S,S,r), where S ¢ S C H is a pair of
subsets, and r : S — (0,00) is a (possibly discontinuous) function such that:

(1) For all 2,y € 8, [r(y) - ()| < C(lx — y| + r(x)).

(2) For all x € S, the rescaled pointed subset (ﬁg, z) is d-close in the
pointed Hausdorff distance to (%ﬂ;A,;JQ, where A, is a k-dimensional
affine subspace of H. Here, as usual, 7(]—1)5 means the subset S equipped

with the distance function of H rescaled by 7(11—)

We will sometimes say informally that a pair (§ ,9) is a cloudy k-manifold if it can
be completed to a triple (S.S,r) which is a (C,§) cloudy k-manifold for some (C.,4).
We will write A2 € H for the k-dimensional linear subspace parallel to A, and we
will write 740 for orthogonal projection onto AY. Let P4, : H — H be the nearest
point proje(tt'iyon to Ag, given by Pa, (y) = v+ Ta0(y — ).
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Lemma 20.2. — For all k,K € Z%, ¢ € (0,00) and C < oo, there is a § =
0(k,K,e,C) > 0 with the following property. Suppose (S,S,r) is a (C,0) cloudy
k-manifold in a Fuclidean space H, and for every x € S we denote by A, an affine

subspace as in Definition 20.1. Then there is a k-dimensional smooth submanifold
W C H such that

(1) For all x € S, the pointed Hausdorff distance from (T(lm)g, z) to (W) is

at most €.

(2) W C Ne(S).

(3) For all x € S, the restriction of the normal map of W to B(x,r(z)) N W has
image contained in an e-ball of AL in Gr(k, H).

(4) IfI is a multi-index with |I| < K then the I'" covariant derivative of the second
fundamental form of W at w is bounded in norm by er(x)~(71+1),

(5) W N N,.(S) is properly embedded in N,(S).

(6) The nearest point map P : N,(S) — W is a well-defined smooth submersion.

(7) If I is a multi-index with 1 < |I| < K then for all x € S, the restriction of
P — Py to B(z,r(z)) has I'" derivative bounded in norm by er(x)~(11=1)

FIGURE 5
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Proof. — With the notation of Lemma 19.1, put V= 5 and R = r. Let T be the finite
collection of points {p;} from the conclusion of Lemma 19.1. Then {B(Z,rz)}zer is
a disjoint collection of balls such that for any x € S, there is some Z € T with x €
B(z,3r(z)) and r(x) < 27(3) Hence B(x, I()) C B(Z.r(x) 4+ 3r(Z)) C B(Z,5r(7)).

This shows that | J,. 4 B ) C User B(2.5r(2)).
For each ¥ € T, let A; C H be the k-dimensional affine subspace from Defini-
tion 20.1, so that (%S, ?) is 0-close in the pointed Hausdorff topology to (T &) Az, 7).

Here § is a parameter which will eventually be made small enough so the proof
works. Let Ag C H be the k-dimensional linear subspace which is parallel to Az.
Let pz : H — H be orthogonal projection onto the orthogonal complement of A%
In view of the assumptions of the lemma, a packing argument shows that for any
[ < oo, for sufficiently small § there is a number m = m(k,C,l) so that for all
2 €T, there are at most m elements of T in B(Z,{r(Z)). Fix a nonnegative function
¢ € C*(R) which is identically one on [0, 1] and vanishes on [2,00). For T € T,
define ¢z : H — R by ¢z(v) = o 1'8, T‘ ). Let E(k. H) be the set of pairs consisting
of a codimension-k plane in H and a point in that plane. That is, E(k, H) is the
total space of the universal bundle over Gr(k, H). Given v € (U;op B(,57(7)),
put O, = % Note that for small §, there is a uniform upper bound on the

number of nonzero terms in the summation, in terms of k and C; hence the rank of
O, is also bounded in terms of & and C.

If § is sufficiently small then since the projection operators pz that occur with
a nonzero coefficient in the summation are uniformly norm-close to each other, the
self-adjoint operator O, will have k eigenvalues near 0, with the rest of the spectrum
being near 1. Let v(v) be the orthogonal complement of the span of the eigenvectors
corresponding to the k eigenvalues of O, near 0. Let @, be orthogonal projection
onto v(v).

Recall that |J,.q B(x,7(x)) C Useqp B(Z,5r(2)). Define n : Uz p B(7,5r(2)) —
H by

ser @2(0) Qu(v —T)
et 92(V) .
Define 7 : {J,cg B(x,7(x)) — E(k,H) by n(v) = (v(v),n(v)).
If ¢ is sufficiently small then 7 is uniformly transverse to the zero-section of E'(k, H).

(20.3) n(v) =

Hence the inverse image under 7 of the zero section will be a k-dimensional subman-
ifold W. The map P is defined as in the statement of the lemma.

The conclusions of the lemma follow from a convergence argument. For exam-
ple, for conclusion (3), suppose that there is a sequence §; — 0 and a collection of
counterexamples to conclusion (3). Let x; € S; be the relevant point. In view of the
multiplicity bounds, we can assume without loss of generality that the dimension of the
Euclidean space is uniformly bounded above. Hence after passing to a subsequence,
we can pass to the case when dim(H;) is constant in j. Then lilI]]—).’)o(,.(.]T,)Sj, xj)
exists in the pointed Hausdorff topology and is a k-dimensional plane (S, 2~ ). The
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map Vs is a constant map and 7 is an orthogonal projection. Then W, is a flat
k-dimensional manifold, which gives a contradiction. The verifications of the other
conclusions of the lemma are similar. O

21. Appendix C : An isotopy lemma

Lemma 21.1. Suppose that F :' Y x [0,1] — N is a smooth map between manifolds,
with slices {f* 1Y = N}iejo.), and let X C N be a submanifold with boundary 0X .
If

~ ft is transverse to both X and 0X for every t € [0,1] and

- F71(X) is compact
then (fO)~1(X) is isotopic in Y to (f1)"1(X).

Proof. — Suppose first that 0X = &. Now F(y,t) = f(y). For v € T,Y and ¢ € R,
we can write DF(v + (‘%) = Dft(v) + (:%(y). We know that if F(y,t) =z € X

then T, 1 (F~H(X)) = (DF,.) (T X).
By assumption, for each t € [0, 1], if f;(y) = € X then we have

(21.2) Im(Df,)y + T X = T, N.

We want to show that projection onto the [0,1]-factor gives a submersion
F~1(X) — [0,1]. Suppose not. Then for some (y,t) € F~1(X), we have
T(yyt)F‘l(X) C T,Y. That is, putting F(y,t) = x, whenever v € T,Y and
¢ € R satisfy Df'(v) + c%(y) € T, X then we must have ¢ = 0. However, for any
¢ € R, equation (21.2) implies that we can solve Dfi(—v) + w = cad—ftt(y) for some
veT,Y and w € T, X. This is a contradiction.

Thus we have a submersion from the compact set F~1(X) to [0, 1]. This submersion
must have a product structure, from which the lemma follows.

The case when 0X # @ is similar. O

Lemma 21.3. — Suppose that Y is a smooth manifold, (X,0X) C RF is a smooth
submanifold, f :' Y — R¥ is transverse to both X and X, and X = FHX) is
compact. Then for any compact subset Y' C Y whose interior contains )?, there is
an € > 0 such that if f':Y — R and ||f' — f ci(yry < € then f'~H(X) is isotopic to
).

Proof. — This follows from Lemma 21.1. O
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