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Abstract. An improved understanding of the divergence-free constraint for the incompressible Navier Stokes
equations leads to the observation that a semi-norm and corresponding equivalence classes of forces are fundamen-
tal for their nonlinear dynamics. The recent concept of pressure-robustnessallows to distinguish between space
discretisations that discretise these equivalence classes appropriately or not. This contribution compares the ac-
curacy of pressure-robust and non-pressure-robust space discretisations for transient high Reynolds number ows,
starting from the observation that in generalised Beltrami ows the nonlinear convection term is balanced by a
strong pressure gradient. Then, pressure-robust methods are shown to outperform comparable non-pressure-robust
space discretisations. Indeed, pressure-robust methods of formal orderk are comparably accurate than non-pressure-
robust methods of formal order 2k on coarse meshes. Investigating the material derivative of incompressible Euler
ows, it is conjectured that strong pressure gradients are typical for non-trivial high Reynolds number ows. Connec-
tions to vortex-dominated ows are established. Thus, pressure-robustness appears to be a prerequisite for accurate
incompressible ow solvers at high Reynolds numbers. The arguments are supported by numerical analysis and
numerical experiments.
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Keywords. incompressible Navier Stokes, pressure-robust methods, Helmholtz Hodge projector, Discon-
tinuous Galerkin method, divergence-free H (div) nite elements, structure-preserving algorithms, high-order
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1. Introduction

Recently, it was revealed that entire families of convergent space discretisations for the incompressible
Navier Stokes equations (

@u u+(u r)u+rp=f; (1.1a)
r u=0; (1.1b)

may deliver inaccurate velocity solutions when strong pressure gradients develop, i.e. they su er from
a lack of pressure-robustnesg42, 48, 51]. Nearly all classical mixed methods like the Taylor Hood
element or (only' L 2-conforming) Discontinuous Galerkin (DG) methods belong to these families.
Strong pressure gradients re ect strong forces of gradient type within the Navier Stokes momentum
balance, e.g., in the termsf , (u r )u or @Qu.
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Indeed, the lack of pressure-robustnesshas been a rather hot research topic in the beginning of
the history of nite element methods for CFD [55, 31, 62, 38, 25, 35] sometimes called poor mass
conservation and continued to be investigated for many years [33, 57, 34, 60], often in connection
with the so-called grad-div stabilisation [32, 54, 17, 40, 3, 22]. Also, in the geophysical uid dynamics
community and in numerical astrophysicswell-balancedschemes have been proposed to overcome sim-
ilar issues for related Euler and shallow-water equations, especially in connection to nearly-hydrostatic
and nearly-geostrophic ows; cf., for example, [20, 21, 11, 44].

However, only recently it was understood better that exactly the relaxation of the divergence con-
straint for incompressible ows, which was invented in classical mixed methods in order to construct
discretely inf-sup stable discretisation schemes, introduces the lack @iressure-robustnesssince it leads
to a poor discretisation of the Helmholtz Hodge projector [49]. The reason is that the relaxation of the
divergence constraint implies a relaxation of theL 2-orthogonality between discretely divergence-free
velocity test functions and arbitrary gradient elds.

Fortunately, pressure-robust space discretisations behave in a robust manner when confronted with
strong pressure gradients, and many di erent ways to construct such schemes have been found recently.
To name only a few, inf-sup stableH 1-conforming and divergence-free mixed methods [65], inf-sup
stable H (div) -conforming DG methods [19, 45] and inf-sup stableH *-conforming and nonconform-
ing nite element methods (FEM), nite volume (FVM) methods, and Hybrid High Order methods
(HHO) with appropriately modi ed velocity test functions [46, 47, 23, 42, 52, 48] are pressure-robust.
Moreover, also in the context of isogeometric analysis various pressure-robust discretisations have
been developed [15, 29, 30]. However, it is still not generally widely accepted in the numerical analysis
community that pressure-robustnesss simply a prerequisite for the accurate space discretisation of
non-trivial Navier Stokes ows.

Thus, the goals of this contribution are threefold:

(2) It will be shown that the need for pressure-robustnesemanates from an improved understand-
ing of mixed methods and the divergence constraint in incompressible ows. It is argued that
the divergence constraintinduces equivalence classes of forces that are connected to a semi-
norm. The involved semi-norm, in turn, is connected to the Helmholtz Hodge projector of a
vector eld and vanishes for arbitrary gradient elds.

(2) It will be argued that exactly the quadratic nonlinearity of the incompressible Navier Stokes
eqguations is a major source for strong pressure gradients. An example are vortex-dominated
ows with a typical balance of the centrifugal forces represented by the nonlinear convection
term and the pressure gradient. Then, the nonlinear convection term contains a strong
gradient part in the sense of the Helmholtz Hodge decomposition. The corresponding pressure
is strong and complicated to approximate due to the balance of a linear term (the pressure
gradient) with a quadratic term (the nonlinear convection).

(3) It will be demonstrated that pressure-robust schemes outperform non-pressure-robust schemes
for entire classes of transient incompressible ows at high Reynolds numbers. For generalised
Beltrami ows and vortex-dominated ows it will be demonstrated that a pressure-robust
scheme with polynomial orderk 2 for the discrete velocity will be comparably accurate
to a non-pressure-robust scheme of ordeBk on coarse grids. The astonishing factor2 in
the possible reduction of the polynomial approximation order stems from the balance of the
guadratic nonlinear term with the linear pressure gradient.

We only brie y remark that the question of an appropriate discretisation of the nonlinear convec-
tion term is intimately connected to the issue of numerical convection stabilisation techniques like
upwinding or SUPG [56, 14]. With the help of generalised Beltrami ows, we will demonstrate that in
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real-world ows the nonlinear convection term can be strong, even if the dynamics of the ow is not
convection-dominated at all, i.e. when measured in the appropriate semi-norm. Thus, our contribution
opens the way to an improved understanding of convection stabilisation for incompressible Navier
Stokes ows. Here, the notion of numericalpseudo-dominant convectionis decisive, see Remark 3.9.

The arguments will be supported by a comparative and paradigmatic numerical analysis oH -
conforming pressure-robust and non-pressure-robust space discretisations for transient incompressible
Navier Stokes ows. The analysis exploits essentially the following three observations [1, 49]:

a pressure-robust space discretisation of the time-dependent Stokes equation femall viscosi-
ties is essentially error-free on nite (su ciently short w.r.t. the viscosity) time intervals, i.e.,
the approximation error of the initial values does not grow in time;

under the same conditions, classical space discretisations of the time-dependent Stokes problem
only su er from large gradient elds in the momentum balance (large pressures), and discrete
velocity errors induced by gradient elds accumulate over time;

the nonlinear convection term is a major source for complicated pressure gradients.

Several numerical experiments will illustrate the theory. In order to explicitly focus on space dis-
cretisation, in the practical examples always small time steps are chosen together with second-order
time-stepping schemes. Therefore, the error due to time discretisation is always negligible in this work.

Organisation of the article. As a basis for this work, Section 2 presents some fundamental re-
ections on the transient incompressible Navier Stokes equations, which help to understand the sig-

ni cance of a pressure-robust space discretisation. Among other things, we explain why equivalence
classes of forces are important for Navier Stokes ows, we introduce the notion of generalised Bel-
trami ows, and we emphasise that the material derivative in incompressible Euler ows with f = 0

is always a gradient eld. Afterwards, in Section 3, the time-dependent Navier Stokes problem, its
weak formulation, the Helmholtz Hodge projector and its discrete counterpart are discussed in an

H -conforming FE setting. Also for H *-conforming FEM, a comparative time-dependentL 2 a priofi
error analysis is presented in Section 4. Section 5 discusses how and when non-pressure-robust high-
order methods lose about half of their formal convergence order on coarse meshes. In Section 6, the
relevance of our considerations for vortex-dominated ows is explained showing numerical results for
the Gresho vortex problem computed withH 1-FEM. Moving to computationally much more versatile

L2- and H (div) -DG methods, Section 7 describes their space discretisation and the corresponding
DG Helmholtz projectors. The remainder of the work is dedicated to numerical experiments. While
Section 8 deals with generalised Beltrami ows with exact solutions in 2D and 3D, in Section 9 we go
beyond this and investigate the material derivative of a real-world ow: a von Karman vortex street.
Finally, some conclusions are drawn and an outlook is given in Section 10.

2. Some background from uid dynamics

In this section, we will review some classical concepts from uid dynamics and put them into perspec-
tive with regard to their importance in the subsequent parts of this work.

2.1. Velocity-equivalence of forces

The dynamics of the incompressible Navier Stokes equations is driven by its vorticity equation

Iy F+(ur) =r f+(! r)u; (2.1)
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which is formally derived from (1.1) by applying the curl operator to the momentum balance and
substituting ! =r u [18]. Due tor r = 0, the two forcesf and f + r induce the same
velocity eld u, independent of the scalar potential . This leads to an equivalence class of forces,
where two forces will be calledvelocity-equivalentif they di er only by an arbitrary gradient eld, i.e.,

frof+r: (2.2)

Indeed, the gradient part (in the sense of the Helmholtz Hodge decomposition) of any forcé in the
Navier Stokes momentum balance only determines the pressure gradient p. In Section 3 this purely
formal argument is made precise by introducing the Helmholtz Hodge projector and a semi-norm that
is connected to it. Though the concept of thevelocity-equivalenceof forces is relevant for all forces
in the Navier Stokes momentum balance, this contribution will mainly focus on the consequences for
the nonlinear convection term (u r )u at high Reynolds numbers.

2.2. Generalised Beltrami ows

Velocity-equivalence of forces is especially relevant in a specic, but very rich and important class
of transient incompressible ows, namely generalised Beltrami ows. E.g., as far as we know, all
known exact solutions(with f = 0) [26] of the incompressible Navier Stokes equations are Galilean-
invariant to generalised Beltrami ows. Some of them will be used for our numerical benchmarks below.
Generalised Beltrami ows are those ows, whose nonlinear convection term is velocity-equivalent to
a zero-force, i.e., it holds

(u r)u' O
Thus, their velocity solution is likewise the solution of an incompressible Stokes problem with a
di erent pressure. The main observation for the understanding of generalised Beltrami ows is the
following pointwise identity for the nonlinear convection term:

(u r)u=(r u) u+%rjuj2=! u+%rjuj2; (2.3)

where! u is usually called the Lamb vector.
Thus, generalised Beltrami ows can be subdivided into three di erent subclasses:

(1) The most famous generalised Beltrami ows are classical potential ows withu = r h, where
h denotes a (possibly time-dependent) harmonic potential ful lling h = 0. Since potential
ows are irrotational, it holds ! =r u=r (r h)= 0 and the nonlinear convection term
is a gradient eld

1. .
(ur)us= 51 uj?; (2.4)
and the nonlinear convection term is balanced by a pressure gradient p = %rj uj2.
(2) The second subclass consists of Beltrami ows. Contrary to potential ows, they are not
irrotational, i.e., it holds ! 6 0, however it holds ! u = 0, i.e., the vorticity vector of
Beltrami ows is parallel to the velocity eld. They exist only in the three-dimensional case,

because the vorticity of two-dimensional ows is always perpendicular to the velocity eld.
Again, the pressure gradient is given byr p= %rj uj?.

(3) Finally, for generalised Beltrami ows the vorticity is neither zero, nor parallel to the ow eld,
but the Lamb vector is a gradient eld

' u=r (2.5)

Here, the pressure gradient is di erent, namelyr p= r %juj2 +
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It should be remarked that the vorticity equation of a generalised Beltrami ow (with f = 0) is linear
and given by
@ I =0: (2.6)

Thus, a generalised Beltrami ow with f = 0 and time-independent boundary conditions presents
a nearly-steady behaviour over long time intervals, at least for small kinematic viscosities 1. Asa
rst connection to vortex-dominated ows, we remark that the slow decay ofvortex structures like the
2D planar lattice ow problem is modelled by such ows [59]. For such a process, a steady Eulerian
description is su cient.

2.3. Galilean invariance and the material derivative

In this short subsection, we brie y want to discuss the role of the divergence-free part of the nonlinear
convection term (u r )u. It enters the game whenever a steady Eulerian description is not su cient
anymore.

Recalling that the incompressible Navier Stokes equations are Galilean-invariant, we start from a
generalised Beltrami ow (ug; po), ful lling

@uo Ug+(Uog r)uo+r po=0; r uop=0;
and add a constant velocity eld wg such that one obtains a new ow eld
u(t;x)= wo+ up(t;x twp):
Below, the corresponding pressure will be demonstrated to be
p(t; X) = po(t; X two):
Then, one computes
@Qu(t;x) = @[uo(t;x two)]= @uo(t;x twp) (wo r)uo(t;x twyo)

and
(u(t;x) r)u(t;x)=(wo+ uo(t;x twg) r )uo(t;x two) (2.7a)
=(wg r)ug(t;x twg)+(uo(t;x twg) r)ug(t;x twg): (2.7b)
Therefore, for the material derivative of u it holds
%: @u(t;x)+(u(t;x) r)u(t;x)= @uo(t;x two)+(uog(t;x twg) r)uo(t;x two);

which is invariant under the Galilean transformation. Since it further holds
u(t;x) = uo(t;x  two)

and r u(t;x) = 0, the pair (u(t; x);p(t; x)) does indeed full the incompressible Navier Stokes
equations with f = 0.

Besides the gradient part(uo(t; x twg) r )ug(t; X twp) (due to the generalised Beltrami property
of ug), the transformed nonlinear convection term (2.7) does contain the new contribution(wg r )u =
r up(t; x  twg)wyg. For this contribution, it holds

ro(ruo(tx twowg)=r ((wg r)u)y=(wp r)(r u)=0:

Thus, the nonlinear convection term of ows that are Galilean-invariant to a generalised Beltrami ow
contains both a divergence-free and a gradient- eldpart. The corresponding vorticity equation remains
linear, but contains an additional linear convection term

@ ' +(wg r)! =0: (2.8)
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By means of an example in the next subsection we will demonstrate that the divergence-free part of
the nonlinear convection term is responsible for the transport of geometric structures in the ow (like
vortices, vortex laments, . ..), while the gradient eld part prevents the dispersion of geometric struc-
tures, thereby ensuring conservation of mass. Thus, the gradient eld part of the nonlinear convection
term is of major importance for incompressible high Reynolds number ows, although it represents a
challenge for non-pressure-robust space discretisations.

2.4. Steady solutions of the incompressible Euler equations, Galilean invariance and the
Euler material derivative

In this subsection we will slightly go beyond generalised Beltrami ows with f = 0 and discuss the
limit case Re! 1 , leading to the incompressible Euler equations withf = 0; that is,

(@u+(u ryu+rp=0; (2.9a)
r u=0: (2.9b)

First, we want to remind the reader that vortices, vortex lines and vortex laments are the build-
ing blocks of uid dynamics [18]. Vortex-like solutions can be obtained as steady solutions of the
incompressible Euler equations (2.9), for which it holds

(ur)u=r p:

Thus, every steady solutionu of the incompressible Euler equations has a nonlinear convection term
which is velocity-equivalent to a zero force,

(u r)u' 0

in the sense of corresponding equivalence classes of forces as introduced above. In the frictionless Euler
setting, there exist even steady solutions with a compact support like the famous Gresho vortex, see
Section 6. Indeed, for steady solutions of the incompressible Euler equations with a compact support
mainly the centrifugal force and the pressure gradient balance, similar to a tornado. Self-evidently,
the centrifugal force is modelled by the (quadratic) convection term of the incompressible Euler and
Navier Stokes equations. We remark that steady solutions of the incompressible Euler equations can
contain an immense amount of kinetic energy, which is contained inrotational degrees of freedom
though. This rotational kinetic energy can be unleashed, whenever vortices or vortex laments interact
with each other or interact with the boundary of the domain.

Since all considerations from Subsection 2.3 about the Galilean invariance of the incompressible
Navier Stokes equations are valid for the Euler equations as well, the divergence-free part of the
nonlinear convection term leads to a transport of structures; cf. the example of the Gresho vortex in
Section 6 in the casewg 6 0.

Moreover, looking at (2.9), we recognise that for the material derivative of incompressible Euler
ows with f = 0 it holds

D
SoE@+(ur)u=rop (2.10)
i.e., for the Euler material derivative one obtains
Du
—"' 0 2.11
T (2.11)

Thus, strong forces of gradient eld type are typical for incompressible Euler and Navier Stokes ows
at high Reynolds numbers, e.g., due to a force balance of the nonlinear centrifugal force and a strong,
nontrivial pressure gradient.
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The next subsection serves to illustrate that strong and “complicated' gradient elds in the Navier
Stokes momentum balance lead to numerical errors fonon-pressure-robustspace discretisations, while
pressure-robustdiscretisations behave well.

2.5. Hydrostatics: Complicated pressure

Let us explain in more detail, what we usually mean by “‘complicated pressures. The most important
point is that “complicated' is always meant compared to the velocity In this sense, a complicated
pressure in a particular ow is always a relative concept.

In hydrostatics (ow at rest, no- ow), the pressure usually balances an external (gradient) force
eld, which makes it a perfect example for presenting ‘complicated pressures' For ease of presentation,
suppose we wagt to solve the incompressible Stokes problem € 1), with a right-hand side forcing
term f = r = . Here, the normalisation is made to ensure comparable situations for di erent
potentials . The left-hand side column in Figure 2.1 shows di erent potentials =y for =1;2;4;9
in a domain  which resembles a glass geometry. Note that the pressure behaves analogously as these
potentials and thus, they can be considered "complicated' compared to the exact velocity solution
u = 0 in hydrostatics problems.

Now, all other plots in Figure 2.1 show the velocity solution of di erent numerical methods for
the particular problem. The chosen methods arel ?- (Pd°=P{¢ ) and H (div) -based BDM ;=Pi°) DG
methods on triangular meshes of di erent orderk (polynomial order of the discrete velocity approxi-
mations), In the present context, it su ces to know that the former are non-pressure-robust whereas
the latter are pressure-robust and divergence-free; cf. Section 7 for more details.

One can see that the low-order kK = 1) pressure-robust method computes the correct velocity
solution uy, = 0 independent of the pressure/potential, even though the discrete pressure space only
consists of piecewise constants. The non-pressure-robust method, on the other hand, only leads to
upb = 0if k 1> , as in this situation the pair (u;p) is contained in the discrete FE spaces.
Moreover, one can see that whenever the non-pressure-robust method givaeg 6 0, the quality of the
solution decreases as increases, i.e. as the pressure becomes more and more complicated. On the other
hand, increasing the orderk of the discretisation improves the solution; this is simply k-convergence.

3. Time-dependent Navier Stokes problem and H! discretisation

After a very brief introduction to the governing equations on the continuous level, we introduce the
spatial H 1-conforming discretisation schemes which will be used for the error analysis in the rst
part of this work. They consist of an exactly divergence-free, pressure-robust method and a classical
non-pressure-robust FEM.

3.1. In nite-dimensional Navier Stokes equations

We consider the time-dependent incompressible Navier Stokes problem, which reads

8

3 @Qu u+(u r)u+rp=f in (0;T] ; (3.1a)

5 r u=0 in (0;T] ; (3.1b)

: u@;x)=ug(x) forx2 (3.1¢c)
For the space dimensiond 2 f 2; 3g, RY denotes a connected bounded Lipschitz domain and@

is the end of time considered in the particular problem. Since in the numerical analysis below we want
to compare the best possible convergence rates for pressure-robust and classical space discretisations
in the L2-norm, we will assume for technical reasons that is convex, leading to elliptic regularity.
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Figure 2.1. Stokes no- ow problem in a glass, demonstrating the concept of com-
plex pressures and the advantages of using pressure-robust methods. The left-hand
side column shows the potential =y for =1;2;4;9 and the underlying triangu-
lar mesh for all computations. The other columns show velocity magnitudejuyj for
the non-pressure-robustPi®=P{¢ | method and the pressure-robust and divergence-free

BDM ,=P§° method.

Moreover,u: [0; T] I RYindicates the velocity eld, p: [0;T] I Risthe (zero-mean) kinematic
pressure,f : [0; T] I RY represents external body forces andig: ! RY stands for a suitable
initial condition for the velocity. The underlying uid is assumed to be Newtonian with constant
(dimensionless) kinematic viscosity0 < 1. We impose either the general Dirichlet boundary
condition u = gp on (0; T] @ , or periodic boundary conditions (or a mixture of them).

Notation. In what follows, for K we use the standard Sobolev spaced/™P(K) for scalar-
valued functions with associated normsk Ky m; (K) and seminormsj jymp (k) form > Oandp> 1. We
obtain the Lebesgue spac&V%P(K) = LP(K) and the Hilbert spaceW™?2(K ) = H™(K ). Additionally,

the closed subspacesi}(K) consisting of H 1(K )-functions with vanishing trace on @K and the set
L3(K) of L?(K)-functions with zero mean in K play an important role. The L?(K)-inner product
is denoted by (; )x and, if K = |, we sometimes omit the domain completely when no confusion
can arise. Furthermore, with regard to time-dependent problems, given a Banach spacé and a time
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instancet, the Bochner spacelP(0;t; X ) for p2 [1;1 ]is used. In the casd = T, we frequently use the
abbreviation LP(X ) = LP(0;T; X ). Further, C1(0;t; X ) denotes the function space mapping0; t] into
X', which is continuously di erentiable in time w.r.t. the norm ku kcl(Ot x ) MaXszo; Ti(kuky +Kkuiky ).
Spaces and norms for vector- and tensor-valued functions are indicated Wlth bold letters. Fgr example,

for a vector-valued function v = (v1;:::;vn)Y, we con3|derkvkLp() = =1 kv kl_p() = jVjde

wherejvjp = P 1 jvijP. The vorticity of a 2D velocity eld u = (ug;uy)Yis de nedas! = @Q,uz @,us.

Depending on the particular boundary conditions, let V =Q be the continuous solution spaces for
velocity and pressure, respectively. Note that it holdsV ~ H () andQ L?2() . For the numerical
analysis in this and the next section, we will always choos®& = H }() andQn = L3() . The subspace
of weakly divergence-free functions is de ned as

VIV =fy2Vv:(qr v)=0; 892 Qg:
A weak velocity solution u 2 L2(0; T;V 9v) of (3.1) ful Is that for all test functions v 2 V 9 holds

;(u(t);v)+ (ru(t),rv)+(u(t) ru(t),v)= H(t),viy LHE (3.2)

in the sense of distributions in DYJ0; T[) and such that u(0) = ug [13]. Note that the pressurep is not
part of the weak formulation of the incompressible Navier Stokes problem, see Remark 3.6. For the
numerical analysis, we will further assume the regularityu 2 L*(W %1 ), ensuring, e.g., uniqueness of
the weak solution in time [8, 61]. Further (technical) regularity assumptions will be made at appropriate
places in the contribution. Then, (u;p) ful ls

(Find (u;p): (O0;T]! V. Qwithu(@)=upst,8(v;qQ2V Q; (3.3a)
(@u;v)+ (ru;rv)+((u r)u;v) (p;r v)+(qg;r u)=(f;v): (3.3b)

3.2. Helmholtz Hodge decomposition in L 2

In order to understand the signi cance of pressure-robustness for the discretisation theory of the
incompressible Navier Stokes equations (3.1), the concept of the Helmholtz Hodge projector is intro-
duced. Since the numerical analysis below is essentially ah? analysis (assuming all forces@ui(t),
(u(t) r)u(t),...tobeinL?), we will restrict our considerations to the Helmholtz Hodge decomposi-
tion in L 2. Below in this section, some functional analytic prerequisites are summarised that show that
only the divergence-free parts, i.e., the Helmholtz Hodge projectors of the forces in the Navier Stokes
momentum balance in uence the velocity solution of the incompressible Navier Stokes equations, see
also [42].

The space of square-integrablne divergence-free (solenoidal) vector eldsois de ned by

L?() = w2L?): (w;r )=0;8 2HY() (3.4)

Remark 3.1. First note that for 2 C} () the mapping 7! (w;r ) denotes the distributional
divergence ofw. Thus, vector eldsin L?() are divergence-free [42]. Further note that de nition (3.4)
implies that w n @ - 0, where n denotes the outer unit normal vector on @ , since test functions

2 H! do not vanish on the boundary of . In this context, please also note that a Helmholtz Hodge
decomposition is made unique only by prescribing certain boundary conditions. The reason is that any
gradient of a harmonic function with h = 0 is irrotational and divergence-free at the same time.
Thus, the boundary conditions determine whetherr h is called 'divergence-free’ or ‘gradient eld’ In
our setting, all gradients of harmonic functions are called 'gradient elds', and vector elds in L?()
are orthogonal to all gradient elds in L?2.

Remark 3.2. Our considerations regard the Helmholtz Hodge decomposition inL2 of (u r )u. Since
we assume thatu 2 W1 it holds (u r )u 2 L2
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Due to the special choice of the boundary conditions and Remark 3.1 one obtains the following
theorem, for which the proof will be repeated for completeness and readability of the manuscript
from [42]:

Theorem 3.3 (Helmholtz Hodge decomposition in L?). For every vector eld v 2 L2() , there exists
a unique Helmholtz Hodge decomposition

V=w+r ; (3.5)

where it holdsw 2 L2() ,and 2 H() andw andr are L2-orthogonal. Then, w =: P(v) is
called the Helmholtz Hodge projector ofv.

Proof. A potential 2 H() =R in the Helmholtz Hodge decomposition is obtained by: for all
2 H() =R holds

(r ;r )=(v;r ): (3.6)
This Neumann problem for is uniquely solvable [42]. Then, denew = v r . One can testw
with arbitrary gradient elds r ( + C), where C denotes an arbitrary real number and where it holds
2 HY() =R. Then, one obtains(w;r ( + C))=(w;r )=(v r :r )=0, due to (3.6). Thus,
it holds w 2 L?() . Due to the de nition of L?() ,w andr are orthogonal in L 2. Assuming that
V=wi+r 1=wy+r 5 aretwo Helmholtz Hodge decompositions ofv, then it holds
w1 wz=r(2 1)
with w1 w» 2 L?() . Testing this equality by r ( 1 ») yields by the L ?-orthogonality of (3.6)
kr ( 2 1)k52() =0;
and one concludesw; = w, and 1 = , using 1; » 2 HY() =R. Thus, the Helmholtz Hodge
decomposition is unique. [ ]

Remark 3.4. Formally, the Helmholtz Hodge decomposition of v 2 L?() can be written as the
solution of the PDE problem

gP(v)+ ro =v in (3.7a)
r P(v)=0 in (3.7b)
P(v) n=0 on@: (3.7¢)

The most important property of the Helmholtz Hodge projector for our contribution is given as
follows:

Lemma 3.5. Forall 2 HZ() , it holds
P(r )= 0:

Proof. Notethatr = 0+ r is the unique Helmholtz Hodge decomposition ofr . Thus, it
follows P(r )= 0. ]

Finally, it is emphasised that the velocity solution u of (3.2) is completely determined by testing
the momentum equation with divergence-free velocity test functionsv 2 V dv and by its initial value
Uo. Assuming smoothness ofi in space and time,u fulls for all v 2 Vv 4V

(@u;v)+ (ru;rv)+((u r)u;v)=(f;v) , (3.8a)
(P(@u);v)  (PC u);v)+(P((u r)u);v)=(P(f);v): (3.8b)
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Remark 3.6. Equation (3.8a) shows that the velocity solution u of the incompressible Navier Stokes
equations is not determined by the forcesf in the momentum equation themselves, but by their
Helmholtz Hodge projectors P(f ). Therefore, two forcesf and g that dier by a gradient eld f =

g+ r ,lead to the same velocity solution. Thus, the velocity solution of the incompressible Navier
Stokes equations is naturally determined by equivalence classes of forces, where it holds

f'g ) P(f) = P(9):

3.3. H! nite element methods

Let VL,=Q;, be the considered discretely inf-sup stable velocity/pressure FE pair, wher&/y, V and
Qn Q. We assume that the discrete velocity space contains polynomials up to degrdg, and the
discrete pressure space contains polynomials up to degrdg. Note that for most discretely inf-sup
stable schemes it holdk, = ky 1. An example is the Taylor Hood nite element family P=Py 1
with k > 2 [41]. However, for the famous mini element it holdsk, = ky(= 1) [5]. In the following
numerical analysis,C > 0 always denotes a generic constant, whose value is independent of the mesh
size but possibly dependent on the mesh-regularity.

In order to approximate (3.1), or equivalently (3.3), the following generic semi-discrete FEM is
considered:

%Find (up;pn): (O;T]Y Vi Qp with up (0) = ugp Sit., 8 (Vh;h) 2 Vi Qp; (3.9a)
s @)+ (runrw Ount S v (Pt v =(fiv) (3.9)
: (Gh;r up)=0: (3.9¢)

Now, the choice of the FE spaces decides whether an exactly divergence-free, pressure-robust method

is applied or not. For example, the Scott Vogelius eIementI-‘ﬂ;PﬂC , is discretely inf-sup stable on

shape-regular, barycentrically re ned meshes fok > d [65], or on meshes without singular vertices for

k > 2d; then it yields an exactly divergence-free and thus pressure-robust method. On the other hand,

for example, a classicalP=Px ; Taylor Hood element is a non-pressure-robust method. Note that the

explicit skew-symmetrisation of the convective term is only necessary for a non-divergence-free FEM.
The subspace of discretely divergence-free functions is given by

VidV = vy, 2 Vi (onhir Vi) =0; 8ch 2 Qng;

where we note that for exactly divergence-free (and thus pressure-robust) FEMyy, 2 Vhd“’ follows
r vh,=0,ie., VhdIV L2() . In this context, a frequently used tool in nite element error analysis

is the discrete Stokes projector, de ned by
4

Sh:VA L VIV g(v)=argmin kr (v vk oy r [S(v) v]:rvhdx =0; 8vp, 2 V,IV:

Vh2 Vhdi\/

The Stokes projector possesses optimal approximation properties due to discrete inf-sup stabil-
ity [1]. Last but not least, the Lagrange interpolation into the H -conforming subspace of the discrete
pressure-space&y is denoted by

Lh:C() ! Qn\ HY() : (3.10)
Remark 3.7. For discrete discontinuous pressure spaces witk, > 1 it holds for all g2 H Kp+1
kr (@ Ln@k 26 Ch* jgj ey ;

where C does only depend on the shape-regularity of the triangulation.
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Lemma 3.8 (Convergence of the nonlinear convection term ash ! 0). Assume thatu, ! u 2
W 5L () converges strongly inH *() and that kunky 11 (y 6 C is uniformly bounded. Then,
(up r)up! (u r)u converges strongly inL?() . Further, it holds that P((up r )up)! P((u r )u)
converges strongly for the Helmholtz Hodge projector inL2() .

Proof. One can derive

k(up r)up (u r )uk,_z() 6 k((up u) r )UhkLz() + k(u r )(up U)kl_z()
Due to up ! u strongly in H () , kup uk 2y andkr (up u)k o, converge to zero. Further,
kr unk 1 (y and kuk . , are assumed to be bounded. The convergence of the Helmholtz Hodge

projectors P((up, r )up) ! P((u r)u)in L2() is an immediate consequence of the well-posedness
of the Neumann problem (3.6) inH() =R. [ ]

Remark 3.9 (Pseudo-dominant convection) When confronted with generalised Beltrami ows at high
Reynolds numbers, Lemma 3.8 is decisive in order to understand the behaviour of space discretisations
of the incompressible Navier Stokes equations. WhileP((u r )u)) vanishes for generalised Beltrami
ows since (u r )u is a gradient eld, on the discrete levelP((uy, r )up)) ! 0 holds since(un r )up
only convergesto a gradient eld as h'! 0. Thus, one can observe some kind opseudo-dominant
convection at high Reynolds numbers [48], i.e., the in nite-dimensional generalised Beltrami problem
is not convection-dominated due toP((u r )u)) = 0, but the discretised problem experiences some
non-negligible, arti cial convective force. A similar e ect can be observed also for the linear Stokes
problem when one uses numerical quadratures in the discretisation of forces of gradient elds, see [50,
Subsection 6.2].

3.4. Discrete H!-conforming Helmholtz Hodge projector

A discrete Helmholtz Hodge projector in L2 is de ned straightforward as the L 2 projector onto Vhd“’:
z

Ph:L2() ! Vi, Pp(v)=argmin kv vik oy [Ph(v) V] vhdx =0; 8vp 2 V,dV:
vhzvhdiv

(3.11)

Remark 3.10. Under the assumptions of elliptic regularity of , shape-regular meshes and discrete
inf-sup stability of the method, the corresponding discrete Helmholtz projector has optimal approxi-
mation properties

ku  Pp(u)k 2y +hkr [u Ph(u)lk 2, 6 Chk*l kuky ey (3.12)
The proof follows directly from [1, Lemma 11].

Lemma 3.11 (W b1 stability of discrete Helmholtz Hodge projector). Assume elliptic regularity
of , shape-regular meshes, discrete inf-sup stability of the method and that the exact solutionis
su ciently smooth. Then, the corresponding discrete Helmholtz Hodge projector ful Is

kr Ph(u)k 1 () 6 Ckruk 1y +h“ “kukya i (3.13)
where C > 0 is independent ofh and k, denotes the polynomial order of discrete velocities iy,

Proof. The rst step is to use the Stokes projector and the triangle inequality to obtain
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Note that the W 1 stability of the Stokes projector has been shown in [36]. For shape-regular de-
compositions Ty, the discrete spaceVy, (and thus also Vhd"’) satis es the local inverse inequality [27,
Lemma 1.138]

m “+d(: 1

8vh 2 Vh:  kvhky k) 6 Cinvhy b @ KVhKy ma ); 8K 2 Th; (3.14)
where06 m6 ~and 16 p;g6 1 .Choosing=m=1,p=1 andq=2, the inverse estimate can
be applied to further estimate the right-hand side as

kr Pn(u) 1 Sh(u)kes () 6 Cinvh "Qlﬁr [Pr(u)  Sn(u)lk 2,
6 Civh = kr [u Pp(u)lk o) +kr [u Sh(u)lk 2,

6 Chk“ = kUkH ku+l () ;
where the optimal approximation properties of both P, and S, are essential. [ |

Combining Lemmas 3.11 and 3.8 yields a result which is essential for good convergence properties
of the Galerkin method on pre-asymptotic meshes, see also Theorems 4.1 and 4.6:

Remark 3.12. Assumingk, > d=2, it holds for h! 0 that

P(Pn(u) 1 )Pa(u)) F* P(u 1 )u):

Now, let us rst consider the situation where Py, belongs to a pressure-robust (divergence-free)
method.

Lemma 3.13. For pressure-robust (divergence-free)H * methods, for all 2 H() it holds
Pn(r )= 0:

Proof.  Since for divergence-free methods vy = 0 holds for all v, 2 V,9V, one obtains
. (rsve)= (ir vn)=0;
for all v, 2 V,dV. n

Finally, for non-pressure-robust methods, the situation is not exactly the same as in the in nite-
dimensional case. In fact, for the steady Navier Stokes problem, i.e., for the elliptic problem, one
has to estimate the consistency error ofP,(r ) in a discrete H ! norm, which yields an O(hke*1)
consistency error [49], wherek, denotes the formal approximation order of the discrete pressure space
in the L2 norm. However, for the fully time-dependent a priori error analysis below we will have to
estimate this consistency error in the strongerL?() norm, which was seemingly done for the rst
time in [51].

Lemma 3.14. For non-pressure-robustH * methods withk, > 1, it holds for all gradient elds r
with 2 H%*1()
KPn(r )ki2y 6 Ch®j jupmy : (3.15)

Proof. Given 2 H**1() | it holds for all discretely divergence-freevy 2 V,4V
0= (Lnsr va)=(r(Ln )ivn);
duetoLp 2 Qn\ HY() . Thus, one obtains
(r 5 vh)=(r( Lh );vh) 6 kr ( Ln Jkizy kvnkiz(y :
The result is proven using Remark 3.7. ]
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Remark 3.15. The numerical experiments in [51] indicate that Lemma 3.14 is sharp. Indeed, for
non-pressure-robust, inf-sup stable mixed methods with discontinuous?y pressures, i.e.kp, = 0, like
the nonconforming Crouzeix Raviart and the conforming Bernardi Raugel element, it is demonstrated
that it holds

kPn(r @)k 2, = O(1);
leading to a pressure-induced locking phenomenon for the time-dependent Stokes equations in the
presence of large pressure gradients.

Remark 3.16. Remark 3.12 assures that at least fok, > d=2 one obtains forh ! 0 the convergence
result

P((Pn(u) 1 )Pa(u) F P 1 )u):

However, the quality of the space discretisation (3.9) is determined by whether and how

Ph((Pa(u) T )Pa(u)) F P((u 1 )u)

converges forh ! 0. For kp > 2, convergence inL 2 is assured. But the convergence speed of pressure-
robust methods can be much faster than in classical, non-pressure-robust space discretisations due
to Lemma 3.14, when(u r )u contains a large gradient part in the sense of the Helmholtz Hodge
decomposition (3.5). This is the main reason for the superiority of pressure-robust methods for Bel-
trami ows, where space discretisations su er from an arti cial, pseudo-dominant convection on coarse
meshes, see Remark 3.9. Exactly this arti cial pseudo-dominant convection is reduced by pressure-
robust methods.

4. A special H! nite element error analysis

In the following, we present a numerical error analysis for the time-dependent Navier Stokes problem
which is based on a new understanding of the velocity error in the time-dependent Stokes problem,
see [51] and [1, Section 4]. The key point is that in the case of low viscosities, pressure-robust space
discretisations do not show an increase in the velocity error as long as the time interval is small
compared with 1. On the other hand, in non-pressure-robust methods the only source of error is a
dominating pressure gradient in the momentum balance [2, Theorem 5.2]; namely in the special case
f = const one gets (for 1) up  Pp(u)+ tPy(r p) fort 2 [O; T].

In the following, we will give two di erent error estimates for the Navier Stokes equations in the
pressure-robust and the non-pressure-robust case. The convergence analysis is inspired by novel dis-
crete velocity error estimates for the transient Stokes equations [51, 49, 1], which estimate the di er-
ence between the discrete velocityip(t) and the (discretely divergence-free)L 2 best approximation

Ph(u(t)).

4.1. Pressure-robust space discretisation

Theorem 4.1 (Pressure-robust estimate) For the discrete velocity for allt 2 [0; T] the following
representation is chosen

Un(t) = Pn(u(t)) + en(t);
and the time-dependent evolution ok (t) is considered. Then, assumingu 2 L2(W 11 \ H3), @u 2
L1(L?), on the time interval [0; T], e, can be estimated by

ken(T)kP2 +  kr enkfzq 2y 6 gtt2kr Pr(Wk s ey kr [Sn(u)  Pr(u)lkiz 2
Z7
+2T  kr Po(u)k?s ku  Pp(u)k?; + kuk?: kr [u  Pp(u)lk?, d
0
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Remark 4.2. Due to the explicit 2T dependence of the error in Theorem 4.1, in the cas& 1
this estimate can become pessimistic. Note that for our numerical examples in Section 8, we indeed
consider short time intervals for which Theorem 4.1 is meaningful. In the literature, usually one can
nd 'long-term' estimates, e.g., [9, 16, 4, 61, 60], which are sharper forT 1 but which are
pessimistic for short time intervals.

Remark 4.3. Concerning the regularity assumptionu 2 L2(H ®) in Theorem 4.1, let us remark that

we have chosen it in such a way that the stability of the discrete Helmholtz projector in Lemma 3.11 is
ensured. This is basically a technical detail and with additional e ort, one can presumably reduce the
necessary regularity at this point. However, in the error analysis of this work, we are only interested
in relatively smooth ows anyway.

Proof of Theorem 4.1.  Note that r z, = 0 for all zy 2 V¥ due to V™  L?() assuming
pressure-robustness. Due to Galerkin orthogonality, for allzy, 2 Vhd"’ it holds
(@un;zn)+  (run;r zn)+((Un r)un;zn) =(@u;zn)+ (ru;r zp)+((u r)u;zp)
=(@Pn(u);zn)+  (r Sh(u);r zn) +((u r)u;zp):
Here, it was used(r p;zn) =0, which is equivalent to P, (r p) = 0, proved in Lemma 3.13 for pressure-
robust space discretisations. Using the representatiom(t) = Ph(u(t)) + en(t) leads to
(@en;zn)+ (ren;r zn)+ ([ Pa(u)+ en] 1 )[Pn(u)+ en];zn)
= (r (Sn(u) Pn(u));r zn)+((u r)u;zn);
for all z,, 2 Vhdi", where the initial value for the ODE system is chosen a®,(0) = 0. For the discrete
nonlinear term, we obtain
(([Pa(u) + en] r )[Pn(u)+ enl;zn) =((en 1 )en;zn) +((Pn(u) 1 )en;zn)
+((en r)Pn(u);zn) +((Pa(u) r)Pn(u);zn):
Further, due to the skew-symmetry of the rst two terms plus r e, = r Pu(u) =0, testing with
Znh = ep leads to
éakehkLz +  kr enki:
= (r [S(u) Pn(u)l;ren) ((en r)Pn(u)ien) ((Pa(u) r)Pn(u);en)+((u r)u;en):
Due to Lemmas 3.8 and 3.11, the last two terms on the right-hand side can be combined and estimated
by
(Pa(u) r)Pn(u) (u r)usen =(([Pn(u) u] r)Pp(u)+(u r)[Pa(u) u];en)
6 kr Ph(u)k 1 ku  Ph(u)k 2 kenk 2+ kuk 1 kr [u  Phr(u)]k 2 kepk, 2
6 T kr Ph(u)k?y ku Pp(u)k?, + kuk?; kr [u  Pp(u)k?, + %kehkfz:
Here, the weight (2T) ?® in front of kehkfz ensures that later on, the argument of the exponential
Gronwall term does not catch any explicit T dependence. The other convection term can be treated
simply by the generalised Hdélder inequality; that is,
((en r )Ph(u);en) 6 kr Py(u)k, . kenk? :
Using Young's inequality for the remaining term involving Stokes and Helmholtz Hodge projectors,

after rearranging, one obtains the overall estimate

1
C?tkehkfz+ kr enk?, 6 kr [Sh(u) Ph(u)lkZ; + =+ 2kr Po(u)kes kenk?

+2T kr Pa(u)k?: ku  Pp(u)k?, + kuk?; kr [u  Pu(u)lk?,
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In such a situation, Gronwall's lemma [41, Lemma A.54] in diZerentiaI form 'Zstates that for t 2 [0; T],
d t t

akeh(t)kﬁze M+ (Mken (K22 ) k en (k. 6 ) (s) exp . ()d ds: (4.1

In order to apply this estimate, one sets
1
1) = T +2 Kkr Ph(u)k, 1

and
()= krenk?+ kr [Sy(u)  Pr(u)Ikle

+2T kr Pp(u)k?: ku  Ph(u)k?, + kuk?y kr [u  Ph(u)]k?; ;

and computes fort > s
t t s
exp ()d =exp - +2 kr Pr(U)Kp (g1
S

Using06 s6 t6 T and 06 '+ 6 1, one obtains

t cexp(l+2kr Pp(u)k for c> 0,
cexp ?S +2Kr Pp(u)k 1sp1) 6 Xp( h(U)kp )

o forc< O:
Now, actually applying Gronwall's lemma yields the estimate
Z Z !
ke (T)k?, 6 (s) exp ()d ds
0 S
6 kr ethZ(LZ) + el+2kr Ph(U)kLl(Ll) kr [S’I(u) Ph(U)]kﬁz(Lz)
Z !

+2T  kr Pa(u)k?y ku  Pp(u)kZ; + kuk?, kr [u  Pp(u)]k?; d
0

Rearranging concludes the proof. ]

Remark 4.4. The estimate in Theorem 4.1 is pressure-robust, since iti(t) 2 Vh‘“" holds for all
t 2 [0; T], then it also holdsup(t) = u(t) duetou = S,(u) = Pnh(u), i.e., the pressurep does not spoil
the discrete velocity solution uy,.

Remark 4.5. Note that under the assumption that k, is large enough andh is small enough, one
can apply Lemma 3.11 to obtainkr Py(u)k . 6 Ckr uk i .

4.2. Classical space discretisation

Theorem 4.6 (Non-pressure-robust estimate) For the discrete velocity for allt 2 [0; T] the following
representation is chosen

Un(t) = Pn(u(t)) + en(t);
and the time-dependent evolution ok (t) is considered. Then, assumingu 2 L2(W 11 \ H3), @u 2
L1(L?), p2 L%(HDY), on the time interval [0; T], e, can be estimated by

ken(T)KZ2 + K enklzq 2y 6 €™ PWkansy i [g(u)  Pr(u)IkEz 2
Zy
+3Tkr [p Ln(p)Ik{z 2y +3T ) kPh(u)kZ: kr  Pp(u)k?,

2Kk P(WkEs ku  Ph(u)kZ, +2kuk?y ki [u Pr(u)lk?, d
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Proof of Theorem 4.6. Following the same procedure as for the pressure-robust case, one obtains
1d
2dt

= (r [Sh(u) Pn(u)liren)+(r [p Ln(pl;en)+((u r)usen)

(en 1IPHW*+ (1 enPy)ien  (Py(u) r)P(L)+ S( Ph(w) Pr(u)iey

Note that in the non-pressure-robust case the pressure contribution does not vanish, since it holds
Vhd“’ 6 L2() and the consistency errorkPy(r p) kLz() estimated in Lemma 3.14 unavoidably appears
in the estimate. Further, the full skew-symmetric convective term has to be taken into account. In com-
parison to the pressure-robust case, there are only two new contributions from the skew-symmetrisation
of the convective term which have to be estimated. For the rst one,

S Pr)Pyien = S [u PR Py(u)ien

6 kPh(u)k 1 kr [u  Pp(u)lk, 2 kenk, 2

3T 1

6 7kph(u)kfl kr [u  Pp(u)lk?, + o kenk?

can be obtained. Applying Young's inequality slightly di erently than in the pressure-robust case leads
to

kepk?, +  kr epk?,

(Pn(u) r)Pn(u) (u r)usen

6 %T kr Ph(u)k?s ku  Pp(u)k?; + kuk?, kr [u  Pp(u)k?, + %kehkfz:

With the help of integration by parts, the additional contribution in the remaining additional convec-
tive term can be estimated as

1 1
5(r en)Pn(u)ien = 5 ((r Pn(u))enien) 6 kr Pn(u)kes kenk?: :
For completeness, from the pressure-robust case, we repeat
((en ) Ph(u);en) 6 kr Py(u)k, 1 kenk? :
Finally, the additional pressure term can be bounded as follows:
3T 1
(r [p La(Mlien) 6 Skr [ La(Plkiz + o kenk(s

6T
This yields the overall estimate

d
akehkf2 + kr epk?,

6 kr [Sh(u) Pp(u)lkZ; + %+4kr Ph(u)k 1 kenk?, +3Tkr [p  Ln(p)lkZ:

+3T kPp(u)k?: kr Pp(u)k?; +2 kr Pp(u)k?s ku  Ph(u)k?, +2 kuk?, kr [u  Pp(u)]k?,
Similarly as in the pressure-robust case, Gronwall's lemma concludes the proof. [ |

5. Consistency errors and the accuracy of low/high-order methods

The main argument of this contribution is that pressure-robust space discretisations allow to reduce the
(formal) approximation order of the algorithms, without compromising the accuracy, since the discrete

Helmholtz Hodge projector kPh(r p)k, . of classical, non-pressure-robust discretisations su ers from
a consistency error. This section will now interpret the numerical analysis of Section 4 according to
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this point of view. The main di erence between Theorems 4.1 (pressure-robust) and 4.6 (non-pressure-
robust) is the term
3T kr [p Lh(p)]kLZ(LZ) (51)
in the L 2 estimate for the non-pressure-robust erroey,, which is a direct consequence of the consistency
error kPn(r p)k 2 in Lemma 3.14.
In the following, let K&/ kg' be the order of the discrete velocity/pressure polynomials for a classical,

non-pressure robust method and, analogouslhyki'/ kgr the orders for a pressure-robust FE discretisa-
tion.

5.1. Lowest-order discretisations

An obvious, seemingly yet unknown conclusion from (5.1) is that for non-pressure-robust space dis-
cretisations, for kg' = 0 no convergence order at all can be expected on pre-asymptotic meshes in
presence of non-negligible pressureg. The reason is simple: discretePy pressure do not have any
approximation property w.r.t. the H* norm of p.

Recently, in [51] it was numerically con rmed that the estimate (5.1) is sharp. The discretely inf-
sup stable, non-pressure-robust Crouzeix Raviart element indeed shows an error behaviowa;, = O(1)
on pre-asymptotic meshes for 1, i.e., no convergence order at all was observed a classical
locking phenomenon. Furhtermore, in the time-dependent Stokes problem, it was shown that classical,
non-pressure-robust methods Withkg' = k¢ 1 even lose two orders of convergence in the? norm
w.r.t. comparable pressure-robust methods. E.g., while the pressure-robust Scott Vogelius element
with (k" = 2;KkB" = 1) converges with the optimal order3 in the L 2 norm, the classical, non-pressure-
robust Taylor Hood method (kS = 2; kg' =1) converges only with order1 in the L?-norm [51].

Thus, non-pressure-robust space discretisations need higher-order discrete pressure spaces in order
to get reasonable convergence orders for their discrete velocities since high-order discrete pressure
approximations reduce the consistency errokPy (r p)k . by a simple Taylor expansion. Due to inf-sup
stability, usually it holds k§' > k§' (usually k§' = k§' 1), and high-order discrete pressure spaces require
high-order discrete velocity spaces as well. As a conclusion, pressure-robust methods wkg( =kl 1
for the time-dependent Stokes problem converge with two more orders of convergence in the? norm
than non-pressure-robust methods Withkg' = k¢ 1, if the pressurer p is non-negligible [51].

5.2. Beltrami ows

The considerations for time-dependent Stokes problems with 1 and large pressure gradients p
are now applied to high-Reynolds number Beltrami ows, where it holdsf = 0 and (u r)u =
%rj uj? = r p, i.e., the dominant nonlinear convection term induces a large pressure gradient.

5.2.1. Polynomial potential ows

A simple consideration allows to show that pressure-robust discretisations sometimes allow to reduce
the formal approximation order from k{' = 2k + 1 (non-pressure-robust,k§' = k§ 1) to ki = k
without compromising the accuracy for the discrete velocities at all.

Let us assume that for allt 2 [0;T], (u;p) is a time-dependent polynomial potential ow with
h(t) 2 Px+1 for all t, i.e., it holds for all times that u(t) = r h(t), r p(t) = %rj u(t)j?and h(t)=0.
Then, (u(t);p(t)) 2 P« Py fulls (for all xed > () the time-dependent Navier Stokes equa-
tions (1.1) with f = 0, and u is indeed a Beltrami ow, see Section 2.2. Note that one has to impose,
e.g., time-dependent inhomogeneous Dirichlet velocity boundary conditions. A pressure-robust space
discretisation of order ki = k will deliver the exact velocity solution up(t) = u(t) for all t 2 [0;T]
according to Theorem 4.1 on every shape-regular mesh. On the contrary, hon-pressure-robust space
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discretisations only deliver the exact velocity solutionun(t) = u(t), if it also holds p(t) 2 Qy for all
t 2 [0; T] according to the consistency error (5.1) in Theorem 4.6. Thus, classical space discretisations
(with k&' = k§' 1) require k§' = 2k, i.e, ki = k§ +1=2k +1.

This observation has been already published in [48]. Therefore, we simply refer to the numerical
results therein.

5.2.2. Non-C! Beltrami ows

In the following, it is assumed that u is a time-dependent Beltrami ow with u 2 L1 (0; T;H *1) for
k2 Nandk> 1+d=2andu 2 L' (0;T;H k** ") for any " > 0. According to Theorem 4.1 for 1,
one gets for pressure-robust space discretisations witkl' = k a convergence ordek 6 ki 6 k+1 for
the L2 norm; note that the nonlinearity of the problem may lead to a reduction of the convergence
order on pre-asymptotic meshes, as compared to the time-dependent Stokes problem [49].

Turning to non-pressure-robust methods, one notes that due ta p = %rj ujZandu 2 Lt (O;T;
H**1) it holds p2 L! (0; T;H**1). The result can be proven by the Leibniz formula yielding for the

-th derivative of %(f (x))%2 (with  =0;1;:::;k+1)

1 2() - 1X (g ).
2J(f(X))J = 2 i f fi (5.2)

According to the Sobolev imbedding theorem ford 3, one concludes: forf 2 H?! it holds also
f 2L%andforf 2 H? it holds alsof 2 L! . Therefore, all the terms in (5.2) are either inL3 or in L?,
if at least f 2 H?2. Substituting f = juj and searching for partial derivatives delivers the regularity for
the pressurep.

Due to the spatial regularity (u;p) 2 H k*1* "  HX*1* " one concludes that any space discretisation
method with k§' > k cannot converge with a better convergence order than the pressure-robust method
with k&' = k. Also the pressure-dependent velocity error contribution (5.1) has a consistency error,
which cannot be expected to be better than of orderk.

Prescribing a certain accuracy of the velocity error of the pressure-robust method like

RS T —

foru6 0and" 1 can be ful lled for mesh sizesh which are ne enough, i.e.,h <h ("); in the case
u(t) 0, every mesh allows for the exact solutionun(t) = u(t) for pressure-robust methods. Now,
the solution u can be represented asl = up +(uU uUp)=:uUh+r.

Then, it holds further r p= r (Fjunj?+ up r+ 3jrj?) with r 2 LT (H*1), 3jrj22 Lt (H **1)
and krk, 1 (L2) "=kuk| 1 (L2)- Due to %juhj2 2 Px(Th) one can get (depending on the ow eld
u and its Sobolev semi normsjujyi for i = 0;1;:::;2k 1) that the approximation of %ju hj2 by
piecewise polynomials fromP;(T,) may lead to a non-negligible error for alli =0;1;:::;2k 1. Note
that the higher derivatives of %juj2 are given by a weighted sum of products of low- and high-order
derivatives of u according to (5.2). Then, only the choicekg' =2k and k¢ = 2k + 1 can ensure that
for the classical, non-pressure-robust method also holdkr [p Lh(p)]kl_z(l_z) = 0(").

Thus, the considerations for purely polynomial Beltrami ows can also be extended to more general
Beltrami ows, and pressure-robust discretisations of formal orderk}’ = k can be comparably accurate
as classical, non-pressure-robust discretisations of ordéqﬁ' =2k+1.
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5.2.3. Analytic Beltrami ows

For analytic, but non-polynomial Beltrami ows no clear statements beyond Subsection 5.1 can be
given about how much pressure-robust methods allow to reduce the formal order of the approxima-
tions without compromising the accuracy. However, in the numerical examples below we will exclu-
sively compare numerical results on analytic ows, where high-order methods pro t from exponential
convergence. Nevertheless, one can conrm that for moderate formal approximation orders up to
kS = 6 pressure-robust methods allow for halving the approximation order without compromising the
accuracy on coarse meshes.

5.3. Generalised Beltrami ows

Actually, pure Beltrami ows are only di cult for classical, non-pressure-robust space discretisations
whenever the nonlinear convection term is approximated by the so-called convective forrfu, r )up
(or a skew-symmetric variant thereof). Alternatively, one can exploit (2.3) which tells us that it holds

P((u r)u)=P(r u) u): (5.3)
Therefore, velocity solutions of the incompressible Navier Stokes equations (1.1) also ful |
@u u+(r u) u+r ™=r+; r u=0;
where the pressurep has been replaced by the new pressure variable
ot = p+ %rj uj2: (5.4)

This is the so-called rotational or vector-invariant form [53] of the incompressible Navier Stokes
equations which is equivalent to the convective form.

It should be noted that pressure-robust (exactly divergence-free) methods, like the Scott Vogelius
element, deliver exactly the same discrete velocities for the convective and the rotational form on
every mesh, since they appropriately handle the equivalence classes of forces leading to (5.3) [12]. On
the other hand, classical, non-pressure robust methods, which do not respect the equivalence classes
of forces exactly, deliver di erent discrete velocities. For Beltrami ows, one obtains

rot — 1. i2 1. i2 =

= 2rj ujc+ 2rj uj“=0
and the issue of a lack of pressure-robustness in classical space discretisations does not play any role for
high Reynolds number Beltrami ows using the rotational form of the Navier Stokes equations [48].

So, why not simply using classical, non-pressure-robust methods in connection with the rotational
form for the simulation of high Reynolds number ows? The reason is that there exist generalised
Beltrami ows, where (u r )uisagradient eld which can be accurately simulated with classical
methods with the convective form, but not accurately with the rotational form at high Reynolds
numbers. We also refer to e.g. [64] for numerical investigations showing that the rotational form of the
incompressible Navier Stokes can be inaccurate in FEM discretisations.

The easiest example is quadratic, planar Hagen Poiseuille ow in a channel. Here, it hold¢u r )u =
0, and the nonlinear convection term is a trivial gradient eld, which is, e.g., always a discrete solu-
tion of the non-pressure-robust Taylor Hood element P,=P; for all Reynolds numbers on all meshes.
However, using the quadratic Taylor Hood element in connection with the rotational form will lead
to enormous velocity errors on coarse meshes and high Reynolds numbers, since the corresponding
pressure ! will be a fourth order polynomial, again.

Moreover, in complicated ows like in a Karman vortex street, see Section 9, usually there dominate
di erent types of ows locally: at the inlet a situation similar to a Hagen Poiseuille ow dominates,
where the convective form is accurate for classical discretisations, and in front of the obstacle a situation
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like a generalised Beltrami ow may prevail, where other forms of the convective term could be more
accurate for non-pressure-robust discretisations.

In conclusion, pressure-robust discretisations respect (5.3) exactly on the discrete level and are
thus appropriate for all types of situations. However, if for a generalised Beltrami ow the classical
discretisation in convective form is compared to a pressure-robust discretisation, the pressure-robust
discretisation may have a dramatic speedup (for Beltrami-type ows), but it can also happen that there
is no speedup at all, since Hagen Poiseuille with the trivial nonlinear convection term(u r )u = 0O is
also a generalised Beltrami ow. Thus, the speedup question is not really decidable, but large speedups
are achievable for generalised Beltrami ows, see, e.g., the numerical results in Subsection 8.1.

6. Gresho vortex problem with ~ H*-FEM

A frequently used 2D model problem for investigating how well a discretisation preserves structures
is the so-called "Gresho vortex' [37] (originally called “triangle vortex'). Centred atc = (¢1; ¢)Y 2 R?
and with a (constant) translational velocity wq 2 R?, the problem setup in Cartesian coordinates is
fully described by the initial conditiog

3 ( 5r2;5r1)Y; 06 r< 0:2
Uo(x) = wo+ _ ( 22 15y 21 Sry)Y; 0226 r< 04 (6.1)
- (0;00; 0:46 T,

with Euclidean distance from the vortex centrer = jx cj, and (B1;®2) = (X1 C1;X2 C). The

initial Gresho vortex (6.1) has a constant vorticity in its core for r < 0:2 (similar to a rigid body

rotation) but then, for 0:26 r < 0:4 it decreases linearly and vanishes for > 0:4 with discontinuities

at r 2 f0:2;0:4g. In Figure 6.1 one can get an impression of how the initial velocity eld described
by (6.1) looks like (left-hand side); on the right-hand side, the (discontinuous) initial vorticity is shown.

When wg 0 is chosen, the hame “standing vortex problem' is also used sometimes.

Figure 6.1. Initial state of Gresho vortex problem. Velocity magnitude juj (left) and
vorticity ! o (right).

Our actual simulations are done in thex1- and x,- periodic box = (0 ;1)? with centre ¢ = (0:5; 0:5)Y
and up to an end time T = 3. For a wind wg = (0 ; 0)Y we obtain the standing Gresho vortex problem,
while, e.g., choosingw = (1 =3; 1=3)¥ corresponds to the moving Gresho vortex setting which we will
consider in this work. The full time-dependent Navier Stokes problem (3.1) with f 0 governs the
problem with initial condition (6.1) and we X =10 °. For the spatial discretisation, unstructured
triangular meshes are employed, and for the time-stepping we use a constant time stept = 10 4
with the second-order Runge Kutta (RK) variant ARS(2,2,2) of the implicit-explicit (IMEX) method
introduced in [6]; cf., for example, [45] for more details about time integration for PDESs in this context.
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Stokes-type subproblems are treated implicitly and the associated matrix for solving linear systems
is called M , whereas convection is treated explicitly. All computations in this work have been done
with the high-order nite element library NGSolve[58].

In the following, we compare the exactly divergence-free and pressure-robuﬂ(:Pf(‘c 1 Scott Vogelius
method SV, with the classical non-pressure-robust®=Px 1 Taylor Hood method TH  for k 2 f 4; 8g.
The discrete formulation for both methods is given by (3.9). Note again that while S\ is energy-stable
without any modi cations to the convection term, TH  is explicitly used with a skew-symmetrisation
involving the divergence of discrete velocities.

In Table 6.1, the relevant numbers of degrees of freedom (DOFs) and numbers of non-zero entries
(NZEs) of M , which result from dierent triangular meshes are collected. The reference solution
refSVi (no convection stabilisation) is used to assess the quality of the other less-resolved simulations.
Here, the counted DOFs indicate the costs for explicit operator applications (convection), while the
NZEs allow to assess the e ort involved in implicit linear solves for the Stokes subproblems. Note that
four di erent meshes are chosen in order to ensure a (relatively) fair comparison between the di erent
methods and polynomial orders.

Table 6.1. Overview of number of mesh elements, DOFs and NZEs oM for the
Gresho problem, based on discretisations with Scott Vogelius SY and Taylor Hood

TH of dierent order k 2 f 4;8g. A reference solution refS\4 is also computed. The
abbreviations "K' and "M' denote thousands and millions, respectively.

Scott Vogelius Taylor Hood
Name refSVg SVg SV, THg TH4
# ftrigsg 234K 330 135K 432 2K

#fuDOFsg 150M 211K 215K 276K 32:1K
#fpDOFsy 844K 119K 135K 106K  9:02K
#fnzegM )g 240M 338M 1L30M 4:25M  1:71M

Let us begin analysing the ow by rst regarding the state at t = 3, computed with the reference
refSVs method in Figure 6.2. On the left-hand side, the vorticity is shown and it becomes clear that
the viscosity in the Navier Stokes problem smoothes out the discontinuities from the initial condition.
For the other two gures, the discrete Helmholtz Hodge projection (3.11), computed with the same
SV method, has been used to obtain the decompositioh, = (un r ph)up = Pﬁv(f h)+ r h.One can
observe that the gradient part r 1 (middle) is clearly dominating the divergence-free part Pﬁv(f h)
of fn = (up r p)up. Furthermore, Pﬁv(f h) is very small and thus, interestingly, this ow behaves
approximately like a generalised Beltrami ow.

In view of the explanations in the previous sections, we would expect that a pressure-robust method
is in general superior to a non-pressure-robust method for this kind of ow. And indeed, in the
following, we show that the pressure-robust SV method is e ortlessly able to preserve the vortex
structure of the problem, whereas the non-pressure-robust TH method has certain di culties with
this task.

6.1. Standing Gresho vortex

At rst, we consider the standing Gresho problem with wg = (0;0)Y in (6.1). Figure 6.3 shows the vor-
ticity of the SV  (pressure-robust) and TH¢ (non-pressure-robust) simulations for di erent polynomial
orders k on di erent meshes (corresponding to Table 6.1) for the standing Gresho problem. At rst,
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Figure 6.2. Reference solution for standing Gresho vortex at = 3. Vorticity (left),
gradient part jr hjzz (middle) and Helmholtz projection jPﬁV(f h)jjf2 (right) of discrete
convection termfy =(up r p)up.

one can observe that the pressure-robust method is able to preserve the structure of the initial con-
dition, whereas the non-pressure-robust methods completely fails to give a reasonable approximation
for this (seemingly) easy ow problem.

Figure 6.3. Vorticity of standing Gresho vortex simulations at t = 3. SV, (left); SVg
(second from left); TH4 (second from right); THg (right). The used meshes, correspond-
ing to Table 6.1, can also be seen.

In view of our reference solution in Figure 6.2, it becomes clear that it is of utmost importance to be
able to handle the occurring curl-free gradient part of the convection term accurately. Furthermore, one
can see that the higher-order method withk = 8 gives slightly better results in the Scott Vogelius case.
This is very surprising, as one would generally not expect high-order regularity for the corresponding
exact solution in this case.

6.2. Moving Gresho vortex

Now, we are dealing with the moving Gresho problem withwg = (1 =3;1=3)Y. After moving in the
top-right direction through the periodic domain, this means that at T = 3, the vortex is intended
to be again centred aroundc = (0:5;0:5)Y. Before taking a closer look at the vorticity (analogous
to Figure 6.3), let us consider important ow quantities monitored over the course of the particular
simulation.

In Figure 6.4, one can see the evolution of kinetic energK(up) = %kUthQ, enstrophy E(uy) =

%k! thz and palinstrophy P(uy) = %kr h! thz over time. Again, we have computed a reference
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