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1. Introduction

Let f be a nondegenerate C-polynomial in the sense of Kouchnirenko (cf. Section 3.1) vanishing
at the origin O of C?. The problem of computing the motivic Milnor fiber 0 in terms of
the Newton polyhedron I' of f was early mentioned in the works [1] and [6] with materials
coming from [4] (see also [7] for a generalization). Recently, Steenbrink and Bultot-Nicaise obtain
solutions in terms of toric geometry ([14]), or of log smooth models ([3]). Their formula for Yf,o
together with the additivity of the Hodge spectrum operator allows to reduce the computation
of the Hodge spectrum of (f, O) to that of quasi-homogeneous singularities. In this article, we
will show that the formula also provides a way to explore the following problem for Newton
nondegenerate polynomials.

Problem 1. Let f be inClxy,...,x4] with f(O) =0, and let H be a linear hyperplane in Cc4. What
is the relation between ./f,0 and |, 0?

The question concerns a motivic analogue of a monodromy relation of a complex singularity
and its restriction to a generic hyperplane studied early in [9, 10]. For n € N*, the n-iterated
contact locus Z7,,0(f) (cf. Section 2.3) admits a decomposition as a disjoint union into its p,-
invariant C-subvarieties 3@‘” (”) along a € (N*) and J < [d] :=1{1,...,d}. The nondegeneracy of f
allows to describe ,%”]( " via F as in Theorem 9, which is the key step to compute the motivic zeta
function Zs0(T) and the motivic Milnor fiber yf 0, which yields a proof of Theorem 12. Note
that this theorem is well known as mentioned above (see [1, 6, 7]). For every face y of T, let J, be
the unique subset of [d] such that y is contained in the hyperplanes x; = 0 for all j ¢ J, and not
contained in the other coordinate hyperplanes, and let X, (0) (resp. X, (1)) be the C-subvariety of

GZ'C defined by the face function f, (resp. fy, —1).

Theorem (see Theorem 12). Let f be in Clx1,..., x4l withO € Xo:= f‘l(O), letAdl and d, beinN
such that d = dy + do. The below hold in ///)’éo for (i), in //l:dl for (ii), and in L///g for (iii).
C

(D) If f is Newton nondegenerate, then

Fr== Y X0 = Xo]+ Y Ay [X,(0) = Xo].
YEF\F YEF

(i) If f is Newton nondegenerate and i : Adl = Adl x¢ {0}% — X, is an inclusion, then

Cr== Y 4[RO xpAl — Al T4 X0 xg AL — AT
yeF(d)\F YE€F(d)

(iii) If f is nondegenerate in the sense of Kouchnirenko, then

Fpo= Y ()M (1 1)) - (X, (0)]).
YeK

Here,1*,F, F, F(dy), K, and A, are defined in Sections 2.1, 3.1 and 3.3.

We choose the hyperplane defined by x; = 0 to be H in Problem 1, and consider for any
n = m in N* the so-called (n, m)-iterated contact locus 2, m,0(f, xq) of the pair (f,x4). Itis a
Un-invariant C-subvariety of 27, o(f). Then we show in this article that the formal series

Zp o= Y [Zumolf,xpL”meT"
nzm=1

is rational and it can be described via data of I'. Here, A stands for {(n,m) € Rs0)? | n = m}
and the sum runs over A N (N*)2. Put .¥ fo 0! —limr_oZ fx O(T) Using the description of
5% fo 0 together with Theorem 12, a solution to Problem 1 for the nondegeneracy in the sense of
Kouchnirenko can be realized as in the following theorem.
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Theorem (see Theorem 17). With f as previous, the identity /50 = S0+ Y 0,0 o holds in
the monodromic Grothendieck ring of C-varieties with [i-action. A similar result also holds for the
motivic nearby cycles.

According to [2, Conjecture 1.5], it is expected that the singular cohomology groups with
compact support of the C-points of the contact loci are nothing but the Floer cohomology groups
of the powers of the monodromy of the singularity (cf. [11]). Here, we are interested in a smaller
problem on the computation of cohomology groups of 27, o(f) (the reader may compare this
with [2, Theorem 1.1]).

Problem 2. Let f be a polynomial over C vanishing at the origin O. Compute the cohomology
groups with compact support H*(Zn,0(f),C) for alln e N* and m e N.

We devote Section 4 to study this problem for nondegenerate singularities in the sense of
Kouchnirenko not only using sheaf cohomolo%y with compact support but also the Borel-Moore
homology HBM Write Z0,0(f) = |_|( 10, as in (2) with gin described in Lemma 8 (ii). Let

n: 2, — 7 be the function defined byn(J,a) = dlmc %”](Z)

Theorem (see Theorems 20, 22). For f as in Problem 2 and nondegenerate in the sense of
Kouchnirenko, for every p, q € N, there exist spectral sequences

Epgi= @ HY, (2" = HN (2000,

n(,a)=p
8 + +
B = @ HIN2[, ) = H (X0 (), ),
n(,a)=p

for any sheaf of abelian groups & on Z,0(f).

In particular, by applying the second spectral sequence with & being a constant sheaf, we
obtain a spectral sequence converging to the compact support cohomology groups of contact loci
with complex coefficients whose first page is a direct sum of (singular) homology of the spaces
defined by the vanishing of the functions f, and f, — 1 (see Corollary 26).

2. Preliminaries
2.1. Monodromic Grothendieck ring of varieties

Let S be an algebraic C-variety. Let Varg be the category of S-varieties, with objects being
morphisms of algebraic C-varieties X — S and a morphism in Varg from X — Sto Y — S
being a morphism of algebraic C-varieties X — ¥ commuting with X — S and Y — S. Denote
by fi the limit of the projective system up,; — u, given by x — x™, with for any n = 1, u, =
Spec C[¢]/(E™ — 1) the group scheme over C of nth roots of unity. Notice that any action of fi on a
variety X in the present article is assumed to factorize through an action of y;, for some n € N*.
An action on X is good if every orbit is contained in an affine open subset of X. By definition, an
action of [i on an affine Zariski bundle X — B is affine if it is a lifting of a good action on B and its
restriction to all fibers is affine.

The Grothendick group Ké‘ (Varg) is defined to be an abelian group generated by symbols
[X — S], X endowed with a good fi-action and X — S in Varg, such that:

() [X— SI=[Y — Slif X and Y are [i-equivariant S-isomorphic;
(i) [X—S]I=[Y—S]I+[X\Y — Slif Y is a ji-invariant closed subvariety in X; and
(iii) [X x Ag, o]l =[X xAl',¢'] if o0 and ¢ are liftings of the same fi-action on X to X x Ag.
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There is a natural ring structure on KS‘ (Varg) in which the product is induced by the fiber product
over S. The unit 15 for the product is the class of the identity morphism S — S with S endowed
with trivial ji-action. Denote by L (or Lg) the class of the trivial line bundle S x Al — S, and define
the localized ring // A to be K“ (Varg)[L™ 1.

Let f:S— S bea morphlsm of algebraic C-varieties. Then we have two important morphisms
associated to f, which are the ring homomorphism f* : ///5 - //S“ induced from the fiber
product (the pullback morphism) and the .#¢-linear homomorphism f; : ///S“ — M S’f defined
by the composition with f (the push-forward morphism).

2.2. Rational series and limit

Let .« be either Z[L,L™!] or ///ﬂ as aring. Let o/ [T be the &7-submodule of <7 [T] generated

by 1 and by finite products of elements of the form - L TT with (a, b) in Z x N*. Each element of

[T is called a mtlonal series. By [5], thereisa unlque o -linear morphism limy_.o, : &7 [Tlgr —
o/ which sends —— [I_“Tb to —1.

For J contalned in [d], we denote by (Rx0)’ the set of (aj) jey with aj in Ry for all j € J, and by
(R>0)’ the subset of (Rg)’ consisting of (a;) jey with a; > 0 for all j € J. Similarly, one can define
the sets (Z=0)’, (Z>0)’ and (N*)’. Let o be a rational polyhedral convex cone in (Rso)’ and let
@ denote its closure in (Rso)’ with J a finite set. Let ¢ and ¢’ be two integer linear forms on 7’
positive on ¢ \ {(0, ...,0)}. Then the series

Se.0.0(T) = Z L~ @ pl@
acon(N*)/
isin Z[L,L™11[T]s and lim7—_o Sg,e,0'(T) = x(0), the Euler characteristic with compact supports
of 0. If o is relatively open, then limr_o, Sy, (T) = (=1)4™@) (see [6, Lemma 2.1.5]). We have
the following technique lemma.

Lemma 3. Let o be a relatively open rational polyhedral convex cone in (Rsq)’. Let K and L be
disjoint nonempty subsets of I. Consider half spaces H; (with j € L) in R’ defined by
Xj= Z a;Xi,
ieK
where a; = 0 for all i € K, such that for any disjoint subsets L1, L, of L and any j € L\ (L U Ly), the

set
Xe=) xl}

ieK

on ﬂ {(xz)u—:IER

sely

X< ) @ xz}n N {(x,)lefeR

ieK tely
either is empty or has nonempty intersection with R' \ H iz
Then the Euler characteristic with compact supports of the set

or:=0n()Hj
JjeL

is equal to zero.

Proof. We prove this lemma by induction on |L|. For L = {j} a one-point set, we have

xj>Zal~xi}.

ieK

Since the second term on the right hand side and o have the same Euler characteristic with
compact supports (=D we get y(or) = 0. For the case |L| > 1, let jo € Land L' := L\ {jo}. Then
o is the disjoint union of the following two sets

U:ULU{(xi)iGIEU

opn {(xmez :3

Xjy < Z aixi}

ieK
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and

opn {(xi)iez eRr!

Xjo = Z a;X; } .
ieK

By induction, the lemma holds true for L', thus the Euler characteristic with compact supports of

these two sets is zero. O

2.3. Motivic nearby cycles of regular functions

For any C-variety X, let %, (X) be the space of n-jets on X, and .Z(X) the arc space on X, which
is the limit of the projective system of spaces .Z, (X) and canonical morphisms .%;,,(X) — £, (X)
for m = n. The group {i acts on .Z,(X) via y, in such a natural way that ¢ - () = p(&t) for ¢ € u,.

From now on, we assume that the C-variety X is smooth and of pure dimension d. Consider a
regular function f: X — Aé, with the zero locus Xp. For n = 1 one defines the n-iterated contact
locus of f as follows

Zn(f)={pe Ln(X)| fp)=1t" mod t"*'}.

Clearly, this variety is invariant by the fi-action on £, (X) and admits a morphism to X, given
by ¢(t) — ¢(0), which defines an element [ 27, (f)] := [Zx(f) — Xo] in ///” We consider Denef-
Loeser’s motivic zeta function Zg(T) = ¥>1( (Zn (f)]l]_‘”d T". They prove in [5] that Z(T) is in

/// IIT]] or» and call the limit yf =—-lim7r_ Zp(T) in //l“ the motivic nearby cycles of f.If x is a
closed point of X;, the C-variety

Znx(f)={pe LX) fl@)=1t" mod t"!,¢(0) = x},

is also invariant by the fi-action on %, (X), called the n-iterated contact locus of f at x. It is
also proved that the zeta function Zy,,(T) = anl[%n,x(f)][L‘”d T" is in ///éLIIT]]sr. The limit
L x=—limr_ Zf (T) is called thp motivic Milnor fiber of f at x. Obviously, if ¢ is the inclusion
of {x} in X, then ., = *.% in AL

We now modify slightly the motivic zeta functions of several functions in [6] and [7]. For a pair
of regular functions (f, g) on X, we denote by X := Xy (f, g) their common zero locus. For n = m
in N*, we define

Znm(f8) :={pe LX) f(e) = " mod "1 ord,; g(p) = m}.

We can check that 27, (f,g) is invariant under the natural u,-action on .Z,(X), and that
there is an obvious morphism of C-varieties Znm(f, 8 — Xo; from which we obtain the class
[Z0,m(f, 8] of that morphism in .# )’;‘0. Consider the series

Zp (D= Y [ Zam(f0ILT"

nzmz1

in /// A [[T]] For any closed point x € Xj, we can define ZA (D in /// f [T] as above with
Zn, m(f g) replaced by its p,-invariant subvarlety Znmx(fy g) ={pe 3?/”,1 m(f,8) | p0) = x}.
The rationality of the series zA g(T) and Z L(T) are stated in [6, Théoréme 4.1.2] and [7,

Section 2.9], up to the isomorphism of rings //l “ = A g’o"; G (see [8, Proposition 2.6]), where

Guibert-Loeser—Merle’s result is done in the framework HE  Put S fA P —limr_s ZJQ g(T)

A XoxG
and ffgx = —limy_o f'g,x(T).
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3. Motivic nearby cycles of a nondegenerate polynomial and applications
3.1. Newton polyhedron of a polynomial

Recall that [d] stands for {1,...,d}, d € N*. Let x = (x1,...,Xx4) be a set of d variables, and let
fx) = X gend Cax® be in Clx] with f(O0) = 0, with O the origin of C?. Let ' be the Newton
polyhedron of f, i.e., the convex hull of the set U, zo(a + ([Rzo)d) in ([R%zo)d. For every face y of T
(not necessarily compact, the case y =T included), define by fy(x) = ¥.4ey cax” the face function
of f with respect to y.

Note that for every face y of I (including I' itself), there exists a unique set J, < [d] such that
Y is contained in the hyperplanes x; = 0 for all j ¢ J, and not contained in other coordinate
hyperplanes.

Definition 4. The polynomial f is called nondegenerate on a face y of T if the hypersurface f),‘1 0)

has no singular point in GZ,C' We say that f is nondegenerate in the sense of Kouchnirenko if it
is nondegenerate on every compact facey. If f is nondegenerate on every face of I’ (including non-
compact faces, andT itself), we say that f isnondegenerate in the sense of Newton polyhedron or
simply Newton nondegenerate.

Consider the function ¢ = ¢1 : (R=0)? — R which sends a in (Rx0)9 to minger{a, by, where (-,-)
is the standard inner product in RY. For a in (Rzo)d, we denote by v, the maximal face of T to
which the restriction of the function (a, -) gets its minimum. Note that y, is a compact face if and
only if @ is in (R>)? (cf. [4, Property 2.3]). This comes from the fact that y, = (b€ ' | (a, b) = £(a)}.
Moreover, y, = 'when a = (0,...,0) in R%, and y,, is a proper face of I otherwise. For every proper
face y of T', we define

oy =0y = {ae ®R=0?|y =7a}.
Itis clear that oy is a rational polyhedral convex cone of dimension d —dim(y).

For any J < [d], denote by f/ the polynomial in Cl(x;) jej] obtained from f(x) substituting
x; by 0 for all i € [d]\ J. If f is nondegenerate in the sense of Kouchnirenko (resp. Newton
nondegenerate) then f’ is also nondegenerate in the sense of Kouchnirenko (resp. Newton
polyhedron).

Let ¢; stand for Zr(f]). For a € (Rx()’, we define the face y{l similarly as above, i.e.

v ={beT(f)|(a b) = ¢;(@)}.

If y is a face of the Newton polyhedron I'(f/), denote by 0y the cone {ae Rx0) |y = y{l} and by
g J,y the relative interior of ¢y, both of which have dimension |J| — dim(y). The following lemma
is trivial to prove.

Lemma5. There exists a canonical partition of (Rsq)’ into rational polyhedral convex cones & Ty
withy being all faces of T (f”).

A face y of T is called a coordinate face if y = F(f]) for some J < [d]. We have the following
description for the coordinate faces.

Lemma6. A facey of T is a coordinate face if and only if for all ] 2 ]y, the restriction of €7 to 5,y
is the zero function.

Proof. For each j € J, we denote by el the vector (0,...,0,1,0,...,0) € R/ with 1 in the j-th
coordinate. Assume that y = F(f’“) for some Jy < [d]. Then, for any i € Jp, t =0 and forany be v,
the point b + te' is also in y. For J 2 Jy = Jyand a= (aj)jej € 6, we have £;(a) = (a, b+ te') for
every i € Jo and ¢ = 0. As a consequence, we get a; = 0 for all j € Jo. Hence ¢;(a) = (a, b) = 0 for
any bey=T(f).
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Now, we assume that restriction of £; to &, is the zero function for some J 2 J,. Take
a = (aj)jej € 6j,, we have (a,b) = ¢;(a) = 0 for any b € y. Since y is not contained in any
hyperplane x; = 0 for any k € J, we have a; = 0 for all j € J,. This together with the description
of y, namely,
y={beT(f))|(a by =0},
implies that I'(f/r) € y. Therefore y = I'(f/). O

Notation 7. In the rest of this article, let F (resp. K) denote the set of all the faces (resp. the
compact faces) of T, and let F denote the set of all the coordinate faces of T'.

3.2. Contact loci

Let (x1,...,x4) be the standard coordinates of A4 and let f(x1,...,xq) be as above. For n € N*,
k € N and J < [d], denote by A(]”’k) (resp. E(]"'k)) the set of a € {0, ..., n}’ (resp. a € [n)/) such that
¢;(a) + k = n. Clearly, Z(]”’k) c A(]”'k).
Forace A(]”’k), put
2 ={pe Zu(p)|ord;ixj(p)=a; VY je], xi(p)=0Vig]J}.

This subvariety of 27, (f) is invariant by the u,-action given by ¢ - ¢(f) = ¢({1), and it defines an
element‘[;%”](’z)] = [3&”](2) — Xo] in K{; (Vary,), where the structure map is given by ¢ — ¢(0). Let
22, and 22, be the index sets consisting of all such pairs (J, a) such that

2aN= L 2% (1)
Jae,
and
ZnoN= | 272 @
UJ,a)eP,
Lemma 8.

(i) 2, is the set of all the pairs (J, a) such that ] 2 Jy, a € gen (67,4 N A(]”’k)) andyeF.

(ii) P, is the set of all the pairs (J, a) such that ] 2 Jy» a € ken (67, N Z(]”’k)) andyeK.
Proof. For any ¢ in 25, (f), there exists a unique subset J of {1,...,d} such that x;(¢) = 0 for all
i ¢ J and that x;(¢) Z0 forall je J.Puta:= (ord; xj (@) jey €10,..., n¥, and puty:= y{l. Then we
have J, < J and

flp) = f(@(0) @ 4 higher terms,
where @ := (7% Xj(@)) jej, thus £5(a) < nand ¢ € 3&”](’;). The proof for (i) is completed by using
Lemma 5. Similar arguments work for (ii). U
ForyeF,ifaeéy,n A(]"’k) and k # n, then 3&”](2) =g.
For every face y € F of T'(f”), let us consider the C-varieties
X, i={xe@) |0 =1}, X5,0):={xe @, | f(x)=0}.
When J = J, we write simply Xy (¢) instead of X fM’(‘E)’ for € = 0, 1. We always consider the trivial

action of {i on the variety X, (0). Let a be in 6. Then the variety X;,,(1) admits a natural gy, (q)-
action as follows

eZnir/l;(a) . (xj)jej = (eznimj/[](a)xj)je]’ 3)
for r € [¢;(a)]. Note that the class [Xj,(1)] in ///C”" does not depend on a provided a is in

Gy and £;(a) = n, which follows from the construction of the Grothendieck ring (see [13,
Proposition 3.13]).
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The result and proof ideas of the following theorem are well known due to [1, 6, 7]. In the
present article, we are going to contribute a detailed explanation for every step of proof. Denote
lal:=Yjcjajfora=(aj)je e R’

Theorem 9 (cf. [1,6,7]). Let f € Clx1,...,x4] such that f(O) = 0. Assume that f is nondegenerate
onafacey € F. Let ] < [d] containing J,. Ifa€ 65, N A(]”'O) and 5{](';) is nonempty, then thereis a
naturally i, -equivariant isomorphism of C-varieties

¢ —
T: ,%”](Z) — X7,(1) x¢ Agl sl-lal
IfkeN*, aed;yn A(]" 0 and ifﬁ&”l(z) is nonempty, there is a Zariski locally trivial fibration
m: f%”](z) — Xj,(0)
. I (a)+k)—lal-k
with fiber A¢ .

Proof. It suffices to prove the theorem for J = [d]. Let a = (ay,...,a4) be in &y N AEZiO), hence

n=/¢(a) and y = y,. Every element ¢ in .2/ () "has the form

ldl,a
l(a) . l(a) .
Z bljt],..., Z bdjl']
Jj=a j=aq

with bjq, # 0 for 1 < i < d. The coefficient of /(9 in f(¢(1)) is nothing but fy, (bia,.-, baa,),
thus (b1g,,--+)bda,) is in Xig),y,(1). We deduce that t%”[f;;(?) is te(q)-equivariant isomorphic to

Xiayy, (1) xc AL @714 (where p1(q) acts trivially on AZ@™1%!) via the map
7:90() = (bigh=izar bir<izd,a<j<t(@) -
Indeed, for every ¢ in py(q), the element @(¢ ) is sent to
(€Y bigh<izar bihzizd,a<j<t@) = € (Pigh<iza» Bih=izd,a<j<t@) -
Thus 7 is a py(4 -equivariant isomorphism.

Now we prove the second statement. Let a be in 5, N A%k) for k € N*, hence n = ¢(a) + k and

y=v4.Forgin 2"  putting

ldl,a
= (1), (), @
we get
Fr=t"Ofy, @+ X 11Oy et ®
k=1 (a,a)=C(a)+k
Defining

f@0=f.@+Y 5 Y cp?
k=1 (a,a)=C(a)+k

we obtain a function
[ Lrwrir1-a,AD xc -+ xc Loy ske1-a, (AL xc AL — AL
given by N N
(@@, ) := f(p(to), to).
It thus follows from (5) that ¢ is in %g}fg”“ if and only if f(@,1) = t* mod r**. Putting

Qi) = Zﬁ(:%)_“”k b;jt/ for 1 < i < d, the latter means that

fyu(blo,...,bdo)ZO with bi()?fOfOI'lSiSd,
q](bIJ!!bd])+p]((bl/]’)l’,]’) =0 fOI' 1 S]S k— 1,
qi(b1ks .. bak) + pi((byj) i j) = 1,
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where pj, for 1 < j < k, are polynomials in variables b;: j» with i’ <dand j'<j,and

d 3f,,
qj(brj,....baj) =) T;(blo»---;bdo)bij-
i=1 i
We consider the morphism

@)+
2 e~ Xy, 0

which sends the ¢ described previously to (b1, ..., bgo). Since fi acts trivially on X{4j,,, (0), we only
need to prove that x is a locally trivial fibration with fiber A‘M(“Hk) lal=k For everyl<i<d,we
put

Ui:={(x1, - Xd) € X{a),y,(0) ];(xl; ,xd)?fo}. (6)

The nondegeneracy of f on the face y =y, gives us an open covering {Uj, ..., Ug} of X4, (0). We
construct trivializations of 7 as follows

a(oh) —> Ui x¢ A¢

where e = Z (@) —a;+k)—kand we 1dent1fy A¢ with the subvariety of A _ defined
by the equatlons b,j =0forl<j<k-1and b; = 1 in the coordinate system (bl]), and for ¢ as
previous,

L C@-a+k)

Dy, (p) = ((510,---,5do), (Elj)lslsd,lsjsé(a)—afrk)»
with Eij =0iflsj=<k-1, Eik =1,and Elj = by otherwise. Furthermore, the inverse map (IDB} of
Oy, is also a regular morphism given explicitly as follows

L~ la)-—ar+k . l@)-ag+k )

- + +

(DUi(blj): E bljt] a E bdjt] 4d |
j=0 j=0

where by; = Elj for either that [ #iorthat/=iand k< j</¢(a)—a; +k, and

—pj((B1j)1za,jr<j) = Liza,i#i @ fy,10x) (bro, ..., bao) by
(6fya/6xi)(510,---,5do) '

ij=

forl=j=<k-1,and

1= pie((bj)i<a,ji<k) — Li<d,i#i (0 fy, 10x)) (b1, ..., bao) bk
0 fy. 10x) (1o, ---, bao) '
This proves that 7 is a (Zariski) locally trivial fibration with fiber AZ. U

ik =

3.3. Motivic nearby cycles

For every y = y{z € Fwithaedjy,n A9 we consider the morphism @, : Xj,,(1) — Xp which

sends (x;);ej to (X1,...,X4), where X; = 0 if either i € [d]\ J or a; = 1, and X; = x; if a; = 0. With this
morphism it follows from Theorem 9 the below commutative diagram

%(n) —> X]Y(l)x AI]\l](a) lal

Q]
@(D—¢(0) @ opr;
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Lemma10. Ifa,be &, nAT, then [®,: X;, (1) — Xol = (@ : Xp,, (1) — Xol in A",
Proof. Suggested from [13, Section 3.4.3], we stratify (Rs0)’ into the cones
Cs:= {(ki)i € (REO)] i k; >0if6;=1,k; =0if6; = 0}

with 6 € {0,1}/. We have a stratification of g/, N A(]”’O) into the strata C5 N,y N A;"'O). It is a fact
that ®, = @, if and only if a, b belong the same stratum. Now, to deduce the lemma, we use the
same arguments as in the proof of [13, Proposition 3.13]. O

In particular, when y, =T 'we have a = (0,...,0), J = [d], and f,,(x) = f(x). Then the morphism
®, is nothing but the identity morphism.

Similarly, we also consider the morphism ¥, : X;,(0) — Xo sending (x;);e; to (X1,...,%X4),
which commutes with 7 in Theorem 9 and the morphism ¢(#) — ¢(0) for a€ 65, n A(]”’k) and
k = 1. Recall that the p,-action on X7, (0) is trivial. As above, we also have

Lemmall. Ifa,bedj,n A(]”’O), then [¥ 4 : X5, (0) = Xo] = [¥} : X, (0) = Xo] in ///;;0"

Notice that, for J < [d] and I < J, we identify (R>o)! with the set of (x}) je; in (Rx0)’ such that
x;i>0forallie Iand x;=0forall je J\1I.

For 0 = m < d, denote by F(m) the set of y € F such thatforall /2 Jy and y = v} we have a; > 1
forallie Jn[m+1,d]. Note that F(0) = K and F(d) = F.

The last part of the following result is known in [1, 6, 7], we provide new formulas in i), ii) as
follows.

Theorem 12. Let f be in C[xy,...,xq] with f(O) =0, let dy,d» be in N with d = d, + d,. For any
YEF, put Ay:={I< Jy|6,, N Rso)! # @} and

dim(6 Rs0)!
Api= ¥ (C1ydm@nn@oh
IEAY

(Hence, asy € K, Ay = (=1)4mGny) = (—1)=dim®) ) The below identities hold in ///)?0 for (i), in
M : 4, Jor (i), and in //é‘ for (iii).

C

(i) Iff is Newton nondegenerate, then

Fr== 3 M [X1) = Xo] + ) Ay [X,(0) = Xo].
F YEF

yeF\F
(i) If f is Newton nondegenerate and i : Agl = gl x¢ {0}% — X, is an inclusion, then
“ = Ay [ Xy (D) x x5, AD — AD Ay [ X, (0) x x5, A% — AT
U= ) M| XM xx A — AL+ Y Ay [ Xp0) xx, At — A
yeF(d)\F YeF(d)

(iii) If f is nondegenerate in the sense of Kouchnirenko, then

Fro= Y. (=)0 (1% 1)) - (X, (0)]).
YEK
Proof. Notice that (i) is not a particular case of (ii) in general, but our proof method of (i) is similar
to that of (ii); while (iii) is really a consequence of (ii) (when d; = 0); so it suffices to prove (ii). By
the decomposition (1) and Lemma 8 (i), we have

= Uy U 2w

. k
YEF J2]y keN aea,,yﬁA(]" )
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Take the fiber product on both sides with ¢ : Agl — Xp.Ifthereisanie€ Jn[d;+1,...,d]witha; =0
(i.e. y € F(dy)), then ¢;(0) is in G, thus the image of ¢ is disjoint with the image of 3&”](’;) in Xy, so
* [%](Z)] = 0. It follows that

NEAGIERD YD YD VD D F

YEF(d1) J2Jy keN ﬂEﬁ'/yyﬂA(]"'kJ
Using Lemma 6, the diagram (7) for X;,,(1) — X, and a similar one for X}, (0) — X, we have
Z l* [%n(f)]L_”d Tn

n=1

= Y Y [XyWxpAl —Ad]S) D+ Y Y [X)y0) xx, AT — AZ]ST (D),

YeF(d\F/2Jy yeF() J2Jy
where
s, M=) LU= (@~lal p5(@
aeé NN/
aj=lj(a),jeJ
and
JMOEDY Y L@@+ R-la-k gtk
k=1 aes; N/

ajstj(a)+k,jej

The conclusion then follows from Lemma 14. 0

We need the following lemmas.
Lemmal3. IfyeF, ]2 JyandI< ]y, thenS;,n(N*) =g

Proof. We first claim thatif a € 0, and j € J\ Jy then for all 7 = 0 we have a + tel e o 7,y» where
e/ is defined in the proof of Lemma 6. Indeed, for any b € y, we have

(a+tel,by=(a,by<(a,c)<(a+tel,c)y forall ceT(f’).

That implies (a+ te/, b) = £;(a+ te/). Hence a+ te/ € 0.
We assume by contradiction that there exists some point a € §,, N (N*)!. Take m e J\ Jy.One
can write the cone o, as

ory={aeR!|hi(@)=0kj@)=0,l@)>0,icl},jeb,se s},

where h;, kj, Is are linear forms on R’. Since a € G,y we get kj(a) >0 for all j € I,. Hence, for
t > 0 small, we get kj(a— te™) > 0. Similarly, we get [;(a— te”) > 0 for ¢ > 0 small and for all
s € I. By the above argument, for ¢ > 0 we have a + te € 07y, hence hi(a+te™) =h;(a) =0, so
hi(a—te™) =0, for every i € I1. It implies that a — e’ € g,y for ¢ > 0 small. On the other hand,
because me J\ ], IcJ,and a€ (N*)!, we have a,, =0, s0 a—te™ ¢ Rio for any ¢ > 0. This is a
contradiction, and the lemma is proved. O

Lemma 14. Use the notation in Theorem 12 and its proof, and lety € F. If ] 2 Iy, then
: 0 _ T > _
fm S7,(1 = Jim §7, (1) =0.
If] =]y, then
. 0 T > —
Tlgr;OS]Y,Y(T) = Thﬁn;oS]W(T) Ay.

Proof. Assume that J 2 Jy. Because
o Rx0) =Llic;(R=0)!, where (Rs0)? = {(0,...,0)} by convention,
e l5(a) = éjy(a) forace &],Yme,
e ifIcJ,, thend;,n(N*)! = @ (by Lemma 13),
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we have SO (T) = Zlg,@]y S?,],y(T)’ where

$) M= Y Lty @s Y L-lal @ 1=d 7yl @
ae&,yyn(l\l*)l ae&/,yﬁ(N*)I
aj<ty(a),je] ajsty (@), jel\ ]y

(the last equality comes because the inequality a; < ¢ (a) is automatic for every j € Jy). Denote
by H; the half space of R’ defined by aj<¢;.(a).Thend,n (Rs)! & Hjforall j € I\ ]y, because
if there exists an a € 0, N Hj, then for ¢ > 0 large enough, we have a+ re’ € cr]Y buta+tel/ ¢ H;.
This agrees with the hypothesis of Lemma 3. Hence, by Lemma 3, lim7_, SY T Y(T) 0 for any
IcJandI¢ Jy. Hencelimr— S0 Y(T) 0. Similarly, we have lim7_o S J’(T)
For the rest statement, it follows from [6, Lemme 2.1.5] that
fm M=% i L g,

a€d j, yN(N*)!

and similarly, lim7_.o S;M’(T) =-1,. 0

Remark 15. This result revisits Guibert’s work in [6, Section 2.1] for Newton nondegenerate
polynomials f in a more general setting. Indeed, in [6] Guibert requires f to have the form
2 geveye @ax®, while we do not. Recently, Bultot-Nicaise in [3, Theorems 7.3.2, 7.3.5] provide a
new approach to the motivic zeta functions Z¢(T) and Z¢ o(T), for f being Newton nondegener-
ate, using log smooth models.

Example 16. Consider the function f(x,y) = y*> — x> on A2, which is well known to be non-
degenerate with respect to its Newton polyhedron I'. If y is either the face [3,+o00) x {0} or the
face {0} x [2, +o0) of I', then y is a coordinate face and X, (0) = @. If y is the compact face {(3,0)}
(resp. {(0,2)}), it contributes X, (1) = u3 and Xy (0) = @ (resp. Xy (1) = yp and X, (0) = @), as well as
Ay = —1.1f y is the compact face connecting (3,0) and (0,2), it contributes X, (1) = {(x,y) € Gz |
y?>—x3=1} and Xy (0) ={(x,y) € G2 oy | y? = x3 =0} = Gy, ¢, as well as Ay = —1. Finally, 1fy F
it is a coordinate face and contnbutes Xr(0) = Gy, as well as Ar =1 (since J1,2;r = {(0,0)}). By
Theorem 12 (we skip arrows to Xj for simplicity),

Tr=[{x, €6 ¢ | ¥ —x° =1} + sl + 2] - L -1+ L -1)
=[{peal |- =1}] (%)

This also agrees with Davison-Meinhardt’s conjecture on motivic nearby fibers of weighted
homogeneous polynomials mentioned in [12]. Also by Theorem 12 we have

Fro={x €6 ¢ | y¥*—x* =1} + (sl + 2] - L - 1)
=[{peAl |y -2 =1}]-0-1) (e.4D.

3.4. Relation between motivic nearby cycles of f and f'4~1

Let w be a linear function on C¢ generic to f. In [9, 10], Lé Diing Trang introduced the relative
monodromy concerning (f, O) and w. We refer to [10, Theorem 2.4] for the following. Denote by
B, the closed d-balls of radius ¢ about O, by D, the closed disk of radius 7 about 0 in C, and by Dy
the punctured disk Dy \{0}. Let @ be the restriction of the map (w, f) : C? — C? to Ben(w, )™ (D,Zl).
Lé proved that, for 0 < 1 < € < 1, the map <I>‘1(D,2] \ (Dy x {0})) — D; is a smooth fibration
which is fiber isomorphic to the Milnor fibration of (f, O) with monodromy M : ot (Dy x {n}) —
®~1(Dy x {n}), and that w™' (0)n®~" (D3 \ (Dy, x {0})) — Dy, is also a smooth fibration which is fiber
isomorphic to the Milnor fibration of (f|,,=¢, O). Then M induces the monodromy of the Milnor
fibration of (f|,=0, O) and itlifts a diffeomorphism (which is a carousel) D, x {n} — Dy, x {n} along
the mapping ®|q-1( Dy %)
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We now consider the “non-generic” hyperplane x, = 0. We write f for f14-1, that is,
fenoxq-1) = f(x1,..0, X4-1,0),
and write O for the origin of C%~!. Let X, be the zero locus of f, which may be included into X;.
The following theorem may be partially considered as a motivic analogue of the work mentioned

above. Using realizations, it would be interesting to compare the motivic result to the topological
result of Lé Dling Trang.

Theorem 17. Let f € C[xy,...,xq4], and let dy,d, € N such that d = dy + dp. The below identities
hold in ‘////:ch for (i) and in //lgfor (ii).
C

(i) Suppose that f is Newton nondegenerate, Xy < X, and that Agl is embedded into Xy with
the inclusions of Agl in both Xy and X, denoted by the same symbol 1. Then

* S ' * A
U= yfﬂ y‘xd.
(i) If f is nondegenerate in the sense of Kouchnirenko and f(O) = 0, then

A
yf,o = yff +‘5ﬁf,xd,0'

Proof. It suffices to prove (i). By the definition of (n, m)-iterated contact loci, we have
%n,m(f’xd) = I_l %]ﬁ:l)a’
(J,a)ePy.ag=m
We deduce from Section 2.3 and the method in the proof of Theorem 12 that

Y 1 Zm(fx)IL AT

n=mz=1
_ Z Z Z o [%(i/(a))]l]__d[](a) T[](a)
YEF(d)J2)y aedy,nN
aij](a),j&‘]
lsad S[](a)
* i@+, —d(l;(a)+k) 0 j(@)+k
LD D U D D [ ¥ S (i A
YEF(d) J2Iy k=1 qeéy,nN
ujS(](a),jE]
lsag<lj(a)+k
We apply Theorem 9 to y € F(d)) and a € 6y,y. If d € ]y, then ¢, (a) + k = ag = 1 automatically
for any k € N. If d ¢ Jy, then the inequalities ¢, (a) + k = ag = 1 is in the situation of [8,
Lemma 2.10], in which the corresponding series has the limit zero. Therefore, taking limr_.,
and using Theorem 9, Lemma 14 and the proof of Theorem 12, we get

C = L WX xAD =AD]E Y A4 X0 x 6 AT — AT
YEF(d))\F YEF(d1)
dejy dejy

By Theorem 12,
C == Y MKW AL = AL Y A (X0 x5 AT = AL+
YeF(d)\F YEF(d1)
agiy agly

The condition d ¢ J, means that ], < [d — 1], hence, again by Theorem 12,

P == L MW xoAT = AR+ T (X0 xg AT — AT,
veFNE yeFt)
deJy i),

The theorem is completely proved. d
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4. Cohomology groups of contact loci of nondegenerate singularities

As before, let f be in C[xy, ..., x4] which vanishes at O. In this section, we always assume that f is
nondegenerate in the sense of Kouchnirenko (say for short that f is nondegenerate).

4.1. Borel-Moore homology groups of contact loci

Consider the decomposition of .27, o(f) shown in (2) and Lemma 8 (ii):

<%/'}’I,O(f‘) = |_| %}(Z))
U,a)eP,
where 2, is the set of all the pairs (J, a) such that J 2 Jy» @ € Ugen (a]y n A(” k)) and y € K. We

consider an ordering in P}”n defined as follows: for (J,a) and (J',a’) in 9’,,, (]’ a) < (J,a) if and
onlyif /' Jand a; < aJ forall j € J', where a= (a;j) jc;and a’ = (a])jE]/.

Lemma18. Letn beinN*. Forall(J,a) and (J', ') in 2, such that %”},’2, and %](,;’) are nonempty,
the following are equivalent:
W U,a)=U,a),

s (n) (n)
(i) % c 3&”] o

(i) 5&”,5”;, 2L # e,
the closure taken in the usual topology. Consequently, for all (], a) € 2, such that 3&”](’;) # @ we
have '

'%fJ(Z) = Uz J(',na)/'
U,a)=0.a)

Proof. We prove here that (iii) implies (i), the rest are straighforward. Observe firstly that, due to
the definition of 2" (”), if it is nonempty then

3{(”) {pe Zn(f)lord;xj(@) =a; Vje], xip)=0Vig]J},

where a = (a;) jej, and a; > Oforall j € J. Assume that there existS(p € %("),m%(") # @.Then we
have ordtx]((po) = a >0forall jeJ,and ord; x; ((p )=za;j>0forall je ] Ifi i], then we have
ord; x; (¢°) = +oo, thus igJ,soJ cJ. Clearly, a; < a forall j € J'. Therefore, (J',a') < (J,@). O

Consider the function n: Py —1Z given by n(J, a) = dim¢ 3&”](’2), for every n € N*. Put

— (n)
Spi= ~|_| 250,
(J,a)ePpnU,a)<p
for p e N. The below are some properties of 7 and Sp’s.

Lemma19. Letn beinN*.

W) IfU, )< U, @) inPy and 27 # @, thenn(J',a) <nU, ).
(ii) ForallpeN, S, are closed and S,, € Sp+1. As a consequence, there is a filtration of 27,0 (f)
by closed subspaces:

%n,o(f) = Sdo 2 Sd()—l 2.2 S—l = ¢)
where dy denotes the C-dimension of Z,0(f).

Proof. The first statement (i) is trivial. To prove (ii) we take the closure of S,; then using
Lemma 18 we get

< — (n) _ (n) _ (n)
SP_ U ‘%/],a - U ‘%/],a - U I—l ‘%fl’,u"
nua=p nU,a=p, 2" #p nU,asp,2W#e U a)sU.a)
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This decomposition combined with (i) implies that Ep < Sp, which proves that S, is a closed
subspace. The remaining statements of (ii) are trivial. O

A main result of this section is the following theorem. To express the result, we work with the
Borel-Moore homology HEM.,

Theorem 20. Let f € C[xy,...,xy4] be nondegenerate in the sense of Kouchnirenko, n € N* and
f(O) =0. Then there is a spectral sequence
1 BM BM
Epq= ~@ pr(%ffﬁ)) = Hy'q(Zno()-
U, @) e@pnl,a)=p

Proof. We have the following the Gysin exact sequence

= Hytg(Sp-1) = HpYq(Sp) — HpYy(Sp\ Sp-1) — HpYy 1 (Sp-1) — -+
Put
._ p/BM ._ p/BM
Ap,q:=Hyiq(Sp), Epgq:=H, ;(Sp\Sp-1).

Then we have the bigraded Z-modules A := @, ; Ap,q and E := @, 4 Ep 4. The previous exact
sequence induces the exact couple (A, E; h, i, j), where h: A — Ais induced from the inclusions
SmESm+1,i:A— Eand j: E — Aareinduced from the above exact sequence. Since the filtration
in Lemma 19 (ii) is finite, that exact couple gives us the following spectral sequence

Epq:=Epq=HpYy(Sp\ Sp-1) = HyY (2n,0(f).

On the other hand, we have
— (n)
Sp\Sp-1= ~|_| ‘%],u'
(J,@ePpnJ,a)=p
One claims that for two different pairs (J, a), (],, a/) in ﬁn whichn(J,a) = 17(]/, al) = p then
(n) (n) _ (n) (n) _
3&”]'& rn%”],’a, =@ and 3},,“, mt%”m = Q.
Indeed, if otherwise, suppose that
(n) (n)
2P 02D te.
By Lemma 18, we obtain that ,%”] < 3&”](2), but 3&”] " and %(Z) are two disjoint smooth
, ) ,a )

a
manifolds, then n(J /, a/) <n(J,a). This is a contradiction.

Therefore, in the set S, \ §;,—1 with the induced topology, each set 5&”](’;) which n(J,a) = p is
open, hence, is also closed. This implies that

BM _ BM (n)
HylgSp\Sp-)= D Hy g (2770,
U,@e@pnU,a)=p
The theorem is then proved. g

Corollary 21. With the hypothesis as in Theorem 20, there is an isomorphism of groups
Hyy (Zno0(f) =2°,

where s is the number of connected components of 27,,0(f) which have the same complex dimen-
siondy as Zn,o0(f).
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4.2. Sheaf cohomology groups of contact loci

In this subsection, we are going to prove the following theorem.

Theorem 22. Let f € Clx1,...,Xx4] be nondegenerate in the sense of Kouchnirenko, n € N* and
f(O) = 0. Let & be an arbitrary sheaf of abelian groups on Z,,0(f). Then, there is a spectral
sequence

= @ HIN2W, ) = H (X0, F). ®

U,ae@nnU,a)=p

Proof. We use the notation in Lemma 19. For simplicity, we write S for Sy, = Z%,0(f). For
any 0 < p < dp, we put S}, := S\ Sp—1, which is a pp-invariant subset of S. Consider the
inclusions j, : S5, — Sp, kp : S\Sp — Sand ip : Sp — S. Put Fp := (jph(jp) ' (ip)'F and
FP(F) = (kp-1)1(kp-1) "' F for every p = 1, with the convention F*(F) := %. Then we have the
exact sequences

0—FP*U(F) - FP(F) and 0—(ip).Fp—Fls, — Fls, .,
in which by & Igp we mean (ip) . (i p)‘lgﬁ’ . Therefore we have the following diagram

0

1

0 (ip)«Fp
| |

0— FP*Y(F) = F — Fls, — 0

[ ]

0— FP(F)— F — Fls,, —0

It implies from the snake lemma that FP(%)/FP*1 (%) = (i p)«Fp. Thus there is a filtration of &
by “skeleta”: & = FO(%) 2 F' (%) 2 ---. It gives the following spectral sequence of cohomology
groups with compact support

EPU(S, )= HI (S, (ip) Fp) = HIT(S, F). 9)

Since S, is a closed subset of S, H"(S, (ip)«%Fp) = H"(Sp,F)) for any m in N. Also, by the
isomorphisms given by the extension by zero sheaf, we have

H(Sp, Fp) = H(Sp, (p)hi(p) " ip) T ) = H'(S5, (jp) (i) 7' F).
We have that
o _ (n)
S, = U 2.
U,a)e@unU,a)=p
Then by the reason as in the proof of Theorem 20, we get
HI(S5, () i)™ ) = D HYMN 2, U7 ) 7 )T ),
U,@€PnnU,@)=p
where [j , is the inclusion of %”](Z) in S;’,. For simplicity of notation, we write Hf +q(3?f](’;),9)
instead of wa(ﬁt”](’;), (13,a) " (jp) 7 (ip)"1.F). The proof is completed. O

Now, let us consider the spectral sequence (8) for a constant sheaf. We need some notation,
foreachye K, keN,neN*, pe Z and J 2 J,, we denote by D » thesetofallaedy,n A(]”’k)

1v.k,
: (n) _
such that dim¢ 27 = p.

(n)

Lemma?23. ForanyyeK,keN,neN*,peZand]?=2],, thesetD”kp

is finite.
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Proof. Notice that dim¢ 5&”](’;) =d-1+|J|n—|al — k. The finiteness of D(]”) K follows from the
fact that the system of equations d — 1+ |J|n—l|al -k = p, £;(a) + k = n in variables a only has
finite solutions in N/. O

The summands in the spectral sequence (8) are described more explicitly in case of constant
sheaf as below.

Lemma24. LetyeK,neN*, p,qeZ and]?=2],. Then, foranyae D(]";O p e have

HYM( 2,0 = Hy- g(X),(1),0).

Proof. Since a € D}”) op’ it follows from Theorem 9 that 3&” (") is a complex manifold of real

dimension 2p and is homeomorphlc to X;,,(1) x CV1¢st@-lal Then by combining the duality and
the Kunneth formula we get the conclusion. U

We also have the following description for the cohomology of 5?/”](’;) forJ2Jyandae D(]"}), kp
with ke N*.

(n)

Jykp We have

Lemma?25. LetyeK,n,keN*, p,geZand]2]y. Then, forany a€ D

H( 2,0 = Hy (X),4(0),0).

Proof. Since %(Z) is a complex manifold of real dimension 2p, then by duality, we have

HT (2,0 = Hy (277, 0).

On the other hand, by Theorem 9, 2”](2) is a locally trivial fibration on Xj,,(0) with fiber

cI¢@+k-lal-k which is contractible. Hence, by the spectral sequence for (Serre) fibration, we

obtain that Hy,_ (2" ](2 ,C) £ Hy_4(X;,(0),C). The proof is completed. O

We have the following result concerning cohomology of contact loci.

Corollary 26. Let f € C[x),...,Xx4] be nondegenerate in the sense of Kouchnirenko, n € N* and
f(O) =0. Then, there is a spectral sequence

EPT = HI N 20,0(),0),

where

(n) D(I’t)
EP = @ @ (Hy-q X1y 0,0" 700 & ) Hyq(0X4(0,0 i),
YeEK 2]y k=1
Proof. Apply Theorem 22 for & to be the constant sheaf on 2, 0(f) associated to the field of
complex numbers C, since the inverse image of constant sheaf is a constant sheaf, the Corollary
is a direct consequence of Theorem 22 and Lemmas 24 and 25. U
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