INSTITUT D E FRANUCE
Académie des sciences

Comptes Rendus

Mathématique

Wen-Hui Ai, Zheng-Yi Lu and Ting Zhou

The spectrality of symmetric additive measures
Volume 361 (2023), p. 783-793

Published online: 11 May 2023

https://doi.org/10.5802/crmath.435

[cO=2mm| This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.

http://creativecommons.org/licenses/by/4.0/

MERSENNE

Les Comptes Rendus. Mathématique sont membres du
Centre Mersenne pour [’édition scientifique ouverte
www.centre-mersenne.org
e-ISSN : 1778-3569


https://doi.org/10.5802/crmath.435
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

Comptes Rendus
Mathématique

2023, Vol. 361, p. 783-793
https://doi.org/10.5802/crmath.435

Harmonic analysis / Analyse harmonique

The spectrality of symmetric additive
measures

Wen-Hui Ai%, Zheng-Yi Lu* % and Ting Zhou?

% Key Laboratory of Computing and Stochastic Mathematics (Ministry of Education),
School of Mathematics and Statistics, Hunan Normal University, Changsha, Hunan
410081, P. R. China

b school of Mathematics and Statistics, Central China Normal University, Wuhan
430079, P. R. China
E-mails: awhxyz123@163.com, zyluhnsd@163.com, tingzhouhn@163.com

Abstract. Let p be a symmetric measure of Lebesgue type, i.e.,
1
p= E(HX50+50 X ),

where the component measure p is the Lebesgue measure supported on [t, t+1] for t € Q\ {— %} and 6 is the
Dirac measure at 0. We prove that p is a spectral measure if and only if € %Z. In this case, L2 (p) has a unique
orthonormal basis of the form

{ezm(/lx—/ly) ‘e AO},
where Ay is the spectrum of the Lebesgue measure supported on [—f—1,—¢] U [t, ¢ + 1]. Our result answers
some questions raised by Lai, Liu and Prince [JFA, 2021].
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1. Introduction

Let 1 be a Borel probability measure on R”. We call i1 a spectral measure if there exists a countable
discrete set A = R” such that E(A) := {e27/4% : | € A} forms an orthogonal basis for the Hilbert
space L?(u), and the A is called the spectrum of . The research about spectral measures was
initiated by Fuglede [7], whose famous conjecture claimed that Q is a spectral set on R" if and only
if Q is a translational tile on R". Although the conjecture is disproved in dimension three or higher
by Tao etal. [9, 13, 15], it is still an open problem in dimension 1 and 2. In 1998, Jorgensen and
Pedersen [8] found the first singular and non-atomic spectral measure (1/4-Cantor measure), and
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the research about spectral measures was developed toward the field of fractal by this discovery.
For the details and recent advances, one can refer to [2—4] and so on.

Besides spectral measures, people are also interested in looking for measures that admit
exponential frames (also called Fourier frames) and exponential Riesz bases [1, 5, 6, 14]. In
2018, Lev [12] studied the addition of two measures supported respectively on two orthogonal
subspaces embedded in the ambient space R” and showed that these measures admit Fourier
frames. Recently, Lai, Liu and Prince [10] studied the Riesz bases and orthogonal bases for these
measures. In this paper, we continue the line of research into the spectrality of the addition
of measures supported on two orthogonal subspaces and extend some results of Lai, Liu and
Prince [10].

Recall that a Borel measure ¢ on R is continuous if p({x}) = 0 for all x € R. Let u and v be
two continuous Borel probability measures on R. We embed them into the x and y axes in R?
respectively. The additive space for u and v is the space L?(p), where p is the measure

1
p=§(,u><5o+50><‘/)r )

and § is the Dirac measure at 0. We will refer to the compact support of £ and v as the component
spaces of the measure p. If u = v, we say that p is symmetric. If 0 ¢ supp(u) Nnsupp(v), we call p
non-overlapping (Here, supp(u) denotes the compact support of u). If i, v are Lebesgue measures
supported on intervals of length one, we call p the additive space of Lebesgue type, the additive
space is defined as [? ().

Recently, Lai, Liu and Prince [10] proved the following partial results.

Theorem A ([10, Theorem 1.3]). Let p be a symmetric measure of Lebesgue type, where the
component measure |4 is the Lebesgue measure supported on [t,t+ 1] and -1/2 < t < 0.

(1) Ift=0, then p is spectral and has a unique spectrum up to translations.

2) Ift= —% + ﬁ, where a > 1 is a positive integer, then p is not spectral.

The authors leave many questions in [10]. In this paper, we obtain a sufficient and necessary
condition for p to be spectral under the assumption that r € Q \ {— %}.

Theorem 1. Let p be a symmetric measure of Lebesgue type, where the component measure [ is
the Lebesgue measure supported on [t,t + 1] and t € Q\ {—%}. Then p is a spectral measure if and
onlyifte %Z. In this case, L?(p) has a unique orthonormal basis of the form

{eZJTi(/lx—Ay) ‘e AO};
where Ay is the spectrum of the Lebesgue measure supported on [—t—1,—t] U [t, t +1].

The proof depends on the analysis of the so called Orthogonality Equation. We firstly prove
that the spectrum of p is contained in a straight line if £ € Q\ {—%} (Proposition 8). Then we give an
interesting lemma about the Orthogonality Equation (Lemma 7) and extend a result about lower
Beurling density (Lemma 6). At last, we prove that p is not spectral if £ € Q\ (%Z) by reduction to
absurdity. Furthermore, we construct the spectrum of p under the condition that ¢ € %Z.

This paper is organized as follows. Section 1 is an introduction and we state our main result.
Section 2 presents some preliminary results. Section 3 is devoted to prove Theorem 1. We
conclude in Section 4 with some remarks and a conjecture.

2. Preliminaries

In this section, we introduce some preliminary definitions and basic results which are used in our
proof.
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Let p be a symmetric measure of Lebesgue type, i.e.,

1
.0=5(,U><50+50><ﬂ),

where the component measure u is the Lebesgue measure supported on [z, f + 1]. We study
exponential functions on additive spaces. Here exponential refers to functions mapping R? —

T < C of the form

(x,y) — eZm(ux+by)’

where a,b € R. We use e, j, as a shorthand for this function; similarly e, is the one-dimensional
function x — e?"*4*, With exponential functions, we have e, ,(x,0) = e,(x) and e, ,(0, y) = ep()).
Hence

1 1
<ea,b, e”vV>L2(p) = 5 (eq, eu>L2(y) + 5 (ep, eu)[}('u)

Note also that for e, 3, the x projection is e,, and the y projection is e,. If A R2 and (a,b) € A,
then the x projection of (a, b) is a and the y projection is b. Ay is the set

Ay={a€eR:(a,b) € A for some beR},

and similarly for A,,. We will use these observations frequently in the paper.
Let E(A) be an orthogonal set of exponential functions with exponent in A for L?(p) and
(a, b), (c,d) are any two distinct points of A. Let (11, A2) = (a, b) — (¢, d), then 1A, # 0 and
QTi-12)21+ ) sin(7 A1) __ sin(A,)
7'[/11 7'[/12 ’

)

The above equation is also called Orthogonality Equation in [10]. As the right side is real, if
A1,A2 € Z, we obtain (1 — A2) (2t + 1) € Z. This fact will be used many times in this paper.
In the following, we give some useful results proved in [10].

Definition 2 ([10, Definition 7]). Let A be the set of exponents for a set of exponential functions on
an additive space. The multiplicity of A is the largest number of points on any vertical or horizontal
line through A, if such a maximum exists. We say that A has bounded multiplicity in this case.
Similarly, the multiplicity of u € Ay (or v € Ay) is the number of points on a vertical (or horizontal)
line through u (or v), if this number is finite.

Theorem 3 ([10, Theorem 4.11). Let E(A) be a frame for an additive space with measure p and
continuous component measures (L and v defined in (1). Then

() A has bounded multiplicity;
(i) E(Ay) and E(Ay) are frames for L*(u) and L*(v) respectively.

Theorem 4 ([10, Theorem 4.2]). Let E(A) be an orthonormal basis for an additive space. Then
(D) A has multiplicity one;
(i) Suppose that p and v are Lebesgue measures supported on intervals of length one. Then A
cannot be a subset of Z*.

Fort e Q\ {—%}, by the following lemma, we can assume that there are infinite integer points
in A if E(A) is infinite.

Lemma 5. Let p be a symmetric measure of Lebesgue type, where the component measure [L is
the Lebesgue measure supported on [t,t+1] and t € Q\ {—%}. Suppose that E(A) is an infinite
orthonormal set for L?(p). Then there exists (u, v) € A such that #((A — (1, v)) N Z?) = oco.

Proof. Since t € Q\ {—%}, we can write 2t +1 = % with ged(p, g) = 1. Suppose that A, with
(0,0) € A, is an infinite orthogonal set for p. If #(A\ 7?) < oo, this implies that #(A N 7%) = oo,
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the lemma follows from taking (u, v) = (0,0). In the following, we consider the case #(A \ Z2) = co.
Let (A1, 12) € A\ Z2. Since {er,,1,, 1) =0, we have

eniml—az)g sin(mAy) B sin(;Ay)

7[/11 7[12

As the right side is real and 11,1, ¢ Z, we obtain (11 — /12)5 =kjeZ Let (Aijl),/l(zj‘)), ()L(ljZ),/léjZ))
be any two distinct points of A\ Z2. Write

AP AIN B (30 AU P o gy ke 7,
(A~ 2 (4 29") 2 -, i,
by the Orthogonality Equation (2), we have
. (2) _ 40D . (2) _ (D)
smn(%l /1.1 ):(_1)kj2—kjl+1smn(/1_2 /1_2 )

Note that {k;}%2, is a sequence of integers. Without loss of generality, we assume that k; = k;
(mod p) for any j # i. It follows that

. (J2) _ (jl))
s1nn(/12 As ke

. (j2) (1)
NS q(k,—z—kjl)smn(/lz -2 )

; Dk, —k; ' '
7.[(/1;]2) _/1;]1) " (kjp p]l)Q) ﬂ(l;jz) _/1;]1))

Hence )Lém - /1;]‘) €Z,or )L;JZ) - /1(2“) ¢ Z but

G400, K —kidal gy 0o
A7 = A+ —————| = A = A "].
p
This together with kj, — k;, € pZ implies that AY2 ~ A0V = - %2 K10 ¢ 17 o1 a1 j, > jy. Cleart
is together with kj, — kj, € pZ implies that 1, — 1,7 = -—%574— € 3 Z forall j, > ji. Clearly,
. (ng) in
there exists a subsequence {n;} such that Azj k —/1;] ") € Z. In the same manner we can see that

. (n,) j j j
there exists a subsequence {n;} such that /11]"’“ - /1(1]"1) €Z.Set (u,v) = (/li]"‘), /1(2]"1)), the lemma

is proved. O

Recall the Beurling density of countable sets. Let A be a countable set in R”. For r > 0, the
lower Beurling density corresponding to r (or r -Beurling density) of A is defined by the formula

#ANB(x;h
D; :=liminf inf M,
h—oo XxeR™ h"

where B(x; h) = {y € R" : dist(x, y) < h}. If r = 1, we write simply D~. Then we give the following
lemma.

Lemma6. LetL,L' c Z and LnL = @. Suppose that a # 0 and B is a constant. Then the lower
Beurling density of A := aLU (—aL' + ) is smaller than ﬁ

Proof. Without loss of generality, we assume that a, > 0. It follows that

#AN(x—1ih x+1n)
D™(A) =lim,___ inf 2 2

xeR h
#(AN(=3h,1h)
Slimhﬁoo%
h 1
<lim,__ +hﬁ _— 0
a a

We end this section with a simple but useful lemma.
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Lemma7. LetO<|a|<]1.If
s1nocx0

f(xo):= = +a,

sin xg
then there exists a positive constant 8 , such that|xg| > (1+084)7.

Proof. Since f(x) = siNax s an even function, we only need to consider the case x > 0. A simple

sin x
calculation gives
acosaxsinx—cosxsinax

flo=
sin? x
Set g(x) = acosaxsinx — cos xsinax, then for x € (0, 7),
/ 2. . . <0 (-l<a<0),
gx)=(1-a”)sinaxsinx
>0 O0O<a<l).

If -1 < & <0, then g(x) is decreasing in (0, 7), i.e., f’ <0. Then f(x) <limy_¢ f(x) = a in (0, 7).
Note that f(x) is continuous in (,27) and
sinax sinan . sinarm
= lim

hm fl) =

x—at x—»n* sinam sinx  x—nt sinx
We know that there exists 6, such that f(x) > |a| when x € (i, (1 + §,)7). If there exists xo such
that f(xg) € {za}, then xy = (1+64)7.
If 0 < a < 1, then g(x) is increasing in (0,7), i.e., f' > 0. Then f(x) > limy_ f(x) = a in (0, 7).
Note that f(x) is continuous in (7, 27) and
sinax sinan — sinarm

= +00.

hm f) = = lim — = —o0.

x—at x—»ﬂ+ sinam sinx x—»ﬂ+ Sin x
We know that there exists 0, such that | f(x)| > |&| when x € (7, (1 + d4) 7). If there exists xy such
that f(xg) € {xa}, then xy = (1+64)7. O

3. Proof of Theorem 1

In this section, we will give the proof of Theorem 1. Firstly, unlike the case ¢ = —% which was
proved by Lai, Liu and Prince in [10, Proposition 7.1], we prove that the points of spectrum of p
are contained in a straight line if e Q\ {—3

Proposition 8. If the symmetric measure of Lebesgue type p is a spectral measure with the
spectrum A and t € Q\ {— %}, then the points of A are contained in a straight line.

Proof. Since te Q\ {—%}, we can write 21+ 1 = % € Q\ {0} with gcd(p, g) = 1. By Lemma 5, we can
assume that A, with (0,0) € A, is the spectrum of p and #(An 73) = c0. By Theorem 4 (ii), we know
A\Z? # @. For any (A1,1,) € A\ Z? and (ki, k2) € An Z?, the Orthogonality Equation (2) shows
that

sin(wAy) 1+1 SIn(A2)
T (mi = 3
T (-1 i 3)
and . .
sinm(k; — A1) _ (_1)k1,2*l+1 sinm(ky — As) @
(k1 — A1) n(ky—22) '
where | = @ €7 kip = W € Z. This implies that g|(k; — k»). Since k; € Z and

sinm(k; — A;) = (-1*i*1sinmA;, by dividing (3) by (4), we have
( 1)k12+k1 k2 kl /11 Al

To—As Az

ie.,

12 ~ &k

ook k1,2+k1—k2€22;
2= kl +IAC2, k1’2+k1—k2€22+1.
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We can suppose that there exists (ky, k2) € An 72 such that k12 + k1 — ko € 2Z. If not, we can
choose A — (kj, k») to be the new spectrum that we need.

If kyo+ ki1 — ko € 2Z for all (ky,k2) € AN 72, then the proposition follows from taking a = %,
and A c {(aA,A) : A € R}. Furthermore, a #0, 1.

If k1o + k1 — ko € 2Z + 1 for some (ky, k) € A, we firstly claim that #(A\ 72) = 1. In fact, if
(M1, A2), A}, A,) € A\ Z?% and kip + ki — kp €2Z + 1, then

2= kl )
IR 5)
2= k1 + ]AC%.

Since there exists (kj, kj) satisfying k| , + k] — k’ € 27, we obtain A1/, = A /A} = k| /k),. Take
it into (5), hence A7 = ﬂtl, Ao = A’ Then the clalm follows. We now turn to prove that the case of
kio+ki—ko€ ZZ+11s1mp0s31ble Let (A1,42) € A\Z? and ki o+ ki —kz € 2Z+1, k| , + k| -k} € 2Z,

we obtain that

c{m,m (—ﬂkﬁzal,kz), (A1 kz,kz)}
Ao A

Applying Theorem 4, then the projection of A on the x-axis is
Axc{A}u(—aL+20)ual

for some integerset LnL' = @ and a = ; . By Lemma 6, the lower Beurling density of Ay is less
than Slmllarly,

1 1
Ayc{)Lg}U(——M+2/12)U—M’
a a

for some integer set M n M’ = @. Therefore, the lower Beurling density of A, is less than |a|. By
Theorem 3 and Landau’s theorem [11], one has a = +1. But @« = 1 and a = —1 are both impossible.
Ifa =1,then A; = A,. Thisis in contradiction with (3).A/ssume a =—1.Notethatk,—k; =-21,€Z
for some (kj, k») € AnZ2. This implies that 1, = é—;’) = qu for some integer I = é. Since A, ¢ Z and
by (3), we obtain that ¢, 1, ] ¢ 2Z. Since

ki2+ki—ky=(k —kz)p

q€22+1,

and ¢|(k; — k»), we know p is even. Then [ = pl’ € 27, a contradiction.
Hence, the proof is complete, i.e.,

Ac{la,V): 1eR},
where a = % for any (11,142) € A\ Z2. Moreover, a #0, 1. O
With the help of above preparations, we can prove our main result.

Proof of Theorem 1. Suppose that p is a spectral measure with the spectrum A, and (0,0) € A.
According to Proposition 8, there exists a # 0,1 such that 1;/A; = a for (A1,42) e A. If t e Q\ {— %}
we can write 27+1 = Z € Q\ {0} with gcd(p, g) = 1. Without loss of generality, we only consider the
case p,q > 0.

We divide the following proof into four steps.

Step 1. We prove that o = —1. We firstly claim that
DL L L . ®)
pla—1) pla-1)
In fact, by Theorem 4 (ii), we know A\ 72 # @. For any (11,12) € A\ 72, since (0,0) € A, by the
Orthogonality Equation (2), we have (1; — /12)5 €Z.1f (A}, A5) € 72, take (A — Ay, A2 = A5) into the
Orthogonality Equation (2), we have

M- == A2 = -2 - - P ez e, M -1 ez
q q q q
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Hence, for any (11, A,) € A, we always have (1; — /12)5 € Z.Write A1 = Ay + %, k € Z, combining
with A,/ /12 =a, (6) is o_btained. ' ‘ .

Let (/1(1]1),/1;]1)),()L;JZ),)L;M) € A, where /1;][) = /léji) + Jqu, kj, € Z,i = 1,2. Combining with
/liji)//léji) = a, we set

q(ka - kjl)a q(ka B kjl)

(j2) 4 (j2) 1) 4 (1)
=A7A,) =47 ,A7 ) = , =(YxYy)-
Y ( 1 2 ) ( 1 2 ) p(a—l) p(a’—l) (Yx Yy)
Taking y into the Orthogonality Equation (2), we have
sin(ryy) = (D2 Kl asin(ry,).
Since a # 0,1, we know that both vy, y are integers or neither is an integer.
If y € 72, one has p|(kj, — kj,). Then for |a| > 0,
lalq q
= z—, = . 7
lYxl = layyl 1] 1Yyl PEST (7)
Ify¢ 72, we obtain
SV _ (C1yki—kn+1g, 8)
sin7my,

From now on, we prove that @ = —1 by excluding three cases.
Casel.g>1and 0 < |a| < 1. By (8) and Lemma 7, there exists a positive constant §, such that
lyylz1+6,.
Combining with (7), we have
Yyl zmin{l +0q, ﬁ}
By Lemma 6, the lower Beurling density of Ay, satisfies

D™ (A,) < 1 <max{; I“_1|}<1
¥ = [ CET R '

min{l +0q, Ia_zl\

Casell. g > 1 and |a| > 1. Write (8) as
—Sin(wxa_l) = (=K —kn+1g-1

sin(mryy) '

Since 0 <|a~!| < 1, by Lemma 7, there exists a positive constant § ,-1 such that

[Yxl=Z14+6,-1.
Combining with (7), we have
[V x 2min{1+6 71,M},
“a-1]
Similarly to Case I, we obtain
D™ (Ay) < 1 <max{ 1 |a_ll}<1
x) = = e T

min{l +5a—1,—||:fllll} 1+64,1 lagl

Caselll. g =1 and a # —1. In this case,
(ka - kjl)a (ka - kjl)
= ( ) ) = ( ) )'
Y=UxYy pla-1) pla-1)

If y € 72, since a # +1, this implies that

lkj, — kj,| = pmax{la - 1|,|1—a71|} > pmin{la—ll,ll—ofll}.
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Fory ¢ 72, by Lemma 7, there exists a positive constant (0 < || < 1) or § ;-1 (la| > 1) such that
lyyl=z1+64 or |yxl=1+6,-1. Denote

g(a) { 1+6a

1+5a_1 ’

O<lal<1;

la| > 1.

Hence

min{la—1/,/1-a ']}
max{la—1/,[1- a1} }

In aword, if @ # -1, we always have D™ (A,) <1 or D™ (Ay) < 1. Then Theorem 3 and Landau’s
theorem [11] tell us that A is not a frame of p, a contradiction. Hence a = —1.

min{D™ (Ay), D™ (Ay)} < max{g(a),

Step 2. We will give the expression of A. Since a = -1 and (0,0) € A, for any nonzero (1,-1) € A,
by the Orthogonality Equation (2), we have

7Tl

(e 'i +1)sin(wA) =

2Ap

Hence, A € Z or =~ 7 € 2Z+1,1i.e,

gk qk

Aci{(n,—n): nEZ}U{( ) k€22+1}
2p’ 2p

Let (ZI; ql; ) €A, kj=ps;j+r; €2Z+1 for some integers s; = 0,0 < r; < p—1. For any k; # kp,
then ky — kj € 2Z. The Orthogonality Equation (2) tells us

(e’”'(krkl) + 1) sin (n—q(k;_ kl)) =0,
p

this yields =L q(kz 5 k1)

Let (n,—n) € A, Zl; ——p) €A and n— q—k’ ¢ Z. Taking (n— q—’;j,—n+ q’; ) into the Orthogo-
nality Equation (2), we have

€Z,ie., rn=r2|q(s2—s1).

2pn
L—Icl€22+1 ie,neqgz.
q

Note that we have actually proved that there exist some .#; c Z,i = 1,2 and a r € [0, p—1] such that

qr qsi qr
—  —— ——|:5€SH =AUy, 9
2 2p 2 Zp) Si 2} 1UA2 9
where k; = ps;+r €2Z+1and 2|q(s; - s;). Since (0,0) € A, we know that A; # @. By Theorem 4 (ii),
we know that A, # @ and A, ¢ Z2.
Furthermore, combining with k; = ps; +r € 2Z+1 and 2|q(s; —s;), if p # 1 and r # 0, by simple

discussing, we always have

A={(gn,—gn): ne&ﬁ}u{

Azz{(qm+g—r,—qm—2q—r):m€yé,cz} forsomeodd re[l1-p,p—1]. (10)
p p
If p=1orr =0, then g, s; are both odd. By the maximal orthogonality of A, we have
J(am _am.
A={( s ):mez}. (11

Step 3. Our next goal is to prove that A can’'t be the spectrum of pif r€ Q\ ( 7).
Ifte@\( Z),then2t+1=£2 q eQ\z,ie., qg=2.
When g > 2 (or p = 1), by the expression of A in (9),(10),(11), and Theorem 6,

D™ (Ay) < 241
q

Landau’s theorem [11] tells us that A is not a spectrum of p.
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When g = 2, then p = 3 is odd. By the expression of (9),(10), without loss of generality, we
assume that

A:{(n,—n):nEZZ}U{(m+£,—m—L):meZZ}
p p

for some odd r € [1 - p,p—1]. Let F(x,y) = 2= Nb with p .= %, F, = F(x,0) = e2mibx gnd
Fy =F(0,y) = e72"bY Then

1 2, 1 2
= —||Fxll© + = F =1.

2|| xll 3 Il Fyll

2
||F(ny/)||Lz(p)

Leta=b- %. Since 2t + 1 = £, we obtain

Y KEewn) 2l

(u,v)eA

Y. Py ew) +(Fy el
,V)EA

| — S =
—
s

r+ i(b—A A-b
f (62m( — )x 2m( )x dx

f 2ni(a7/1)x + eZni(?Lfa)x) dx

)

)
i Ae2z

b
( | cosn—p sinzh|? | cosn sm7m|2 )

T R )L)Z
2

ap
+ |cosT— cosnE

bp b
= [cosm—=cosm

L
=cos"—<1.

The penultimate equality follows from the fact that

. 2
|sinmz|
—2=n2 forzeC\Z.
nez (z—n)

The last equality follows from r is odd and a = %. Hence A is not a spectrum of p.
Then we have proved that A can’t be the spectrum of p if r € Q\ (%Z).

Completion of the proof of Theorem 1. In the final step, we construct a spectrum of p under the
condition that t € %Z, i.e., g = 1. Combining with the expression of A in (9), (10), (11), we know if
p is odd, then there exists an odd r € [1 — p, p — 1] such that

A:{(n,—n):neZ}u{(m+L,—m—L):mez},
2p 2p

A:{(g,—g):nez}.

If p is even, then there exists an odd r € [1 — p, p — 1] such that

or

A:{(n,—n):neZ}u{(m+L —m—L) meZ}.

2p 2p
The proof of [10, Theorem 1.3] (see [10, Remark 6.2]) shows that if Aq is the spectrum of the
Lebesgue measure supported on [-¢—1,—f]U [, £+ 1], then A = {(1,—-A) : 1 € Ag} is the spectrum
of p. This together with [10, Theorem 1.1] completes the proof. d
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4. Concluding remarks

In this paper, we only consider the case t € Q\ {— %}. There are many meaningful problems left in
the other cases. For the case ¢ = —%, i.e., the Plus space called by Lai, Liu and Prince [10], since we
can't solve the equation
sin(wA1)  sin(wA,)
71'/11 - 7'[/12
it is interesting but very difficult. We only have the following partial results.

’

Lemma 9. Let p be a symmetric measure of Lebesgue type, where the component measure |1
is the Lebesgue measure supported on [t,t+ 1] and t € Q° U {—%}. If p has a spectrum A, then
#(ANZ?) < oo.

Proof. Suppose that A, with (0,0) € A, is the spectrum of p and #(A N 7%) = co. Set O = 2t + 1.
We first consider the case t € QF, i.e., @ € Q°. According to Theorem 4 (ii), A\ Z? # @. Choose an
element (11, 1,) € A\ Z2, which satisfies the Orthogonality Equation

T =12)0 sin(mAy) _ sin(wA,)

12
ﬂﬂ,l 7'[/12 (12)

Hence 1; — 1> = mO~! for some integer m. Let (k1,k2) € AN 72, then
omith—hi—ky+12)0 sinzi(k; —A1) _ sinz(kz - A») (13)

nki—-N)  wlke—A)

This implies that ky — Ay — ko + A2 = k1 — ko — mO~! € 8717. This yields that k; = k», as 8 € Q°.
Combining with (12), (13), one has 1,/A, = ky/k, = 1. Then m = 0. Using (12) again, then
(A1, A2) € 72, a contradiction.

For the case t = —%, i.e., 8 =0.Let (A;,15) € A\ Z2 and (ky, k») € AN Z2, we obtain

sin(wA;) B sin(rA,) sinm(k;—A1) B sin(ky — Ay)
7[/11 B 71'/12 ’ ﬂ(kl—ll) B 7'[(’(72—/12)
Hence,
M -k K1 =M1
o (ke
Ao =1) ko— Ay

If k1 — k2 € 27, then A1/A2 = k1/kz = a for fixed a. If k; — kj € 2Z for all (k;, kj) € An 72, then by
Proposition 7.1 in [10], A is not the spectrum of p. If not, similar to the proof of Proposition 8, A
is not the spectrum of p either.

Hence, the proof is complete. O

At last, we post the following conjecture.

Conjecture 10. Assume that AN Z? = {(0,0)}. For any (A1, A2) € (A — A)\ {(0,0)}, if

sinmAy sinzA,

)

7'[/11 ﬂﬂ,g
then D™ (Ay) or D™ (Ay) is less than 1.

If above conjecture is true, we have the following theorem.

Theorem 11. Let p be a symmetric measure of Lebesgue type, where the component measure (L is
the Lebesgue measure supported on [t,t+1]. Let t ¢ % +Zort=-— % If Conjecture 10 is true, then p
is not spectral.
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Proof. Let A be the spectrum of p. By Lemma 9, we can assume that (0,0) € A and #(A N Z?) < oco.
Write A := TuT with T < 7% and T n 7% = @. By Conjecture 10, without loss of generality, we
suppose that D™ (I'y) < 1. It follows from Lemma 9 that

D (A) =D (T, <1.

Then, by Theorem 3 and Landau’s theorem [11], E(A) is not a frame of p. This yields that A is not
the spectrum of p, a contradiction. g
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