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Abstract. In this paper, we introduce some monotonicity rules for the ratio of integrals. Furthermore, we
demonstrate that the function —T,, 4 g(s) is completely monotonic in s and absolutely monotonic in v if
and only if 8 = 1, where Tv,a,ﬁ(s) = Ks(s) — BKy-a(s)Ky+q(s) defined on s > 0 and Ky (s) is the mod-
ified Bessel function of the second kind of order v. Finally, we determine the necessary and sufficient
conditions for the functions s — Tp_a_l(s)/Tv,a,l (8), s = (Tp,a,1(9) + Tv,a,l(S))/(ZT(p+v)/2,a,1(3)); and s —
(fvinll Ty,a1 (s)/ddvi,?2 Ty,q,1(s) to be monotonic in s € (0,00) by employing the monotonicity rules.
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1. Introduction

The modified Bessel function of the first kind I, (s) [25] was defined by the solution to the
following second-order ordinary differential equation
$SX"(s) +sX'(5) - (s2 + v2) X(s)=0,
which can be represented as a series [25]
5 1 s\2k+v
I = —_— =
V) ,CZZO KIT(v+k+1) (2)
The modified Bessel function of the second kind K, (s) [25] was defined by
I_y(s)—1,(s)
2sin(mv)
. I, (s) —In(s)
limmg————
n—v 2sin(mn)

, SER,veR\{-1,-2,---}.

, ifvez,
Ky(s) =
, ifvez,
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which can be represented as an integral [25]
(9]
K, (s) :f e Scoshi cochvidr, s>0,veR. (1)
0

Moreover, the product of any two modified Bessel functions of the second kind [25] had the
following integral representation

Ky ($)Ky(s) = 2[ K,sv(2scosh(t)) cosh ((uFv)r)dt, s>0,u,veR. )
0

Grosswald [16] proved that

3(%%):6%‘1(@), V=0, 3)
s I3 (vVs) + Y (V5) VsKy (V5)
where £ and £ ! are the Laplace transform and its inverse respectively, J, (s) and Y, (s) are the
Bessel functions of the first and second kind of order v, respectively. Ismail [17] further expressed
the formula (3) as

Ky_1(s) 4 [* sdr

Ky(s) w2 t(s2+2) (A0 +YEW)

The modified Bessel functions have an essential role in mathematical analysis and have wide
applications in statistics [14, 17, 20] and physics [22, 24]. For more information about the Bessel
functions, refer to [8,12,15,27,28,30,31].

Recall that the Turdn type inequality was presented by Paul Turdn in [23], which states as
follows

P2() = Pp_1()Pps1(s) >0, [sl<l,m=1,2,--,

where P, is the classical Legendre polynomial. Many scholars have discovered that the Turdn
type inequality also holds for numerous classical polynomials and special functions, such as
Kritzel functions [6], Struve functions [9], Tricomi confluent hypergeometric functions [5] and
Bessel functions [3, 7, 8, 18, 24]. Among these, Ismail and Muldoon [18] and Van Haeringen [24]
independently proved the following Turédn type inequality holds for the modified Bessel function
of the second kind

Kf(s) -Ky-1(9)Ky4+1(8) =0, s>0,veR. 4)
After that, Segura [21] and Baricz [4] presented some interesting results about the lower and upper
bounds of K2(s) — Ky—1 () Ky+1(S).

Inspired by these, we will generalize the left hand side of (4) as follows

Ty,a,6(8) = K5(8) = PKy—a()Ky+a(s), s>0,v,a,B€R, 5)

and provide some properties of T, 4 5(s). Besides, to further investigate T, 4,1(s), we will consider
the following functions involving T, 1 (s) that are defined on (0, co)

Ty,a,1(8)
L = 6
“’V'a(S) Ty,q,1(8) ©)
* ok T, ,l(s)+T, ,l(s)
Ly, a(s) = 22 me (7)
2T(p+v)/2,a,l (8
and
0™ Ty q1(9)
n
ove

This paper is organized into four sections. Section 1 provides a brief background and the re-
search motivation of this paper. Section 2 presents several monotonicity rules for the ratio of in-
tegrals, extending existing research results. Section 3 introduces two multiple integral represen-
tations and asymptotic formulas of T, ¢ g(s). Section 4 explores the complete monotonicity and
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absolute monotonicity of function T, 4 s(s) and establishes the necessary and sufficient condi-

tions for functions L, ,, 4 ($), L,y (5), and Wy, 5, «($) to be monotonic.

2. Monotonicity rules for ratio of integrals

Monotonicity rules play a fundamental role in mathematical analysis [2, 29]. In 1955, Biernacki
and Krzyz [11] provided a crucial monotonicity rule for the ratio of two power series.

Monotocity rule A. Suppose that two convergent real power series P(s) = 332 Pk sk and Q(s) =
o0 qis*© are defined on (—d,d)(d > 0). Then the ratio P(s)/Q(s) is increasing (decreasing) on
0,d) if{ipx! qi} k=0 is non-constant, increasing (decreasing) and qy. > 0 for all k = 0.

In 1982, Cheeger, Gromov, and Taylor presented an important monotonicity rule for the ratio
of two integrals [13].

Monotocity rule B. If functions f(t),g(t) are positive, integrable and the ratio f(t)/g(t) is
decreasing, then the function

fo f(nde
Jo g(ndt
is decreasing on (0, 00).
In 2022, Qi [19, Lemma 9] gave an interesting monotonicity rule as follows.

Monotocity rule C. Suppose that the functions f(t), g(t) > 0, and w(s,t) > 0 are integrable in
te (a,b) and s € R. If the ratios

ow(s,t)
0] and 9s
g w(s, 1)

are both increasing or both decreasing in t € (a, b), then the function

[P fyw(s, nde

S 9)
J,gw(s, nde
f(t) ow(s,t)
is increasing on R; if one of the ratios o) and wfsx 5 is increasing and the other is decreasing in

te (a, b), then the function (9) is decreasing on R.

In this paper, we denote that I = [a1, f1] x [@2,B2] X -+ x [an, Byl and t = (f1,t2, -+, ty),
where «a;,Bi,t; € R(i = 1,2,---,n); Dy = {(s,1) : a(s) < t < B(s),s > so}, l~)0 = (8p,00) X
Ey = (s9,00) x [infse(s(),oo)a(s),supsg(soyoo)ﬁ(s)], Dy = {(s,1) : ai(s) < t < Bi1(s),s > spo} and
E; = [infse(so,oo)ai(s),supse(s()m),B,'(s)](i = 1,2), where sy is a given constant and a(s), B(s),
a;(s), Bi(s)(i = 1,2) are differentiable functions with B(s) = a(s) and B;(s) = a;(s)(i = 1,2).

Now we will provide some monotonicity rules for the ratio of multiple integrals.

Monotonicity rule 1. Suppose that the functions f(t;), g(t1) > 0, wy (s, t1) > 0 and w,(t) > 0 are
integrableintel and s € (s, 00). If the ratios
0
f(t) nd Bwi(s )
g(h) wi (s, 1)
are both increasing or both decreasing in t; € (a1, B1), then the function
s L f)wi(s, ) wo(tdt
Jigt)wi (s, 1) wo(t)dt

a
.. . . . sswils,n) .. . .
is increasing on (sg,00); if one of the ratios Qg; and % is increasing and the other is

decreasing in t € (a1, B1), then the function (10) is decreasing on (sg,0).

(10
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Proof. Taking derivative of the function (10), we obtain the conclusion immediately. O

The following monotonicity rule can be obtained by reusing Monotonicity rule C.

Monotonicity rule 2. Suppose that the functions f(t,), g(ty) > 0, wi(s, 1) >0, w;(tj-1,%;) >0
(j = 2,3,---,n) are integrable in t; € [a;,B;l(i = 1,2,---,n) and s € (sp,00). If the function
R;(tj-1,t;) is monotonicin tj forall j = 2,3,---, n, Ry(t,) is monotonic, and R (s, t1) is monotonic
in t1, then the function

n—1
Sifwi(s, t1) TT wier (Ex, L) dt
Y k=1 an
n—1
Jigt)w (s, 1) kljl W41 (ke ) dt

is monotonic on (sg,00), where

0 _0 LU'([' t')

(tn) =~ w1 (s, 1) 3t Willj-1, 1j

[t , Ri(s )= o 7 , Rj(tj_l,tj):zj—
wj (tj-1,tf)

Ro(ty) :=
oln) g(ty) wi (s, 1)

,j=2,3,, 1.

Furthermore, let T represent the number of decreasing functions in Ry(t,), R1(s, 1), Ro(t1, £2), -+,
Ry (th-1,ty). If T is even, then the function (11) is increasing; if T is odd, then the function (11) is
decreasing.

Next, we will consider two monotonicity rules for the ratio of variable limit integrals.

Monotonicity rule 3. Suppose that the continuous functions f(t), g(t) defined on kg satisfy that
g(t) >0, continuous function w(s, t) defined on Dy satisfies that it is positive on Dy, 0w (s, t)/0s is
continuous on Dy.
dw(s,t)
1) If (t) is increasing, ﬁ is increasing (decreasing) in t for arbitrary given s € (sg,00), a(s)
and B(s) are increasing (decreasing), then the function

fﬁ“) FOw(s, nde

a(s)

f’“” g(Ow(s, ndt

a(s)

(12)

is increasing (decreasmg) on (sg,00).

w $,1)
2) If =+ A Eg is decreasing, m is increasing (decreasing) in t for arbitrary given s € (s, 00), a(s)
and B(s) are increasing (decreasing), then the function (12) is decreasing (increasing) on

(SO)OO)-

Proof. Noting that

d B B(s) ow(s,t

a( U f(t)w(s,t)dt)= L “’(S Ldt + B F () wls, B() — @' (5) f@(s) wls, als),
als als

and

d ([P P& Qw(s, 1) ,
T (f g w(s, t)dt) =f g—3— dt+/3 ()8 (B(9)) wis,f(s) —a'(s)glal(s) w(s, als)),
a

(s) a(s)
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we have

B(s)
gw s, t)dt) —
(fa(s) ds (ff((;))g(t)w(s, nde

B(s) B(s) B(s) 5s)
:f f(l‘)awa(s t)dtf g w(s, n)dr— fOw(s, t)dtf g(t)awa(j, t)dt
a

a(s) () a(s) a(s)

d (S5 rows, t)dt)

O]

B
+(B'SF(BE))w(sBs)—a'(s)f (als) w(s,a(sn)f g w(s, t)dt
a

()
B(s)
- (B'(9)g(B®) w(s,B(s) —a' ()8 (al(s) ws, a(S)))f fOw(s, ndr

a(s)

B(s) pB(s) 0

f f w(s, gx)w(s,x)drdx
(8) (s)

B(s) pB(s)
_ f fw(s,ng) W(s X)dfd
a(s) Jals)
P f(Bs) f(t))
+ t ) ’t ey dt
" B'(5)8(B(sNg(Dw(s, f(s)w(s )(g(ﬁ( ) g

B(s)
+f() a'(9)glals)gwis als)w(s, t)(f(” m)dt

g gla(s)

B(s) rB(s) 6W(s 1) 6wa(s,x)

= 2 ot - —=—|dud
jc;c(s) a(s) Fingtawis, Huwts, x)( (s, 0) w(s,x)) *

F(B(s) f(t))d

t
g(p(s) g
O f(a(S)))dt

B(s)
+ t LD | —— -
fw) a'(s)g(a(s) gD w(s, als)w(s )(g(t) 2(@(s)

B(s)
+ B ()g(BsNgwis, () ws, )(

a(s)

dw(s,x) ow(s,1)

B(s) pPs) 3
:f FOgOws, ws )| —25— - —% _|drdx
a

(9 Jals) w(s,x) w(st)

F(B(s) &)dt
g(p(s) g)
f f(a(S)))dt
g) gla(s)

aw(s 1) ow(s,x)

B(s) pPB(s) owis,x)
f f ggx)w(s, t)w(s,x)(f(t) f(x))( -0 )dtdx
Bs)

B(s)
+f B'()g(B(s)gws, B(s) w(s, t)(
a

(8)

B(s)
+f a'(s)g(a(s) gD w(s, als)ws, t)(
a S

() Ja(s) gy gx))\wis ) wisx)

fBG) @ ) i
gB(s) g
f@ f(a(s)))dt

B(s)
+fw) a'()g(a(s) gD w(s, als)ws, ﬂ(ﬁ_ 2@(s)

+ B'(9)g(B(s) gD w(s, B(s) w(s, )(

a(s)

which implies the desired Monotonicity rule 3. g

Remark 4. The conclusion of Monotonicity rule 3 can be described in Table 1.



222 Zhong-Xuan Mao and Jing-Feng Tian

Table 1. Monotonicity of function (12)

Cases 1@ awa(?n a(s),B(s) Function (12)
4O w(s,r) ’

. S S /
/ \ N\ N\

, N 7 7 N
N N\ N /!

Remark 5. If a(s) and B(s) are constants, then Monotonicity rule 3 reduces to Monotonicity
rule C.

Monotonicity rule 6. Suppose that the continuous functions f(s,t), g(s,t), and w(s, t) defined
on Dy satisfy g(s,t) > 0, w(s,t) is positive on Dy, 0f(s,t)/0s, 0g(s,t)/ds and Ow(s,t)/ds are
continuous on Dy. Denote that

(S, 1) 0f(s,x) 0 (s, 1) 0g(s, x)
My g(s,1,%) = f gls,x)+ f gls, 0= fls, 0= = fls,n =5
ow (vt)
1) Ifgi g is increasing in t for arbitrary given s € (sp,00), w(s 5 is increasing (decreasing) in t

for arbitrary given s € (sg,00), a(s) and [(s) are increasing (decreasing), My g(s, t,x) = (<)0
forall s € (sg,00) and t, x € Ey, then the function

fﬁ(s) f(s,Hw(s, ndr

a(s)

(13)
ff((ss)) g(s, Hw(s, dt
is increasing (decreasing) on (sp,00).
014/(9 1)
) If Qi g is decreasing in t for arbitrary given s € (sg,00), w(s 5 is decreasing (increasing) in t

for arbitrary given s € (sp,00), a(s) and [(s) are decreasing (increasing), My g(s, t,x) = (=)0
forall s € (sp,00) and t, x € Ey, then the function (13) is increasing (decreasing) on (syp,00).

Proof. Noting that

d Bs) d

B o
=f() 3 (fs,nw(s,0)de+ ') f (s, BS))w (s B(s)—a' () f (s, als)wis,als)),

a

and
d B(s)
a(fa(s) g(s, NHw(s, t)dt)
B 5
=f() 35 (g(s,hw(s, 0))de+ (g (s, B)) w(s B(s)—a'(s)g(s, als)w(s, als),
als
we have

(fﬁ(s)g(s (s t)dt) d faﬁ((s))f(s, Hw(s,ndet
a(s) ’ ’ ds

fﬁ(s)g(s, Hw(s, Hdt

a(s)
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B(s) o B(s)
:f (f(s Hwls, t))dtf g(s, Hw(s, dt
a(s) 0s (8)

B(s) B(s)
- fls,Hws, t)dtf
a(s)

a(s)

%(g(s, Hw(s, t))dt

B
+(FOf (5,89 w(s.B) - @ f s el aw) [ gls,nwis de

a(s)

B(s)
- (ﬁ'(s)g (s,69))w(s B(s)—a'(s)g(s, als)wls, a(s))) f(s,Dw(s, t)dt

al(s)

Bs) B
f f (af(s D s, 0+ s, t)a wes, )) (s, ) w(s, x)drdx
(s) (s)

B(s) pB(s)
f f f(s,Hw(s, t)( 8(s, )w(s,x)+g(s,x)aw(s’x))dtdx
() Jal) as Os

f(sBB) [, t))dt
g(s,ps) glsn

pts) fst)  f(sa(s)
’ —
+fw) a (s)g(s,al(s) gls,Dw (s, als)) wis, t)(g(S’ 5 g(s’a(s)))

B(s) (s
f f (af(s,t) (,%) = f(s, ) g(’ ))w(s,t)w(s,x)dtdx

() (s)
B(s) rPs) aw(s 1) ow(s,x)
f f f(s,08(s, x)w(s, Hw(s,x) (— -0 )dtdx

) Ja(s) w(s,t) w(sx)

f(sB)  fs t))dt
g(sB(s) glsv

B(s) [0 f(sals)
, —
+fa(s) a (s)g(s,al(s) gls, Dw(s, als))w(s, t)(g(s’ D g(s’a(s)))

B(s) pB(s)
f f (af(s Y gls, )= f(s,%) g( : ))w(s,x)w(s,t)dtdx
(s) ()

B(s)
+ B'(9)g (s, B(9)gls, Dw(s,B(s) ws, 1) (

a(s)

B(s)
+ B'(9)8(s B(9)gs, Dw(s,(s) wis, 1) (

a(s)

aw(s X) ow(s,t)

B(s) pPs) 3
f f(5,x)g(s, Dw(s, x)w(s, 1) (— - —S)dtdx

(s) Ja(s) w(s, x) ws,1)

f(sB9)  fs t))dt
g(s,p(s)) &gls1
f(s,0) _f(s,oc(S)))dlj
gls, ) gs,als)

B(s)
+ B'()g (s, () gls, Hw (s, B(s)) w(s, 1) (

a(s)

B(s)
+f a'(s)g(s,a(s)g(s, Dw(s, als)wis, ) (

a(s)

Bs) pB(s)
= —f My (s, t, x)w(s, Hw(s, x)dtdx
a(s) Ja(s)

B(s) pBs) fsn [, x)) mm 2 W
,t y rt ’ -
f(s) f(s) g(s,0g(s, x)w(s, Hw(s X)(g(s, D g5 w(s, N wisx

B(s)
+ B'(9)g(s,B(9)gls, Hw/(s,f(s) w(s, t)(

al(s)

f(sB) _ [, t))
g(s,B(s)) &gls0
flsn f(s,a(S)))dt’
g(s, 1) gls,als)

B(s)
+f a'()g(s, a(s)gls, Dw(s, als)wis, 1) (

a(s)

which implies the conclusion of Monotonicity rule 6.

Remark 7. The conclusion of Monotonicity rule 6 can be described in Table 2.

223

) drdx
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Table 2. Monotonicity of function (13)

ow(s,t)

Cases Q;g w?; B a(s),ps) M 1.g(8 1 x) Function (13)
1 / / / >0 /
/! N \ <0 \
5 N N N >0 /
AN /! /! =0 N

Remark 8. If f(s,t) and g(s, f) are univariate functions with respect to the same variable, then
Monotonicity rule 6 reduces to Monotonicity rule 3.

Taking f (s, 1) = pa(s) I(»h(t,y)dy and g(s, 1) =

az(s)
have the following corollary.

Ba(s)
az(s)

r(y)h(t, y)dy in Monotonicity rule 6, we
Corollary 9. Suppose that the continuous functions I(y), r(y) defined on E, satisfy r(y) > 0,
function w(s, t) defined on (sy,00) x E; is continuous and satisfies that it is positive on D1, positive

function h(t, y) defined onE; x E, satisfies that0h(t,y)/0t is continuous, 0w (s, t)/0s is continuous
onD;.

a il
l 5 M(Ly) . . WD .. . . . .
m If —r(g,)) and ";m y)y are increasing in y, —aiu( s IS increasing (decreasing) in t for arbitrary

given s € (sp,00), a1(8), B1(s), az2(s) and B, (s) are increasing (decreasing), then the function
B1(5) B2(5)
S ay(s) faz(s) l(y)w(s’ t)h(t’y)dydt (14)

ay(s) Jaz(s)

is increasing (decreasing) on (sp,00).

il a
ahaey) . . A W0 . . . , . .
2 If —ig,)) and — ";l(t yil is increasing in y, < is decreasing (increasing) in t for arbitrary

w(s,t)
given s € (s9,00), —a1(s), —P1(8), az(s) and B2(s) are increasing (decreasing), then the
function (14) is increasing (decreasing) on (sg, 00).

a a
1(y) ahy) . . L Fw(st) . , , , , ,

3) If =l and hitry) 1S increasing iny, < 55= s decreasmg (znqeasmg) in t for arbitrary
given s € (8p,00), a1(s), P1(8), a2(s) and B2(s) are decreasing (increasing), then the func-
tion (14) is increasing (decreasing) on (g, 00).

a a
1) 3 M(LYy) L Bwsn .. , . . ,

4) If =) and <5 - are decreasing in y, <<=~ is increasing (de(:‘reasmg) in t for arbitrary

given s € (s9,00), a1(s), B1(s), —az2(s) and —PB2(s) are increasing (decreasing), then the

function (14) is increasing (decreasing) on (g, 00).

Remark 10. The conclusion of Corollary 9 can be described in Table 3.

Table 3. Monotonicity of function (14)

Qw(s,1) oh(t,y)
Cases %,)) % h(‘;fy) a1(s),B1(s) az(s),B2(s) Function (14)
1 /! /! / / / /
/! N\ /! \ \ N
9 /! N N N /! /
/ /! N /! N\ N
3 N N / N\ N\ /
N /! / /! / N
4 N /! N\ /! N\ /
N N N\ N / N
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3. Integral representations and asymptotic formulas of 7, 4 5(s)

225

In this section, we investigate the integral representations of T, o (s), as well as its asymptotic

formulas.

Proposition 11. Lets>0,v,a,f€R. Then

o0 o0
Tya,p(8) = 2f f em2scosh(tcoshy) ¢oeh (2vy) (1~ Beoshar))dydt
o Jo

o0 o0
= 2[ f g~ tcosh(y) cosh(2vy)
2s JO

Proof. Combining formulas (1) and (2), we have

1 - Bcosh (2aarccosh [z—ts))
12 —4s2

dydt.

K, ($)Ky(s) = 2[ Kji+v(2scosh(r)) cosh ((u—v)t)dr
0

= 2[000 fooo e~ 2seosheoshy) coch ((u+v)y) cosh ((u—v) £)dydt,
and
Ty,a,6(5) = K3 (5) = BKy—a(5)Ky+a(s)
= 2[000 Kay(2scosh(n))(1 - fcosharn))dr
= 2[000 fooo e~ 2scoshitcoshy) ¢ogh (2vy) (1 - Beoshar))dydt.
Taking ¢ = 2scosh(x) in

Ky (9)Ky(s) = 2[00 Ky+v(2scosh(x)) cosh (1 —v)x)dx,
0

we have
K, (s)Ky(s)
_zfooK (t)cosh(( v)arccosh( f )) 1 dr
- 2s o K 2s)) V12— 452
Rl e cosh (- v) arccosh (£
= 2[ f e—tcosh(y) COSh((/J,+V) y) ((/J ) (25))(:1)/(”y
25 Jo V2 —4s2
and
Rl e 1- Bcosh (2aarccosh (£
Tv,a,ﬁ(s) = Zf f e_[COSh(J’) COSh(ZVy) 'B ( (23)) dydt
2s 0 t2 _432

(15)

(16)

O

Now, we will give the n'™ derivative of T, o, 5(s) with respect to s and v by using formulas (15)

and (16), respectively.
Proposition 12. Lets>0,neNandv,a,f€R. Then

d" Ty q,6(s) (_Dn12n+1snf°°[°°((cosh(t) cosh(y))" e~2scosh(t) cosh(y)
ds” o Jo x cosh(2vy)(Bcoshar) —1)

and

dydt,
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0" Ty q,5(5)
ovh

211 [0 [0 yyn g=2scosh(t)cosh(V) ginh (2vy) (1 - Bcoshan))dydt  ifn is odd
211 [0 [0 yng=2scosht)cosh(V) cosh(2vy) (1 - Beosh(at))dydt  if n is even

- L
271 [52 [3° yneT o0 sinh 2vy) LRGN gy a1 ipn s odd,

) - v i
2 [0 f57 yrem eoshy) cosh(2vy)1 ﬁCOSh\SZt;xiCSCZOSh(ZS)) dydt ifniseven.

Next, we will consider the asymptotic formulas of function T, 4 g(s) at the points s = 0 and
s =o00.

Proposition 13. Lets>0,andv,a,B€R. Then

221/—2 zlv—al—l 2\v+a|—l
Tyap(s) ~ = 120 = B~ e Tlv—alT(v+al,  ass—0ifv>0,  (7)
and
Ty,a,p(s) ~ %e‘zs (1-8)+ _4“2ﬁ_4ﬁfs+ﬁ+4vz_l , as s — oo. (18)

Proof. The modified Bessel function of the second kind has the following two approximate
formulas [1]

21/*1
Ky(s) ~ —-TW), ass—0ifv>0, (19)
s
and
T o, 4*-1
K,(s)~1/—e |1+ , as s — oo. (20)
2s 8s

From asymptotic formulas (19) and (20), we obtain the asymptotic formulas (17) and (18). O

4. Monotonicity of T, o (), L}, ,, 4 ($), L}, o(8), and Wy, 1, o (S)

wv,a wv,a

Itis easy to check that T_, g, p(8) =Ty q,p(5) and Ty, _q, p(8) =Ty q,p(9), which indicates the function
Ty q,(s) are even with respect to v and «a respectively.

4.1. Complete monotonicity and absolute monotonicity of Ty, q ()

Recall that completely monotonic functions and absolutely monotonic functions were given by
the following definitions.

Definition 14 ([10,26]). Ifa function ¢: (0,00) — R has derivatives of all orders and satisfies
d"¢(s)
=0
ds”
forall s>0andneN, then ¢ is said to be a completely monotonic function.

=n"

Definition 15 ([26]). Ifa function ¢: (0,00) — R has derivatives of all orders and satisfies
n
4o L
ds”
forall s>0 andn eN, then ¢ is said to be an absolutely monotonic function.

In this subsection, we will provide the complete monotonicity and absolute monotonicity of
Ty,q,p(s) and give some corresponding corollaries.
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Theorem 16. Let the function T, o p(s) be defined by (5). Then —T, o g(s) is completely monotonic
in s and is absolutely monotonic inv if and only if = 1.

Proof. Sufficiency can be deduced directly from Proposition 12, and Necessity can be deduced
directly from the asymptotic formula (18). 0

Taking @ = 1 and % in Theorem 16 respectively, we obtain Corollary 17.

Corollary 17. The functions
s KJ(8) = BKy-1 (K1 (s), 5= K(8) = BK,_1 (K, 1 (5)

are completely monotonic on (0,00) forallv e R ifand only if f = 1.

The following corollary can be reduced from Theorem 16.
Corollary 18. The function

§— Ky—2(8)Ky+1(8) + Ky-1(8) Ky12(8) — Ky () Ky +1(8) — Ky-1(8) Ky (8)

is completely monotonic on (0,00) for allv € R.
Proof. Using the recursive formulas [25] for the modified Bessel function of the second kind

’ _ _V
K, (s) =—Ky_1(s) ;KV(S),

and
S(Kv+1(8) = Ky-1(8)) = 2vKy (),
we obtain
dTy1,1(s)
—E 22K KUS) ~ K1 (9K 1 (9) ~ Kt (91K 4 (9)
1
= Ku(9)[ = Kyt (9= Ky (9) = 5 = Ko (9) = Ky (9)) K (9
1
- S K19~ Ko (9) = Ky (9))
1
= 3 (K29 K1(9) + Kyt 9Kz () = K (9 Kran (8) = Kyt (9K (8))
In addition, we know that % is completely monotonic in s by using Theorem 16. The proof
is completed. O

By employing the monotonicity of 7, ;1 (s) in v, an upper bound for KE (8) — Ky_1(8)Ky41(8) is
obtained.

Corollary 19. Lets>0andv =0. Then

KZ(5) = Ky-1(9)Ky41(5) < K§ () — K7 (9). @1
Remark 20. Obviously, inequality (21) is sharper than inequality (4).
4.2. Monotonicity of functions L:‘“,,a (s), L;,*v,a (8), and Wy, ny,a (S)

In order to prove Theorems 24, 25, and 26, we first present three lemmas.
By taking derivations, the following lemma can be directly proved.
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Lemma21. Ifaj,az,---,a,€R, by=zby=---= by, andm; ;=0 foralli=0,1,2,---,n, then the

function

b b . b

s—ais'+ays oty st

is non-negative for all s = 1, where

n n
Moab:=) aj, Miqp:= ) ajbj,

j=1 j=1
and
n—i+1 i-1
M ab:= Z ajbjl_[(bj_bn+l—k) , i=2,3,--,n.
j=1 k=1

Lemma 22. The function
Y(z a):=a?® (z2 - 1)2 (z2 +1) 7202 _ (z2 +1) (zza - 1)2 +a (z2 -1) (z4“ -1)=0 (22)
forallz=1anda = 0.
Proof. Clearly, we have
a?(22-1) (2 +1) 292 = (22 +1) (22 —1)* + a (2 - 1) (z** -1)
=(@-DzZ* —(a+ 1)z +a?2? "+ (2- a?) 2292+ (2 - a?) 2%+ a? 2 P~ (@ + D2+ (a-1).

This proof is divided into the following five cases.

(i) Assume that a = 2. Inthis case, wehave by =4a+2=by,=4a=bs=2a+4=by=2a+2=
bs=2a=bsg=2a-2=b;=2=bg=0anday=a-1,ax=-1-a, a3 =a?, as =2 - a?,
as=2-a% ag=a® a;=-1—a,ag=—-1+a. Noting that

Moap=0, Myap=0, Myap=16a*=0, m34p=16a*6a+1)=0,

Myqp=32a°(8a” +11a+4)20,  ms,p =640’ (8a° +18a° +17a+7) 20,
Mg qp = 128a* (10a* +14a® +7a* +13a +10) 2 0,

my b = 256a° (14a° +3a* - 25a° - 5a* + 11a +2) > 0,
and

Mg ap=512(a—1)?a*(@+1)(a+2)2a+1)* =0,

we have Y (z, @) = 0 by employing Lemma 21.

(ii)) Assume that 1 < a < 2. In this case, we have by =4a+2=b, =2a+4=b3=4a = by =
2a+2=bs=2a=bg=2=b;=2a-2=bg=0anda; =a—-1,a =a? a3 =-1—a,
ay=2-a? as=2-a? ag=-1-a, a; = a?, ag=—1+a.Itis easy to check that

Moap=0,  Miap=0, Myap=16a*=0, mz4p=16a’la+5)=0,
Myap=32a°(8a°+11a+4)20,  ms4p=64a®(8a° +18a° +17a+7) =0,
Mg q,p = 1280° (10a* + 14> + 7a” + 13a + 10) 2 0,

My qp = 2560° (4a° +9a* —4a® - 4a® +27a +22) 2 0,
and

mg,ap=512(a—1*a’(@+1)(@+2)2a+1)*=0,

then Y (z, @) = 0 by employing Lemma 21.
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(iii) Assume that1/2<a <1.Inthiscase, by =2a+4=by=4a+2=b3=2a+2=by=4a =
bs=2=bg=2a=b;,=0=bg=2a-2anda;=a?, ;x=a-1,a3=2-0a%, as=-1-aq,

as=-1-a, as=2-a? a; = -1+a, ag = a’. We verify that

Moap=0,  Miap=0, Myqp=16a>=0, mz,p=16a*(Aa+5)=0,

Myqp=32a° (4a* +10a+9) 20,  ms,p =64a” (8a° +18a° + 170 +7) 20,

Mg ap = 128a° (2a* + 40> + 8a% +23a +17) 2 0,

My b =2560° (4a° +9a* - 4a> — 40 +27a +22) 2 0,
and

mg,qp = 1536(a —2)(a — Da?(a+1)(a+2)* =0,

then Y (z, @) = 0 by employing Lemma 21.

(iv) Assume that 0 < a < 1/2. In this case, we have by =2a+4=b, =4a+2=b3=2a+2 =
bi=2=bs=4a=bsg=2a=b;=0=bg=2a-2and a; =a?, e =a-1, az =2 - a?,

ar=-1-a,a5=-1—-a,ag=2—a? a; =—1+a, ag = a®. We confirm that

Moup=0, Myap=0, Myap=16a>=0, m3qp=16a*@da+5) =0,
Myqp=32a° (40® +10a+9) 20,  ms4p =64a” (2a* +9a+16) 20,
Mg, b = 1280° (2a* + 40> + 8a* +23a +17) 2 0,

My qp = 2560° (4a° +9a* —4a> —4a” +27a +22) 2 0,
and

mg,qp = 1536(a —2)(a — Da’(a+1)(a+2)* =0,

then Y (z, @) = 0 by employing Lemma 21.
(v) Assume that a = 0. In this case, the function (26) identically equal to 0.

Lemma 23. Let

1 - Bcosh (2aarccosh (L=
PR ()
V2 —4s2

Then the inequality

>

6 %Ma,ﬁ(& t)
ot Mmﬁ(s, )

holds for all (s, t) € D, and a € R ifand only if B = 1, where D, = {(s, 1) : t > 25,5 > 0}.

Proof. Since ./, 5(s, 1) is even with respect to @, we focus on a = 0.
Sufficiency. Since § = 1, the function .4, (s, t) reduces to

1 - cosh (2aarccosh (5))

Vi2—4s2

'/%(X,l (Sy t) =

By a simple calculation, we can obtain

(23)
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6 %Ma,l(sy t)
ot Ma,l(s, 1)

t
-2(2a*-1)s*t + a*> - 2s*tcosh (Zaarccosh(z—))

2 , csch? (aarccosh (%))
+2as®V 12 - 4s2sinh (Zaarccosh (—))
2s
— 5 . (24)
s(1? - 4s?)

Taking t = xs, where x = 2, the right hand side of (24) is changed to

xVx2—4(a*(x*—4)+2)
/ x
2 —2xV x2—4cosh (Zaarccosh (5)) csch? (aarCCOSh (%))
+2a(x* —4)sinh (Zaarccosh (g))

$2 (xz _ 4)5/2

(25)

Let

N (x,@) := xV x2 — 4 (a? (x* —4) +2) = 2xV x% — 4cosh (Zaarccosh(g))

+2a(x*>—4)sinh (Zaarccosh (g)) .

We have
N (x,a)=4"7 (\/ x2 -4+ x)—Za x
4% x (x* - 4)3/2 (\/ X2 -4+ x)za —a(x*—4) (16“ - (\/ X2 -4+ x)m)
2
—xVx? —4(4“ — (\/ x?2 —4+x)2a)

(26)

Taking x = (22 +1)/z in (26), then A (x, @) becomes

% (zz +1 ’ a)
=222 (2 -1) (@ (22 - 1) (2 +1) 27 2= (22 1) (227 1) + (2 - 1) (24 - 1)),
where z = 1.
According to Lemma 22, we know that A4 ((z? +1)/z,a) = 0 for all z> 1 and & = 0. Sufficiency
is proven.

Necessity. Since

>

d (%ﬂa,ﬁ(s, t))

ot\ Map(s,0)
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forall (s, t) € D, and a € R, we have

o< O Fitlap(st
S0t Map(st)

—t(s*((1-4a®) B* +2) + a* B 1*) V 12 — 4s?
+Bt(a’t? —4(a®-1)s%) V2 - 4s%cosh (Zaarccosh (2—1))

t
4| PSPtV —4s2cosh (4aarccosh (2—8)) 27)

t
+ap?s®(t* - 4s%)sinh (4aarccosh (2—))
s

t
+2aBs? (432 _ t2) sinh (Zaarccosh (5))

s(t—25)2(2s+ )2V 1> — 4s% (B cosh (Zaarccosh(z—ts)) - 1)2
Taking t = xs in (27), we get

- —4a?B*s3x3 +4s3x ((4a® - 1) 2 -2)
~ s(s2x2 —452)* (Bcosh (2aarcsech (2)) - 1)°
sx(a?s®x* —4(a® —1)s*) cosh (2aarcsech (2/x)) — Bs* x cosh (4aarcsech (2/x))
( +assVx2—4 (Bsinh (4aarcsech (2/x)) — 2sinh (2aarcsech (2/x))) )
s(s2x2 —452)? (B cosh (2aarcsech (2/x) ) — 1)

+4p

Thus, we obtain

4s3x((4a? 1) % -2) - 4a?B*s*x°
sx(a®s*x* —4(a® —1) s*) cosh (2aarcsech (2/x) ) — Bs” x cosh (4aarcsech (2/x))
+4p ( +asd \/ﬂ(ﬁ sinh (4aarcsech (2/x)) - 2sinh (2aarcsech (2/x) )) ) =0
for all s, = 0 and x = 2. Taking a = 0 in the above inequality gives to
-8(f-1)2s°x =0,
which means = 1. O

Now we will investigate the necessary and sufficient conditions for the monotonicity of

functions Ly, (), L%, o (5), and Wy n; n, o ($). Since Ly, 4 (8), LY, o (5), and Wy, 5, a(s) reduce
to constants when |u| = |v| and n; = ny, we only focus on |u| # |v| and n; # n» in this section.
Theorem 24. The function L;ma(s) decreases from (0,00) 1o (1, Ay v (@) ifand only if |u| > |v| and

increases from (0,00) to (A;,lv(a), 1) ifand only if |yl < |v|, where

+00 if a<|ul, 1 0 ifa<|vl,
Apy(@):= Tla-wlla+y . Au,v(a) =\ Tla-wlla+y
Ta—vrasy I Ml <a Fa—vrary U IVI<a.

*

Proof. We first prove that the function L, , ,(s) decreases from (0,00) to (1, Ayy(a)) if u>v =0.
Based on formula (16), we have

1-cosh(2aarccosh( 5 ))

x Ty,a,1(9) Jos Jo° et oMW cosht2py) ViZ-as dydt
L v a(s = =
v Ty,q,1(8)

1-cosh(2aarccosh( )
ViZ-4s2

Joe JoC e~teosh) cosh(2vy) dydt
Let

I(y) = cosh(2uy), r(y) = cosh(2vy),
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1-cosh(2aarccosh( %))
= = Ma(5,1) (5,1) €Dy,
w(s,t) = Vi2-4s? ’
{0 (S, t)E(O,OO)X(O,OO)—DZ,
and

h(t J’) — e—tcosh(y)

where My (s, 1) is defined by (23) and D, = {(s, f) : t > 25, s > 0}. By using Lemma 23, we get

o (Zwisn 9 (Fhty) ,
—|——F]=0 — [ =———|=-sinh(y) <0. 28
at( W | i, y) sinh(y) = 8)
Since u(e*’* —1)/ (64”‘ +1) is monotonic in y, we obtain
3 (i((y))) 2sech(2vy) (usinh(2uy) — vcosh(2uy) tanh(2vy))

2y(v—w) (,, eF-1 e—1)(,4
B 22y (,u i~V ame | (e +1) L
(e*rV+1) T

Thus, we get T, 4,1(5)/ Ty q,1(s) is decreasing in s € (0,00) by using Corollary 9 immediately.
Moreover, by employing formulas (17) and (18), we have

2/,1 2 lp—al-1 5|p+al-1
; 202 12 - 2 i 23|u+a\ T(Ju—a|)T(|u+al) 4
1M — 0 —a= = ifa#pu,v
Ti,a,1(8) _ : TZZV f)rz( ]_z‘v\vﬂ”l g\:l;fl'ﬂlr(|v—a|)r(|v+a|)
FErEYaR R T 1(s .
s—=0 Tv,a,l(s) thﬂO Tl:ll ) ifa=
W1
li Tuv,1(8) if q = (29)
ims—o 7 ifa=v
~ {+oo if @<y,
T'la-wI'(a+yw) .
Fa—vTasy o H<a
and g ,
1, 1-4p 1
Ty,a,1(8) -s+ +0(1)
ua,l . s 452
R Rl S ey ok (30)
v.a,l st e +0(1 )

Combining the formulas (29) and (30) as well as the fact that T}, ,1(s)/ Ty,4,1(s) is decreasing in
s € (0,00), we deduce that the function L, ,, , (s) decreases from (0,00) to (1, Ay (@) if p>v = 0.
Taking the rec1procal of the function Lp v.a(8), we obtain that the function L; v, (8) increases
from (0, 00) to (A7} v (a),1)if v > p = 0. Lastly, the proof can be completed by utilizing the symmetry
of Ty q,(5). O

Now we will consider the monotonicity of the function L;j*v a(8).

Theorem 25. The function L;*V «(8) decreases from (0,00) to (1, B,y () if and only if |u| # |vI,
where

00 if @ < max{|u|,|vl},
B yv(@) =< Ta—v)(a+v)+T(@—wla+y .
uv > , .
2r (-4 )r(a+ 23] if @ >max{|u|,Ivl}
Proof.
(1) Assume that pv = 0. Itis sufficient to prove that the function L;’, ,(s) is decreasing for all
u,v=0.
Based on formula (16), we obtain

—cosh h(L
Ta1(0)+ Tyaa(s)  J5x 4o ' (coshizuy) + coshizvy) | =il ayay
T () 1-cosh(2aarccosh () ’
(u+v)/2,a,1 ./‘25 j‘ —tcosh(y) COSh(([J+V) _)/) T 2V dydt
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It is easy to check that

d ([cosh@uy) +cosh@v)) _ ) weviy (g2 _ g2v3) 5 &30
dy cosh((u+v)y)
Combining (28) and (31), we complete the proof based on Corollary 9.
(2) Assume that uv < 0. It is sufficient to prove that the function Tpar (St Tvaals)

Tp-v)2,a,1(8)
forall u,v>0.

is decreasing

From
- 1—cosh(2aarccosh( %))
Ty () + T (s)  Jos Joo e (cosh (2uy) + cosh (2vy)) —— =2 dydr
= - b ,
Tmzaa 53 05 oo cosh () y) e ayar

d ((cosh(2uy)+cosh(2vy))

dy\ " cosh((u-v)y)
and (28), we complete the proof.
Moreover, we have

T (8)+ Tyga(s) _{00 if & < max{|ul, Ivi},

) () e 0o 205 _1)

lim L@V (@+v)+T (a—@)T (a+p) ifa>max{|p| i}

=0 Tuev)i2,a0 () Do 50 )r{ar £27)

2

and
2
Tya1 (8) + Ty, (8) -¢+0(%
lim —%! VO im 2 (3)2 =2
§—oo T(u+v)/2,(x,1(s) s—’oo_%+o(%)
Then the proof of Theorem 25 is completed. U

Finally, we will consider the monotonicity of the function W, ;;;,,,4(5), where n;, nz € N.

Theorem 26. The function Wy, ) n,,a(S) decreases if and only if ny > np, and increases if and only
ifn1 < ny.

Proof. Without loss of generality, we prove that W, ,,, 5, «(s) decreases if n; is even and n; is odd

with n; > ny.
We have
0" Ty,q,1(5) - L
—6:/,:1, fZOso (;X)ym g~ tcosh(y) cosh(2vy) 1 COSh(j;‘ir:z(z’Sh(z:)) dydt
0™ T, s . 1-cosh(2 h(L )
av,z,l( ) J52 90 yma g=tcosh(y) sinh (2vy) == E/fza,rzz(z)s (z:)) dydt
V2

Noting that ((n1 — n2) (8" — 1) — 8vye®?) ly=0 = 0 and

d
O ((n1 —n2) (€Y —1) - 8vye*™)
=8ve™ (n —np) e’ —avy—1)

>8petVY (e4vy —4vy-1)=0,

we obtain
d (y"‘ cosh(Zvy)) YT (g - ng) (637 — 1) —8vyeY) o
dy \ y"2sinh(2vy) | (et —1)? -
The proof is completed by using Corollary 9. U

Taking n; = n and ny = 0 in Theorem 26, we have the following corollary.
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Corollary 27. IfneN andn =1, then the function
a" Tv,a,l (s)
o

Tv,oc,l (s)

S—

is decreasing on (0, 00).
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