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Izergin—Korepin analysis on the wavefunctions
of the U, (sl,) six-vertex model with reflecting end

Kohei Motegi

Abstract. We extend the recently developed Izergin—Korepin analysis on the wavefunc-
tions of the Uy (slz) six-vertex model to the reflecting boundary conditions. Based on the
Izergin—Korepin analysis, we determine the exact forms of the symmetric functions which
represent the wavefunctions and its dual. Comparison of the symmetric functions with the
coordinate Bethe ansatz wavefunctions for the open XXZ chain by Alcaraz, Barber, Batch-
elor, Baxter, and Quispel is also made. As an application, we derive algebraic identities
for the symmetric functions by combining the results with the determinant formula of the
domain wall boundary partition function of the six-vertex model with reflecting end.
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1. Introduction

Partition functions are fundamental objects in statistical physics and field theory.
In the field of integrable models [1, 2, 3], exact computations of partition functions
is one of the most challenging and interesting tasks. The domain wall boundary
partition functions is one of the most well-studied class of partition functions. It
was first introduced and investigated by Korepin [4], and later Izergin found its
determinant representation [5] based on his analysis, which have been used for
applications to the enumeration of the alternating sign matrices [6, 7, 8, 9] in
later years. The most important step for the analysis of the domain wall boundary
partition functions was the work by Korepin [4], in which he presented a way how
to view partition functions as multivariable polynomials of spectral parameters by
using the quantum inverse scattering method, which was crucial for the Izergin—
Korepin determinant formula [5] to be found. The Izergin—Korepin analysis was
applied to various models and variants of the domain wall boundary partition
functions [10, 11, 12, 13, 14, 15, 16, 17] such as the mixture with the reflecting
boundary, half-turn boundary, and recently extended to the scalar products by
Wheeler [18] which he succeeded by introducing the notion of intermediate scalar
products.

Recently, we extended the Izergin—Korepin analysis to the (projected) wave-
functions [19, 20, 21], which is a class of partition functions including the domain
wall partition functions as a special case. Recently, there are extensive studies on
the wavefunctions (see [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41, 42, 43] for examples on which various methods are developed
for various models, boundary conditions, etc), since it has been widely recog-
nized that the wavefunctions are integrable model representations of symmetric
functions which is one of the most important objects in representation theory and
algebraic combinatorics, and in many cases it has connections with other branches
of mathematics such as the Schubert calculus and automorphic representation the-
ory [44, 45, 46, 47, 48]. We recently constructed the Izergin—Korepin method to
analyze the wavefunctions of the six-vertex type models [19, 20, 21], which is
a natural extension of the one on the domain wall boundary partition functions
[4, 5]. It seems to be a rather universal method in the sense that it can be used to
study exotic boundary conditions, and can also be extended to the elliptic mod-
els by using the notion of elliptic polynomials. For example, we analyzed the
Deguchi-Martin model [49] in [19] and showed that the partition functions are
expressed as a product of elliptic Schur functions and deformed elliptic Vander-
monde determinant.
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In this paper, we extend the Izergin—Korepin analysis on the wavefunctions
of the Uy (sl») six-vertex model to the reflecting boundary conditions. As for the
domain wall boundary partition functions with reflecting end, the determinant for-
mula was found by Tsuchiya [10] (see also Kuperberg [7, 8] and Okada [9]), and
the thermodynamic limit is investigated by Ribeiro and Korepin [50] following
the idea of Korepin and Zinn-Justin [51]. As for the wavefunctions under reflect-
ing boundary, there are studies on the reduced five-vertex model [52] and related
g-boson model [25, 26], boundary perimeter Bethe ansatz of the XXX chain [53],
and solutions of the boundary ¢KZ equation [54]. We show in this paper that the
Izergin—Korepin analysis can be applied to the wavefunctions of the six vertex
model with reflecting end. Based on the analysis, we determine the exact form
of the symmetric functions representing the wavefunctions and its dual. As an
application of the correspondence between the wavefunctions and the symmetric
functions, we derive algebraic identities for the symmetric functions by combin-
ing with the determinant formula of Tsuchiya [10] and Kuperberg [8]. We also
compare the homogeneous limit of the symmetric functions with the coordinate
Bethe ansatz wavefunctions for the open XXZ chain by Alcaraz, Barber, Batche-
lor, Baxter, and Quispel [55].

This paper is organized as follows. In the next section, we introduce the wave-
functions and its dual of the Uy (sl») six-vertex model with reflecting end. In Sec-
tion 3, we present the computation of the simplest case. In Section 4, we perform
the Izergin—Korepin analysis which uniquely characterizes the wavefunctions. In
Section 5, we present the explicit forms of the symmetric functions which repre-
sents the wavefunctions, and show that it satisfies all the properties of the propo-
sition in the Section 4. We compare the symmetric functions with the coordinate
Bethe ansatz wavefunctions for the open XXZ chain at the end of the section. As
an application, we derive in Section 6 algebraic identities for the symmetric func-
tions by comparing two ways of evaluations of the domain wall boundary partition
functions. Section 7 is devoted to conclusion.

2. The six-vertex model and the wavefunctions under reflecting boundary

In this section, we formulate the wavefunctions of the U, (sl,) six-vertex model
under reflecting boundary and its dual, which we analyze in this paper. They can
be regarded as natural extensions of the domain wall boundary partition functions
under reflecting boundary in the paper of Kuperberg [8] (see also Tsuchiya [10]).
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Note that the R-matrices used in this paper is a slightly gauge transformed one
in Kuperberg. We do this gauge transformation since it is better suited for the

Izergin—Korepin analysis on the wavefunctions.

We first introduce two-dimensional Fock spaces V, and F;, j = 1,..., M.
We denote the orthonormal basis of V, and its dual as {|0)4, |1)4} and {,(0], 4 (1]}
Similarly, we denote the basis of F; and it dual as {|0);, |1);} and {; (0], ; (1]}. We

usually call V, as the auxiliary space and J; as quantum spaces.

Next, we introduce the L-operator of the six-vertex model. The L-operator
we use in this paper is the U, (slz) R-matrix [56, 57]. We denote the L-operator
acting on the spaces V; ® J; by L,j(z, wj), whose non-zero matrix elements are

given by (Figure 1)

-1 1

a(0[;(0|Lgj(z, wj)|0)al0); = az™ wj —a™"z,
a0l (1|Lgj(z, w;)|0)q|1); = az —a_lz_le,
a (01 (1|Laj (2, w))[1)4]0); = a® —a™2,

a(11j (0 Lqj (2, w))|0)a[1); = (a® —a™?)w;,
a(11j (0 Lqj (2, wj)[1)a]0); = az —a™'z" wy,
alllj (1| Lgj(z,w;)|1)a|l); = az_le —a !z,

0 1 1 0 0
0%—>0 0$—>0 1%0 0%—” 1%—”
0 1 0 1 0

az'wij—a='z az—a"'z7'w; a?—a7? (@*—aPw; az—a lz7lw;

0 1 1 0 0
0%—)0 0#0 1 *$—>0 ()*$_)] 0*#-)0
0 1 0 1 0
azwj—a='z7!  az l—alzw; a?—a? l—a=lzw;

—a az—

(@>—a=>w;

azwj—a='z7!

Figure 1. A graphical description of the L-operators L (z,w;) (top) and Ly, (z~!, w;)

(bottom), used to construct the double-row monodromy matrix.

Using the L-operators, we construct the monodromy matrix

Ta(zlwy, ..., wp) = Lo (z,w1) -+ Lap (2, war).

2.1
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We also introduce the following K-operator Kg,4, (z) [58] acting on the aux-
iliary space (Figure 2 top)

Kaya, (2) = 4y (0la, (1|(baz — b7 'a ' z7Y) + 4, (1], (01(ba™ 27! — b7 1az).

0\ a» 1 as
z z
a a
1741 0”7
baz—bla='z7' bpa 'z '—plaz
Z g,
Z g, >
wpr wi

Figure 2. A graphical description of the K-operator K4,4, (z) (top) and the double-row
B-operator B(z|wy, ..., war) (bottom).

We now introduce the double-row monodromy matrix using the monodromy
matrix 7, (z|wy, ..., wsy) and the K-operator K4,4,(2) as

Tara, Zlwi, ..., wpm) = Kaya, (z)Taz(z_1|w1, coowy)Tg, (z|lwr, .. war).

We define the following double-row B-operator (Figure 2 bottom) as a matrix
element of the double-row monodromy matrix with respect to the auxiliary space

Bzlwi,....wnm) = Tasa, Clwis . ..o wpm)|1)ay|1)g, -
Using the matrix elements of the ordinary monodromy matrices

B(zlwy,...,wa) = o (0| Ta(z|w1, ..., wy)|1)a,

D(z|wy,...,wpy) = o (1|Ta(z|wy, ..., war)|1)a,
the double-row B-operator is written as

B(z|lwy, ..., wpy)

= Kapa, (D) Tay 7w, .oy wan) Tay (Zlwy, oy W) 1)y | 1)a,
= (ba 'z — b laz) Dz w, ..., wy)B(z|wy, ..., wa)

+ (baz — b la7lz7HBE Y wy, ..., wp) D(z|wy, ..., war).
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z1 1 )
Z1 1

ZIN 1
ZIN 1 )
0o 0 o0 0 o0
War wi
Figure 3. A graphical description of the wavefunction under reflecting boundary

Way N(Z1, .oz W, - s war|xr, ..., xn). The figure illustrates the case M = 5,
N=3,x1=2,x=3,x3=5.

In order to introduce wavefunctions, we also define special states in the tensor
product of the Fock spaces 1 ® --- ® Fps and its dual (F; ® --- ® Fyr)™* as

0M) := |0); ®---® |0,
My :=11); ®---®|1)y.
(OM]:= (0| ® -+ ® a (0],
(M= (1| @ ® m(ll.

By acting the operators aj+ and o}~ defined by

o 1k = 8k0)k, 0710}k =0, x(l]o;" =0, & (0lo;" = &k (1],

07 100k =8Ik, o 1)k =0, (0lo; =0, x(llo; = 8xx (0],

on [0M), (0™ | and (1M |, we introduce states
N
oM +
(x1---xn| = (O[] ol
j=1

N
xi-xn) = [ ox, 10M),
1
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for integers xi, ..., xy satisfying 1 <x; <x; <---<xy <M, and
N
- = + 1M
%o 3w) = [ [ o 1),
j=1

for integers X7, ..., xy satisfying 1 <x; <X; <--- <Xy <M.

1 1 1 1 1

zZ1 1 )
Z1 1

ZN 1 )
IN 1
1 0 0 1 1

wm w1

Figure 4. A graphical description of the dual wavefunction under reflecting boundary
Wa N (Z1, ..z WL, ., war|XT, ..., X ). The figure illustrates the case M =5, N =3,
X1=1x2=2,x3=>5

We define (projected) wavefunctions

WM,N(ZI’---,ZN|w1’---,wM|xl,--~,xN)

by acting the double-row B-operators B(z;|wi,...,wpm) (j = 1,...,N) on the
state |0M) and projecting to the state (x; --- x| (Figure 3)

Wun(zi, ... ZN| w1, -, WM X1, .., XN)

= (X1 XN [BGE1|wi, .., wy) - By |wi, ..., war)|OM).
Similarly, we define the dual wavefunction
WM,N(Zl,...,ZN|w1,...,wM X1,..., XN)
as (Figure 4)

Wu N (z1,. .. zn|wr, ..., Wy XD, ..., XN)

= (1M |B(z1|wy, ..., wp) - By |wi. . ... wa)|XT7 - XN).
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3. The simplest case

In this section, we examine the simplest case N = 1. A special case of the result
obtained in this section will be used in the next section as the initial condition
for the Izergin—Korepin analysis on the wavefunctions under reflecting boundary.
First, we prepare the following lemma.

Lemma 3.1. The following identity holds:

x1—1 j—1
(@®>—a(*>—-z72 Z w; 1_[(612_1 —a Yzwp)(az'wg —a"tz)
j=1 k=1
x1—1
X 1_[ (azwg —a 'z (az —a 'z wy)
k=j+1

(3.1

x1—1
= l_[ (azwg —a 'z7Yaz —a 'z wy)
k=1

x1—1
— l_[ (az7'wr —a'z)(az7t —azwy).
k=1
Proof. This can be proved by induction on x;. It is easy to check the case x; = 2.
Let us assume (3.1) holds and show that the identity (3.1) with x; replaced by
x1 + 1 also holds. We first decompose the left hand side of (3.1) with x; replaced
by x; + 1 as

X1 j—1
(@®>—a (> -z7?) Z w; H (az7' —a zwp)(az twg —a1z)
j=1 k=1
X1
-1 -1 -1_-1
X H(azwk —a "z ) az—a zT wy)
k=j+1
x1—1
= (@®>—a?)(? - Z_z)wx1 1_[ (az7' —a zwr)(az twg —a1z)
k=1

x1—1

+ (azwyx, — a lz7Y(az — a_lz_lwxl)(a2 —a ) (2 -z7? Z w;
Jj=1

j-1
X l_l(az_1 —a tzwp)(az twg —a"1z)
k=1
x1—1
-1_-1 -1_-1
xl_[(azwk—a z ) az—a Tz wg).
k=j+1

(3.2)



Izergin—Korepin analysis 173

We next apply the assumption (3.1) to the right hand side of (3.2) and rearrange
as follows:

X1 j—1
@ —a?(z?-z7?) Z w; 1_[ (az7' —a ' zwp)(az wg —a™1z)
j=1 k=1
X1
X 1_[ (azwg —a 'z7YHYaz —a tz7 wy)
k=j+1
x1—1

= (@*>—a (> -z Dw, az” ' —a lzwp)(az twg —a1z)
1

+ (azwyx, — alz7YYaz — a_lz_lwxl)
x1—1

X ( 1_[ (azwg —a 'z7Yaz —a tz7 wy)

x1—1

_ 1_[ (aZ_IU)k — a_lz)(az_l — a_lzwk)>

k=1

= H(azwk —a 'z Yaz —a 27 wy)

x1—1
— l_[ (az7'wg —a'z)(az7t —a " zwy)
k=1 x{(azwy, —a 'z7Yaz —a 'z wy,)
— (@ —a ) - 2wy,
= l_[(azwk 2 YWaz —a 'z wy)
— 1_[ (az7'wr —a'z)(az7 —a " zwy).
k=1
Hence we find the identity (3.1) with x; replaced by x; + 1 also holds. |
Proposition 3.2. The wavefunction War 1(z|wy, . . ., war|x1) is explicitly expressed
as
WM,I(Z|w17 es ey wM|x1)
= (a*>—-a?)(-a’z> +a7%z7?) Z T —T _2T (ba'z7" — b laz")
t==+1
x1—1
xl_[(az a2z w])l_[(az wj —a”! T)l_[(az —a 'zw)).
j=1 j=1 j=x1+1

(3.3)
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Proof. Decomposing Wi 1(z|w1, ..., wa|x1) as
Wama(zlwr, ..., wmlx1)
= (baz —b a7z (x1| Bz wy, ..., wa)|0M)
(OM[D(zlwi, ... wa)|OM)
+ (ba lz7V — b7 az) (x| D" wy, ..., war)|x1)
(x1]B(z|wy. ... war)|0M)
x1—1

+ (ba” 27 = blaz) Y (xa[DET wis . wa)] )
TTH(IBG w, - wan)]0M),

and using the matrix elements

M
(OM[Dzlwr.....wa)|0M) = [](az —a 'z wp),
k=1
(x1|Bzwi, ..., war)|0M)
M x1—1
=@*—-a? H(az —a 'z hwy) H(az_lwk —alz),
k=x;+1 k=1

(j|B(z|wi, ..., war)|0M)

M j—1
= (a*>—-a?) H(az —a 'z 7wy 1_[ (az7'wg —a~'z)
k=j+1 k=1

forj=1,...,x1—1,

(x11B(z" i, ... war)|0M)
M x1—1
=(@*—-a? 1_[(012_1 —a zwy) 1_[ (azwg —a~1z7Y),
k=x1+1 k=1
(x1/D " wy, ..., war)|x1)

x1—1

M
= (azwy, — a~tz7h l_[(az_1 —azwy) l_[ (az7' —a tzwy),
k=x1+1 k=1
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and
(x1|DE wy, ..., wa)lj)
x1—1
= (a® — a_z)zwj H(azwk —a1z7h
k=j+1
X l_[(az —atzwy) H(az —a 'zwy)
k=x1+1
for j =1,...,x; — 1, we can explicitly calculate Wy 1(z|wy, ..., war|x1) as
Wi (z|lwy, ..., war|xy)

M
=(@*—a? 1_[(612_1 —a lzwp)(az —a 27 wy)
k=x1+1

x1—1

X {(baz— “lgm1iz7h H(azwk —1z7h H(az—a_lz_lwk)
k=1

+ (ha™'z7' —blaz)(azwy, —a'z7h)

X]—

X H(az —a 'zwg)(az 'wg —a'z)
x1—1
+ (a* —a™?)? Z wj(ba 'zt — b7 az)
j=1

j-1
X l_I(aZ_1 —a tzwg)(az Y wg —az)
=1

x1—1

X 1_[ (azwg —a~'z7h l_ll(az — a_lz_lwk)}.

k=j+1 k=j+1
34

One can show by tedious but straightforward computation that proving the right
hand side of (3.4) is equal to

(@ —a?)(-a’z> +a?z7%) Y T _2T(ba_1 — b taz")
T==+1

x1—1

M
X H(az_’— T2%w;) H(az wj —a~! r)1_[(012 —a ‘27w,

j=1 Jj=x1+1
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reduces to proving the equality (3.1) in Lemma 3.1, which we have already
proved. |

The dual wavefunction I/I_/M,l (z|lwi, ..., wp|x71) can be computed in the same
way. We state the result below.

Proposition 3.3. The dual wavefunction WM,1(2|w1, ..., wa|X1) is explicitly
expressed as

W1 (z|wy, . .., war|%1)

1
= (a®> —a %) (—a*z*> + a7?z7?) Z —— 5 (baz" — b la71z7T)
72T _ ;=21
t==+1
M xi—1 M
X H(az_’wj —a~1z7) l_[ (az7" —a 'z"wj) l_[ (az"w; —a'z77).
j=1 j=1 J=xi+1

4. Izergin—Korepin analysis

In this section, we perform the Izergin—Korepin analysis [4, 5] which uniquely
characterizes the wavefunctions. See [21] for a simpler case of the Izergin—
Korepin analysis on the wavefunctions without reflecting boundary. The Proposi-
tion given below is the extension to the reflecting boundary condition.

Proposition 4.1. The wavefunctions Wy n(z1, ..., ZN|W1, ..., WM|X1,. .., XN)
satisfies the following properties.
(1) Whenxy = M, Wy n(z1,...,zN|W1, ..., Wa|X1, ..., XN) is a polynomial
of degree 2N — 1 in wyy.
(2) The wavefunctions War N(z1, ..., ZN|W1, ..., Wp|X1,...,XN) IS Symmetric
with respect to z1, . .., zZn, i.e.,
Wun(z1, - ZN W, - WX, X))
= Wun(GEo@)s - Zo) Wi, ..o wp X1, .. XN),
foro € Sy.
(3) The wavefunctions Wy n(z1,...,ZN|W1, ..., WM|X1,...,XN) With z; re-

placed by z;' is connected with the original one by

WM,N(ZI’ .. "ZN|w17 .. -’wM|x17 . "xN)|Zi<—)Zl~_l a2Zi_2 _a—2Zi2

Wun (1, .o Zn W, . wap] X, ., XN) N a?z? —a=2z;7%

4.1
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(4) The following recursive relations between the wavefunctions hold if xy = M
(Figure 5):

Wun(z1, ... 2N W, ..., War|XT, . "’xN)|wM=a2212V

= (a* —a ?)(ba 'zt — b tazy)

N N—1
X H(a3212v2j —a_lzj_l) l_[ (a3212\,zj_1 —a'z;)
j=1

j=1 4.2)
M-1
X 1_[ (azy'wj —a 'zy)(azy' —a'zyw))
Jj=1
XWy-1,N-1(Z1. .. ZN-1wr, o w1 ]Xn, L X))

If xy # M, the following factorizations hold for the wavefunctions (Fig-
ure 6):

WM,N(Zl,...,ZN|w1,...,wM|x1,...,XN)
N
= l_[(azj_1 —a'zjwp)(az; —a_lzj_le)
Jj=1

XWy—1n(z1, .. zn|We, - W —1]X1, ..., XN).
4.3)

(5) The following holds for the case N =1, x1 = M

W1 (z|lwe, ..., wp | M)

1
= (@®> —a %) (-a**> +a?z7?) Z 2—(1901_12_r —blaz")
72T _ ;21
T=%1
M M—1
X 1_[(612_r —a'z%w;) 1_[ (az7"w; —a~'z%).
ji=1 j=1

Proof. This can be proved in the standard way. Properties (2) and (3) can
be proved in the same way with Tsuchiya [10] and Kuperberg [8]. Note that
the state (xi,...,xn| which is used for the constuction of the wavefunctions
Wu.n(z1,....ZN|W1, ..., Wp|X1,...,xN) do not have any affect on the argu-
ments. Property (3) can also be proved from property (2) in the following way,
which have originally appeared in the discussion of another type of six-vertex
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Wy = 6122[2\, wi

Figure 5. A graphical description of the relation (4.2). By using the ice-rule, one can see
that if one sets was to wys = azzjzv, all the L-operators at the leftmost column and the

bottom double-row freeze.

model [59]. We insert the completeness relation to get

Wun(zi, ... zy|wi, ..., wp|X1, ..., XN)
= (x1o XN IBGE WL wa) - Blzy—awr, . wan)|X)
i (X|BEw|wr, ..., wa)|0OM) (4.4)
= (x1e o xNIBGE WL wa) - Blzy—awr, . war)|X)
* Wuma(zy|wy, ..., wa|x).
From the explicit expression of Wz 1(zy|w1, ..., war|x) (3.3), one can see
Wmaznlw, ..., wM|x)|ZN<_,Z;1 _ azzxf — a_zzjzv 4.5)
Wypa(zy|wi, ..., war]x) a?z% — a2z '

Since the ratio (4.5) does not depend on x, combining (4.4) and (4.5) gives

Wi (z1s - zn|w s wp X, XN _ a’zy? —a?z%
Wun(zi, ... ZN Wi, .., war] X1, .., XN) a’zy — a2z’
(4.6)

Equation (4.1) follows from (4.6) since the wavefunction is symmetric with respect
to z1, ..., zy (property (2)).
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Property (5) is a special case x; = M of (3.3) in Proposition 3.2 which is
proved in the last section.

To show property (1), let us look at the leftmost column of the wavefunctions
since the dependence on the parameter wys comes from the L-operators at this
column. When xy = M, one can see that we must use at least one of the matrix
elements

a(Olm (1 Lapm (z, wa)[1)alO)p = a* —a™
or

a0l (N Lapr 7Y wan)|1D)al0) s = a? —a™2

of the L-operators among the 2N L-operators at the leftmost column. These
matrix elements do not involve wjy, from which it follows that the wavefunctions
Wu.n(z1,.... 2N W1, ..., Wp|X1, ..., xN) is a polynomial of degree 2N — 1 in
WM .

Property (4) can be easily shown with the help of the graphical representation
of the wavefunctions and the ice-rule of the L-operators of the six-vertex model
aly1j (6|Laj(z, w)|a)q|B); = Ounless o + B = y + & (Figures 5 and 6). One finds
that when xy = M, the leftmost column and the bottom row freeze if one sets
wp to wy = a”z3,. From the frozen part, one gets the factor

N N-1
(@*—a ) (ba 'zt —b7tazy) n(a3212\,zj — a_lzj_l) H (a3z]2vzj_1 —a'z))
j=1 =1
M—1
X l_[ (az;,le —a_lzN)(azX,1 —a'zyw;),

Jj=1

as the product of the matrix elements of the L-operators. On the other hand, the
remaining partis War—1 y—1(z1,...,zN—1|Ww1, ..., Wayr—1|X¥1,...,XN—1), and one
can see that (4.2) follows.

When xy # M, one sees that the leftmost column freezes from which the
factor

N
l_[(azj_1 —a'zywp)(az; — a_lzj_le)
=1

contributes to the wavefunctions, and the remaining part is nothing but

Wy n(G1, - 2N W1, .o, W=t X1, - XN).
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Hence, for the case xy # M, the wavefunctions
Wun(z1, - ZN W, - WX, X))

is the product of these two parts and (4.3) follows. |

Figure 6. A graphical description of the relation (4.3). From the ice-rule, one can see that
all the L-operators at the leftmost column freeze.

At the end of this section, we list the property for the dual wavefunctions, which
can also be proved in the same way with the wavefunctions.

Proposition 4.2. The dual wavefunctions
Wun(z1, .. 2N W, - WM X, . XN)

satisfies the following properties.

(1) Whenxy = M, WM,N(Zl,...,ZN|w1,...,wM|)Tl,...,ﬁ) is a polynomial
of degree 2N — 1 in wyy.
(2) The dual wavefunctions V[_/M,N(zl, co L ZN WL, . WX, .. X)) IS Sym-
metric with respectto z1,...,zp, i.e.,
Wun(z1, - 2N W, - WM X, XN
= Wu,n(Zo1)s - -5 Zov)|W1s -, WMIXT, . XN,

foro € Sy.
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(3) The dual wavefunctions V[_/M,N(Zl, e Zn|wr, . WX, ..., XN) With z;
replaced by z;! is connected with the original one by

WM,N(ZI, conzn|wr, .. w|X, . .,)Fv)|zi<_,zi_1 a2z._2 _ 4222

i
2 =2

Wyun(zi, ... zn|wi, ..., wap|XT, ... XN) N a’z; —a=%z;

(4) The following recursive relations between the dual wavefunctions hold if
Xy = M:

WM,N(ZI,...,ZN|U)1,...,wM|)71,...,)Tv)|wM=a—2Z;j2

N
= (a* —a ) (bazy —b'a'zyh) H(azj — a_3zj_lz;,2)
j=1

X H(az z7)

X 1_[ (azy' —a 'zyw))(azy'w; —a"'zy)
J=1

X WM—l,N—l(Zl, cee ZN—1|w1, cees wM—1|371, c o XNZ1).

If XN # M, the following factorizations hold for the dual wavefunctions:

WMN(Zl,... zn|wy, ..., WX, .., XN)
= H(az]wM —a” -_1)(azj_1wM —a'z))
XWM 1N(Zl,...,Zlel,...,wM_1|x_1,...,WV).

(5) The following holds for the case N = 1, x1 = M
Wi (z|wi, ..., wap|M)

= (a*>-a?)(—a?> +a7%z7?) Z T —T ———(baz" — b 'a7z7Y)
t=%1

X H(az w; —a™! r)l_I(aZ T —azwy)).
, i
5. Symmetric functions

We introduce symmetric functions in this section and show that they represent the
(dual) wavefunctions of the Uy (sl,) six-vertex model under reflecting boundary.
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We also compare the homogeneous limit of the symmetric functions with the co-
ordinate Bethe ansatz wavefunctions for the open XXZ chain by Alcaraz, Barber,
Batchelor, Baxter, and Quispel [55].
Definition 5.1. We define the symmetric function

Fun(zi,....zy|lw, ..., wplx1, ..., XN)

which depends on both the symmetric variables zi,...,zy and the complex
parameters wyq, ..., wy as well as the integers xj, ..., xy satisfying 1 < x; <
S<XN <M,

Fyun(zi,....zn|lwi, ..., wplXx1, ..., XN)

N
=@*—a ¥ H(_azzf +a7?z7?) Z Z H 2’1 —2_21’

geSy T1==%1,...,tn= :tl]_l j

—1 _fa(k) —1 To (k)
x]‘[s,k]_[(ba Zoiy ) = b razg )

1<]<k<N k=1

To (k) —1 To (k)
XHH(“Za<k) e W)

k=1j=1
N xp—1
“To(k),, . —1 To(k) To(k) _ —1 “To(k),,, .
< [T Tz wi —a='2555) H H( Zo(k) Zot) Wi):
k=1j=1 k=1 j=xi+1
(5.1)
where
2,00 Tok)y _ =2, "T0) TTok)y( 2, F0 () ,Ta k) —2,%0()) ,~Ta (k)
5. = 9P00) Fot) T Ea) Zatn N0y Zat) — 4 Zet) Zatn )
Jk = (ZTU(J)ZTd(k) _ Z"-’d(]) _Td(k))( T () 5o k) Z’-’d(]) 1"(r(k))
a(j) “a(k) o) Zolk) Zo() “olk) a(j) Zatk)
We also define the symmetric function
FM,N(ZI""’ZN|w17""wM|x_l7""ﬁ)
N
_ (2 —2\N 2.2 -2
= (@ —a )V [[(=a’5} +a722%) Z l'[zf,
j=1 UGSN‘L’l +1,...,ty= :tl]—l J _Z]
N
X To (k) A e | _To(k) To(k),,, . —1 To (k)
< [ 185 [Tbazggs) —p7'a™ 2,45 )HH(“Za(k) wj =" Z gy )
1<j<k<N k=1 k=1j=1
N Xx—1
“Tok) _ ,=1,%0 k) To (k) —To (k)
< [T TT ez, —a™'255) w])l_[ l_[ (@zgq0y wj =@ 25 ) "),
k=1 j=1 k=1j=xz+1

where X7, ..., Xy are integers satisfying 1 <x3 <--- <Xy <M.
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Theorem 5.2. The wavefunctions of the U, (sl,) six-vertex model under reflecting

boundary Wyr N (z1, ..., zN|W1, ..., WM|X1,...,XN) is expressed as the symmet-
ric function Fpr n(z1, ..., ZN|W1, .., WM |X1, ..o, XN)
WM,N(ZI’---,ZN|w1’--~,wM|x1’---,xN) (5.2)
= Fyn(z1,...,ZN W1, ..., WM (X1, ..., XN).

The dual wavefunctions of the U, (sl,) six-vertex model under reflecting boundary

I/I_/M,N(zl, e ZN|WL, ., WM XD, ..., XN ) s expressed as the symmetric function
Fyun(zi,....zn|lwi, ..., wpm|¥1, ..., XN)
H_/M,l\,(zl’'''721\,|’l‘()1’"'71‘()M|'X:_17""'X:_N) (53)
= Fyn(z1,...,ZN W1, ..., WM (X1, ..., XN).

Proof. Let us show (5.2) since (5.3) can be proved in the same way. We show
that (5.1) satisfies all the Properties in Proposition 4.1. It can be easily checked
from the definition of the symmetric function (5.1) that it satisfies properties (2)
and (5).

To show property (3), one first notes that the sum of two summands in (5.1)
which are labeled by the commono € Sy and 7y,..., Tty excepty; (i = 1,...,N)
are always invariantunder z; «<— z;!. Then (4.1) follows by looking at the overall
factor

N

((,12 _a—Z)N l_[(_aZZJZ + a—ZZj—Z)

Jj=1

in (5.1).
Property (1) can be seen by noting that the factor

N M

“To(k) __ —1 To(k) To (k) -1, 7%’ .
HH(aZom Zo(k) w,)]_[ H( Zoty ~ 4 o Wi
k=1j=1 k=1 =xz+1

in each summand in (5.1) where wy lives in becomes

To (k) a1 1-'C»'(k) To (k) “To(k), .,
H H("Za(k) A Zgge W) 1_[ H( azgy = @ Zegy w)),
k=1j=1 k=1 j=xr+1

when xy = M.
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Let us show (5.1) satisfies property (4). See [21] for case of the simpler
wavefunctions without reflecting boundary. The way to prove is basically the
same. First, we consider the case x;y = M. After the substitution wys = azzf\,,
one can see that only the summands satisfying c(N) = N, ty = +1in (5.1)

survive. Due to this fact, one can rewrite the evaluation of

Fun(zi,....zy|lw, ..., waplx1, ..., XN)

2.2
atwy = a‘zy as

FM,N(ZI,...,ZN|w1,...,wM|x1,...,xN)|wM:azzzzv
_ (612—61_2)(—612 2 +a_2Z;,2) 2 N-1
= 5 — (a a )

IN TN

N—-1

N-1
x [T’} +a72%) 3, > M

j=1 ceSy—_1 T1==%1,....,ty—_1=%1 j=1 Zj _Zj

N-1
< [18 [I8ixba 'z —b azn)

Jj=1 1<j<k<N-1

—1,"To (k) —1 To (k)
X H(ba Zo (k) —-b aza(k))
k=1
M—1
—1 3 -1 _ -1
x(azy —azy) H(aZN —a zywj)
Jj=1
N-1 N-1M-1
~To (k) To (k) To (k) —-1_%o(k) .
x [Tazgq” =azizggh) TT T @z — a7 2555 wi)
k= k=1 j=1
N—1xr—1

Tty =tz TT [T oy -8

J= k=1 j=1

— N—1 —
o (k) “To(k) To (k) -1, T (k)
x l_[(azo(k) —azyz,i ) [ H(“Za(k) A ) Wi

k=1 k=1 j=xr+1
5.4
where
To(j) 2" Te() —1 2_"To()j) _ To(j) ,—1
- (a Zoy EN —a z Nz ) (a Za(j) ZIN —a~ ZG(]) Zy)
J To(j) _ g Fel) -1 o)), Tl —1
() 2N = Z() NGy 2N = 2405y ZN')
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One can show by tedious but straightforward computation that the part of the
product of factors in (5.4)

(a* —a™?)(—a’z% + a2z
2 H 5
N —IN
M-1
X (ba_lzl_\,1 — b_lazN)(aZI_\,1 — azf’v) 1_[ (azl_\,l — a_lzNw‘,-)
Jj=1

~To (k) To (k)
x [T taz,g)" —aziizg5)
k=

—1 -1 To (k To (k
X H (azy wj —a™ " zn) H (azacz;c)’ aZNZG(]?)( ),

can be simplified as

(a*> —a™?)(—a’z% + a2z3)
NIV

N1 (@Pzjzy —a~

2zj_lz;,l)(azzj_lzj\/ —a?zjzyh)

x —1,—1y(,—1 —1
(zjzN —z; zy )(Zj IN —ZjZy)

Jj=1

X (ba_IZ]T,1 — b_lazN)(aZ]T,1 — az?v)

M-1 N-1
X 1_[ (azg,1 —Cl_lZij) 1_[ (az,:1 —azjzvzk)
j=1 k=1

M—1 N-1 (5.5
X 1_[ (azy'wj —a'zy) 1_[ (azx — azlzvzlzl)
j=1 k=1

= (a® - a_z)(ba_lzx,1 — b_lazN)

X l_[(a ZNZJ —a” 1) H(a ZNZ 1zj)

M-1
X 1_[ (azy'wj —a'zy)(azy' —a tzyw)).
J=1

From this simplification, one finds that the right hand side of (5.4) can be ex-
pressed as the product of the right hand side of (5.5) and

Fy—in-1(z1, ..o zv—1|wr, oo, Wy =] X 1, ..o XN —1),
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and we get
FM,N(zl,...,ZN|w1,...,wM|x1,...,xN)|wM=a2212V
N
= (a*—a ) (ba 'zy' —blazy) 1_[(613212\121' — a_lzj_l)

X H(a zNz —a’'z))

Jj=
-1 -1 -1_ 1
X H(azN wj —a zy)azy —a  znwj)
X Fy—1,N-1(z1, .. ZN—1 Wi, s WMt |x, L X)),

hence it is shown that Fas n(z1,....z5|W1, ..., Wp|X1, ..., XN ) satisfies prop-
erty (4) for the case xy = M.
What remains to check is property (4) for the case xy # M, which can be

proved as follows. First, we rewrite the symmetric functions

Fun(zi,....zy|lwi, ..., wplx1, ..., XN)

for the case xy # M as

Fyun(zi, ... zn|lwi, ..., wpmlXx1, ..., XN)
N
_ 2 —2\N 2.2 2
e | CE AT D VD> nzf,
j=1 geSy T1==%1,...,tn= :tl]_l - ]
< [ T8
1<j<k<N
N
—1_"To(k) T(T(k) T(r(k) —1 To (k)
x H(b“ Zoty — b azgy) H(“Zaac) Zo(k) WM)
N M-1 N xi—1
—To (k) —1 fa(k) “To(k),, . —1 To (k)
< [T [Ttz —a 2505w [T TT (@zg6y " wi —a™ 2535
k=1 j=1 k=1 j=1
To (k) —To (k) Trf(k) —1,_,"To (k) X
Xl_[(aza(k) —a U(k) w )H H( Zo (k) Zotky Wi)-

k=1 j=xr+1

(5.6)
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Noting that the product of factors

To (k) —1 To (k) To (k) ~To (k)
l_[Wa(k) —a4 Iy WM >l_[<aza<k> —a” 2,0 war)

in the right hand side of (5.6) can be rewritten as

N
l_[(azj_1 —a'z;wp)(az; —a_lzj_le), (5.7)
j=1

which do not have any dependence on o, one finds that (5.6) can be rewritten as a

product of (5.7) and Far—1 n(21,...,zN|W1, ..., WM—1]|X1, ..., XN):
Fyun(zi,....zn|lwi, ..., wplX1, ..., XN)
N
_ -1 -1, . -1,-1
—n(azj —a  zywym)(az; —a z; wm)
=1
/ X Fy—an(Z1, .oz wr, o Wy 1] X1, XN,
Thus Fyy n(z1,...,zN W1, ..., Wp|X1, ..., xN) satisfies property (4) for the case
XN # M. O

Now let us compare the symmetric functions

Fyun(zi,....zyn|wi, ..., wplX1, ..., XN)

thateq. (5.1) introduced in this section with the coordinate Bethe ansatz wavefunc-
tions for the open XXZ chain by Alcaraz, Barber, Batchelor, Baxter, and Quis-

pel [55]. For comparison, we consider the homogeneous limit w; = --- =wyr =1
of Fy N(z1,...,zN W1, ..., Wh|X1, ..., XN):
FM,N(zl,...,zN|1,...,1|x1,...,xN)
N
_ (.2 _ —2\N 2.2 -2
=@-a )" [[a’F+a5) 30 Y H
j=1 geSy T1==%1,...,tn= :tl]_l _Z]

< [ T8k

1<j<k<N

—1 _fo(k) -1 To (k) —To (k) —1 To(k)\M
x l_[(b“ Zogy D “Zo(k))l_[(a o)y — 4 Zo))

—To (k) —1 T(r(k) 1 To (k) —1_"To(k)\M—
XH(“Za(k) —a” Z )T l_[( 2oy 4 Zegy )k

(5.8)
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One first rewrites (5.8) as

FM,N(ZI,...,ZNH,...,1|X1,...,XN)
3 (a2_a—2)N
o 2 —2 2 —2
l_[(zk—i—zk —z;—z; )
1§j<k<N
(—a*z; +a?z;%)(@® +a” —zz—zj_z)M

J
Xl_[
. Z-2 22

J

% Z ngn(cr)( nll (5.9
ceSy 11==%1,..,iy=%1
2, %)) 1-'C»'(k)_ -2, %)) _fo(k)
< [T@?z550 2555 — a2, 200 )
1=j<k=N 2_~%() ok _ =2, %) Tk
X(@2,() 2oy 4 260 Zotk) )
N —1,"To (k) -1, Tk N —To (k) —1,% %)
5 ba Zo k) —-b Az, (aza(k) —a (r(k))
—Tok) _ ,—1,%0(k) Tok) _ ,—1, Fo(k) ’
k=1  %ok) @ Zotky k=1 Yet) 4 o)
where |7| denotes the number of t;’s satisfying r; = —1. We introduce the
variables
—1,-1
. azg—a lz
e —— L t=1..N,
az;' —alz
2 —2
a‘+a
A=——m
-1
p/ — _i(az _a_z)’
2(b—b71)

which are natural parametrisations for the description of the open XXZ chain used
in [55]. Each represents the momentums, anisotropy parameter and boundary

parameter respectively. One can show the relations

ba 'z71 —p7laz; bh—p1 .
. = (4 (= D)),
T g1z a2 —

azj

2 -2 _—1_—1
a“zjzy —a "z zg
_ iK; iK;—iKy

oy 1 -1 -1 o1, 124 4 et
= (azg —a” zj Y az; —a zj)

’

a2 —qg=2

2, -1 -2, —1
a“zy zg—a “zjzy . -
B ) ) R 1_2Aesz +esz+sz
=(az; —a ‘zx)(azj—a z;) 22 e

—i

(5.10)

(5.11)

(5.12)

j .
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Using (5.10), (5.11), and (5.12), one finds that (5.9) can be rewritten as

Fun(Gzi,....zy|l, .. X1, ..., XN)

[ e a2 o)

(@ —a2)2( +z;°—2; —2;7)

1s/<ksN 5.13
(—a?z? +a?z;%)(@® +a™? -z} — 272 M ©.13)
X H 7 .2 S
z? —z;
XfM,N(Kl,...,KN|XI,...,XN),

where

SmN(Ki, ... Ky|x1,...,xN)
=y > sen(o)(—!
ogeSy t1==1,...,tiy=%1
x 1_[(1 —2Ae T Ko) 4 eiTonKonTiTowr Kot
1<j<k<N
x (1 =2Ae 0w Kotw 4 eito(nKo(h %o Kotr)e=i%o()H Ko

N
« H e i Kowr ¥k (1 4 (p/ — A)elTo0Kow)),

Jun(Ky,...,Kn|x1,...,xn5) can be expressed in a compact way

SuN(Ki, ..., KN|x1,....XN)

— ZGP 1_[(1 _ 2Aein + ein—iKk)(l _ 2AeiKk + ein-I-iKk)e—in
P 1<j<k<N

N
X l_[ e—ikak(l _|_ (p/ _ A)eiKk),
k=1
(5.14)

where the sum means that we take sum over all permutations and negations
of Kq,..., Ky, and ep changes sign at each such “mutation.” Relabelling the

momentums and positions of down spins as

K;:KN+1_], xJ/:M+1_xN+1—] (.]:1”N)’
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equation (5.14) can be rewritten as

JuN(Ki, ..., KN|X1,....XN)

N
=Y er [0+ (= A)eiie M +DK
P k=1
x [](1 - 24e™K 4 e/KiciKG) N (5.15)
l<j<ksN (1 — 2Ae'K; + eiK;-—HK,/C)e—iK]/C l—[ e Kixi

k=1
’ I NN K X!
=) epA(K].... . Kj)eXi=1Kixi,
P

where
N .
AKY. ... Ky) =[] BK) ] | B(-K]. K})e ¥k,
j=1 1<j<k<N
IB(K/) =(1 + (p/_ A)e_iK/)ei(M+l)K/,
B(-K}. K}) =s(—K}. K})s(K}. K}).
s(K}. K}) =1 —2Ae'K> 4 ¢/ (Ki1H+K3),
Jun(Ky,....Kn|x1,...,xn) as in (5.15), whose relation with the symmetric
functions Fy n(z1,-..,2zN]|1,..., 1|x1,...,xn) is given by (5.13), is the form of

the coordinate Bethe ansatz wavefunctions for the open XXZ chain by Alcaraz,
Barber, Batchelor, Baxter, and Quispel [55, equations (2.33) and (2.34)].

6. Algebraic identities

In this section, we derive algebraic identities for the symmetric functions intro-
duced in the last section as an application of the correspondence between the wave-
functions and symmetric functions proven in the last section. We combine the re-
sult in the last section with that on the domain wall boundary partition function by
Tsuchiya [10] and Kuperberg [8]. The domain wall boundary partition function

under reflecting boundary Zps(z1, ..., zpm|w1, ..., wpr) isaspecial case M = N,
xj =j,j=1,..., M of the wavefunction under reflecting boundary
Zym(z1, .- zm|wr, o, wm) = Wy (z1, -z, -, w1 Lo M.

First, let us recall the determinant formula of the domain wall boundary parti-
tion functions under reflecting boundary.
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Theorem 6.1 (Tsuchiya [10], Kuperberg [8]). The domain wall boundary parti-
tion function under reflecting boundary Zy;(z1, ..., zm|Ww1, ..., W) can be ex-
pressed as the determinant

Zym(z1, ...z |wr, ..., W)

M M
= (@ —a )M [TwM [Tew;* -6 @222 —a 2272

i=1 i=1

M
1_[(012 +a™? -z 2w — Zizwj_l)(a2 +a?— Zi_2wj_1 —z2w;)
i,j=1
% -1 —1y(,—1,-1 -1 -1
(—zizp +ziz )z —zizj) (wy +wp ) (wiwy — 1)
1<i<j<M

1
x det ( )
M (a*>+a=2—z?wj — Zl.zwj_l)(at2 +a?— Zl._zwj_1 — z7w;)
(6.1)

Theorem 6.2. For the symmetric functions

FGzy—N+1, - zpm|we, .o, war]X1, ..., XN)
and

F(Zl,---,ZM—N|w1,---,wM|371,-~-,)m\7),
we have the following algebraic identities:

ZF(Zl,...,ZM_N|w1,...,wM|)Tl,...,xM_N)

xUx={1,2,...M} X FZM-N+1s-- 2 ZM| W1, . W] X1, ., XN)

M M
= @ —a )M [TwM [Tow" - 67)@?s —a72?)

i=1 i=1

M
l_[(a2 +a?— zi_zwj — zl-2wj_1)(a2 +a?— Zi_2wj_1 — szj)
i,j=1
X
[[2"2 +zizy)GE s = zizp) (—wi '+ wi ) (wiwy — 1)
1<i<j<M

1
x det ( )
M (a>+a=2—z?wj — Zl-2wj_1)(at2 +a?— Zl-_zwj_1 — z2wy;)
(6.2)

Here, the sum

>

xUx={1,2,....M}
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means that we take the sum over

x={x1,....,xn5} (1<x1<xp<---<xy<M)
and

={X1.. 34—~} (I1=X1<X2<:-<XyM-N=M),

=1

which forms a disjoint union of {1,2,..., M}, x Ux = {1,2..., M}.

Proof. This identity is a consequence of two ways of evaluation of the domain
wall boundary partition function under reflecting boundary

Zym(z1, ..., 2w, ..., W),

First, (6.1) in Theorem 6.1 gives a direct determinant representation of

Zym(z1,. .., 2| we, ..., W),

Another way to evaluate the domain wall boundary partition function is to
insert the completeness relation

Z|x1...xN><x1...xN|=Id, (63)
{x}

between the B-operators and using the explicit representations of the the wave-
functions and its dual (5.2) and (5.3) to get

Zym(z1, ... 2w, ..., W)
= (1M |B(z1|wy, ..., war) - Blzp|wr, ..., war)|0M)
=Y (MBGilwi,. .o wa) - BEy-nlwi, .. war)lx - xw)

B (xyxn [ BEM-N1 WL wag) - Blzpr|wr, .. war)[0M)
=D (MBGilwi. .. wp) - Blzm-nlwi. ... wan)|Fi - Xa—w)
xUx={1,....M}

X (X1 XN |BEM-N4+1|W, - war) - Blzar|wi, ..., war)|0M)
=ZV[_/(Zl,...,ZM_N|w1,...,wM|)Tl,...,m)
xux={1,2,...,M}

XWEM-N+1s-» ZM| W1, ..., Wp X1, ..., XN),
:Zﬁ(zl,...,zM_Mwl,...,wM|)Tl,...,xM_N)

xUx={1,2,...,M}

X FZM-N+1,++ > ZM|W1, ..., W] X1, .0, XN).
(6.4)

Comparing the two ways of evaluations (6.4) and (6.1) gives the identity (6.2). O
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Let us also examine the homogeneous limit w; = --- = wys = 1. First, one
can show the following.

Theorem 6.3. In the homogeneous limit wy = --- = wy = 1, the domain wall
boundary partition function under reflecting boundary Zys(z1,...,zm|1,..., 1)
can be expressed in the following form:

ZM(Zl,...,ZM|1,...,1)
M 2
— aZM(b _b—l)M l_[ azziz —da 2Zi 2
i=1 I=z
M
l_[(a2 +a2-z72- zi2)2M

1=

X
[[-z7"z + ziz7 D@ 2t = zizp)

1<i<j<M
(aZZ.Z)j—l (aZZZ)j—l
xdetM( 12 - — L 5 )
(a2 —z7)% (1 —a?z;)%
Proof. We divide Zps(zy, ..., zm|wy, ..., wp) given in (6.1) into two parts as
ZM(Zl,...,ZM|w1,...,wM) = P1P2,
where

M M
Py = (a*>—a )M 1_[ w,-M l_l(bwi_1 — b_l)(azzi2 — a_zzi_z)
i=1 i=1

M
l_I(a2 +a7% -z 2w, — zizwj_l)(a2 +a%— zi_zwj_1 — z7w;)

i,j=1

[[—z7"z + 27D 2 = zizy)
1<i<j<M

and

1
 Jwrt + wiHwiw, - 1)

l<i<j<M

P

1
X detM< — — ——— )
(@2 +a=2 - z;7%w; — 22wy (a? + a72 — ;7 2wi ! — ZPw))
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It is easy to take the homogeneous limit of P;

M
lim Py =@ —a)Mb-b"HYM [](a?z —a 2z
i=1
M
H(az ta 2o Zi—z _ Ziz)zM (6.5)

i=1

X .
-1 —1y(—1 —
||(—Z,- zj +ziz; )z — zizg)
l<i<j<M

Next, we examine the limit of P,. We rewrite P, in terms of

wj 4+ w;!
W = ———L-
2
as
1
2 —_ —_—
[T2w; —w)
1<i<j<M
x det ( a'zf )
M
(a* + z} = 2a222Wi)(1 + a*z} — 24222 W)
. 1
[ 2w —w)
1<i<j<M
a*z? 1
x detps L (
((a4 — Dzt =D \a* + z} —2a222W;

1
1+ atz} —2a22i2Wj))

M
a* [ =

— 2—M(M—1)/2 i=1

M
@ —-nMT[E -1

i=1

1
X —_—
[ W —w)
1<i<j<M
x det ( ! !
M T zt —2a2z22W; 1+ a*z} —2a22i2Wj)'
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In this form, we can take the homogeneous limit in the same way of Izergin, Coker,
and Korepin [60] to get

M
AE

lim P, =2"MM-D/2 L
Wi,y War—1 u M
@ -pMJet -1
i=1
x detys @a*zp)~t  eaPy )
(a* + Z;" — 2a22i2)/ 1+ a“zlfl - 2a22i2)1

M
a*M [z
= i;; detM(
@ —-pMJJet -1

i=1

1 1
2 2\2j 2.2\2j
(@*—z7)*  (1—a?z;)%

(a22_2)j—1 (d22~2)j_1 )

(6.6)

Combining (6.5) and (6.6), we have
ZM(ZI,...,ZMll,..., 1)

M
=a2M(b_b—l)M1_[a Zi —a 'z

i=1 S
M
2, 2 _ 2 _ _22M
H(a +a " —z;7—z7)

i=1

X
H(—zi_lzj + zizj_l)(zi_lzj_1 —z;iz;)

1<i<j<M

1

- — - |
(a> =z} (1 —a?z2)%

2,2yj-1 2,2yj-1
ety (V@0

From Theorem 6.3, we get the following algebraic identities as a limit of
Theorem 6.2.

Theorem 6.4. For the symmetric functions

F(ZM_N+1,...,ZM|1,...,1|X1,...,XN)

and
F(zi,.o.oozm—n|L .. X, ., XM—N),
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we have the following algebraic identities:

ZF(Zl,...,ZM_NH,...,1|)Tl,...,xM_N)
xux={1,2,...,M}

F(ZM_N+1,...,ZM|1,...,1|X1,...,XN)
M 2 2 —2,-2
a“zZ: —a “Z.
— a2M(b—b_1)M l_[ i — i
I —z;

i=1

M
l_I(aZ + Cl_2 _ Zi_2 _ Zi2)2M

i=1

X
[z + 220G 2 = ziz))
1<i<j<M

1 1
2 2\27 2,212
(@ —z7)*  (1—a?z:)%

ety (DL @)y

Here, the sum

2.

xUx={1,2,....M}

means that we take the sum over

x={x1,..., X5} 1<x1<x<---<xy<M)
and

Xx={x1...54—n~n} (1=X1<X2<--<Xy—N=M)

which forms a disjoint union of {1,2,... . M}, x Ux = {1,2..., M}.

7. Conclusion

In this paper, we extended the recently developed Izergin—Korepin analysis on the
wavefunctions [19, 20, 21] to the U, (sl,) six-vertex model with reflecting end. We
determined the exact forms of the symmetric functions representing the wavefunc-
tions and its dual based on the Izergin—Korepin analysis. We also compared the
homogeneous limit of the symmetric functions with the coordinate Bethe ansatz
wavefunctions for the open XXZ chain by Alcaraz, Barber, Batchelor, Baxter, and
Quispel [55]. As an application of the correspondence between the wavefunctions
and the symmetric functions, we have derived algebraic identities for the sym-
metric functions by using the determinant formula for the domain wall boundary
partition functions with reflecting end by Tsuchiya [10] and Kuperberg [8]. This
idea was first used in Bump, McNamara, and Nakasuji [41] to derive dual Cauchy
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identities for the factorial Schur functions from the wavefunctions and the domain
wall boundary partition functions of the free-fermionic six-vertex model, and ap-
plied to the U, (sl,) six-vertex model in [28] to derive algebraic identities for the
quantum group deformation of the Grothendieck polynomials. A different way of
using the domain wall boundary partition functions can be seen in the paper by
Wheeler, Zinn, and Justin [25].

A similar Izergin—Korepin analysis can be done to study the free-fermionic
six-vertex model under reflecting boundary [61]. It is interesting to extend the
analysis to other types of boundary conditions. For example, it seems that it
is a more challenging task to treat the wavefunctions under half-turn boundary
condition. At the level of the domain wall boundary partition functions, the level
of difficulty of treating the half-turn boundary and the reflecting boundary seems
to be the same, but the half-turn boundary condition becomes more difficult to
treat when it comes to problem of the wavefunctions, since it seems that there is
no way to freeze two rows at once for the case of the wavefunctions under half-
turn boundary condition, contrary to the reflecting boundary condition which is
treated in this paper.

Another interesting topic is to study the thermodynamic limit. As for the
domain wall boundary partition functions, many determinant or Pfaffian formulae
are known. However, it seems hard to expect that the wavefunctions in general
have such simple forms. It is an interesting topic to construct a new way to study
thermodynamic limit without resorting to the deteminant or Pfaffian formulae.
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