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A notion analogous to the discriminant
for transcendental elements in certain extensions of local fields
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ABsTRACT — Let (K, | - |) be a local field. In this paper we define an invariant analogous to
the discriminant over K for certain transcendental elements over K.
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1. Introduction

Let (K, |- ) be a local field. Let K be a separable algebraic closure of K and let
K = Q be the completion of K with respect to the unique extension of | - | also
denoted | - | such that K € K € Q = K. The unique extension by continuity of
| - | to € will also be denoted by | - |. In particular we may consider K = Q,, and
| -| = |-|p the p—adic absolute value normalised such that |p| = %. We also
denote by | - |, the unique extension of | - |, to Q, and further by continuity to Cp,
the completion of Q » with respect to |- |, usually called the p-adic complex field.
Generalizations of all of these may be found in [2].
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In this paper we define an invariant analogous to the discriminant over K for
transcendental elements of K =  over K.

2. Background material

By alocal field (K, | - |) we understand a complete field with respect to a discrete
absolute value | - | with a finite residue field. For example, if char K = 0 then K
is isomorphic to a finite extension of the p-adic field Q, and | - | is the unique
extension to K of the p-adic absolute value Q,, normalized such that | p| = %. It
is well known (see [2]) that | - | liniquelly extends to a fixed algebraic closure K of
Kand further by continuity to K = Q, the completion of K with respect to | - |.

Since any 0 € Gal(K/K) is an isometry with respect to | - |, it follows
that o uniquelly extends to a continuous K-automorphism of 2. Let us denote
Gk = Galeon(Q/K) ~ Gal(K/K). Let T € Q. Let Cx := {0(T),0 € Gk} be
the orbit of 7" with respect to the action of Gk on 2. Recall from [3], Theorem 3.5,
that if T is transcendental over K then Ck is an infinite compact subset of €2.

In [4] at page 29 it is associated a chain to each T €  defined in terms
of the distances from 7 to its conjugates over K, that is {o(T),0 € Gx =
Galeon(2/K) = Gal(K/K)}. The orbit of T with respect to the action of the
group Gg is Cx(T) :={0(T),0 € Gk}. Cx(T) is always a compact set and it is
a finite set if and only if 7 € K. Let us denote B[T,e] = {8 € Q.| —T| < €}.

Let N(K, T, €) the number of disjoint such closed balls of radius € covering
Ck(T). The function

(0,00) — N — {0},
e— N(K, T, e),

is a decreasing step function. It is bounded if and only if 7 € K. Its image is an
increasing sequence 1 = N; < N, < --- whchis infinite if and only if T € Q — K.

Lete; = inf{e > 0, N(K,T,e) = N;}. Since each 0 € Gk is an isometry,
each of the N; balls of radius €; covering Cx(T') is covered by the same number
of balls of radius €;4; which intersect Cx (7). It follows that N;|N; 4, for all j.
If T € Q — K we obtain the infinite chain

€ € -
Ni(T) = (N1 N )

Note thate; = sup{|T—o(T)|,0 € Gk} isthe diameterof Cx ande; > €5 > --- >
€p > -+ and lim, . €, = 0. The sequence (¢€,),>1 is said to be the fundamental
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sequence associated to T. For T = « € K one obtains a finite chain

€1 € - 61}((0‘))

NK(Ol):(Nl Ny .- Nl;{(a)’

where €1l () = 0and le (o) = degg ().

3. Main result

Let BY",BY',..., By , be a partition of Ckx(T) with balls of radius €, that is

={ze CK(T) |z—T| < ém}. Any o € Gk permutes B{*, B', ..., By , and
1f we denote H,, = {0 € Gk,o(BY") = By"} € Gg we have N, = [Gg : Hp].
Let T; € B!" arbitrarily fixed with 7y = T. Then |T — T;| > €, for all i > 2.
For example, if R,, is a set of representatives for (Gg/Hp )t then we can pick
T; = 0;T,0; € R,,. Let us notice that the number x,, := ]_[lsz2 |T — T;| does not
depend on the choice of T; € B", it depends on the choice of T' (in fact, of Cx (T'))
only. Indeed, for 7} € B® we have |T —T/| = |T —T; + T; = T/| = |T —T;| since
IT; = T)| < |T = Til.

1 1

TueoreM 3.1. For mg large enough we have x,;v:ffl < x 2™ forallm = my.

Proor. Since Ny |Np+1 we have Npyy1 = Ny, - Ej, that is each ball B of
diameter (radius) €, has a partition consisting of E,, balls Bi’;”'l of diameter €, 41
satisfying E,, = [Hy : Hp+1].

Now leti >2,7; € B" = Ufl”l BJ}™!. From each B]} ™! we pick a conjugate
Tijof T=TywithTy =Ty =T. Then|T Ti| = |T T,J|f0ra111 <j <E
thus |7 — T;|Em = Hf;”l |T — T;;| therefore |T — T; |V = ]_[. |T — TU|N”'+1
since Nyy+1 = Ny Ey.

From ¢,, — 0 it follows that €,, < 1 for m > mg, m¢ large enough. Thus
|T —Tyj| = |Th — T1j| < em < 1 forall j > 2 therefore 1 > ]_[f;”2 |T — T;.

Finally,

Nm Em 1
== = T T -
i=2j=1
Nm Em
>HH|T T'U|Nm+l l_[|T Ty m+1:x,:1vrfr1_ O
i=2j=1

e
COROLLARY 3.2. The sequence (x," )m converges and its limit is an invariant

of T (and of Cx(T)).
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Let us denote
1
Ag(T) = lim x,™
m-—0o0

Then Ag(T) can be considered an analogous of the discriminant of 7 = « €
K according to the following observation: x}\" = [1iz, |IT; — Ti| since we can
take T; = o;T, for a suitable 0; € R, and the automorphisms of G are also
isometries with respect to | - |.

Now we give a method for computing the numerical invariants Ag(7) in
certain cases. For this we make use of the following results from [3]:

Let K be a complete valued field of rank one valuation v. Let K be a fixed
algebraic closure such that K C K is a countably generated extension and let
Q be the completion of K with respect to the unique prolongation (also denoted
by v) of the valuation v to K. we denote by |.| the absolute value associated to
v on Q. (that is |x| = ¢*™® with ¢ € (0, 1)). From [3] there exists a one-to-one
correspondence between the set of closed subfields L satisfying K € L € Q and
the subfields / satisfying K €/ € K and L = I (the closure with respect to |.|)
and/ = LNK.

Letusrecall that T € € is said to be a generic element for the closed subfield L
if L = I?(\Y_“’) It is proved that if 2 = C, endowed with the usual p-adic absolute
value and 7' € C, — Q,, then Q,(T) = Q,[T] (see [1]).

Theorem 2 from [3] implies the following:

Let L C Q be a closed subfield such that K C L is a transcedental extension.
There is an element 7 € Q such that L = I?(\Y_“’) Such an element 7' can be
obtained as follows: let /| = L N K. We construct a sequence (ttn)n>0, ¥y € [
satisfying:

(1) for all n we have |apy+1 — | < min{|o(an) — an|,0 € Gk, o (o) # an};
(2) lans1 —an| — 0;

(3) U, K(an) = 1.

Letd, = [K(ay) : K] = degg a, and let T = lim, o, € Q — K. From (1)
it follows that in each of the R, balls of radius ¢, = |T — a,| = |op+1 — @nl
which gives a partition of the orbit of 7" with respect to the action of Gk there
exists exactly one conjugate of «, over K. According to the notation of the
previous paragraph it follows that [[,. cg, [T — 0:T| = [ls,er, ln — 0i(cn)]
and |R,| = d,. Since each ¢ € Gg is an isometry it follows that x,” =
Mo,y 010, 107 (@) — 07 (@) = A (@y). In conclusion:
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THeoREM 3.3. Let L be a closed subfield of 2. Then there exists a generic
element T for L, that is L = K(T) satisfying T = lim, an, ap € [ = L N K and
1
Ag(T) = lim, discx (ay) @@ =D where d, = degg (ay).

Now let K = Q, thus K = Q, = C,, (the completion with respect to | - |,).
LetT.U € C, —(_)p satisfying |T'|, < 1,|U|, <1 and Z,,[T] = ZP[U]. We want
to prove that Ag, (T) = Aq, (U).

From Z,[T] = Z,[U] it follows that there exist sequences of polynomials
Py, R, € Z,[X] suchthat U = lim,o0 Py(T) and T = lim,_ R,(U). For
eacho € G = Galeont(Cp/Qp) and for each positive integer n we have | P, (T) —
oPy(T)| = |Pp(T) — Pp(oT)| < |T —oT|since P, € Z,[X]. Thus |U —oU| =
| limp 00 Pn(T) — 0 limy 00 Pn(T)| = [limp—oo(Pr(T) —0Pu(T))| < |T —0T]|
for all 0 € G. By symmetry, we have that |T —oT| < |U —oU]|,forallo € G
thus |7 —oT| = |U —oU],forall g € G.

Let F : Cq,(T) — Cq,(U) defined as follows: F(x) = lim,— oo Py(x), for
all x = oT € Cq,(T). Its inverse is F~':Cq,(U) — Cq,(T), F~'(y) =
limy, 00 Ru(y) , Vy = oU € Cq,(U). For each ball B of radius € in Cq, (T) its
image F(B) is a ball of radius € in Cq, (U). Therefore T and U have the same

fundamental associated sequence €; > €3 > --- > €, > --- with ¢, — 0. For
eachm > 1 we consider the unique partition Bfm), Bém), ce BI(\’,’:: with €,,-radius

closed balls of Cq,(T). It follows that F(B{™), F(B{")...., F(BY") is the
unique partition with €,,-radius closed balls of Cq,, (U).
As above, let H,, be both the G-stabilizer of Bl(m) and the G-stabilizer of

F (Bl(m)). Let R, = {0i}i=1,.n, be a complete system of representatives of
(G/Hm)ieft. Since |T —oT| = |U — o U], for all o € G, it follows that

Nm Nm
xm(T) = [[IT —aiT| = [[IU = 0:U| = xm(U)
=2 =2

thus
. Nm _ 1; Nm _
Agyry = lim xu(T)!M = lim ()M = Ag,w)
We proved the following

THeEOREM 3.4. Let T'U € C, — (_)p satisfying |T|, < 1,|U|, < 1 and
Z,[T] = Z,[U]. Then Aq,(T) = Aq,(U) is an invariant of the closed ring
Z,[T].

Remark 3.5. The above theorem is the transcedental analogue for the follow-
ing well-known result (see [6]). Let T, U be algebraic over Q,, satisfying |T'|, < 1,
|Ulp < 1and Z,[T] = Z,[U]. Then discq,, (1) = discq, )
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4. A notable example

In this section we give an example of a non-zero Ag (7).

First we recall notions and properties from [1].

For K = Qp and Q = C, the absolute value | - | = | - |, is associated to
the p-adic valuation v via |x|, = (%)”(X) for all x € C,. According to [1],
Proposition 2.2, p. 135, for all T € C,, T transcendental over Q,, there exists
a so called distinguished sequence (otp)n>0 With o, € Q_ p such that 7 = lim, o,
where ag € Qp and |T — aglp = min{|T — a|p.a € Qp}. The distinguished
sequence (o, )n>0 satisfies the following conditions:

(1) D, =dega, > D,, = degay, for all m < n, futhermore D,, divides D,;
@) T —anlp <|T — otn—1lp3
3) ify e Qp and degy < degay, then [T —y|, < |T —an—1lp.

We also quote from [1] the following: if we denote f,, the minimal polynomial

of o, over Q,, n > 0; and if we also denote y, = vp(f,,(an+1)) we have y, > Yn—1
and g~ > Z= p=Lfor all n > 1. Thus there exists /(T) = lim, 4~ € Ry U {+o0}.

Also recall that the numbers D ns |T — oy, |yn| depend on T only, they do not
depend on the dlstlngulshed sequence ass001ated to T. The above statements are

equivalent to |fn(T)| < |f,, 1(T)|p "~ since | f,(T)|p, = (p) , thus there

exists (5)"7) = Timy | £u(T)|, e [0, +00).

Now in order to construct the example, we need the lemma below.

LetT € Cp — Qp and let (o,)m>0 be a distinguished sequence converging
to T.Pute, := [T —am|p. Let B_{”, ﬁ, .. Bm be closed balls in C,, of radius
€, such that their intersections to the orbit CQ p(T) give a partition of Cq,,(T).
For this it suffices that the balls are conjugated and they give a partition of the
orbit of a,,. More precisely, B = {x € Cp,|T — x| < &} and W = 0; BI" for
some o; € Gq,. Since each ball B_l’” contains the same number F;, of conjugates
of a;; we have degay, = Dy = Ny by Let T; € B" N Cq,(T), i > 2 and let
X = ]_[1N=”'2 |T — T;|. Note that the product which defines X, does not depend on
the choice of 7;. Let us denote by ¢, the radius of the ball Bi’”/ = B_l’” NCq,(T).
Notice that ¢,, is a term of the fundamental sequence associated to 7. We have
that €, < €,,. The balls Bl?"/, i = 1, N,, are conjugated and they give a partition
of the orbit Cq, (T') and we also have N, = N,, and x,,y = X,,, with x,, and N,,
defined as in Theoreml. From €n — 0 it follows that €, — O thus N,y — oo.

Therefore the sequence (X, ¥m Nm )m>0 is a subsequence of (xm )m>o studied in
Theorem 3.1.
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1 1
Lemma 4.1. For |T|, <1 and m > 1 we have Xy ¥m > | fn(T)|;" .

PrOOF. Since Dy = Ny Fpn We have to prove that X, > | fu(T)|,. We
have X := [V |T = T;|, T; € B and | fu(T)|p = [122 |T = To, (x> Where
{os(am),s = 1..D,,} are the conjugates of «,, with o, = 01(as,). Let us denote
{oi,(am),s = 1,..., Fp} those conjugates of o, belonging to the ball B". Then
foralli > 2wehave |T —T;|, > |T; —0i,(m)|p thus |T —T;|, = |T —0i, (otm) |-

Therefore
Fi

T —Tilgm = [TIT = ois(@m)l,.

s—1
On the other hand in the ball B{" there is at least one conjugate of o, (for example
oy itself) and for each of these conjugates we have |T — o1, ()|, < 1. Therefore

Fpm
[TIT-ou@m)l, <1

s=1

and by multiplying the above two products we obtain X,, %™ > | f,, (T)| - O

1
Taking into account that the sequence (X; ¥m)n,>o is a subsequence of

1
(Xm™ )m=o studied in Theorem 3.1 it follows by applying the above lemma that

‘ e 1\ /(D)
Do, (1) z lim | fu(DI7" = ()" 20

Remark 4.2. In [1] page 142, using an argument from [5], it is given an
example of an element 7" € C, — Q, with I[(T) = 2. Therefore, for that T, we
have Aq,(T) > (3)* > 0.

A thoroughly study of how Aq, (7T) and (%)I(T) are related to each other is yet
to be done.
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