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A notion analogous to the discriminant

for transcendental elements in certain extensions of local fields
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Abstract – Let .K; j � j/ be a local field. In this paper we define an invariant analogous to

the discriminant over K for certain transcendental elements over K.
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1. Introduction

Let .K; j � j/ be a local field. Let xK be a separable algebraic closure of K and let
zxK D � be the completion of xK with respect to the unique extension of j � j also

denoted j � j such that K � xK � � D zxK. The unique extension by continuity of

j � j to � will also be denoted by j � j. In particular we may consider K D Qp and

j � j D j � jp the p�adic absolute value normalised such that jpj D 1
p

. We also

denote by j � jp the unique extension of j � jp to xQp and further by continuity to Cp,

the completion of xQp with respect to j � jp, usually called the p-adic complex field.

Generalizations of all of these may be found in [2].
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In this paper we define an invariant analogous to the discriminant over K for

transcendental elements of zxK D � over K.

2. Background material

By a local field .K; j � j/ we understand a complete field with respect to a discrete

absolute value j � j with a finite residue field. For example, if char K D 0 then K

is isomorphic to a finite extension of the p-adic field Qp and j � j is the unique

extension to K of the p-adic absolute value xQp, normalized such that jpj D 1
p

. It

is well known (see [2]) that j � j uniquelly extends to a fixed algebraic closure xK of

Kand further by continuity to zxK D �, the completion of xK with respect to j � j.

Since any � 2 Gal. xK=K/ is an isometry with respect to j � j, it follows

that � uniquelly extends to a continuous K-automorphism of �. Let us denote

GK D Galcont.�=K/ ' Gal. xK=K/. Let T 2 �. Let CK WD ¹�.T /; � 2 GKº be

the orbit of T with respect to the action of GK on �. Recall from [3], Theorem 3.5,

that if T is transcendental over K then CK is an infinite compact subset of �.

In [4] at page 29 it is associated a chain to each T 2 � defined in terms

of the distances from T to its conjugates over K, that is ¹�.T /; � 2 GK D

Galcont.�=K/ Š Gal. xK=K/º. The orbit of T with respect to the action of the

group GK is CK.T / WD ¹�.T /; � 2 GKº. CK.T / is always a compact set and it is

a finite set if and only if T 2 xK. Let us denote BŒT; �� D ¹ˇ 2 �; jˇ � T j � �º.

Let N.K; T; �/ the number of disjoint such closed balls of radius � covering

CK.T /. The function

.0; 1/ �! N � ¹0º;

� 7�! N.K; T; �/;

is a decreasing step function. It is bounded if and only if T 2 xK. Its image is an

increasing sequence 1 D N1 < N2 < � � � whch is infinite if and only if T 2 �� xK.

Let �j D inf¹� > 0; N.K; T; �/ D Nj º. Since each � 2 GK is an isometry,

each of the Nj balls of radius �j covering CK.T / is covered by the same number

of balls of radius �j C1 which intersect CK.T /. It follows that Nj jNj C1, for all j .

If T 2 � � xK we obtain the infinite chain

NK.T / D

�

�1 �2 � � �

N1 N2 � � �

�

:

Note that �1 D sup¹jT ��.T /j; � 2 GKº is the diameter of CK and �1 > �2 > � � � >

�n > � � � and limn!1 �n D 0. The sequence .�n/n�1 is said to be the fundamental
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sequence associated to T . For T D ˛ 2 xK one obtains a finite chain

NK.˛/ D

�

�1 �2 � � � �l 0
K

.˛/

N1 N2 � � � Nl 0
K

.˛/

�

;

where �l 0
K

.˛/ D 0 and Nl 0
K

.˛/ D degK.˛/.

3. Main result

Let Bm
1 ; Bm

2 ; : : : ; Bm
Nm

; be a partition of CK.T / with balls of radius �m, that is

Bm
1 D ¹z 2 CK.T /; jz �T j � �mº. Any � 2 GK permutes Bm

1 ; Bm
2 ; : : : ; Bm

Nm
; and

if we denote Hm D ¹� 2 GK ; �.Bm
1 / D Bm

1 º � GK we have Nm D ŒGK W Hm�.

Let Ti 2 Bm
i arbitrarily fixed with T1 D T . Then jT � Ti j > �m for all i � 2.

For example, if Rm is a set of representatives for .GK=Hm/left then we can pick

Ti D �iT; �i 2 Rm. Let us notice that the number xm WD
QNm

iD2 jT � Ti j does not

depend on the choice of Ti 2 Bm
i , it depends on the choice of T (in fact, of CK.T /)

only. Indeed, for T 0
i 2 Bm

i we have jT � T 0
i j D jT � Ti C Ti � T 0

i j D jT � Ti j since

jTi � T 0
i j < jT � Ti j.

Theorem 3.1. For m0 large enough we have x
1

NmC1

mC1 < x
1

Nm
m for all m � m0.

Proof. Since NmjNmC1 we have NmC1 D Nm � Em that is each ball Bm
i of

diameter (radius) �m has a partition consisting of Em balls BmC1
ij of diameter �mC1

satisfying Em D ŒHm W HmC1�.

Now let i � 2, Ti 2 Bm
i D

SEm

j D1 BmC1
ij . From each BmC1

ij we pick a conjugate

Tij of T D T1 with T11 D T1 D T . Then jT � Ti j D jT � Tij j for all 1 � j � Em

thus jT � Ti j
Em D

QEm

j D1 jT � Tij j therefore jT � Ti j
1

Nm D
QEm

j D1 jT � Tij j
1

NmC1

since NmC1 D NmEm.

From �m ! 0 it follows that �m < 1 for m � m0, m0 large enough. Thus

jT � T1j j D jT1 � T1j j � �m < 1 for all j � 2 therefore 1 >
QEm

j D2 jT � T1j j.

Finally,

x
1

Nm
m D

Nm
Y

iD2

jT � Ti j
1

Nm D

Nm
Y

iD2

Em
Y

j D1

jT � Tij j
1

NmC1

>

Nm
Y

iD2

Em
Y

j D1

jT � Tij j
1

NmC1 �

Em
Y

j D2

jT � T1j j
1

NmC1 D x
1

NmC1

mC1 : �

Corollary 3.2. The sequence .x
1

Nm
m /m converges and its limit is an invariant

of T (and of CK.T /).
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Let us denote

�K.T / WD lim
m!1

x
1

Nm
m

Then �K.T / can be considered an analogous of the discriminant of T D ˛ 2
xK according to the following observation: x

Nm
m D

Q

i¤j jTj � Ti j since we can

take Ti D �iT , for a suitable �i 2 Rm and the automorphisms of GK are also

isometries with respect to j � j.

Now we give a method for computing the numerical invariants �K.T / in

certain cases. For this we make use of the following results from [3]:

Let K be a complete valued field of rank one valuation v. Let xK be a fixed

algebraic closure such that K � xK is a countably generated extension and let

� be the completion of xK with respect to the unique prolongation (also denoted

by v) of the valuation v to xK. we denote by j:j the absolute value associated to

v on �. (that is jxj D cv.x/ with c 2 .0; 1/). From [3] there exists a one-to-one

correspondence between the set of closed subfields L satisfying K � L � � and

the subfields l satisfying K � l � xK and L D Ql (the closure with respect to j:j)

and l D L \ xK.

Let us recall that T 2 � is said to be a generic element for the closed subfield L

if L D AK.T /. It is proved that if � D Cp endowed with the usual p-adic absolute

value and T 2 Cp � xQp then BQp.T / D zQpŒT � (see [1]).

Theorem 2 from [3] implies the following:

Let L � � be a closed subfield such that K � L is a transcedental extension.

There is an element T 2 � such that L D AK.T /. Such an element T can be

obtained as follows: let l D L \ xK. We construct a sequence .˛n/n�0, ˛n 2 l

satisfying:

(1) for all n we have j˛nC1 � ˛nj < min¹j�.an/ � anj; � 2 GK ; �.˛n/ ¤ ˛nº;

(2) j˛nC1 � ˛nj ! 0;

(3)
S

n K.˛n/ D l .

Let dn D ŒK.˛n/ W K� D degK ˛n and let T D limn ˛n 2 � � xK. From (1)

it follows that in each of the Rn balls of radius �n D jT � ˛nj D j˛nC1 � ˛nj

which gives a partition of the orbit of T with respect to the action of GK there

exists exactly one conjugate of ˛n over K. According to the notation of the

previous paragraph it follows that
Q

�i 2Rn
jT � �iT j D

Q

�i 2Rn
j˛n � �i .˛n/j

and jRnj D dn. Since each � 2 GK is an isometry it follows that x
dn
n D

Q

�i 2Rn;�i ¤�j
j�i .˛n/ � �j .˛n/j D �K.˛n/. In conclusion:
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Theorem 3.3. Let L be a closed subfield of �. Then there exists a generic

element T for L, that is L D AK.T / satisfying T D limn ˛n, ˛n 2 l D L \ xK and

�K.T / D limn discK.˛n/
1

dn.dn�1/ where dn D degK.˛n/.

Now let K D Qp thus zxK D zQp D Cp (the completion with respect to j � jp).

Let T; U 2 Cp � xQp satisfying jT jp � 1; jU jp � 1 and zZp ŒT � D zZpŒU �. We want

to prove that �Qp
.T / D �Qp

.U /.

From zZpŒT � D zZpŒU � it follows that there exist sequences of polynomials

Pn; Rn 2 ZpŒX� such that U D limn!1 Pn.T / and T D limn!1 Rn.U /. For

each � 2 G D Galcont.Cp=Qp/ and for each positive integer n we have jPn.T / �

�Pn.T /j D jPn.T / � Pn.�T /j � jT � �T j since Pn 2 ZpŒX�. Thus jU � �U j D

j limn!1 Pn.T / � � limn!1 Pn.T /j D j limn!1.Pn.T / � �Pn.T //j � jT � �T j

for all � 2 G. By symmetry, we have that jT � �T j � jU � �U j, for all � 2 G

thus jT � �T j D jU � �U j, for all � 2 G.

Let F W CQp
.T / ! CQp

.U / defined as follows: F.x/ D limn!1 Pn.x/, for

all x D �T 2 CQp
.T /. Its inverse is F �1W CQp

.U / ! CQp
.T / , F �1.y/ D

limn!1 Rn.y/ , 8y D �U 2 CQp
.U /. For each ball B of radius � in CQp

.T / its

image F.B/ is a ball of radius � in CQp
.U /. Therefore T and U have the same

fundamental associated sequence �1 > �2 > � � � > �m > � � � with �m ! 0. For

each m � 1 we consider the unique partition B
.m/
1 ; B

.m/
2 ; : : : ; B

.m/
Nm

with �m-radius

closed balls of CQp
.T /. It follows that F.B

.m/
1 /; F.B

.m/
2 /; : : : ; F.B

.m/
Nm

/ is the

unique partition with �m-radius closed balls of CQp
.U /.

As above, let Hm be both the G-stabilizer of B
.m/
1 and the G-stabilizer of

F.B
.m/
1 /. Let Rm D ¹�iºiD1;::Nm

be a complete system of representatives of

.G=Hm/left. Since jT � �T j D jU � �U j, for all � 2 G, it follows that

xm.T / D

Nm
Y

iD2

jT � �iT j D

Nm
Y

iD2

jU � �i U j D xm.U /

thus

�Qp.T / D lim
m!1

xm.T /1=Nm D lim
m!1

xm.U /1=Nm D �Qp.U /

We proved the following

Theorem 3.4. Let T; U 2 Cp � xQp satisfying jT jp � 1; jU jp � 1 and
zZp ŒT � D zZpŒU �. Then �Qp

.T / D �Qp
.U / is an invariant of the closed ring

zZp ŒT � .

Remark 3.5. The above theorem is the transcedental analogue for the follow-

ing well-known result (see [6]). Let T; U be algebraic over Qp satisfying jT jp � 1;

jU jp � 1 and Zp ŒT � D ZpŒU �. Then discQp.T / D discQp.U /
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4. A notable example

In this section we give an example of a non-zero �K.T /.

First we recall notions and properties from [1].

For K D Qp and � D Cp the absolute value j � j D j � jp is associated to

the p-adic valuation v via jxjp D . 1
p

/v.x/ for all x 2 Cp. According to [1],

Proposition 2.2, p. 135, for all T 2 Cp, T transcendental over Qp, there exists

a so called distinguished sequence .˛n/n�0 with ˛n 2 xQp such that T D limn ˛n,

where ˛0 2 Qp and jT � ˛0jp D min¹jT � ˛jp; ˛ 2 Qpº. The distinguished

sequence .˛n/n�0 satisfies the following conditions:

(1) Dn D deg ˛n > Dm D deg ˛m for all m < n, futhermore Dm divides Dn;

(2) jT � ˛njp < jT � ˛n�1jp;

(3) if 
 2 xQp and deg 
 < deg ˛n, then jT � 
 jp � jT � ˛n�1jp.

We also quote from [1] the following: if we denote fn the minimal polynomial

of ˛n over Qp, n � 0; and if we also denote 
n D vp.fn.˛nC1// we have 
n > 
n�1

and 
n

Dn
> 
n�1

Dn�1
for all n � 1. Thus there exists l.T / D limn


n

Dn
2 RC [ ¹C1º.

Also recall that the numbers Dn, jT � ˛nj, j
nj depend on T only; they do not

depend on the distinguished sequence associated to T . The above statements are

equivalent to jfn.T /j
1

Dn
p < jfn�1.T /j

1
Dn�1
p since jfn.T /jp D

�

1
p

�
n
, thus there

exists . 1
p

/l.T / D limn jfn.T /j
1

Dn
p 2 Œ0; C1/.

Now, in order to construct the example, we need the lemma below.

Let T 2 Cp � xQp and let .˛m/m�0 be a distinguished sequence converging

to T . Put �m WD jT � ˛mjp. Let Bm
1 , Bm

2 , . . . , Bm

Nm
be closed balls in Cp of radius

�m such that their intersections to the orbit CQp
.T / give a partition of CQp

.T /.

For this it suffices that the balls are conjugated and they give a partition of the

orbit of ˛m. More precisely, Bm
1 D ¹x 2 Cp; jT � xj � �mº and Bm

i D �iB
m
1 for

some �i 2 GQp
. Since each ball Bm

i contains the same number Fm of conjugates

of ˛m we have deg ˛m D Dm D NmFm. Let Ti 2 Bm
i \ CQp

.T /, i � 2 and let

xm WD
QNm

iD2 jT � Ti j. Note that the product which defines xm does not depend on

the choice of Ti . Let us denote by �m0 the radius of the ball Bm0

i D Bm
i \ CQp

.T /.

Notice that �m0 is a term of the fundamental sequence associated to T . We have

that �m0 � �m. The balls Bm0

i , i D 1; Nm are conjugated and they give a partition

of the orbit CQp
.T / and we also have Nm0 D Nm and xm0 D xm, with xm and Nm

defined as in Theorem1. From �m ! 0 it follows that �m0 ! 0 thus Nm0 ! 1.

Therefore the sequence .xm

1

Nm /m�0 is a subsequence of .x
1

Nm
m /m�0 studied in

Theorem 3.1.
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Lemma 4.1. For jT jp � 1 and m � 1 we have xm

1

Nm > jfm.T /j
1

Dm
p .

Proof. Since Dm D NmFm we have to prove that xm
Fm > jfm.T /jp. We

have xm WD
QNm

iD2 jT � Ti j, Ti 2 Bm
i and jfm.T /jp D

QDm

sD1 jT � T�s.˛m/j, where

¹�s.˛m/; s D 1::Dmº are the conjugates of ˛m with ˛m D �1.˛m/. Let us denote

¹�is .˛m/; s D 1; : : : ; Fmº those conjugates of ˛m belonging to the ball Bm
i . Then

for all i � 2 we have jT � Ti jp > jTi � �is .˛m/jp thus jT � Ti jp D jT � �is .˛m/jp.

Therefore

jT � Ti j
Fm
p D

Fm
Y

s�1

jT � �is .˛m/jp:

On the other hand in the ball Bm
1 there is at least one conjugate of ˛m (for example

˛m itself ) and for each of these conjugates we have jT ��1s
.˛m/jp < 1. Therefore

Fm
Y

sD1

jT � �1s
.˛m/jp < 1

and by multiplying the above two products we obtain xm
Fm > jfm.T /jp. �

Taking into account that the sequence .xm

1

Nm /m�0 is a subsequence of

.x
1

Nm
m /m�0 studied in Theorem 3.1 it follows by applying the above lemma that

�Qp
.T / � lim

n
jfn.T /j

1
Dm
p D

� 1

p

�l.T /

� 0

Remark 4.2. In [1] page 142, using an argument from [5], it is given an

example of an element T 2 C2 � Q2 with l.T / D 2. Therefore, for that T , we

have �Q2
.T / � .1

2
/2 > 0.

A thoroughly study of how �Qp
.T / and

�

1
p

�l.T /
are related to each other is yet

to be done.

References

[1] V. Alexandru – N. Popescu – A. Zaharescu, On the closed subfields of Cp ,

J. Number Theory 68 (1998), no. 2, pp. 131–150.

[2] S. Bosch – U. Guntzer – R. Remmert, Non-Archimedean analysis, A systematic

approach to rigid analytic geometry, Grundlehren der Mathematischen Wissenschaften

261, Springer-Verlag, Berlin etc., 1984.



112 S. Achimescu – V. Alexandru – C. S. Andronescu

[3] A. Iovita – A. Zaharescu, Completions of r.a.t.-Valued fields of rational functions,

J. Number Theory 50 (1995), no. 2, pp. 202–205.

[4] A. Popescu – N. Popescu – M. Vâjâitu – A. Zaharescu, Chains of metric invari-

ants over local fields, Acta Arith. 103 (2002), no. 1, pp. 27–40.

[5] N Popescu – A Zaharescu, On the structure of the irreducible polynomials over local

fields, J. Number Theory 52 (1995), no. 1, pp. 98–118.

[6] E Weiss, Algebraic number theory, McGraw-Hill, New York etc., 1963.

Manoscritto pervenuto in redazione il 3 dicembre 2018.


	Introduction
	Background material
	Main result
	A notable example
	References

