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COLLAPSING AND SOULTHEOREM IN
THREE-DIMENSION

Tatao YAMAGUCHI

In this article, we present a recent joint work with Takashi Shioya [SY]. We study
the topology of three-dimensional Riemannian manifolds with a lower sectional curva-
ture bound collapsing to an Alexandrov space of lower dimension.

For a positive integer n and D > 0, we dénote byJC(n, @) the isometry classes
of closed n-dimensional Riemannian manifolds M with sectional curvature ^ - 1 and
diameter ^ JD. The Gromov precompactness theorem IG] implies that for any infinité
séquence {M,} mJù{n,t S>) there is a convergent subsequence of M,, with respect to the
Gromov-Hausdorff distance, whose limit is a compact Alexandrov space X of dimension
^ n and curvature > - 1 . We now assume that M, itself converges to X and consider the
following:

PROBLEM 1. — Describe the topology ofM% by using the geometry and topology
ofX.

In some extremal cases, the following results are known: Perelman [PI, P2] proved
that if dim X = n> then M, is homeomorphic to X. Fukaya and Yamaguchi [FY] proved
that if dim X = 0, then TTJ (M, ) contains a nilpotent subgroup of finite index. Therefore,
it suffices to consider only the cases 1 ^ dim X ^ n - 1 for which there are no gên-
erai results known. For the special case when the singularity is small in a sensé, we have
the fibration theorem; there exists a locally trivial fibration M,* — X with almost non-
negatively curved fibre ([Yl], [Y2]). It is also announced in [P3] that if X has no serious
singularities (precisely called extremal subsets), there is a homotopical fibration M%-» X.
When 1 < dim X < n - 1 and X has serious singularities, any solution to Problem 1 was
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not known. In the work [SY], we completely solve the problem in the case when n - 3
and dim X - 1,2. In [FY], it was obtained that if n - 3 and dim X - 0, then some finite
cover of M, is homeomorphic to either a homotopy sphère, S1 xS2, Tz

f or a nilmanifold.

We first consider the case dim X = 2. It is known [BGP] that X is a topological
manifold possibly with boundary.

From now on, we always assume that all the M, are orientable.

THEOREM 1. — If dim X = 2 andX has empty boundary, then Mi is homeomor-
phic to a Seifert fibred space over X, for which any singular fibre over a point x e X has
type(ti,v) satisfyingii ^ 2TT/L(2X).

Here L(lx) is the length of the space of directions I x at x.

We describe the situation of Theorem 1 in more detail. It is easy to see that for
each € > 0, the set Se(X) of singular points of X at which the spaces of directions have
lengths less than 2n - e is finite. Note that one can apply the fibration theorem on a
compact domain X€ of X away from X - S€(X) for a small e. Thus a compact domain
M,(e) of M, converging to X€ has the structure of S1 -fibration over X€. We proved that
each component of the closure of Af, - Mt(e) is homeomorphic to Sl x D2 and it has a
Seifert structure which is compatible to the S1-bundie structure over M,(e).

THEOREM 2. — If dim X = 2 andX has non-empty boundary, then there is a Seifert
fibred space Seifi(X) overX such that

J. M, ishomeomorphictotheunionSeifi{X)u(dXxD*)gluedalongtheirboundaries;

2. any singular fibre of Seiïi(X) over a point x e intX has type bi,v) satisfyingfj ^

Applying Theorem 1 to a compact domain M\ of M, converging to a compact
domain X' away from the boundary of X, we see that M\ is homeomorphic to a Seifert
fibred space, Seif,(X), over X'. An essential part in the proof of Theorem 2 is to prove
that Mt - M\ is homeomorphic to dX x D2.

As a corollary of Theorem 2, we have the following

COROLLARY 1. — Let M„ X, and Seif, (X) be as in Theorem 2, and let g and k de-
note the genus ofX and the number ofcomponents ofdX respectively. Then we have the
following factorization:

Mi = S3* f x S1» • - #S2

where

,*>-(;
f 2 g + Jk - 1 Ï/X is orientable,

' ~\g+k-l ifXis non-orientable,
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and (tij, Vj), 1 ^ j ^ £, dénote the orbit types of singular fibres ofSeifi(X).

In particular, thesetofhomeomorphism classes in the séquence {M,} isfinite.

Note that a regular fibre of Seif,(X) represents the trivial element in n\ (Mi). This
is the essential reason for the factorization above.

Let us next consider the case when dimX = 1, i.e., X is isometric to either a
circle or a closed interval. When X is isometric to a circle, we observe frons the fibration
theorem ([Yl]) that Af, is a fibre bundie over S1 whose fibre is S2 or T2. The rest in our
study is the case when X is isometric to a closed interval.

THEOREM 3. — IfX is isometric to a closed interval, then M, is homeomorphic to
the gluing ofU and V along their boundaries, where U and V are respectively either D3,
the twisted product P^xl, S1 x D2 orMöxS1, the twisted product ofMöbius band and
circle.

More precisely, we have a décomposition M, = B, u A, u Q, where A( is a compact
domain converging to a subinterval of X away from the endpoints and 5, and C, are the
components of the closure of the complement of At. It follows from the fibration theorem
that Ai is homeomorphic to Ft x I, where Fi is either S2 or T2. We proved that if/v » S2

(resp. F( su r2), then £, and Q are homeomorphic to either D3 or P 2 * I (resp. S1 x D2 or
MöxS1).

Theorem 1 is the most basic resuit; for the proof of Theorem 2, we need Theorem
1 and for the proof of Theorem 3, we need both Theorems 1 and 2. Hère we give an idea
of the proof of Theorem 1.

Let p be an (essential) singular point of the two-dimensional Alexandrov surface
X without boundary, and p,- € M, be such that p/ — p under the convergence M,- — X.
We have to show that for a fixed small r > 0, B( p,, r) is homeomorphic to S1 x D2 for large
i. From the fibration theorem applied to the convergence, dB( p,, r) -* dB( p, r), we see
that dB( pit r) is homeomorphic to 72. To get the topological information of collapsed
balls B(pi, r), we use a rescaling argument of the metrics with a suitable choice of base
point. In gênerai, we need to retake a base point different from p,- but close to p,. Let p,-
be a point of B( pi, r) which attains a maximum of the averaged distance fonction from
the points of dB{ pit r). Let <$,• — 0 be the maximum distance from p, to the critical point
set of pi. Then we can prove that the limit (Y,yQ) of a subsequence of (j^M/, p,) has
dimension three; namely, no collapsing occurs in this situation. Note that

1. 7 is three-dimensional complete open Alexandrov space with nonnegative curva-
ture without boundary which is a topological manifold;

2. we can recover the topology of J5( p,, r) from that of Y.

Now we need a geometry on Y to classify such spaces. Let us dénote by S the soul of Y.
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THEOREM 4. — Y is homeomorphic to the normal bundie ofS.

This is a natural extension of the soul theorem ([CG]) to Alexandrov spaces in
three-dimension. It should also be noted that the above result does not hold when Y is
not a topological manifold and S is a point. Actually we have a more gênerai classifica-
tion of three-dimensional complete open Alexandrov spaces with nonnegative curvature
without boundary which are not necessarily topological manifolds.

Finally, together with the boundary information dB( pit r) =* T2, the above soul
theorem implies that S has dimension one and that B{ pit r) is homeomorphic to S1 x D2,
as required.

Références

(BGPJ Yu.BuRAGO.M.GROMOvandG.PERELMAN. — ADAlexandorovs spaces with curvature boundedbelow,
Uspehi Mat. Nauk 47 1992, pp. 3-51. Engüsh Transi. Russian Math. Survey 47 1992, pp. 1-58.

(CG] ]. CHEEGER and D. GROMOLL. — On the structure of complete manifolds of nonnegative curvature, Ann.
of Math., 961972, pp. 413-443.

IFY] K. FUKAYA and T. YAMAGUCHI. — The fondamental groups ofalmost nonnegatively curved manifolds,
Ann. of Math., 1361992, pp. 253-333.

[G] M. GROMOV. — Structure métrique pour les variétés riemanniennes, rédigé par J. Lafontaine et P
Pansu, Cedic/Fernand Nathan, Paris, 1981.

IP1 ] G. PERELMAN. — AD. Aîexandrov's spaces with curvatures boundedfrom beîow II preprint.

IP2J G.PERELMAN. — Elernents of Morse theory on Alexandrov spaces,St.PeteTsbw%Ma\h.)ow.t51394,pp.
207-214.

[P3] G. PERELMAN. — Collapsing with no proper extremal subsets, preprint.

[SY] T. SHIOYA and T. YAMAGUCHI. — Collapsing three-manifolds under a lower curvature bound, in prépa-
ration.

ï Yl] T. YAMAGUCHI. — Collapsing and Pinching under a lower curvature bouna\ Ann. of Math., 133 1991,
pp. 317-357.

ÏY2] T. YAMAGUCHI. — A convergence theorem in the geometry ofAlexandrov spaces Actes de la table ronde
de géométrie différentielle en l'honneur de Marcel Berger, éd. Arthur L. Besse, Collection SMF, Sémi-
naires et Congrès, 1 Société Mathématique de France, 1996, pp. 601-642.

Tatao YAMAGUCHI
Graduate School of Mathematics
Kyushu University
FUKUOKA 812-81 (Japon)

email: takao@math.kyushu-u.ac.jp


