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FRACTAL WEYL LAWS FOR QUANTUM RESONANCES

MACIEJ ZWORSKI

1. INTRODUCTION

We present results of recent work with Johannes Sjostrand [18] on upper bounds of the
number of semiclassical resonances for systems with chaotic classical dynamics. These
upper bounds are interpreted as “fractal Weyl laws for resonances” since the exponent is
now related to the dimension of the trapped set of the classical system. Despite some
numerical evidence, for models based on partial differential equations there are no rigorous
results showing that these bounds are optimal. However, recent joint work with Stéphane
Nonnenmacher [14] shows that the bounds are optimal for some discrete models of chaotic
scattering based on open quantum maps.

Here, some of the ideas of [18] are explained in detail by proving a simpler result about
the number of (complex) eigenvalues of a chaotic potential with a complex absorbing bar-
rier. That corresponds to a model popular in computational chemistry — see the work of
Stefanov [19] for a recent mathematical treatment and references. The energy interval we
consider has a fixed length, rather than the length Ch, which leads to further, more serious,
simplifications.

Thus let V € C*(R™;R) be supported in B(0, Ry). The complex absorbing barrier is
given by W € C*(R™), satisfying W > 0, W = 0 in B(0, Ry), and W > 1 outside B(0, R;),
R, > Ry. We consider

(1.1) PY_R2A+V(z)—iW(z),

The absorbing barrier created by W is a model of infinity since it produces no reflection in
semiclassical propagation. When we say that the flow of H,, p = |£|* + V(z), is hyperbolic
near energy £ we mean it in the standard sense of (1.7), or the weaker sense given in §3.1.

Theorem. Suppose that P(h) is given by (1.1) with suppV C B(0, Ry), and assume that
the classical flow near energy E is hyperbolic, and that the union of trapped sets (1.6) with

energies |£N? — E| < 260 has upper Minkowski dimension m.
Then for any m > m, and Cy > 0 there exists C; such that

(1.2) | Spec(P(h)) N [E — 6, E + 6 — [0, Coh]| < CLh™™/2.

When the trapped is set is of pure dimension, m can be replaced by m.
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To motivate this theorem and the results of [18] reviewed below we first recall well
known results about discrete spectra of selfadjoint semiclassical operators. Thus, let P =
—h?A,+V (z) be a self-adjoint Schrodinger operator on a compact Riemannian n-manifold,
(X,9), V € C*(X;R). The spectral asymptotics as h — 0 are given by the celebrated Weyl
law — see [4] and [7] for recent advances and numerous references. If we assume that the
zero energy surface is nondegenerate,

PE P+ V(@) =E = dp#0,

then
(1.3) |Spec(P)N[E — Ch, E + Ch)| = O(h™"*1).

Let H, be the Hamilton vector field of p on T* X, locally given by

dp dp
H=S"2Ly _Pps (2 eTR".
p Z 86] ¥ 81']' fg (.’L’ 6) S
-1
When the flow, exptH, : p '(E) — p '(E), has the property that the set of its closed

orbits has Liouville measure zero on p = FE, then we have the infinitesimal version of the
Weyl law:

2Ch / _
dL(z, &) + o(h™"1) |
by g TS T

where dL is the Liouville measure on p = F, that is dCdp = dxd¢. This result is the
mathematical starting point of many recent investigations, mostly in physical literature,
of the finer structure of the spectrum and its relation to classical dynamics — see [1] and
references given there.

(1.4) |Spec(P) N [E — Ch, E+ Chl]| =

When the manifold is non-compact the situation is dramatically different. The simplest
case is that of a manifold which is Euclidean outside of a compact set and V' € C°(X;R).
The discrete eigenvalues of P are replaced by quantum resonances which are defined as the
poles of the meromorphic continuation of

(P—2)"': C(X) — C®(X), Imz>0,
and we denote the set of resonances by Res(P(h)).

In [18] we provide upper bounds for the number of resonances for a much larger class
of operators P in D(0,Ch). The main result [18, Theorem 3| states that for classical
Hamiltonians p with hyperbolic flow on p = 0 (see (1.7) and §3.1 below):

(1.5) | Res P(h) N D(0,Ch)| = O(h™"),
where 2v + 1 is essentially the dimension of the trapped (non-wandering) set in p~*(0),
(1.6) Kp € {(2,6) e T*X : p(x,€) = E, exp(tH,)(x,§) /> 00, t— +oo}.
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In the case of a compact manifold ¥ = n — 1 so that (1.5) reduces to (1.3). By dimension
we always mean the upper Minkowski dimension

mo = 2n — 1 —sup{d : limsupe ?vol({p € p1(0) : d(p, K) < €}) < 00} .

e—0

A simple example is provided by a three bump potential shown in Fig.1.

FIGURE 1. A three bump potential exhibiting hyperbolic dynamics at an
interval of energies.

The basic hyperbolicity assumption at an energy F can be stated as follows: for p €
p~!(E) lying in a neighbourhoood of the trapped set Kg we have,
Tp(p~(E)) = RHy(p) & E4(p) ® E-(p) , dimEy(p)=n—1,
p Y(E)3p— E(p) CT,(p~'(E)) is continuous,
d(exptH,),(Ex(p)) = Ex(exptH,(p)),
IAN>0  |dlexptH,),(X)|| < Ce*M|| X, forall X € Eyx(p), Ft > 0.

(1.7)

An example of a potential satisfying this assumption at a range of non-zero energies is

given in Fig.1 — see [13] and [16, Appendix c]. Following [16] we will formulate a weaker
dynamical hypothesis in §3.

The first estimate involving the dimension of K was proved by the first author in [16,

Theorems 4.6, 5.5, and 5.7]: there exists constants Cy, C; > 0, such that for dp > 0 fixed
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and small enough

AP
Res(P(h))N{z : |z <d, Imz>—u}| <Cio | — a2
ng  IREPEING i<co(2)

Coh < <1/Cy, Coh2 <6< 68, 0<h<1/Cy,

where now m is any number greater than the dimension of the union of trapped set with
energies |F — F| < 20y. In homogeneous situations, such as for instance obstacle scattering,
m =m + 1. When u = Cph, the improvement in (1.5) lies in allowing § ~ h, which is the
natural limit for this type of spectral estimates.

Earlier, non-geometric, bounds on the number of resonances (scattering poles) were ob-
tained by Melrose [11],[12] and the second author [21],[22]. In the case of convex co-compact
Schottky quotients (and any convex co-compact quotients in dimension two) the analogue
of (1.5) was proved in [6] using zeta function techniques, improving earlier estimates of [23]
the proof of which was largely based on [16]. These technique gave similar results for the
zeros of zeta functions of rational maps [3],[20], in which case the dimension of the trapped
set becomes essentially the dimension of the Julia set.

Numerical investigations in different settings of semiclassical three bump potentials
[8],19], Schottky quotients [6], three disc scattering [10], and Cantor-like Julia sets for
2z 2%+ ¢, ¢ < —2 [20], suggest that for 1 ~ Ch and § ~ 1 the estimate (1.8) is optimal.
A different model was recently considered in [14]: quantum resonances were defined using
an open quantum map with a classical “trapped set” corresponding to K intersected with
a hypersurface transversal to the flow. The numerical results and a simple linear algebraic
toy model suggest that the fine estimate (1.5) is optimal. A similar model was also used
in [15] where the fractal Weyl law gave corrections to the applications of random matrix
theory to open quantum systems.

We should stress that the simplification provided in the Theorem above avoids one of
the more delicate aspects of [18]: second microlocalization with respect to a hypersurface
in the C* case. We refer to [18, §2| for an outline of the proof of (1.5).

ACKNOWLEDGEMENTS. [ should like to thank the National Science Foundation for partial
support under the grant DMS-0200732, and Ecole Polytechnique for its generous hospitality
in Fall 2004. The original paper [18] was used extensively in the preparation of this note.

2. PRELIMINARIES

In this section we present various results of semiclassical microlocal analysis needed in
the proof of the theorem in §1. We provide proofs of all the results which cannot be in the

standard reference [4].
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2.1. Review of semiclassical pseudodifferential calculus. We recall the definition of
semiclassical symbols on R"™:

S™HTRY) = {a € CX(TR" x (0,1)) : [0500al, & )| < Cosgh™ ()17}

The corresponding class of pseudodifferential operators is denoted by \Ifhm’k(R”), and we
have the usual Weyl quantization formula:

Opj/ (a)u(z) = (27r1h)” / / a (x;y7§) vy (y)dyde

and we refer to [4] for a detailed discussion. We remark only that when we consider the
operators acting on half-densities we can define the surjective symbol map,

on \Pm’k(Rn) SN Sm,k(T*Rn)/sm—Q,k—2(T*Rn) ’

see [17, Appendix]. We keep this in mind but for notational simplicity we supress the
half-density notation.

For a € S™*(T*R") we define

ess-supp, a C T*R" U S*R™, S*R" o (T*R™\ 0)/Ry,
where the usual R, action is given by multiplication on the fibers: (z,&) — (x,t£), as
ess-suppy, a = C{(z,£) e T"R™ : Je >0 8?8?@(3:’, &)Y =0(h>), dz,2)+[§—¢&| <€}
U C{(z,§) e T"R*"\0: T e > 0029 a(x', &) = O(h=(¢) ™),
d(z, ') + 1/ + [€/16] = €/1€']] < e} /Ry,
where the second complement is in S*R". For A € ¥/"*(R™), then define
WF,(A) = ess-supp, a, A= Opy)(a),
noting that, as usual, the definition does not depend on the choice of Op; . For
u € C®((0,1];C*([R"), VK ER",NeNIP hy, |ullexu) <h ", h<hy,
we define
WE (1) = (U [WFy(A) : Ae WOOR"Y) © Au e hC>((0, 1]h;C°°(JR”))}>C ,
where the complement is taken in T*R" LI S*R". Here we will be concerned with a purely
semiclassical theory and deal only with compact subsets of T*R™.
To illustrate the h-pseudodifferential calculus at work we prove two simple lemmas which

will be used later. We say that A € U™*(R") is ellipticon K € T*R"if |o(A)[x | > h~™"/C.

Lemma 2.1. Suppose Q € WO™(R™) is elliptic at (xo,&o), ||ullre = 1, and WF(u) is
contained in a sufficiently small neighbourhood of (xg,&y). Then for h small enough,
|Qulr> = 1/C.
IV-5



Lemma 2.2. Suppose that 1; € C°(T*R™), 7 + 3 = 1, supp¢y C {(z,€) : [¢] < C}.
Then, there exist ¥y € WO~°(R™) and Uy € WOO(R™), with principal symbols 11 and s
respectively, such that

Ui+ Ui=I+R, RecU ™ ®R"), U=V,
Proof. Functional calculus gives

WP+ @) =T+ry, reS (TR,

in particular r = O(h) : H-M(R") — HM(R™). If h is small enough we put

IS

w -1 w w\ —
U= (L) agl(L+ry) 7,
so that
(UD)2+ (U2 =T 471y, rp € ST2°(T"R"), (V1) =Vl

J J

and we can then proceed by iteration. 0]

The semiclassical Sobolev spaces, Hj(R™) are defined by

|

b= [ terFuOras Fu©™ [ e iOar,

The following lemma will also be useful:
Lemma 2.3. Suppose that P, is a family of operators such that
P : HRY) — Hi (),
VA€ U (R"), adp A=0O(h) : L*(R") — L*(R"), 0<h < ho(t).
Let W; be as in Lemma 2.2 and suppose that
[P jull = thl|Wull = Oh/D)|lull, j=1,2, uelZR").
Here the constants in O are independent of h andt. Then fort >ty > 1 and0 < h < ho(t),
[ Prul| = thlull/2.

Proof. We recall from Lemma 2.2 that
(2.1) 110 ]|* + ([ Z20[* = [v]* + (Ro, v) = [[o]]* + O(h%)[Jv]| - ,

and hence with v = Pu,



[Pl = ([0 Pl |* + [[ @2 Prul|* — O(h>°) [[u]?
> [P0l + [ Proul* — [|[Wa, Pl — [[%2, Pilul?

— 2 (|1 %y P [0, PJul]® + ([ 02 Pra[[¥2, Pul]?)* — O(h)]Jul?
> | Poyu|* + || P oull?
= 2C(|[Wy, Plull® + [I[%2, Plull®) — [[Peu]l*/C = O(h>) Jul|*
> [ Pyull + | PeWoul|* — C'R?||ul]® — || P/ C .
We now use the hypothesis of the lemma and (2.1) with v = u to obtain
[Peul® = 1 (11wl + [[Pul?) — C'R2||ul|* — || Pul|*/C
> R |Jul|* — C'R*||ul|* — | P/ C

and the lemma follows. [

22. 8 1 spaces with two parameters. We define the following symbol class:

_\ L(al+18)
(22)  aeSPTHNTRY) = |0000a(z,€)] < Cogh™" R (%) (e)k-18l.

where in the notation we supress the dependence of @ on h and h. We define the Weyl
quantization of a in the usual way

1 i
a’(x,hDy)u = k) /a (%ﬂ)g) eﬂ’f*y@u(y)dydﬁ,

and the standard results (see [4]) show that if a € ST"™*(T*R") and b € ST/’W’H (T*R™)
then : :

a(x, hD,) o b(z, hD,) = c(z,hD,) with ¢ e ST+ Mt ktk (pegny.
The presence of the additional parameter k allows us to conclude that
_ 1 « « m~+m' m+m’ — M, k+k'—M *TDT
c= Z aﬁsaow modS%Jr * * (T*R"),
|a|<M

that is, we have a symbolic expansion in powers of h. We could also consider an expansion
in the Weyl quantization — see (2.4).

We denote our class of operators by \I/T’ﬁq“’k (T*R™). For simplicity we will only state the

2
characterization a la Beals for a simpler class of symbols:

Lemma 2.4. Suppose that A : S(R") — S'(R"™). Then A = Opy.(a) with

-\ %lal+18)
(2.3) 020.a=O(h™"h™™) (ﬁ) ,
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iof and only if for any sequence {Ej}é-vzl of linear functions on T*R™ we have
[l adopy (e2) © - - - adoppen) Aull 2gny < CRT 2RV | L2 gy
for any u € S(R™).

Proof. We can assume that m = m = 0. The statement follows from the proof in [4,
Chapter 8] and a rescaling:

(#,6) = (W/h)2(x,€).
In fact, we define the following unitary operator on L?(R"):
Uy ju(®) = (h/h)5iu((h/h)?%),
for which we can check that
_ o _ S\l
a(a.hD,) = Ura, y(&. FD)U, 5, a,3(8,6) = al(h/R)H(&,6))

Clearly a satisfies (2.3) if and only if a,; € C°(T*R"). The Beals condition for h-
pseudodifferential operators is

I adz, z ips) © © adzy 2 ips) a, i (7, hDz)ul|2 < ChY||ul| L.
But this is the condition in the lemma since we should take
~ = 01
Uy = (l)pp = (R/R)2L;,
and this completes the proof. 0

We will also need the following application of the semi-classical calculus:

Lemma 2.5. Suppose that 0%a, 0°b = O4((h/h)*/?) | and that ¢*(z,hD) = a®(z, hD) o
b“(x,hD). Then
Y1 /in *
(2.4) o(r,8) = Z Kl (?U(Dm Dg; Dy, Dn)) a(@, )b(y, n)lo=ye=n Ten(z,§),
k=0
where for some M
|8a6N| < CNhN+1X

(2.5) Z sup sup

©,6)ET*RN 2
altaz=a E;fl))gT*R" |6I<M ,GeN2n

where 0(D) = o(Dy, D¢; Dy, D,y) .

(h%a(x,ﬁ;ym))B(iU(D)/Q)NHaal a(z,£)0*b(y, n)| ,

Proof. This follows from from the standard estimates of symbolic calculus (see [4, Propo-
sition 7.6]): suppose that A(D) is a non-degenerate real quadratic form. Then there exists
M such that
0% exp(iA(D))a(z, )| <C Y sup |0°a(x,8)].
|Bl<n (=T R
V-8



We observe that a rescaling & = x/4/s, s > 0, shows that

0% exp(isA(D))a(z, &) < C > sup  |0°(v/50) a(x,€)|.

|m<M($§ ET*R”
To obtain an expansion we use the Taylor expansion:

exp(ihA(D)) = %+% / (1 —t)N exp(ithA(D))(ihA(D))*'dt .
k=0 ’

In the notation of the lemma and with A(D) = o(D,, D¢; Dy, D,)/2,
c(x,€) = exp(iA(D))a(z, E)b(y, M)la=yn=¢

and the lemma follows. 0]

As a particular consequence we notice that if a € SY¥™>°(T*R") and b € S¥~>°(T*R")
2
then

a“(z,hD) o b (x,hD) = c“(x,hD), c(z,§) =

N

1 N+1~ N41
> 77 iha(De, De: Dy, D) alar, )by, lamyemy +O0 2 h73),
k=0

and the usual pseudodifferential calculus allows a remainder improvement to
O™ = h™=(6)™).

The following proposition will provide estimates on the number of eigenvalues:

Proposition 2.6. Suppose that a € ST "°(T*R") and
2

suppa C W, 5,
where W), ;, satisfies
K(h)
Wyi € |J Be. diam By < Ci(h/h)z .
k=1

Then for 0 < h < hg, there ezists a finite rank operator R(h) such that for
Op,(a) — R(h) € U™ (R™), rank R(h) = Coh ™K (h).
2

Proof. We take a partition of unity on W), ;,

K'(h)

Z xk=1 on W, 5, suppxr C Uk, xx€ S;:O%’*OO’*OO(T*R").
k=1
V-9



Ifyp=1->,xk € S‘;O’*"O’ then the condition on the support of a shows that, for all
2
o, € N, 9*a %) = 0. Consequently, Op, ()4 € ¥ °(R"). Hence it suffices to

show that for each k there exists an operator Ry such that

Op,(xk)A — Ry € \I/%’foo’foo(]R”) , rank(R,) < Ch™",

with C' independent of k. By taking a finer cover of W, ; (with a number of elements
K"(h) < C"K(h)) we can assume that Op,(xx)A = Op,(ax), where

supp ax C {(w,€) : |o— | +[¢ = &| < C(h/R)2) .
We then consider the following operators
Qr = Opy(ar), @ = |z — x> + 16 — &I
If x € C=2(R), x(t) =1 for t < C, x(t) = 0 for t > 2C, then
X(hQu /) Ay — Ay € W97,

The standard analysis of the spectrum of harmonic oscillators shows that X(fLQk /h) is
a finite rank operator and its rank is bounded by C’h™™. Hence we can take R =

X(hQr/h)Ay. ]

2.3. One parameter groups of elliptic operators. We recall a special case of a result
of Bony and Chemin [2, Théoreme 6.4]. Let m(z,{) be an order function in the sense of
[4]:

(2.6) m(z, &) < Cm(y, n){(x —y,& =)~
The class of symbols, S(m), corresponding to m is defined as
a€S(m) = [0200a(w,€)| < Cogm(z,£).

If my and my are order functions in the sense of (2.6), and a; € S(m;) then (we put h =1
here),

a(z, D)ay (z, D) = b"(xz,D), be S(mims),
with b given by the usual formula,
b(z,§) = a1 # as(z,§)
= exp(io(Dyr, Des Doz, Dez) [2)ar (2, € )an (02, €)armyoms imere -

A special case of [2, Théoreme 6.4] gives

(2.7)

Proposition 2.7. Let m be an order function in the sense of (2.6) and suppose that
G € C°(T*R™; R) satisfies

(2.8) G(a,€) —logm(z,6) = O(1), 979/G(x,€) =0O(1), la|+|8]=1.
1V-10



Then
(2.9) exp(tG¥(x, D)) = B)’(z, D), B; € S(m").

Here exp(tG"™(x, D)) is constructed using spectral theory of bounded self-adjoint operators.
The estimates on B, € S(m') depend only on the constants in (2.8) and in (2.6). In
particular they are independent of the support of G.

Proof. O

The hypotheses on G in (2.8) are equivalent to the statement that exp(tG) € S(m?), for
all t € R. We start with

Lemma 2.8. Let U(t) & (exptG)®(z,D) : S(R") — S(R"). For |t| < e(G), the

operator U(t) is invertible, and
Uty =B¥(x,D), B,eS(m™).
Proof. We apply the composition formula (2.7) to obtain
U(—U(t) = Id + E®(z,D), E, e S(1).

More explicitely we write (see [4, Proposition 7.7] and Lemma 2.5 here)

S
Et(xlv 5) - / €SA(D)A(D)(e_tG(xl’El)—i_tG(m’E?))r$2:$1:$,§2:§1:§ ds
0

- / (it/Q)GSA(D)(Dfl GDIQG - leGsz G)eitG(Il’&)HG(m’&) rw2=x1=$7§2=§1=§ ds >
0

where A(D) = i0(Dy,, D¢,; D,,, De,)/2.
Hence E;, = tEt where Et € S(1) uniformly, and thus
E(z,D) = O(t) : L*(R") — L*(R™).

This shows that for |¢| small enough Id + E}’(x, D) is invertible, and Beals’s lemma (see
for instance [4, Proposition 8.3]) gives

(Id+ Ef(x, D))" = C*(x, D), Cy e S(1).
Hence B, = Cy# exp(—tG(z, €)) € S(m™). 0
We now observe that
U(=t) exp(tG*(z, D))) = V(1) exp(tG*(z, D)),
V(t)=Ay(z,D), A eSm™).

(2.10) i

In fact, we see that

LUt = —(Gexp(—tG))“(2, D), U(—)G"(z, D) = (exp(tG)#G)" (z, D).

dt
IV-11



As before, the composition formula (2.7) gives

exp(—tG)#G — Gexp(—tG) =

1
[ (AN AD) expl—16*, 002, s
0
A(D) = Z.O'(.ngl7 Dsl, 1)5527 D§2)/2 .
The hypothesis on G shows that A(D)exp(tG(z!,&1))G (22, £?) is a sum of terms of the

form a(z', £1)b(z?, £2) where a € S(m~*) and b € S(1). The continuity of exp(A(D)) on
the spaces of symbols (see [4, Proposition 7.6]) gives (2.10).

If we put
Ct) = ~VU(-t)™,

then by Lemma 2.8, C'(t) = ¢}’ where ¢; € S(1). Symbolic calculus shows that ¢; depends
smoothly on ¢ and

(9, + C(O))(U(—t) exp(tG¥(z, D))) = 0.

The proof of Proposition 2.7 is now reduced to showing

Lemma 2.9. Suppose that C(t) = ¢}'(x, D), where ¢, € S(1), depends continuously on
t € (—e€o,€0). Then the solution of

(2.11) 0+ CH)Q() =0, Q) =z, D), qeS(1),
is given by Q(t) = q(x, D), where g € S(1) depends continuously on t € (—€g, €).

Proof. The Picard existence theorem for ODEs shows that Q(¢) is bounded on L?. If ¢;(x, £)
are linear functions on 7*R" then

d
— ady, (z,p) 0 - - - 0 adpy (z,0) Q(t) + ady, (z,p) 0 - - - 0 adey (2,0)(C(H)Q(t)) = 0,

dt
adgl(g;,D) C---0 adgN(:E’D) Q(O) . LQ(Rn) — LQ(RH) .
If we show that for any choice of ;s and any N
(2.12) adg, (z.p) 0 -0 adsy@p) Q) : L*(R") — L*(R"),

then Beals’s lemma (see [4, Chapter 8]) concludes the proof. We proceed by induction on
N:

ady,(2,0) 0+ -+ 0 adey (2,0) (C(H)Q(E)) = C(t) adgy@,p) © - - - © adgy @,y Q(E) + R(1)
where R(t) is the sum of terms of the form
Ai(t) ade, (z,p) 0 ady (2,0) Q1) , k< N, Ak(t) = ar(?)”,

where ax(t) € S(1) depend continuously on ¢ (this statement can also be proved by induc-
tion using the derivation property of ady: ad,(CD) = (ad, C)D + C(ady D)). Hence by the
IV-12



induction hypothesis R(t) is bounded on L?  and depends continuously on ¢. Thus

<% +C (t)) adg @) 0+ 0 adeyep) Q) = R(t) = L*(R") — L*(R").

Since (2.12) is valid at ¢ = 0 we obtain it for all t € (—¢, €). O

This proof comes from [18, Appendix]. We should stress that the main difficulties in [2]
came from considering general Weyl calculi of pseudodifferential opearators. Here we need
only the case of the simplest metric g = dz? + d&2.

3. THE ESCAPE FUNCTION FOR HYPERBOLIC FLOWS AND ITS h DEPENDENT
REGULARIZATIONS

In this section we modify [16, Sect.5] and construct a regularized escape function de-
pending on a small parameter, essentially h/h. We assume that p € C*°(T*R™; R) satisfies
p=0 = dp#0
lz] > R, |p(x,§)] <20 = exptH,(z,&) — oo for either t — oo or t — —o0.

(3.1)

In our case p = &%+ V(z) — E. We also recall the result of [5, Appendix]:

Proposition 3.1. Suppose that (3.1) holds and that K is the trapped set,

32) K {peTR" : exp(tH,)(p) /> 00, t — +oo, |p(p)| < 6} € T*R".

Then for any two neighbourhoods, U,V , of [?, U C V there exists Gy € C®°(T*R") such
that
supp Gy C T*R" \ U, HpGo >0, Hprp—l([g,;’Q(;DS C,

3.3
(3:3) H,Golp-1(-sop\v= 1.

3.1. Dynamical assumptions. We start with the hyperbolicity assumptions [16, §5]
weaker than the more standard assumptions in §1. Let K be the compact trapped set near
zero energy given by (3.2). The trapped set at zero energy is given by K = KN p~1(0).
We also have K = /F\Jr N f,, where

(3.4) T {(2,) e T'R™ : |p(a,€)| <0, exp(tH,)(z,&) 4 00, t — Fool,

and the sets K , fi are clearly invariant under the flow,
(3.5) exp(tH,)(K) ¢ K, exp(tH,)(T+) C Ty

We can now state the dynamical hypothesis.
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e In a neighbourhood, 2, of any py € K,

/F\i = U /F\i,pa pe fi,pa

pEon ﬂ/l—‘\i

/F\i,p N ftp/ = @, or fi,ﬁ = /F\i,p’ .
e Each /I;i,p is a closed C! manifold of dimension n + d, with d > 0 fixed, and the
dependence
QpNly 2 pr—T,0'y,
is contdir%uoqg
o If EX =T,y ,, then Ef + E; =T,p~(p(p)) C T,(T*R"), RH,(p) € E¥, and
(3.6) |ld(exptH,),(X)|| < Ce™™|X||, pe K, forall X € T,(T*R")/E], Ft > 0.

The above definition makes sense since by (3.5) d(exptH,) p(E;t) = Bexptt,(p), P € /F\i, we
have

d(exptHy), T,(T*R")/E} — Texptm, (o) (T"R")/ EF, peK,

exptHp(p) ’

and we choose continuously dependent norms in the last estimate in (3.6). We also note
that X € T,(T*R")/E] implies that X can be identified with a vector tangent to p~" (p(p)).

In (16, §5] it is shown that there exist two functions, ¢ € CV'(T*R"), ¢ > 0, Hfp, €
CH(T*R™), k € N, such that for p in a small neighbourhood of K,
FHypw(p) ~p(p), Hypr(p)=0(ps(p)), keN,
pr(p) ~d(p.T1), ¢i(p) +¢-(p) ~ d(p, K)*,

and where d(e,I") is the distance to a closed set I'. The notation f ~ g, means that there
exists a constant C' > 0 such

0<g/C<f<Cy.

A local model for the simplest case of one trajectory is given by p = & + x2&s, (2,€) €
T*R?, so that

(37) Hp:axl—i_x?aIQ_g?a{za 90+:€227 90*:3337 K:{<t70a070) : tER}

3.2. Regularization of ¢.. We start with two general lemmas:
Lemma 3.2. Suppose I' C R™ is a closed set. For any € > 0 there exists p. € C°(R™)
such that

pe=e, pervdo D) +e, Opo=0(p 12,

uniformly on compact sets.
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FiGURE 2. Outgoing and incoming sets in the case of one orbit in a three
dimensional energy hypersurface.

Proof. We can find a sequence x; € R™ such that
U B('Tj7 d(‘rﬁ F)/S) =R" \ I,
J

every v € Q\T', Q@ €R™, is in at most Ny = No(Q) balls B(x;,d(z;,T')/2).
Let x € C°(R™;[0,1]) be supported in B(0,1/4), and be identically one in B(0,1/8). We
define
def 2 Tr—xy
ve(r) = e+ Z d(z;,T')"x (—)
d(; T)>v/e d(z;, T') + /€

We first note that the number non-zero terms in the sum is uniformly bounded by Ny. In
fact, d(x;,T') + /€ < 2d(z;,T'), and hence if x((z — z;)/(d(z;,T') + 1/€)) # 0 then

1/4 > |o — aj] /(d(x;,T) + Ve) = (1/2) ]z — ;] /d(;, T)
and « € B(zj,d(x;,d(z;,T))/2). This shows that ¢ (z) < 2Ny(e + d(z,I')?), and

0*pe(x) = O((d(,T)* + e)' 7192,
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uniformly on compact sets.

To see the lower bound on ¢, we first consider the case when d(z,I') < C'y/e.
o(r) > €> (e +d(x,T)%)/C".

If d(x,I") > C'\/€ then for at least one j, x((z — z;)/(d(x;,T) + v/€)) = 1 (since the balls
B(zj,d(x;,T")/8) cover the complement of I', and x(¢) =1 if [¢| < 1/8). Thus

o (r) > e+d(z;, 1) > (e +d(z,T)?)/C,
which concludes the proof. O

For future use we also record the following

Lemma 3.3. Suppose ¢ € CYYR™), ¢ > 0, and for a vectorfield V. € C>®(R™;R™),
VEp = O(p), VF¢ € CHH(R™), k € N. Then, uniformly on compact sets,

Vo = O(p?), keN.

Proof. For some C' > 0 the C! function Cp — V¥ is non-negative. Hence using the
standard estimate based on Taylor’s formula,

|do|* = O(p), |d(Cp— V)| =O(Cp — V) = O(y).

The lemma follows. 0]

We now have

Proposition 3.4. Let /F\i be given by (3.4). For any imall € > 0 there exist functions
Pt € C®(T*R™; [0,00)) such that in a neighbourhood of K,
Bilp) ~d(p,T1)* + Ce,
THy0:(p) + Ce ~ pr(p),
O HEPL(p) = O(B(p) 1), keN,
P1(p) +@-(p) ~ d(p, K)* + Ce.

(3.8)

Proof. We modify the arguments of [16, §5], roughly speaking, adding an O(e) error to all
the estimates. Let ¢. be the functions obtained using Lemma 3.2 with I' = I'y.. We now
put

Bulp) X / g2(t) o (exp tH, (p) )t
R
gr € Cso((_luT+ 1)) ) Suppg’/T - [_17 1] U [T - ]-7T+ 1] )

ngf[fl,l]Z 0, g’ifr[Tfl,TJrl]S 0, Q{F(O) =1, Q{F(T) =—-1.
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To check (3.8) we note that, by definition, ¢ (p) ~ d(p,T'+)? + Ce. The assumptions (3.6)
imply (see [16, Lemma 5.2]) that

3C, VT >0, 3Qr D K ,an open set, d(exp(j:THp)(p),fi) < Ce "%(p,Ty).
Hence, with constants depending on T,
P1(p) ~ i (exp(THy)(p)) ~ ¢4 (p) ~d(p,T1)? + Ce,
P-(p) ~p-(p) ~d(p,T-)* + Ce.
This shows the first statement in (3.8).
The assumptions on gr also show that
H,3+(p) ~ ps(expTH,y(p)) — p(p) ~ dlexp THy(p), T+)* = d(p,T1)* + O(e).

so that for T large enough and for p in a small neighbourhood of K, (again with T" depe-
nendent constants)

FH,p+(p) + Ce ~ d(p,T4)? + C'e ~ $o(p) .

This proves the second part of (3.8). The third part is proved using Lemma 3.3 for |o| = 1
and the estimates on ¢4 in general.

To prove the last statement in (3.8) we first see that the transversality, E;LO + B, =
T,,(T*R™), and the continuity, p +— E;t, assumed in (3.6) imply that for p, p;, pa, near a
point py € K,

d(pa F+,P1 N F*,PQ) ~ d<p> FJr,pl) + d(pa F*,PQ) .
Hence

P1(p) +8-(p) + O(e) ~ d(p,T)* +d(p,T)* + Ce
<d(p F+ )2+ d(p, F_’p/) + Ce
~d(p F+p/ﬂF )+ Ce.

If we choose p' € K so that d(p, K) =d(p, p') then
d(p, Ty NT ) < d(p, p)* = d(p, K)*,
proving that

D4 (p) +2-(p) < d(p, )+OU

The opposite inequality is obtained by choosing py € T, such that d(p, p+) = d(p, fi)
Then using the transversality of F+, r_

d(p, K) < d(pa F+ P+ ﬂF, ) d(p /F\
d(p,

<d(p, p+)* +d(p,p-)* =
< @4 (p) +P-(p) +Ofe).

+,04 ) —{—d(p,F, )
LL)?+d(p,T_)
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3.3. Regularized escape function. We now use the functions constructed in Proposition
3.4 to obtain an escape function near K. We first need the following

Lemma 3.5. Then for |a|+ k > 1 we have

o]

O Hylog(3x) = O(817) -
Proof. Let f(t) = log(t). Then

1
f(k)(@i)zf)(q) k1

Y
and for || + k > 1, 95 H) f($2) is a finite linear combination of terms

o s . O Hy' B
FO@L) (00 HEGy) - (00 HIGL) = O(1) H %7
j=1
with

loy| +k;>1, a9 +-+a=a, k+---F+hki=k.
The estimates in (3.8) show that 957 Hy' G /Py = O(@;'O‘j'ﬂ), and hence

_lal
OpHyf(Px) =017 ),

proving the lemma. 0]

We are now ready for the main results of this section.
Lemma 3.6. Let o1 be given in Proposition 3.4 and
(3.9) G Y (log(Me+3_) —log(Me + 3.)) .
Then in a neighbourhood of K we have

ok A o oy _lal _lal
Oy HyG = Oy (min(@y, 3-)"2) = On(e™ 7)), Jal+k>1,
d(p, K)? > Ce = H,G >1/C,

where, for the second estimate, M has to be chosen large enough, independently of €, and
C is a large constant.

(3.10)

Proof. We observe that, with constants depending on M, ¢4 + Me has the same properties
as @+. Hence the estimates on 09H)G follow directly from the definition (3.9) and from
Lemma 3.5. To check the second part of (3.10) we compute, using Proposition 3.4,

H.G— Hyp- o Hypy > i P — Cae 4 P4 — Cae .
P o+ Me p,+Me)— Ci \p_+Me {p.+ Me
From (3.8) we also have

d(p, K)? > Ce = max(Py,3_) > (C/2 — O(1))e > Cse,
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where C5 can be as large as we like depending on the choice of C'. Hence, since x +—
(x — Cy)/(x + M) is increasing,

~ 1 (C3—Cy (O 1
HG > — — =] > =
P _Cl<03+M M)_C’
if we choose C3 > M > (5. O

We now modify G using Gy given in Proposition 3.1:

Proposition 3.7. Let us fir 6o > 0. Then there exist X\, xo € C(T*R"™), Cy > 0, and a
neighbourhoood V' of K, such that

of 2 1
¢E XG + Co (log g) XoGo s

satisfies
O(log(1/€)) a=0
O(e71el/2)y  otherwise
(3.11) d(p,K)* > Ce, peV = H,G(p) 21/C,
peP ([=0,0D\V, |z(p)| <3Ry = H,G(p) > log(1/e),
H,G(p) > —dolog(1/e), pe T R".

O HEG = {

In addition we have

exp G(p) p—u\"™
(3:12) exp G(11) §00< Ve > /

for some constants Cy and Ny.

Proof. We obtain G| from Proposition 3.1 taking for V' a neighbourhood of K in which
the estimates of Lemma 3.6 hold. We have 8”H§G0 = (’)k,‘a|(1), and consequently for any
Xo € CZ(T*R™),

0" 1 (1) = Onsalont1/) = { GO 00

From Lemma 3.6 we obtain, again for any x¥ € C°(T*R"),

e f Olog(L/e) a=0
9*Hy(XG) = { O(e7191/2)  otherwise

The loss compared to (3.10) is due to the presence of the cut-off function.

We take xo € C°(T*R™; [0, 1]) to be identically equal to 1 in

pH([=0.8) N{(2,€) ¢ |2 < 3Ro}.
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For X € C°(T*R™) we take a function which is supported in a neighbhourhood of K where
(3.10) holds, and identically 1 in V. Hence for p € p~([—4,6]) \ V, |z(p)| < 3R,

H,G(p) = Colog(1/€)H,Go(p) + Hy(XG)(p) > Colog(1/e) — O(1)log(1/e) > log(1/e) ,
if Cy is taken large enough. For p € V', X(p) = 1, and
H,G(p) = Colog(1/e)H,Go(p) + H,G(p) > H,G(p).
and if d(p, K) > Ce, H,G(p) > 1/C. To complete the proof of (3.11) we need to define xq
for |z| > Ry. Let T and R be large positive constants to be fixed later and let x(t) satisfy

0 t|>T
X(t):{ t 1tI<OéT ) X/(t)Z—QOé,

where « can be chosen anywhere in (0,1/2). It can be easily obtained by regularizing the
piecewise linear function

0 [t| > T
X (t) = t t] <aT
+a(T —t)/(1 — «) aT <+t <T

Finally, let ¢ € C(R; [0, 1]) be equal to 1 for |¢| < 1, and to 0 for |t| > 2. We define

Yolp) X(GO(P))¢ (p(P)) y (M) .

Go(p) ) R
Then
+ @t (B2 (00 iy,
and

Hy(x0Go)(p) = —Ch (04 + %) ,

where C is independent of 7" and R: we note that (3.3) guarantees the boundedness of
H,Gy, and the assumptions on p imply that H,(|z|) is uniformly bounded for |p| < 26. For
any a > 0 we can choose T' = T'(«) such that |Go(p)| < T for |z(p)| < 3Ry, |p(p)| < 20.
We then choose v and R so that

CoCh (OZ + T(Oé)/R) < (50 .
Hence for |z(p)| > Ro
HpG = C() 10g<1/6)Hp(X0G0) Z —50 10g<1/6) s

which is the last statement in (3.11).
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It remains to show (3.12) and for simplicity of presentation we replace T*R" with R*".
We first prove that

Px(p) + Me p—u\>
1 —— < M >
1 Srni () - azo

with constants depending on M. We can replace o + Me with @, as or + Me ~yr @Oy

Thus we claim that,
P=(p) <p — >2
— <C .
Pe(m) = T\ Ve

Since P4 ~ d(e,T+)? + ¢, P+ > €, we have
P(p) < Cld(p,T)* +€) < Cd(u,Tx)* + |1 — p|* + )
< CU(8x(p) + | = pl*) = C(Be(p) + €{(p — ) /VE)?)
< 20'GL(w)(p — W)/ Ve)*.
In the notation of Lemma 3.6, (3.13) gives

IG(p) — G(u)| < C +21ogl(p — 1)/ Ve) |

and with ¥ € C°,

IR(p)G(p) — X(1)G ()| < Clp — p|log(1/€) + Clog((p — 1)/ Ve) -
Clearly,

X0(P)Go(p) = Xo()Go(p)| < Clp — pllog(1/e)
and hence to obtain (3.12) we need

o — ullog(1/e) < Clog((p— p)/Ve) +C, pueQeR™.
If we put § = /e, t = |p — p|/(C9) this becomes

1 log(t) +1 1
dlog= < ———,  0<t< =
Og 5 —_ t Y — — 57
and that is clear as t — (log(t) + 1)/t is decreasing. O

4. PROOF OF THE MAIN RESULT

Let G be the escape function given in Proposition 3.7, € = h/ﬁ and let G" be its Weyl
quantization,
Gv = O(log(h/h)) : L*(R") — L*(R").
We use the notation of the previous section and write
p(z,§) =&+ V(z),
the real part of the symbol of P. We define a family of conjugated operators:

(4.1) P, & 16" pet@”
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It is easy to see that, in the notation of §2.2,

(4.2) exp(tG¥) € \I/E'C’O’O(R") ,

that is exp(tG¥) = BY, 9*B;, = O(h~11C~1el/2pJel/2) Finer estimates are however possible
thanks to the results of Bony-Chemin [2]. The first of these is given in

Lemma 4.1. Suppose that Q € UY*°(R"™). Then
2
(4.3) exp(—tG™)Q exp(tG™) € UI*O(R™).
2

Proof. We follow §2.2 and change to the variables
(#.6) = (h/h)(x.€).
é('%a é) = G(.’L’, 6) 9 @t(j>é) = Qt(x>€) )
U~'G"(z, hD)U = G*(&,hD;), U'Q¥(z, hD)U = Q¥ (i, hDj3),
Uv(z) = (h/h)iv((h/h)2F) .
We also note that
Rc UY"(R") <« U 'RU € ¥*°(R"),

where on the right, h is the small parameter — see the proof of Lemma 2.4. The estimate

(3.12) shows that, in (Z,&) coordinates, G satisfies the hypothesis of Proposition 2.7 and
that proves (4.3). O

The basic properties of P, are given in

Proposition 4.2. Let P, be given by (4.1) and let ¥ € T*R™ be a compact surface coin-
ciding with p~1(0) in a neighbourhood of the support of G. Then for |t| < C, P, € W3%?,
2

and more precisely
(4.4) P, = P —ithOpy (H,G) + E;, E, €V, " "R,
2
E, = O(hh) : LA(R") — L*(R"), uniformly in h and h.
Proof. Let V1, V5 be open neighbourhoods of supp G,
suppG C V; €V, € T*R™.
We first observe that if ¥ € W% >°(R") satisfies
WF, (V) C Vo, WF,(I — W) c (v,
then

(4.5) [exp(tG®), W] € U—"(R") (I —Ivﬁjgéexp(tGw) 1) € TTTRRY), ] < 1.



In fact, using the calculus in §2.2 we see that [GY, ¥] € U~°»">°(R™), Hence, using (4.2)
d
L fexp(tG™), W] = G¥exp(tG™), W] + [, B] exp(tG™)

dt
= GY[exp(tG"), V] + Ay, A € UT72(R").

Thus
t

lexp(tG™), U] — /0 exp((t — 8)G™) Ayds € T~—2(R"),

which is the first statement in (4.5). We also compute
d
%(I —U)(exp(tGY) — I) = (I — V)G exp(tG*) € U™ (R"),

and the second statement in (4.5) follows. Treating the equivalence of (I — ¥)Pe!“" and
(I — W) P similarly we conclude that

P, — "W PeY" — (I —W)P € U (R").
We now put
QE WP IR, QF QI
and we only need to prove (4.4) with P, replaced by Q..
We now establish the expansion in (4.4). Lemma 2.5 implies that
where R € \11;3/2’73/2’0(R”) c U VYR, Tt also shows that
2 2
Q. G"],G*] = (h/i)[Opy (H,G), G*] + [R, G*] € W, " O(R™).
Here we used the special structure of G,

G= Sé\é + Colog(1/h)x0Go,

where X, xo and G are uniformly smooth. When derivatives fall on these terms in error
estimates (2.5) the gain in h compensates for the logarithmic growth, while for |a| > 0,

0°G ¢ Slla\/l—la\/?'
2
This gives,
d

%Et = [Q, G"] — (h/i)OPZJ(HpG) + (h/i)Opﬁ(Hp_pG) =[Q:— Q.G + Ry,

with
Ey = (h/i)Op} (Hy—pG) € (hlog(1/h))* W™ (R") c W " H(R"),

and R, € U7 "Y(R™). We also have
2

Cl@ - 0).07 = QGG e W®Y) Q- Q=0
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Hence [Q, — Q,G%] € U1 'O(R"), and consequently E;, € ¥ "0 O
2 2

We now modify our operator to obtain global invertibility. For that we define a €
SP0=(T*R™) as follows
2

ot.&) (5 ) Gl )0,

x € CP(R;[0,1]), x(t)=1, |[¢|<1,

(4.6)

and 1) be one in a fixed small neighbourhood of K and zero outside of another sufficiently
small neighbourhood of K. We then put

P, = P, —i(h/h)Op,(a) € T3**(R").
We first treat the region away from the trapped set:
Lemma 4.3. Suppose that ¥y € WO (T*R") satisfies

WEF, (V)N K =0.
Then for u € C(R™), z € [E — 6, E + 6] — i[0, Ch] we have
(P, = 2)Woull 2 > th]|Poul| r2(en)/C — O(h™)|ull 2@y
Proof. Let us assume that [[ul| = 1. Microlocally near WF,(¥y), a = 0 we can replace P,
by P;, with error O(h*°h). For z € D(0,Ch), t sufficiently large,
P, — 2z =O0p¥(p — Rez) —iW — ihtOpl(H,G) — Im z + Oy(hh),
|[Rep —Rez| <0 = —W(z)+ htH,G(z,§)+Imz>th/C.

Lemma 2.3 applied with ¥;’s such that | Rep—Re z| > § on WF,(¥;) (with ¥;’s constructed
using Lemma 2.2) completes the proof. O

Near the trapped set we obtain

Lemma 4.4. Let z € D(0,Ch). For u € C°(R"™), ||u|| = 1, with WFy(u) in a fized small
neighbourhood of K we have

(4.7) (P, — 2)ul| 2gny > thlul|pz@ny/Cs 0 < h < ho(h),0<h < h(t).
provided that t is large enough.

Proof. In a small neighbourhood of K the operator is microlocally equal to

ptb déf pP_ Zthoph(Hpa) _ Z(h/il)oph(a) + OLQHLQ(}L;L) s
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that is,
1B = 2)ull o) = (P = 2ullzagany + O, [ullpeny = 1.

for u with WFy,(u) near K. We also note that W = 0 there. We now consider

—Im((P} — 2)u,u) = h{(By(2)u,u), By(2) = —(P} — (P})*)/(2hi) + Imz/h.

For z € [E — 6, E + 6] — i[0, Ch], and (z,€) in a neighbourhood of K,

on(By(2)) = tH,G(z,€) + (1/h)a +Tmz > t/C.
The sharp Garding inequality applied in the ¥5% > calculus of §2.2 (see [4, Theorem 7.12])
gives, for |[u|| = 1, with WF},(u) near K, 2

(B(2)u,u) >t/C — O(h) — C >t/(20), t>ty(h,C).
Hence
— (P} = z)u,u) > t/(2C),
and we compte the proof by writing
(B = 2)ull 2@y = (B = 2)ullan) + O(h)
> ht/(2C), WFy(u) near K, [|ufpaen = 1.
O
_ The two lemmas are now combined using Lemma 2.3 which gives for large t, 0 < h <
ho(t), and 0 < h < hg(t, h), the invertibility of P, — 2z, z € [E — 0, E + 0] — [0,iCh]:
(B—2)" = O(1/h) : LAR") — LA(R").
Our main theorem will follow from showing that

(4.8)  Opyla) = R+ E, rank(R)=OMh™™?), E=0(h®) : L*R") — L*(R"),

m > m, where m is the dimension of the trapped set near energy F, K , allowing m = m
if the trapped set is of pure dimension.

That follows from Proposition 2.6 and the definition of the Minkowski dimension:

m = 2n —sup{d : limsupe *vol({p : d(p,K) < €}) < oo},

€E—>

with the set being of pure dimension if

limsup e ?vol({p : d(p,K) < €}) < .

e—0

In other words, for € small

vol({p : d(p,K) < €}) <Ce™™, im>m,
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and 1 replaceable by m when K is of pure dimension. The definition of @ in (4.6) then
gives

vol(suppa) < C',;h@’”"m)/2 = C;Zh"’m/2 , m>m,
with equality if K is of pure dimension.

The standard covering arguments (see [16, Lemma 3.3]) show that the hypothesis of
Proposition 2.6 are satisfied with

K(h) < C;h~™?,
which completes the proof of the Theorem in §1.
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