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� Introduction�

Let r denote the gradient operator� It is well known that we have in any
dimension n � �

kfkn� � Cnkrfk� � n
� �

n

n� �
�����

whenever f vanishes at in�nity in some mild sense� Here kfkp � �
R
Rn
jf�x�jpdx���p

is the usual Lp�norm�
Estimate ����� is invariant under the ax	 b group action �a � 
� b � Rn��

However ����� is not invariant under the Weyl�Heisenberg group action�
Indeed let ��x� be any function in the Schwartz class and let f��x� be
exp�i��x���x� where j�j � 	�� Then krf�k� � j�j k�k� 	 
��� when
j�j � 	�� It implies that ����� is unaccurate for such modulated functions�

We want to improve ����� into

kfkn� � Cnkrfk
�n����n
� kfk

��n
B�����

where B � �B
��n�����
� is the homogeneous Besov space which will be de�ned

in the next section�
This improvement will appear as a by�product of a result in the paper

��� which proof is rewritten here�
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This sharp estimate obviously implies ����� since

kfkB � Ckfkn� ������

Moreover if f � f� � ei��x��x� as above� kf�kB � j�j��n���k�k�	
�j�j�n� � krf�k��
j�j k�k� 	 
��� and the asymptotics of ����� yield the trivial estimate

kfkn� � k�k
�n����n
� k�k��n� ������

� A special Besov space�

The special Besov space B which plays a fundamental role in this paper
can be de�ned through several approaches�

The �rst one starts with the celebrated Zygmund class� A function f �
Rn � C belongs to the Zygmund class if and only if f�x� is continuous on
Rn and there exists a constant C such that

jf�x 	 y� 	 f�x� y�� �f�x�j � Cjyj�����

for x � Rn� y � Rn�
For instance f�x� � x log jxj belongs to the Zygmund class while f�x� �

jxj log jxj does not belong�
The Zygmund class� as de�ned by ������ is a quotient space modulo a�ne

functions�
We now concentrate on n � � since ����� is obviously wrong when n � ��

Our �rst de�nition is the following one�

D�e�nition � Let S be a tempered distribution� We write S � B � �B
��n�����
�

if and only if S �
P
j�j�n

��f� where f�� � � N
n� belong to the Zygmund class�

Let us provide the reader with a few equivalent de�nitions of the Ba�
nach space B� This new de�nition is using the celebrated Littlewood�Paley
analysis�

We start with a function � belonging to the Schwartz class with the
following properties

���	� � � for j	j � �
������

���	� � 
 for j	j � �
������
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where ���	� is the Fourier transform of ��
We then de�ne

�j�x� � �nj���jx�� j � Z�����

and� for any tempered distribution f �

Sjf � f � �j ������

Then we have

Lemme � A tempered distribution f belongs to B if and only if there exists
a constant C such that

kSj�f�k� � C�j�n���� j � Z ������

The norm of f in B being supf��jkSj�f�k� � j � Zg� Distinct choices of
� lead to equivalent norms�

Let us observe that ����� is equivalent to

k�j�f�k�C
��j�n���� j � Z������

together with

kSj�f�k� � 
 � j � �������

where �j � Sj�� � Sj�

Then one can write

f �
�X
��

�j�f������

where �j�f� are the celebrated dyadic blocks of a Littlewood�Paley analysis�
It is now a simple exercise to check that B can be given the following

equivalent de�nition

Lemme � A tempered distribution f belongs to B if and only if there exists
a constant C such that

jhS� ga�bij � C � 
 � a ��� b � Rn�����
�

where

g�a�b��x� �
�

a
g�
x� k

a
�������
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and

g�x� � exp��jxj�
�� �������

This new de�nition is intersting for the following observation� If S is a
non�negative Radon measure �� then S � B if and only if � satis�es the
following familiar property

there exists a constant Csuch that for r � �
���� x� � R
nand B�x�� r� �

������

fx � Rn � jx� x�j � rg �

��B�x�� r�� � Cr �������

From ������ we immediately observe that in dimension n � � � jxj��n���

belongs to �B
��n�����
� �Rn�� From ����� we deduce that a function f � �B����

�

should have a zero mean in the distributional sense� Let us be more speci�c

D�e�nition � Let f be a tempered distribution� We say that f has a zero
mean in the distributional sense if for any testing function � � S�Rn�� lim

R���
hf� �Ri �


 where �R�x� � R�n�� x
R

��

We now describe a wavelet based characterization of B � �B����
� �

In this paper an orthonormal wavelet basis will always be de�ned as
�nj����jx�k�� j � Z � k � Zn where  belongs to a �nite set of �n�� mother
wavelets� These mother wavelets are compactly supported and smooth� For
our purpose� C� is enough while continuity is not su�cient� We then write
j�k�x� � �nj����jx� k� and have

Lemme � There exist two positive constants C�� C� such that

C�kfkB � sup
f��k��g

�j���n���jhf� j�kij � C�kfkB �������

Two remarks might be useful� First the supremum in ������ should be com�
puted over the �n�� mother wavelets � Secondly� it is not true that the
Banach space B consists of all tempered distribution f for which ������ is
�nite�

The reader is referred to �� where a detailed proof of lemma � is given�
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� The main facts�

Our �rst theorem is a rephrasing of a result by A� Cohen et al� ���
Let us remind the reader with the notations which were previously intro�

duced� An orthonormal wavelet basis of L��Rn� is de�ned as

j�k�x� � �nj����jx� k�� j � Z� k � Zn�����

where  belongs to a �nite collection of �n�� mother wavelets� These mother
wavelets are assumed to belong to L��Rn� and to be compactly supported�
We then have

Theorem � If n � �� there exists a constant C � C�� n� with the following
property� Whenever the gradient rf of a function f belongs to L��Rn�� then
��j� k� � �j���n���hf� j�ki belongs to weak ��� of Z 	 Zn� In other words�
for � � �
��� we denote by E� 
 Z 	 Z

n the collection of �j� k� for which
j��j� k�j � � and we have

�E� � Ckrfk��
�� ������

This is not the case in one dimension� Indeed a simple limiting argument
shows the following � if ����� is true whenever rf � L��Rn�� then �����
should remain true whenever f � BV which means that rf is a �nite Radon
measure�

When n � �� the Heaviside function is a counter�example since ��j� k� �
��k� does not depend on j� If  is not the Haar wavelet� ��k� does not
vanish identically� There exists ak� � Z such that ��k�� �� 
 and ��j� k�
cannot belong to weak ����

We now return to the improved Sobolev embedding

Theorem � There exists a constant Cn such that

kfkn� � Cnkrfk
�n����n
� kfk

��n
B�����

where B � �B
��n�����
� �

This estimate can be improved one step further since the assumption
rf � L��Rn� can be replaced by f � BV �in other terms rf is a �nite
Radon measure��

In order to deduce theorem � from theorem �� it su�ces to apply the
following lemmata

Lemme � Let ��j� k� � hf� j�ki be the wavelet coe�cients of f and ��j� k� �
�j���n�����j� k�� If � � p � �� there exists a constant Cp�n such that
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kfkp � Cp�n�
XX

j�k

j��j� k�jp���p ������

Indeed the standard Littlewood�Paley theory yields the following� If S�f��x� ��P
j

P
k

j��j� k�j��njj��jx� k�j�

����

� then kfkp and kS�f�kp are equivalent

norms for � � p ��� It then su�ces to observe that S�f��x� is an �� norm
which is smaller than an �p norm when � � p � �� Then the Lp�norm of this
�p�norm is a trivial computation which is left to the reader�

Lemme � Let � � 
 and � � 
 be two positive numbers� Let xn� n � N� be
a sequence of real or complex numbers such that jxnj � ��n � N� and

�fn � N � jxnj � �g � ���� � 
 � � � � ������

Then if � � p � � �
�X
�

jxnj
p

���p

� Cp �
����p���p ������

Then lemma �� lemma � and theorem � alltogether imply theorem ��

� The �rst part of the proof of theorem ��

We will forget for a while the Daubechies wavelet �x� and instead use an
other function w�x� which is supported by the unit cube 
� ��n and moreover
satis�es the following two conditions

jw�x�j � � and

Z
w�x�dx � 
 ������

If I � I�j� k� � fx � Rn � �jx� k � 
� ��ng is a dyadic cube� we consider

wI�x� � �nj��w��jx� k������

which is supported by I�
We then consider the corresponding �wavelet coe�cients�

��I� � hf� wIi ������

The collection of all dyadic cubes will be denoted by I
If S is any discrete set� we will equip it with the obvious counting measure

and weak ����S� will have the obvious meaning � for � � 
� we count the
number N � of s � S for which jx�s�j � � and �x�s��s�S belongs to weak
����S� if N� � C��� for some constant C�

With this in mind we have
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Theorem � In any dimension n � �� there exists a constant C�n� with the
following property� For any function f�x� such that rf�x� � L��Rn�� the
renormalized wavelet coe�cients

��I� � �j���n���hf� wIi�����

belong to weak ���I� and

�fI � I � j��I�j � �g � C�n����krfk� ������

Before entering the detailed proof� a few trivial remarks are needed� First we
have

Lemme 	 With the same notations as in theorem �� we have

j��I�j � n

Z
I

jrf jdx ������

Indeed we �rst write

w�r� � �����x� 	 � � �	 �n�n�x������

where ��� � � � � �n are supported by the unit cube 
� ��n and �j � �
�xk�
Moreover ��� � � � � �n are lipschitzian and satisfy k�jk� � ��

We then obtain

��I� �

Z
�jw��jx� k�f�x�dx ������

�

Z
����

jx� k���f�x�dx� � � � �

Z
�n��jx� k��nf�x�dx �

If lemma � was the only estimate at our disposal� theorem � would be
out of reach� Indeed j��I�j � ��q would lead to

R
I
jrf jdx � n����q� We

will systematically study this collection of dyadic cubes� Indeed n�� will be
forgotten and one writes I � Aq whenever

R
I
jrf jdx � ��q� Unfortunately

Aq is in�nite since I � Aq and J  I implies J � Aq� That is why lemma � is
not sharp and Aq is not the �nite collection of dyadic cubes we are looking
for�

A sharpening of lemma � is de�nitely needed and this improvement is
provided by ����� in Proposition �� For the time being� a digression is needed
since we will systematically use Poincar�e s inequalities� This digression will
provide some information about the size of some constant which appears in
this estimate�

A domain ! 
 Rn is de�ned as a bounded connected open set�
A domain ! is lipschitzian if its boundary �! is locally �in a suitable

coordinate frame� the graph of a lipschitzian function�
Poincar�e s inequality reads the following
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Lemme 
 If ! is a lipschitzian domain� there exists a constant C�!� such
that

kf �m	fkLn�n���	� � C�!�

Z
	

jrf jdx�����

for any function f � ! � R �or C��

Here and in what follows m	f denotes the mean value of f over !�
The constant C�!� heavily depends on the global geometrical property

of !� However if !��!� are two lipschitzian domains such that

!� � a!� 	 b � a � 
� b � Rn� then C�!�� � C�!��

and this observation will play a key role in the proof� An other crucial point
is the following observation � ����� is de�nitely wrong if ! is not connected�

We now return to the proof of theorem �� Once for all we assume
R
Rn
jrf jdx �

�
n� Then we are interested in counting these dyadic cubes I such that
��I� � ��q� Since ��I� � � �lemma �� we can restrict our attention to q � N�
Using lemma � once more� we consider the following collection of dyadic
cubes

D�e�nition � If I is a dyadic cube and q � N� we write I � Aq if �and only
if� Z

I

jrf jdx � ��q �����
�

From lemma �� we know that ��I� � n��q if I �� Aq� However Aq is not
the collection of cubes we are looking for� Indeed I � Aq and J  I imply
J � Aq�

Therefore Aq is an in�nite collection of dyadic cubes and we are instead
looking for a �nite collection "q such that

�"q � C�q������

I �� "q � ��I� � C ���q������

where C and C � are two constant�
For constructing this �nite set "q which is contained in Aq we begin with

two simpler �nite subsets Fq and Bq of Aq�

D�e�nition � A leaf I � Aq is a minimal dyadic cube in Aq � J 
 I and
J � Aq � J � I� The collection of all leaves is denoted by Fq�
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Lemme � �Fq � �q�

Indeed if we are given N distinct leaves� they are pairwise disjoint� Therefore

N��q �

Z
I�

jrf jdx 	 � � �	

Z
IN

jrf jdx �

Z
jrf jdx � � �

This yields N � �q as announced�
Before moving to Bq we need to de�ne �sons� and �parents��
A �son� I � of the dyadic cube I � I�j� k� is one of the �n dyadic cubes

I�j 	 �� k�� which are contained in I�j� k��
Conversely I is the �only� parent of I �� Let us stress again that each dyadic

cube I has �n sons but one �and only one� parent�
These �n sons are ordered the following way� The ��rst son� I � is� among

all sons I�j 	 �� k�� of I�j� k� the one for which
R
I�j���k��

jrf jdx attains the

largest value �among all other sons��
The �second son� is the one for which

R
I�j���k��

jrf jdx attains the second

largest value and so on��� If there are several k� for which
R
I�j���k��

jrf jdx

attains the largest value� I � will denote one among these several k� and I �� an
other one�

We now arrive to the de�nition of the second �nite subset Bq 
 Aq�

D�e�nition � If I � Aq� we write I � Bq if both I � and I �� belong to Aq�

A crucial remark is given by the following lemme�

Lemme � The cardinality of Bq does not exceed �q�

Indeed� if Nq denotes this cardinality� the number of leaves exceeds Nq�
It then su�ces to apply our remark concerning the number of leaves�

The set "q is now de�ned by the following rule

if J � Bp � 
 � p � q � I  J and d�I� J� � ��q � p� � then I � "q �
������

The distance between I and I � is j � � j whenever I � I�j� k�� I � � I�j �� k��
and I � 
 I� Moreover "q is the smallest collection of dyadic cubes satisfying
�������

In other words "q contains Bq� Next "q contains the parents and grand
parents of all dyadic cubes J in Bq�� and so on�

#From this de�nition� it is trivial to estimate �"q� But this computation
will be postponed and we will instead give a more algorithmic approach to
"q�

D�e�nition 	 If I is a dyadic cube� m�I� is de	ned as inffq � N � I � Bqg�
If this set is empty� m�I� � 	��
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In other words m�I� � q implies I � � Aq � I
�� � Aq and q is minimal with this

property� In other words� I �� Bq�� which implies the following property� If
the �rst son I � is kept apart� we have

R
J
jrf jdx � ��m�I��� for all the other

sons� This will be rewritten asZ
InI�

jrf jdx � ���n � ����m�I� � C��m�I� �

D�e�nition 
 If 
 � p � q� then "p�q is the collection of all dyadic cubes
I � Aq for which there exists an other dyadic cube J 
 I such that

m�J� � p and d�I� J� � ��q � p� �������

Finally "q �
S

��p�q

"p�q�

We then want to prove the following crucial fact

Proposition � There exist two �absolute� constants C and C � such that

�"q � C ��q������

if I �� "q� then j��I�j � C ����q �������

As was already observed� this proposition implies theorem ��

� Proof of theorem � � the cardinality of �q�

We begin with the following remark

�"p�q � �� 	 ��q � p���p ������

Indeed m�J� � p implies J � Bp� The cardinality of Bp does not exceed
�p� It then su�ces for each frozen J to count the number of I containing J
with d�I� J� � ��q � p�� This number is � 	 ��q � p�� Observe that a child
has one parent only�

Finally "q �
S

��p�q

"p�q implies �"q �
P

��p�q

�"p�q �
P

��p�q

��	��q�p���p �

�q
P

��p�q

�� 	 ��q � p���p�q� It then su�ces to observe that
�P
�

�� 	 �j���j is

�nite�
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	 The end of the proof of theorem ��

We need to estimate the wavelet coe�cients of f when I �� "q�
We separately treat two cases�
The �rst one is I �� Aq� Then

R
I
jrf jdx � ��q and jhf� wIij is trivially

estimated by an integration by parts� We obtain j��I�j � C ���q� The second
�and last case� is I � Aq and I �� "q� If I belongs to Aq� we construct a
decreasing sequence Ij � 
 � j � r� de�ned by the three rules

I� � I�����

Ij�� � I �j if the ��rst son� I �j � Aq�����

if I �j �� Aq � we set j � r and the chain stops here������

We then want to prove the following estimate

Proposition � If I � Aq� then

j��I�j � C
r��X
j��

��j��m�Ij� 	 C��r��q ������

Once ����� will be proved� the hypothesis I �� "q will be used in estimating
the right�hand side of ������

The proof of ����� is based on a few simple remarks� Let us denote by
Kj � Ij n Ij�� the complement of Ij�� inside Ij and write Kr � Ir�

We then have

Lemme � With the preceding notations� we obtainZ
Kj

jrf jdx � C��m�Ij� � 
 � j � r � � ������

Z
Kr

jrf jdx � C��q ������

Indeed� if 
 � j � r� Ij does not belong to Bqj for qj � m�Ij� � �� It means
that

R
I
jrf jdx � ��qj if I � I �j is excepted and I is one of the �n � � other

sons of Ij�
In other words

R
Kj
jrf jdx � C��qj as announced� When j � r� we haveR

I
jrf jdx � ��q whenever I is a son of Ir which implies ������
We now want to prove the following estimate
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Lemme �� With the preceding notations� we have

j��I�j � C
rX

j��

��j
Z
Kj

jrf jdx ������

Indeed we �rst write

��I� �

Z
I

fwIdx �
rX

j��

Z
Kj

fwIdx

since Kj� 
 � j � r� is a partitioning of I � I��
Next �j �

R
Kj

fwIdx � �j 	 �j where

�j �

Z
Kj

�f �mKj
f�wIdx � �j � �mKj

�f�

Z
Kj

wIdx

and mKj
f is the mean value of f over Kj�

We �rst estimate �j� We have

j�jj � jIj����
Z
Kj

jf �mKj
f jdx �

jIj����jKjj
��nkf �mKj

fkLn�n���Kj� �

We observe that Kj is a dilated copy of a set E which belongs to a �nite
collection of Lipschitz domains� Therefore the Poincar�e s inequality holds
with a constant which does not depend on j� We then have

kf �mKj
fkLn�n���Kj� � C

Z
Kj

jrf jdx�����

and

j�jj � C �jIj���n�������j
Z
Kj

jrf jdx ������

We now treat the sum
rP
�

�j�

We �rst write
rP
�

�j �
rP

j��

�j��j � �j��� with

�j � mKj
f � �j �

Z
Ij

wI�x�dx and �r�� � 
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�by de�nition�� We then observe that �� � 
 since
R
w�x�dx � 
� We write

�discrete integration by parts�

����� � ��� 	 � � �	 �r��r � �r��� �����
�

����� � ��� 	 ����� � ��� 	 � � �	 �r��r � �r��� �

We then make a crucial observation� In any dimension larger than �� Kj �
Kj �Kj�� is a connected lipschitz domain� Moreover this domain is a dilated
copy of a domain belonging to a �nite collection� These two properties imply
that Poincar�e s inequality is valid for Kj�

We then write

�j � �j�� �
�

jKjj

Z
Kj

�f�x��mKjf�dx�

�

jKj��j

Z
Kj��

�f�x��mKjf�dx �

Moreover jKjj � cjKjj and jKj��j � cjKjj where c � 
 is a constant� This
implies

j�j � �j��j �
�

cjKjj

Z
Kj

jf �mKj jdx �

CjKjj��n��kf �mKjfkLn�n���Kj� � CjKjj��n��
Z
Kj

jrf jdx

� C �jIj��n����jn���n���

�Z
Kj

jrf jdx 	

Z
Kj��

jrf jdx

�
�

Since j
R
Ij
wI�x�dxj � jIj����jIjj� we end up with

j
rX
�

�jj � CjIj���n�����
rX

j��

��j

�Z
Kj

jrf jdx 	

Z
Kj��

jrf jdx

�
������

Lemme �� follows from ����� and �������
In order to complete the proof of theorem �� lemma �
 and lemma �� are

being put together which yields

j��I�j � C
r��X
�

��j��m�Ij� 	 C��r��q �������

XVI���



We need to estimate the right�hand side of ������ by C ���q� The last term
can be forgotten and we concentrate on the sum� We split this series intoX

fm�Ij��q � ��j�r��g

��j��m�Ij� � S�

and X
fm�Ij�	q � ��j�r��g

��j��m�Ij� � S�

Concerning S� everything is trivial since ��m�Ij� � ��q and
P
j��

��j � � �

We then concentrate on S� and use the assumption I �� "q� Since Ij � Aq

and 
 � m�Ij� � q� we certainly have j � d�I� Ij� � ��q �m�Ij���
We then forget the dependance of m�Ij� in j and treat k � m�Ij� as an

independant variable�
This treatment yields

S� �
XX

��j��k

fk�q � j	��q�k�g

�
X
k�q

����q�k���k � ��q �

Theorem � is proved�


 From the �fake wavelets� wI to the Daubechies

wavelets�

For the sake of simplicity� we concentrate on the two�dimensional case�
We assume that �j��jx � k�� j � Z� k � Z� �  � E is an orthonormal

basis of L��R�� where  belongs to a �nite set of mother wavelets� Moreover
 is C� and the support of  is contained in 
� p�	 
� p� where p is a �large�
prime number�

Then ��j� k� �
R
j�k�x�f�x�dx � j�k�x� � �j��jx� k� and we want to

prove the following lemma

Lemme �� If rf � L��R��� we have

�f�j� k� � N	 Z� � j��j� k�j � �g

� C���krfk� �

Observe that we restricted j to belong to N�
Once this lemma is proved� theorem immediately follows from a rescaling

argument�
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Indeed lemma �� will be applied to fq�x� � �qf��qx� where q is a large
integer� We than obtain

�f�j� k� � j � 
 and j��j� k�j � �g � C���krfk� �

with

��j� k� �

Z
fq�x�j�k�x�dx � ��j � q� k� �

Therefore
�f�j� k� � j � 
 and j��j � q� k�j � �g

� C���krfk� �

It now su�ces to let q tend to in�nity to obtain theorem ��
We now return to lemma �� and to the n�dimensional case� Let E 
 Zn

be f
� �� �� � � � � p� �gn which is identi�ed to F n
p with Fp � Z
pZ�

We then have

Lemme �� For any � � Zn and j � N� there exists a unique pair �k� r� �
Z
n 	 E such that

� � pk 	 �jr ������

This becomes obvious if we observe that x � �x is an isomorphism of Fp�
The same observation applies to the mapping y � �jy � y � F n

p which is
�� � for each j � N�

Finally one writes � � pk 	 s � s � E� Next s � �jr 	 pm with m �
Zn � r � E� Alltogether it yields ������

We now apply theorem � to w�x� � �px� and g�x� � f�px 	 r�� r � E�
Then ��j� k� � �nj��

R
w��jx� k�g�x�dx �

�nj��
Z

��jpx� pk�f�px 	 r�dx �

�nj��p�n
Z

��jx� pk�f�x 	 r�dx �

�nj��p�n
Z

��jx� ��jr 	 pk��f�x�dx

� p�n�nj��
Z

��jx� ��f�x�dx �

When j � N is frozen� lemma shows that the mapping �k� r� � Zn 	 E �
�jr 	 pk � Zn is onto� It implies that all the wavelet coe�cients of f can be
writtent that way� Therefore theorem � implies theorem ��
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