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Semilinear diffraction of conormal waves
(joint work with Melrose and Si Barreto)

Maciej Zworski

1. Introduction. The purpose of this exposé is to describe the results of [27] on the
conormal regularity for a class of mixed problems for the semi-linear hyperbolic equations
and to indicate the general approach which is used in that paper.

The study of C* regularity of solutions to non-linear wave equations has had two main
directions: finding estimates on the strength of the anomalous singularities, i.e. those not
present in the linear interaction, and obtaining geometric restrictions on the location of
singularities. Our work is of the latter type. The strength of singularities for non-linear
mixed problems has already been investigated with considerable success in [38, 9, 16, 40].
The estimates on the location of singularities are much finer, so stronger assumptions are
needed on the incoming waves or the initial data. The most striking example of this was
provided by [2] where it is shown that wave-front set restrictions alone still allow the self-
spreading of of singularities, making the singular support propagate essentially in the same
way as the support of the solution. Thus, in full generality, the location of singularities cannot
be related to the original geometry except in a trivial way. A technically more challenging
construction of a similar example for gliding mixed problems was then given in [39].

The appropriate class of distributions to consider for the incoming waves or the initial
data are the conormal distributions, as was first noted in [6]. The conormal distributions
appear naturally in the linear theory and are a subclass of the Lagrangian distributions
motivated by geometrical optics. The interaction of conormal waves for interior problems
has been investigated in [33, 24, 7, 8, 3, 35, 26] and the formation of non-linear caustics in
(13, 14, 10, 20, 36, 37]. For mixed problems, with only transversal reflections allowed, it
was shown in [4, 5] that no anomalous singularities appear. One should also mention that
examples of ‘new’ non-linear singularities were provided at an early stage in [32]: namely, the
interaction of three plane waves carrying conormal singularities produces a conic surface of
new singularities propagating from the triple interaction point. However, in more complicated
settings such as the propagation of the swallowtail or diffraction, where the ‘new’ cones are
expected, no examples have yet been constructed. For interior problems [15] provides a
systematic approach to such constructions.

We consider a mixed hyperbolic problem with a diffractive boundary (see Sect.2 for a
review of definitions). Our object of study is the semi-linear equation:

Pu = f((L',’U,) in X’ U|6X = 07 u'X_ = U (01)

where P is a strictly hyperbolic operator, X is a C*®° manifold with the boundary 90X,
X_={z€ X :¢(z) < —-T} with ¢ € C>°(X) a time function for P and the time T fixed.
The nonlinearity is quite general, f € C*(X,C).

The initial data is assumed to be conormal to the incident front F. We assume that

(FNX)NaX = .

The reflection rule of geometrical optics produces the reflected front R. With the motivation
coming again from the geometric optics we define the shadow boundary on 90X as

I'=0XNc[RNF\JX]
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The front obtained from the nonlinear interaction is the forward half-cone, Sy , of P—bicharacteristics
starting on I'. Let us aiso denote by D, and B4 the two components of the set of glancing
characteristics on S;. A more detailed discussion of the fronts is presented in Sect.2. Fig.1

shows three different time slices and Fig.2 is a space-time picture. Note that R and F are
hypersufaces with singular boundaries.

F
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F

Figure 1: The fronts projected to the space variables at fixed times

The crudest form of our result is
Theorem 1 Let u € L*°(X) be a bounded solution of of (0.1) with
ug € IOOLZ(X_; F)

Then
WFy(u) C®N*RUPN*FUPN*S, UN*B, UPN*D, U *TEX \ 0
We refer the reader to [18] and [11], Sect.18.3 for the definition of the b-wave front set, W Fy,
which reduces to the ordinary W F away from the boundary dX . We use the natural map
7:T*X \ 0 — *T*X \ 0 (see the references given above) to define *N*E = y(N*X).
Theorem 1 immediately gives the singular support statement:

Corollary 1 Under the assumptions of Theorem 1
sing suppu C FURU S

Since the data ug is conormal, one would like to describe precisely the conormal regularity
of the solution u. In fact the proof is based on the construction of an appropriate space with
good multiplicative and propagative properties — see Sect.5. Since the precise definition of
this ‘strong’, but not quite conormal, space is rather involved we shall content ourselves with
a weaker statement here, referring the reader to Definition 2 and Theorem 5 in Sect.5 for the
full result.

Theorem 2 Let u € L®(X) be a bounded solution of (0.1) with

uo € LA X_; F)
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D+ B,

S,

Figure 2: The forward half-cone and the glancing boundaries B and D.

If Q1 is an open subset of X such that
Qn (D+ U B+) - 0

then
ulg € LLY U F)+ L, LY Q, R) + I, L*(Q, S4)

Already in the transversal case this is slightly stronger than the result in [4] as conormal
singularities with respect to the boundary are excluded.

Our conclusions are concerned purely with the L2-based regularity. The present existence

theory [38] requires higher Sobolev regularity for up to guarantee local existence of bounded
solutions, so one needs to assume ug € I, L*(X_; F) N H,(X-) for s > n/2. However,
the conormal results described above should lead to to an improvement in the style of [34].
It should be noted that our present method does not treat the fully semi-linear equation
Pu = f(z,u,Vu), essentially because the iteration procedure in k proceeds in steps of 1/2
— see Theorem 4 below.
2. Diffractive geometry. First we describe the interaction of a characteristic hypersurface
for a second-order hyperbolic operator with a bicharacteristically concave (diffractive) bound-
ary. In particular we point out in Proposition 1 that the reflected front has cusp singularity
when continued across the boundary.

Let X be a manifold with boundary equipped with a pseudo-Riemannian metric of hy-
perbolic signature, +, —, —, —.... The metric symbol p € $2(T*X) is therefore a polynomial
of degree two on each fibre and it can be reduced, in linear coordinates in each fibre, to

P . -€ dmX=n+1.

The boundary of X is said to be time-like if p is negative-definite on N*0X; this is always
assumed below. It will be convenient to assume that X is time oriented; this amounts to the
continuous selection of one of the solid cones, p > 0, in the fibres. A function t € C*(X) is
a time-function if p(dt) > 0.

The assumption that X is time-like means that it carries an induced pseudo-Riemannian
metric of hyperbolic signature. If g is the dual quadratic form to p, on TX, then g5 = g|rax
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fixes the induced structure. Let ps denote the metric symbol on T*8X. In T*9X\0, set

H={ps >0} =Hy UH_
G = {ps = 0}
& ={ps <0},

respectively the hyperbolic, glancing and elliptic regions of 7*@X\0. The time-orientation
of X induces a time-orientation of 0X, giving the decomposition of the hyperbolic region.
The points of G are further distinguished by the behaviour of the second Poisson bracket:

Ga = {m € G; H}q(m) > 0}
Gn = {m € G; Hq(m) = 0}
Gy = {m € G; H2q(m) < 0}

These, and similarly their images in G under *, are respectively the sets of diffractive, higher-
order and gliding points. The boundary of X is said to be diffractive (or bicharacteristically
concave) if G = Gy; this is the assumptions made in our work.

We will be concerned with the local geometry near a base point zg € dX, so we are free
to shrink X as necessary. In this sense the assumption that the boundary is diffractive is
really that GNT; 0X C Gy4. In case X = RXY carries a product metric, g = dt? —h, with h
a Riemann metric on Y, the boundary is diffractive if and only if 9Y is strictly geodesically
concave. In case Y = R"\K where K is an open, smoothly bounded region and h is the
Euclidean metric this is equivalent to the strict convexity of K (cf. [19]).

It is convenient to consider an extension, X , of X to a manifold without boundary. A
corresponding extension of this pseudo-Riemannian structure will be denoted p. The defining
function € C°(X) extends to Z € C°(X) and if X is chosen small enough, X = {Z = 0}
is an embedded hypersurface. The freedom to shrink X will be used to choose X to be
bicharagteristica.lly convex.

In X we consider a closed characteristic hypersurface for p, passing through this point
zg. Thus F C X satisfies

F={f=0}, feC=(X), df #0on F, p|y.5 =0.

The characteristic hypersurface F isto be thought of as the extension through the bound-
ary of X of the incident front. It is important to separate which parts of F are intrinsic and
which depend on the choice of extension—the latter being necessarily irrelevant to the final
form of the results.

By assumption N *Fis closed, so it is the union of the maximally extended bicharacteristic
interval, i.e. integral curve of H,, through each of its points. Set

F = {z € F 0 X; the bicharacteristics through N} F stay in T*X for t < t(2)}.

Here, t is a time function. The submanifold T C F is the singular locus in F' near which
it is not even a manifold with corners. Indeed the boundary of F consists of two smooth
manifolds with boundary (each of codimension two in X)

OF =F3UB, F;NB=0F;3=0B=BndX =T. (0.2)
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Here Fj is half of F5 and B, the shadow boundary, is the projection into X of the forward
half-bicharacteristic starting at points of Nl’if’ .

The main objective of this section is to consider the reflected front generated by F and
0X. To do so we need to recall the notion of a hypersurface with cusp singularity. By
definition a cusp hypersurface is one which is diffeomorphic to C = {z3 = z?} in R", n > 2.

A simple characterization can be obtained in terms of the closure of the conormal bundle
to the regular part of the hypersurface. As is easily checked

Ac = dN*{z3 = z%;2, > 0} C T*R™\0
is a smooth, homogeneous Lagrangian. Now a point of the singular locus, L = {z; = z; = 0},

7 Ac — R" has differential with
two — dimensional null space at Ac NTR",l € L.

Moreover, any vector field V on T*R"™ which is tangent to 7;R™ and takes the value
v € TmAc N T (TR™) at m is only simply tangent to Ac at m. Conversely (see Arnol’d
[1]) if these two conditions hold for Ac near m € TR™ N A¢ then the projection of a
neighbourhood of m € A¢ is a cusp. We use this abstract characterization, with R™ replaced
by X (as can obviously be done) to analyze the reflected front.

Set A% = Ia(Ngxf‘) and let AR be the H,-flow-out in T*X\0 of A%. Thus A is just
the union of the maximally extended H, integral curves passing through points of K%.

Proposition 1 If F C X is a smooth characteristic hypersurface for which zo € 0X is a
diffractive point then, for X shrunk to a sufficiently small bicharacteristically convez neigh-
bourhood of o, Ap C T*X \0 is a smooth closed conic Lagrangian submanifold which is the
closure of the conormal bundle to a hypersurface with cusp singularity, R, through zo.

Clearly the cusp locus L C R passes through T'. It is important to check that
I\l C X\X and Lp is simply tangent to X at T

Since the tangent space to L is just the image of the tangent space to AR under the projection,
L is certainly tangent to dX at I'. In the case of the wave equation in the exterior of a convex
obstacle Proposition 1 was given in [41]. In that case the cusp locus L projected to the space
variables is the envelope of the reflected rays, see Fig.3.

We also remark that although the extension p was used in the definition of Agr, the part of
R corresponding to the true reflection is determined by p and F alone. It will be denoted by
R and is defined as follows. We can easily prove that R\ F has four components, two of which
are disjoint from L. We now take as R the closure of the one for which RNdX = FNoX.
A more natural but longer definition can be given in terms of tracing of the bicharacteristics
in Ag.

The bicharacteristic cone over the shadow boundary in X, I is now defined in the
standard way, as the union of the maximally extended bicharacteristic intervals over N*I'nX.
We denote it by Ag and its projection by §. We note however that although § |x depends on
the extension p, the half cone S defined by the glancing boundaries B and D, B C F does
not — see Fig.2. We can separate the forward and retarded components, S, respectively,
and similarly denote by S, the full forward cone over I'. We also denote by B4 and D4
the intersections of B and D with cl S} respectively.
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Figure 3: The extended reflected front projected to the space variables at a fixed time.

In the non-linear interaction more geometry is present. In addition to the cone over T
we will also have to include, in a very residual way, smooth characteristic surfaces tangent
to § at D — see Sect.5. Thus we define

R = {H C X smooth hypersurface : p|n+g = 0, Np\wrH = NB\Pg}, (0.3)

with the first easy observation that Nycr H = D.

3. The general strategy. The purpose of this section is to outline the general method for
finding the geometric location of singularities of solutions to semilinear hyperbolic equations.
The particular approach used in the study of semi-linear diffraction [27] originates from [24].
For the purpose of the general discussion we will consider the interior problem and thus
assume that the bicharacteristically convex region X is open (i.e. has no boundary). It will
also be convenient to take X compact and contained in a larger bicharacteristically convex
region. For such X we want to study

Pu = f(z,u)in X, u|lx_ =uo (0.4)

where X is the domain of influence of X_ and the location of singularities of ug is given
in some appropriate sense. To simplify the presentation and to avoid the L?_ and H %z;
based spaces, we shall always tacitly assume that the prescribed regularity of uo extends to
a larger open set. We assume that the solution exists in X (taken sufficiently small) and
that u € L*°(X). The simplest case of propagation of regularity involves no geometry:
Example. If u € L*(X) satisfies (0.4) with ug € H)(X-). k € No, then u € H(X).
Proof: Consider x € C*®(X) such that x =0in X\ X_ and x =1 in X_ C X_, where
X_ is the domain of influence of X’ . We can then solve the following linear equation:

Puy = x(z)f(z,u0) in X, ulxr = “0|XL- (0.5)

Since ug € Hx)(X-) N L*(X-), the Leibnitz rule shows that x(z)f(z,u0) € Hr)(X-).
Thus the energy estimates give u; € H;)(X). We then consider a nonlinear equation

Puy = (1 - X)(il?)f(.’b‘,’ul + u2) in X, U2|X'_ =0
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with the aim of showing that u; € H(;)(X) as we observe that u = u; + uz. This is easily
proved by induction:
Step 1. Since uz € L?(X) (as uy +ug € L®(X),u; € H(x)(X)) the energy estimate implies
that ug € H(l)(X)
Step | < k. We know that u; + up € H()(X) N L®(X) so the Leibnitz rule shows that
f(z,u1 + uz) € Hy(X). The energy estimate now gives uz € H(;4y) and consequently
u1 + U2 € Hmin(141,k))(X)-

We observe that only very special properties of H, k)(X ) were used in the proof of the
elementary example and if, in this case, we define JxL*(X) = H(;)(X) they were
C-algebra property

u € JrL3(X)N L®(X) = f(u) € JxL*(X), for all f € C*(C)
C*®-module property
u € JiL*(X) => gu € JyL}(X) for all g € C®(X)
Propagation property

Pu=vE€ JkL2(X), U|X_ =0= uc€ Jk+1L2(X)

Pu=0, ulx_€ JkLz(X)Ix_ = u € JkLz(X).

We will refer to the first two properties as (A) and to the third one as (P). We will
always assume that JoL2(X) = L?(X). The simple example now generalizes to

Proposition 2 If a vector subspace JyL*(X) C L*(X) satisfies the conditions (A) and (P)
above and u € L™(X) is a solution of (0.4) with ug € JxL*(X)|x_ then u € JL}(X).

We can replace the property (P) by a weaker property
Pu=ve J,L*(X), ulx_ =0 = u € J4 . L*}(X), (0.6)

for some fixed € > 0 as long as we define J,L?(X) satisfying (A) (in the example it is
obviously H(,)(X)). The second condition in (P) can also be modified if we are interested
in a more restricted set of initial data.

We now want to pass to the case of non-trivial geometry. The simplest is provided by the
conormal distributions associated to a smooth hypersurface. If FF C X is a C* hypersurface
in a C* manifold X, let V = V(X, F) be the Lie algebra of C* vector fields in X tangent
to F'. The space of distributions of finite L?-based conormal regularity with respect to F is
then defined by the stability of regularity under the applications of the elements of V:

LIYX,F)={ue L}X): Vi---Viue L*(X) for I < k and V; € V}

This modifies the definition of the Sobolev space H() by placing some geometric restrictions
on the differentiations. Nevertheless, as observed in [24], bounded conormal functions have
very good multiplicative properties in view of Gagliardo-Nirenberg type inequalities.

In fact any Lie algebra of vector fields could be taken in place of V(X, F). Thus for any
variety S consisting of characteristic surfaces, their singular loci and intersections, we can
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define a space IzL%(X,S) by taking as V all vector fields tangent to all components of S.
As varieties we could take in X = R3:

S={R\FR,F\F,R0F}, F={z;=123), P=D? - D2, _ D? (0.7)

)

S={C\L,L}, C = {zg = zg}, L={z;=23=0}, P= 4D3.2 - 9:1:2D33 - Dz, D,,.. (0.8)

For the spaces I;L?(X,S) the algebraic property (A) comes for free and the main effort
goes into establishing (P). In the two examples (0.7) and (0.8) above that is quite easy by
commuting P through V (i.e. using the P-completeness of the Lie algebras of vector fields
— see [24]) but consider instead

So={C\(LUH),H\C,L\C,CNH\L,CNnLNH} (0.9)

with C,L and P asin (0.8) and H = {z; = 0} - see Fig.4. This is the problem studied in
[26] and as we shall see in Sect.5 it is highly relevant in diffraction. The space I)L?(R3,So)
cannot have property (P) as it includes any function conormal to the origin. Thus u in
(P) could be singular on the cone @ obtained by projecting to R® the null bicharacteristics
passing through T&),o,o)Ra \ 0. In other words the union of the conormal bundles of the
components of S, N*Sp is not closed under the Hamilton flow of the symbol of P. Thus
we need to enlarge our variety to

S=8U{Q\(CUH),QNC\L,QNnH\ L} (0.10)

for which N*S is closed under the Hamilton flow. The space I)L%(R3,S) has the property
(A) but it is not known to satisfy (P) (and it most likely does not) as the P-completeness
property for the Lie algebra of tangent vector fields does not hold. The same problem is
encountered in the case of triple interaction, swallowtail and diffraction.

Figure 4: The cusp and a transversal plane.

To define a conormal space with reasonable propagation of regularity for P, one follows
the method originating from [24] and subsequently applied in [20, 26, 35, 36, 37]. Its essence
is the resolution of singularities and the use of the vector fields tangent to the lifted geometry
in the resolved space. The insistence on conormality is motivated by the good multiplicative
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properties of bounded conormal functions, as already indicated above and the conviction that
conormal regularity excludes any hidden singularities that could produce self-spreading.

Roughly speaking the method can be described as follows. By a successive application of
real blow-ups (see Sect.4 for an example) we obtain a resolution

X,g—‘le

of X with the blow-down map 8. The space Xg is a manifold with corners with a natural
measure vg pushing forward to the measure on X. The blow-ups are supposed to resolve
the geometry in the sense that 5*S U X consists of cleanly intersecting submanifolds (see
[21, 22]). We then define IkL?,ﬁ(Xp,ﬂ"‘S U 3Xp) same as before and take as the new space

JL*(X) = B I L} ,(Xp,8"S U 8Xp).

Again, the space J;L?(X) satisfies the algebraic property (A) immediately and the main
difficulty lies in proving (P). In fact we cannot in general hope for the propagation and the
variety §*S U 0Xp needs to be extended. However the clean intersection property achieved
in Xg brings us closer to the P-completeness, referred to after (0.7) and (refeq:24) — now
in Xg. Although that can be exploited only partially it explains a better chance for the
property (P) to hold.

Let us now adopt an opposite point of view and concentrate on defining spaces for which
the propagation property (P) holds automatically but (A) is hard to verify (or simply is not
true!). We start again with the simplest example of a C® hypersurface F' and define the
Lagrangian distributions associated to the Lagrangian Ap = N*F'\ 0:

LL*(X,Ap) = {u€L*X):A;---Ajue LX) for any I < k (0.11)
and A; € ¥} (X) with 01(A:)|a, = 0}.

Of course, this is just the conormal space associated to F and defined above. This definition
generalizes however to any conic Lagrangian A and if A lies in the characteristic variety of
P, then the space I;L?(X,A) has the property (P). That is quite easy and can for instance
be seen by conjugating P and A to a suitable model.

In the analogy with the varieties in the base space X we now consider Lagrangian varieties
consisiting of conormal bundles of the components of the varieties in the base and all their
succesive intersections. For example, in the cases (0.7) and (0.8) we now have

L ={N*F,\ N*(F,n F),N*F,\ N*(F; 0 F;), N*(F, 0 F;)\ (N*F, U N*F;)0.12)
N*(FinFB)nN*F,N*(F,n F;) N N*F,},
L= {d(N*(C\ L)\ N*L,N*L\ I(N*(C\ L)), N*Lnc(N*(C\ L))}.  (0.13)

We could again apply the direct analogy with the case of one Lagrangian and define a space as
in (0.11) by demanding that the symbols of the defining operators vanish on all components
of £. When the intersections are clean as in (0.12) that in fact is quite sufficient, but when
they are not as in (0.13) the space could be too big for propagation (though in this particular
example it is not). To define better spaces we break the Lagrangian varieties into nested
families K:

ADKiDK;D---D Ky
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where A is a conic Lagrangian and K;’s are conic embedded submanifolds. In example (0.12)
there were three such families and in (0.13) two:

A(N*(C\ L)) > (N*(C\ L))N N*L, N*L > c(N*(C\L))n N*L.
For a nested family K, Melrose [23] defined a natural class of marked Lagrangian distributions:

LIYX;K) = {ueL*X):A;---Awu€ L*(X)for any I < k and 4; € ¥}, (X)
with 01(4;i)|ar =0, Hy (4,) tangent to all elements of K}.

These spaces have nice propagation properties as is illustrated in the following

Proposition 3 Let p = 02(P) and let A C T*X \ 0 be a C*® homogeneous Lagrangian.
Suppose that K = AN {p = 0} is a C* hypersurface in A along which H, is tangent
to A eractly to some fized order and transversal to K. Then, if A’ is the H, flow-out of
AN {p =0}, the space

LLY(X) = LIAX;A K)+ L,L}(X; A, K)
has the property (P).

This proposition can be stated more generally, allowing in particular multiple markings, but
it already indicates that in ‘reasonable’ situations (such as those given by (0.12) and (0.13))
we can obtain microlocally defined spaces associated to a given geometry and for which (P)
holds. For instance for the cusp we take [20]:

I LX) = LLA(X;Ac,AcNAL)+ L L3(X; AL, AcNAL), Ac = l(N*(C\ L)), AL = N*L.
(0.14)

Ideally, the space obtained by summing up the marked Lagrangian contributions coming
from the full geometry could be equal to the one obtained by pushing forward the conormal
space in Xg. It would then satisfy (A) and (P) automatically and in view of Proposition 2
could be applied to the study of regularity for semi-linear problems. That is however rarely
the case. In fact the microlocally defined spaces are usually larger and may not even be
algebras. To produce the actual space we need to ‘play’ on both sides and in addition use
the properties of the lifted equation in Xg, such as the second microlocal ellipticity [36] or
the propagation of the support [27], Sect.5.

In this rough outline I was not able to indicate the essential new difficulties encountered

in the study of the mixed problem (1). Nevertheless, the general strategy applies and we aim
at obtaining a space JxL%(X), with X a manifold with boundary, such that (A) holds. We
can only obtain a modification of (P), (0.6), with ¢ = 1/2. That in particular bars at the
moment the study of the fully semi-linear mixed problem.
4. An example. To illustrate the general discussion in Sect.3 we shall now present an
example [20, 36] of relating microlocal and conormal spaces. This will also give us a chance
to introduce the sub-marked Lagrangian distributions [42] which together with the super-
marked ones ([27], Sect.4) are crucial in the diffractive estimates ([27], Sect.7).

Thus we recall (0.8)

X=R} C={z3=23}c X, L={z2=23=0}CC,

with the Lagrangians
Ac =CIN*(C\L)\O’ AL = N*L\O,
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and the marking
K =AcnNAp.

The singularity of C' at L can be resolved in one non-homogeneous blow-up of L:
B:Xpg— X, Xg=R xRy x S%—s, S%—S = {(w2,ws) :wg +“"§ =1},

B:(z,1,w) — (2, riwy, rws).

Figure 5: The lifted variety 8*S.

The lift of the cusp, 8*C = cl3~}(C \ L), is now very nice (see Fig.5) and we consider
the lifted variety §*S = §*C U 0Xp. To describe it, we introduce projective coordinates in
four neighbourhoods near §*{z; = 0,%z; > 0}. For instance, for i = 2,5 = 3 and + we
take (z,r, X) such that

B:(z,r, X)) (2,7%,7°X), 0Xs={r=0}, B*C = {X = 1}, yg = redded—Tr. (0.15)

We easily define the conormal space associated to *S and, for instance in the coordinates
(0.15), that means requiring stability under 8,,78, and (1 — X2)dx . The space

JLA(X) = BIL2, (X5, B°S) (0.16)

automatically satisfies (A) and we will come to back to its propagative properties at the end
of this section.

We now turn to the microlocal picture and start with I;L%(X,Ar). The symbols of
operators defining this space (see (0.11)) are generated over Sghg by

&1, 2262, T3€a, 723, T3é3, (0.17)
and thus

LL*(X,AL) = {u € L*(X) : D5 (24D,,)*(23D;,)** (22 Dz, )¥* (23 Dy, ¥ € L3(X),D ki < k}.
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To define It L?(X; A, K) we need to modify (0.17) by demanding that the Hamilton vector
fields of the generators are tangent to K:

517 2)262, 27362’ 23637 3:353’ (0.18)

so that
LLH(X; Az, K) = {u € LX(X) : DX (22D, (23Dz,)" (3 Dy )" (23D )** € L3(X), 3 ki < k).

Comparing (0.17) and (0.18) we see that the only difference is in the generator z3**¢; with
a = 0 and a = 1 respectively. Thus one expects that changing a in some suitable way should
vary the rate of marking. For 0 < a < 1 that introduces sub-marking and for 1 < a < o
super-marking. The precise definition is more involved especially in the latter case where to
have invariance more geometric information needs to be introduced (see [27], Sect.4). Here
we will discuss the relevant case of @ = 1 which amounts to changing (0.18) to

617 $2€2, (8362, xgégy 2:3637 (0'19)

where the operator corresponding to the fourth symbol has now weight two in the following
sense:

L LY(X;AL,K,1/2) = {u € [}(X): (0.20)
D¥(22D5,)*(23Dz,)* (23 D2, Y (23 Dz, )* € LX), ki + 2kq < 20 = K},
i#4
for even k = 2I. For odd k = 2] + 1 we define the space by complex interpolation between

the even-indexed neighbours.

Since the spaces are essentially defined by vector fields the lifting and push-forward under
B are quite easy:

LL¥(X;AL, K) &5 L2 (X50X5 U PY) (0.21)
LI*(X; AL, K,1/2) &5 L2, (X5 0Xg U Py), (0.22)

where
P = (B {z2 =0} U B"{z3 =0})N IXp, PJ:‘ = f*{z2 =0} N 3Xp3.

Thus, we are getting more in the lift than one might naively expect, with an improvement
however when a finer microlocal space is used.
To discuss the cusp we observe that symplectically

AL, — A¢
(21,22,23;8) — (71,72 — (262/36)%, 73 + (262/363)%; €)

and thus after some computations

IkLz(X; Ac,K)={ue L2(X) : Dl;i(2$2D:z:2 + 3$3D1:3)k2 ’
(2723D2, + 8D3,2)® (323 Dz, + 223D,,)" u € H(_q1y)(X), > ki < k},
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and for even k = 21,

I L*(X;Ac, K,1/2) = {u € L*(X) : D¥ (222D, + 3z3D4,)** -
(2723D3, + 8D3,)%(4D%, — 92, D2 Y¥u € H(_gpy—ary(X), D ki + 2kq < 20 = k},
i<3

and then for £ = 2! + 1 by complex interpolation. The lifting of these spaces is relatively
easy but already additional care is needed to deal with the higher order operators:

LI*(X;Ac, K) &5 LI2 (X5;0XU B*C UPY), (0.23)
LI*(X;Ac, K,1/2) £ LL? (X50X5U 5°C). (0.24)

The push-forward is considerably harder again in view of the presence of higher order oper-
ators. In particular, we cannot characterize the lift of the spaces associated to A¢ alone:

L2 (X50XpUCUP) 25 LIX(X; Ac, K) + L L*(X; AL, K) (0.25)
L}, (Xp;0Xp U B*CUPy) Loy L L¥(X; A, K,1/2) + I LA(X; A, K, 1/2)(0.26)

Combining (0.22),(0.23),(0.25) and (0.22),(0.24),(0.26) we see that the microlocally defined
spaces

LX) = LL*(X;Ac, K) + L L*(X; AL, K),
JULA(X) = LI*(X;Ac, K,1/2) + I L*(X; AL, K, 1/2),

have the property (A). By Proposition 3 the first space has property (P) and since that
proposition holds also for the sub-marked spaces, so does the second. Thus in view of
Proposition 2 both spaces propagate for the semi-linear equation.

As observed by S4 Barreto [36] the natural conormal space JiL2(X) obtained by the
push-forward (0.16) also propagates! An outline of his argument gives us an opportunity to
see an example of the analysis ‘upstairs’ in the blown-up space Xg. Thus let us consider the
lift of the operator P = 4D2 — 92,D2 — D, D,,:

Pg = T4ﬂ*Pﬂ. € Diffg(Xp).

Since from (0.22),(0.23) and (0.25) we know that ﬂ*IkLEp(Xﬁ; 0XpU B*C UPy) propagates,
we only need to eliminate the singularities at

(B*{za = 0} U B*{z; = 0}) N O X.

Roughly speaking that is done by using the ellipticity (in the totally characteristic sense
of Melrose [18]) of Ps in the relevant region. In fact, in the coordinates (0.15) 8*{z3 =
0} N3Xg = {X = r = 0} and modulo lower order terms

PB =9(X%?-1)D% - 6XrD,Dx + (rD,)?> —rDxD,.
Since we already have the stability under 7D, and D, we can restrict our attention (microlo-

cally in 7* X4 \ 0) to the region where ®o;(Dx) > boy(rD,),%0,(D,). Once X ~ 0, P is
indeed elliptic there. More care is of course needed to exploit this properly and we should
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also remark that the argument can be made independent of propagation for the microlocal
space J,';Lz(X). One only needs the very easy propagation of I, L?(X,S) with S as in (0.8).
5. The pseudo-conormal space for the diffractive problem As described in Sect.2
the interaction geometry is quite complicated as it involves cusp and conic singularities.
Following the strategy outlined in Sect.3 we want to resolve the singularities and the method
of resolution is similar to that used in [26, 37]. In particular it involves a non-homogeneous
blow-up. To describe it let us consider

R*=R3xR"3, z=(z,y), 26 R",z e R3,ye R"3

on which we define an Ry -action T ~%73:

Tg'z"s(x,y) = (61?1,62.’1:2,6333, y), é€ R+ (027)

We start with a definition of spaces of functions with given non-homogeneous orders of
vanishing:

M}723(X) c C2(X), ve M7 (X) <= Tu=0(6), 650 (028)

This allows us to the define a filtration of the differential operators in terms of homogeneity.
Thus

QElef (1-2— 3)(X)C>Q : M}~ 2'3(X)—>M1 “2-3(X) for r>p.

The homrogeneous differential ope tor important in our discussion is Friedlander’s operator
in R3:
Py =4D2 - 9z,D2 - 6D;,D,,.

A suitable coordinates are now given by

Proposition 4 There ezist coordinates (z,y) € R™, £ € R3,y € R*2 in X such that

P=P+Q, Q€Diff ;_, 3(X), (0.29)

90X = {(z,y) : 72 — im% -0}, (0.30)

and with the notation of Sect. 2 and any H € R given by (0.3)

a) T ={(0,y):y¢€ R"‘3} nXx

b) R={(z,9):23 - 23 =0, z € R%,y e R"%}

c)F {(z,y): 2x3—3z2z1+z1+f 0, z € R% y € R"3} with f € M}~*" 3(X),

d) §={(z,y): 2% +8z1z3— 622z, - 322+ s =0, z € R3,y € R" 3} with s € M}7273(X),
e) H={(z,y): 21+ h =0} wzthh€M123(X)

We will consider the surfaces on the right-hand side as the model geometry. The sense
in which they are models can be explained as follows. The model surface for F in ¢) is
characteristic for Friedlander’s operator P, and the cusp R is obtained from that model
surface by reflection (according to the rules of geometric optics given in Proposition 2.1)
through the boundary z; — %x% = 0. Note that this surface, although microlocally diffractive
near N*R, is not globally diffractive for Py : it contains the characteristic {z; = z5 = 0}.
Thus we see that ) # 0 and essentially it has to contain a term of the form —cngl which
destroys the degeneracy of the characteristic {z; = z2 = 0}. The surface defined by the
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right hand side of d) is the cone over 0 € R3 with respect to the characteristic flow-out by
R.

In view of Proposition 4 it is natural to resolve the geometry using the 1-2-3 blow-up
given by the R —action (0.27). Thus we define the space

=(X\Dus?_, ;xR 3)~R, xS?_, ;x R"3 (0.31)
where SZ_,_ 3 is a non-round sphere {w € R3 Zl<‘<3w12/' 1} and where the C*®

structure on X; is given by the second identification (see [21]). We now have the blow-down

map

Xl ﬂ* X) (T,w, y) — (rwl?r2w2’r3w37 y)

which is a diffeomorphism on X; \ 8X;. Thus following [21] we define the pull-back of Y to
be

BIY = d[f7H(Y\T)), Y C X.

The lifts ﬂlF ﬁIS and A70X are smooth hypersurfaces in X1 intersecting the boundary
X, cleanly, and ﬂlR has a cusp singularity transversal to dX,. Also,

BRNAX, = B1{2z3 — 3z22, + 23 = 0} N O X,
ﬁ;§na)~(1 Bi{z] + 8z123 — 6zizy — 323 =0}OBX'1,
,HlHnaXl ,51{171—0}08)(1

The boundary of the resolved space dX; and the above intersections are shown in Fig.6.

The cone on the right hand side of d) in Proposition 4 is essentially symmetric with
respect to the interchange of z; and z3 (a 1-2-3 homogeneous change of variables transforms
Q to 4z3z; — z3, see [26]).Roughly speaking, an additional blow-up near 3;(Q N H) N 8X;
is needed to undo the asymmetry of the 1-2-3 blow-up.

To introduce it we first change coordinates in a 1-2-3 homogeneous way, preserving R
and taking @ to 4z,z3 — z3. We then apple an almost-homogeneous change of variables to
preserve @ but take H to {z; = 0}. Using the lift of these coordinates, we blow-up with
the 2-1-1 homogeneity the codimension three submanifold 8X1 NPi{z1 =2, =0,23 >0} =
X, N BiDy:

52 % 2%, Br=Biob
X2 = Xl \ (8X1 n ,8;D+) u (S%_l_1+ X Rn—S)’

where S%_1_1+ is a half non-round sphere {v € R®: v + v} + v} = 1,13 > 0} and

ﬂl?(pa v, y) = (P2V1 y PV2, PV3, y)7

with the coordinates in X; near 6X1r1ﬂ1 Dy chosen so that §1(Xq, Xo,7,y) = (r Xy, 7 2X,,m3,y) €
X . The manifold X , has a codimension two corner and 94X 2 is shown in Fig.7.
Since S and H are simply tangent at D another blow-up is still needed:

X2 %, 22 %, 2 X, By =BioBizofan
Here, the line B3D. is blown-up with the 2-1-0 homogeneity in the coordinates where

BsHNN ={X; =0}NN and 855NN = {4X; — X2 =0} NN where N is a neighbourhood
of 83D — see [36).
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Figure 6: The geometry on dX, as seen from the positive z, direction.

There are additional tangencies and singularities that have not yet been resolved: the
tangencies described in Proposition 2.5 persist in X, at BiB as does the cusp singularity
of BiR at B;L. The former is resolved using a successsion of normal blow-ups [25] (see
Fig.8) and the latter using the 3-2 blow up [36], only at ByB; and B7L; respectively
(BTLy+ = By(L N {z1 > 0}. This leads to the space Xy

X B4 X3 2 %, B == BaoPas
see Fig.7. 5 N
For future reference we also define X5, analogously to X4 but obtained by applying the
same blow-ups at the lifts of Dy, Ly, By rather than of Dy, L4, B4 only:
X5 25 X 25 X, Bs = Bao Bas.

We shall now define the C°°-algebra JkLg(f( , H) associated to the geometry in the
open manifold X. In the notation we stress the dependence on the ‘artificial’ characteristic
hypersurface H € R.

Let us first consider the surfaces in X4 obtained from the geometry in X:

B*R, B*F, "84, B"(Fn R\ B), B*(Sy "R\ B), p*H

where we note that the lifts of By, D, and L, are included in the boundary of Xs. Let §
be the variety obtained by taking a disjoint union of the five submanifolds above with 0X4:

S=pFupRupS,upg(FnR\B)up* (S, nR\ B)upB*H UdX, (0.32)
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clelele

X4““>X3ﬂX2%>X,

Figure 7: The hierarchy of blow-ups

Ideally, we would want to define JkLZ()Z' ,H) as the B-pushforward of the conormal spaces

associated to & which is in fact done for the interior problem. Here, however, this would be
disastrous.

We also need to define K; = Ky(¢) C X; which in some sense constitues a ‘non-
homogeneous’ past. Thus we start by defining go € C*°(X}) independent of r and y as

go(w) = r~4(B1q)(r,w), ¢(z) =z} + 82172 — 6232, — 322.

Thus 1@ = {(r,w,y) : go(w) = 0} is the model cone (see Proposition 4). We then consider
X1\ {(r,w,9) : go(w) = —¢€}, which for small € > 0 has three components. We take as K,
the component which contains f7Q_ where _ is the model retarded cone over I'. We can
take € small enough so that

BI(FNR\ B) C Xy \ Kq(e) (0.33)
Since the all the higher generation blow-ups occur away from K; we can think of it as a

subset of X4 (or 8,K; = Ky).
Definition 1. For k € Ny, we define

JL3(X,H) = B.{U € I L3(X4;V(X4,8)) : Ulk, € I L32(X4,8°F U8X4)|k,},

where the variety S is given by (0.32) and K; = K;(€) is given above with € such that (0.33)
is satisfied. The norm is defined using the norm of the lift:

”u“JkLz(X,H) = ”ﬂ*u"IkL?,(th(th)) + “ﬂ*ulfﬁ ||1kL3(f4,ﬁ‘§u8}4)IK1 :

We also define J} L2(X', H) by demanding that u, Du € JkLg(.i", H), with the obvious norm.
For non-integral values of the order of regularity we use complex interpolation and define:

Jew o LA(X, H) = [JeL*(X, H), Ji1 LA(X, H))s, 0<s<1, (0.34)

and similarly for J},,L*(X, H).
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8.3,

~ B'R
ﬁv. +
\ B F
ﬁr‘F ﬁ:‘5+ p"ﬁ' N
B/ St
~ B'R R
Br‘s+ 'F
g F B,
64 S+

Figure 8: The three normal blow-ups of §; B

This is a pseudo-conormal space as it involves an additional condition in K;. The corre-
sponding pseudo-conormal space for the manifold with boundary X is essentially obtained
by restriction with an additional singular support condition:

Definition 2. For s > 0, s € R we define

JLL¥(X)=  {ue L*X): for every H € R there exists & € J,L*(X,H)
with @|x = u and sing supp® un (F\FUR\RU §,\S5;)=0}.

We recall that using the regularity function s, (z) (cf. [11], Sect.18.1), we define sing supp(®) u =
{z : su(z) < s} which by lower semi-continuity of s, is closed. The space J,L%(X) is not a
normed space and although it can be made into a Fréchet space we shall not need this fact
here.
Remark. Although the definition of the blow-up involves the choice of H, it can in fact be
made independent of it. It is also true that away from T the spaces J,L?(X) is the same as
the space defined without including the lift of H in the defining variety. That statement is
non-trivial only near D.

The complications of the definitions are now compensated by the simplicity of the proof
of the following

Theorem 3 The spaces J,L*(X,H)N Le (X) and J,LY(X)N L2 (X) given by Definitions
1 and 2 respectively are C* -modules and C -algebras.
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As in the earlier work on conormal regularity the difficult part is the propagation theorem.
For the interior problem it follows from the results of [26] and refined estimates in the ‘non-
homogeneous’ past K.

The main result of [27] is the propagation theorem for the Dirichlet problem and the
space JxL?%(X):

Theorem 4 If f|lx_ =0 and u € L*(X) satisfies
Pu=fin X, ulspx =0, u|x_ =0,

then
fel L’ (X)=ue Js+12-L120c(X)'

Theorems 3 and 4 provide almost all of modified properties (A) and (P) needed for the
semi-linear propagation. We still need to check that

Pw =0, wlsx =0, w|x_ € LL}X_,F) = we Ji L} (X)

which is however comparatively easy with the right hand side much larger than necessary.
Thus we can finally give our main result:

Theorem 5 Let u € L{2.(X) be the solution of the semi-linear mired problem:
Pu= f(z,u)in X, ulox =0, u[x_ =uo
where f € C®(X,C) and uo € I L} (X_,F). Then u € Jy L} (X).

The results presented in Sect.1 are easy consequences of Theorem 5 and the definitions.
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