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On the (non-)Contractibility of the Order Complex
of the Coset Poset of an Alternating Group

MASSIMILIANO PATASSINI

ABSTRACT - Let Alt, be the alternating group of degree k. In this paper we prove that
the order complex of the coset poset of Alty, is non-contractible for a big family of
k € N, including the numbers of the form k = p + m where m € {3,...,35} and
p > k/2. In order to prove this result, we show that Pg( — 1) does not vanish,
where Pg(s) is the Dirichlet polynomial associated to the group G. Moreover, we
extend the result to some monolithic primitive groups whose socle is a direct
product of alternating groups.
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1. Introduction

For a finite group G, let C(G) be the set of (right) cosets of all proper
subgroups of G, partially ordered by inclusion. Let 4 = A(C(G)) be the
order complex of C(G), so the k-dimensional faces of 4 are chains of length k
from C(G). The study of 4 was initiated in a paper of K. S. Brown (see [2]),
who attributed therein to S. Bouc the observation that there exists a
connection between the reduced Euler characteristic 7(C(G)) and the Di-
richlet polynomial Pg;(s) of G, defined by

PG(S):Z(MZG)a where a,(G) = Z pe(H).

s
n=1 H<G,|G:H|=n

Here uq is the Mdébius function of the subgroup lattice of G, which is
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36 Massimiliano Patassini

defined inductively by 1q(G) =1, yugH) = — E 1a(K). The counterpart

of the Dirichlet polynomial is called the probablhstlc zeta function of G
(see [1] and [6]).
In particular, Brown ([2], § 3) showed that

Pe(—1) = —1(C(G)).

It is a well-known fact that if A(C(@)) is contractible, then its reduced Euler
characteristic y(C(G)) is zero. Hence, if Pg(— 1) # 0, then the simplicial
complex associated to the group G is non-contractible.

Moreover, in [2], Brown conjectured the following.

CONJECTURE 1. If G is a finite group, then Pg(— 1) # 0. Hence the
order complex of the coset poset of G is non-contractible.

The conjecture was proved for some families of groups, as the following
theorem shows.

THEOREM 2. Let G be a finite group.

(1) If G is soluble, then Pg(—1) # 0 (see [2]).

@) If G is a classical group which does not contain non-trivial graph
automorphisms, then Pg(— 1) # 0 (19, Theorem 2]).

@) If G s a Suzuki simple group or a Ree simple group, then
Pe(—1) # 0 ([7D.

Moreover, in our PhD thesis (see [8, Theorem 7.1]), we proved Con-
jecture 1 for a class of monolithic primitive groups with socle isomorphic to
a direct product of copies of a simple classical group with some conditions
on the rank and the number of factors of the direct product.

In this paper we show the following.

THEOREM 3. Let G be Sym;, or Alty. Let p be a prime number such
k
that 5 <p<k -2

(1) If k —p < 35, then Pg(—1) £ 0.
@) If p > 2((k — p))?, then Pg(—1) # 0.

A proof of this result proceeds as follows (the general strategy is the
same which we employed in [9]). Let » be a prime number and let

fl&=> a—z be a Dirichlet polynomial. We denote by f"(s) the Dirichlet

n>1
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polynomial

Ay
D

(n,r)=1 n

Let p be a prime number such that g <p<k — 2. We have that
Po = PP + Y WD

plk

The first summand Pg) (s) collects the contribution given by the subgroups
H of X such that H contains a Sylow p-subgroup, which are intransitive
subgroups of G (see [10, Lemma 9]). In [10, Proposition 12] an explicit
formula for the Dirichlet polynomial P<p ) (s)is given. So, a careful analysis of
the value P(p)( — 1), shows that |P<p )( - 1)|p p in many cases (see Section
3), where |a| » is the greatest power of p that divides the integer number a
(see Section 2 for a more precise definition).
Since n divides a,,(G) for n € N — {0} (see Lemma 5), we have that

> (Gm

P

2
2P
P

hence
1Po(— D], = [PP(— D+ a,@ml], =
pln
whenever [PZ’(—1)|, = p. So we conclude Pg( — 1) # 0.
With a little more work we can obtain a more general result. Let us

note that if N is a normal subgroup of a finite group G, then
Pg(s) = Pg/n(s)Pgn(s) (see [2]), where

Pon@ =Y O with a0 = S e,

n>1 H<G,|G:H=n,
- NH=G,

Thus, if 1 =Nyo<N;<...<N; =G is a chief series of G, applying the
above formula repeatedly, we obtain

-1

Pe(s) = [ ] Pawvi/mi ().
=0

If the chief factor N;.;/N; is abelian, by a result of [4], we have that

Ci

PG/Ni.,Ni+1/Ni(S) =1- |Zvi|S
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where ¢; is the number of complements of N;,;/N; in G/N;. Hence
Pe/n NN (=D #0.

If the chief factor N; /N, is non-abelian, then there exists a monolithic
primitive group L; such that

P (Li,).,soc(L»(s) =P g}Ni,Nm/Ni(S)

for each prime divisor = of the order of the socle soc(L;) of L; (see, for
example, [3, Proposition 16]).

The above discussion suggests that in order to prove Conjecture 1, we
can focus our attention on the monolithic primitive groups. In particular,
here we prove the following.

THEOREM 4. Let G be a primitive monolithic group with socle N
isomorphic to a direct product of n copies of the alternating group Alty

with k>8 Let p be a prime number such that g <p<k -2 1If
p > 2n((k — p))*" L, then Pg(—1) # 0.

2. Some useful results and definitions

Let @ be an integer and let » be a prime number. We denote by |a|, the
r-part of a, i.e. |a|, = 7' where i € N such that »’ divides a but 7! does not
divide a. Moreover, we set 0], = 0.

It b|:| ¢/d is arational number for some ¢ € Z,d € N — {0}, then we let
cl,
"o ldl,
We record here an important result on the Mdbius function of the
subgroup lattice of G.

0]

LeEmMA 5 ([5], Theorem; 4.5). Let A be a finite group and B a subgroup
of A. The index |N 4(B) : B| divides 14 (B)|A : BA'|.

In particular, if X is an almost simple group with socle G and H is a
subgroup of G, then Lemma 5 yields |G : H| divides p;(H)|G : Ng(H)|. So,
in particular, n divides a,,(X, G).

We can say some more words on the Dirichlet polynomial of a mono-
lithic primitive group L with non-abelian socle N. Assume that S is a simple
component of L, define X = N(S)/CL(S) and n = |L : N1(S)|. We have
that N =2 S". Since S =2 soc(X), assume that S < X. The following result
shows a connection between the Dirichlet polynomials P7, x(s) and Py s(s).
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THEOREM 6 (See [11, Theorem 5]).
PPy (s) = PPg(ns —n + 1)
for each prime divisor v of the order of S.

Let X be Sym,, or Alt;, with k£ > 8. A key role in our paper is played by
the Dirichlet polynomial P?S(s), which can be expressed by an explicit
formula.

ProposITION 7 (See [10, Proposition 12]). Let k > 8. Let X be either
. k
Alt;, or Sym,, and let p be a prime number such that 5 <P <k — 2. Then

PP = 3 @)

s—1"°
we¥ ik >p V(CO)Z((U)g

Here ¥y, is the set of partitions of k, i.e. non-decreasing sequences of pos-
itive integers whose sum s k, we have w = (ki,...,k;) € ¥} for some
1<kky,....k;p € N —={0}such that ky + ...+ k; = k, and we define

k
o) = (=D -1), o(w) = ZL vw) = [J i,
H ki! 1=1
i=1

where w; = |{j : kj = 1}|.

3. The Dirichlet polynomial P¥)(s)

Let X =Sym, or Alt, for k>8 For this section, we let
P(s) = Px soex)(s). The aim of this section is to find the value |P®(1 — n),
for n > 2 a natural number. i

Let p be a prime number such that 5
have that

PP1-m= ¥ _ M) (-0 - D"

—n k l
V(CO)Z(CU) w=(ky,...J) Pk >p H wl'( H k7,)n
i=1

<p<k — 2. By Proposition 7, we

we‘l’k:klZp
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where

— D= 1)
g = Yy U
w=>y....k_1)e¥; H W |<H k: |>

>1

for 7 > 0 (the set ¥ consists of the empty partition w = (), so g(0,n) = 1).
Consider the polynomial

k— P j n
fu(@) = g0, n)+Zg(J,n)<H(x+k p—@))

j=1 1=0

in Q[x]. Clearly f,,(p) = PP (1 — n). We want to show that x divides f,(x) in
Ql[zx], but 2* does not divide f, (x) in Q[x]. This implies that |P® (1 — n))| p =D
if the coefficient oy of w in f,(x) is such that ||, =1 (see the proof of The-
orem 11).

First of all, we prove the following formula, which is very useful in order
to find some properties of g(j, n).

PROPOSITION 8. Ifm > 1, then

m

g(j,m)
Z(( ])’)”7

Proor. Let us rewrite the sum in another way. Let
o= (ky,.... k) €¥,. For each he{l,...,I} there exists "=
(k1. kn1,knyt, - - - k) € Wag, . Clearly w appears in the term g(m, n)
and " appears in the term g(m — kj,,n). In particular, the contribution
of o in gim — ky,m) is

(- -1
Tk
(1)

Moreover, since v(w) = [i: k; = kh|v(a)h) we have that the previous ex-
pression becomes
(=DM =D)i: Ky = k|
vo)( ITk: ')

i#h

Furthermore, it is clear that if (kq,...,ky) = v € ¥, for some m' <m,
then there exists a unique w€¥,, such that =" for some
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he{l,...,l' +1}: indeed, there exists ke {1,...,I'+1} such that
ki1 <m —m' < kj (with the convention that ky = 0 and k;,; = k) and so
= (kl, ce ,kh,l,m - m’,kh, ce ,kl/).
Let H,={he{l,...,0l}:h=1 or kj1<ky} (o {ki,....k} =
{ky:he€H,} and if hy,he € H,, then k;, = k;, if and only if 2y = hs).
We get

- 9Gm) (-1l (—D A =Diki =k 1
7-20 ((m _])!)n - “ ];::(UGW I n + }IEZH n (k'i!)n
: S @) | T ! He ) [ ] k!
i=1 i+h
(=D =D~ Y [i:ki= k)
heH,,
= Z ! n =0
(k1o hi)=wEY,, v(w) <H k2'>
i=1

since > |i:k; = k;| = [ by definition. O

heH,

Thanks to the recursive formula we obtained for ¢(j,n), we can prove
the following inequalities.

PropPOSITION 9. We have that

<(= 1" gm —1,m)/2<(—1)"gm,n) < (- 1" gm —1,n) < 1
form >1and n > 2

Proor. Let us prove the proposition by induction on m. If m = 1, the

claim holds by definition of g(m,n). Assume that m > 1. By induction, it is
enough to prove that

(= D)"gtm,n)/2<(— 1" gim +1,n) < (= 1)"g(m,n)

By Proposition 8, we have that

m

9(j,n)
g(m +1,m) = Z((m+ Ty

hence

m—1 . EY .
(= 1" g+ 1m) = (— Vglm,my+ S (— 1y L= DI
=0

mri-py P
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(—1g(j,n)
(m+1-—HH"

—(—1g(j,m)< — (=1 g(j —1,n)/2<0

Let g/'(j,n) = (— 1" Now, by induction we have

for 1 <j < m. Hence, for m — j odd, we get

. n
2—(m—j+2) -

Iy (7 _ J-1 ) - v @
g9, +g(G-1n)<(=1Y"g@y 17n>2((m_]-+2)!)n—

for n > 1. This implies that

m—1

(=1
Z ( o 1)7}’&*‘7 ( ) g(])n) _ (Xg/(o,n)
=0

(m+1—HH"
+ Z g, +9¢'(G—1,n)<0

1<j<m—1,m—j odd

where o = 0 if m is even, o =1 otherwise (when m is odd, note that
¢'(0,71) <0). So this proves that ( — l)mﬂg(m +1,m) < (—1D"gm,n).
Now, by (1), it remains to prove that

(= D" gm +1,m) — (= 1)"glm,n)/2

(—1Yg(j,n)

iy

m—1 )
= (= D"gm,m)/2+ (= 1)"7
=0

Again, by induction we have that ( — l)jg(j, n)/2<(— l)j“g(j +1,n) for
0 <j <m — 1. Hence, for m — j even, we have that

7
(m+2—7) —2>0

1, . g o 7 .
gG.m)+g(—1mn) > 1)g(J,n)—((m+2_j)!)n 2

for n > 1. Moreover, we get
m / m 27[/_2 -1
(=D"g(m,n)/2+9g(m —1,n) > (—1) g(mm)w >0
for » > 2. This implies that

m—1 (7
S (=DgG,m)
e _pymi AL
(- D"glm,n)/2+> (-1) (m+1—p)

=0
= Bg'(0,n) + (— 1)"g(m,n)/2 + g'(m — 1,n)
+ Y JUm+dG-1,m)>0

1<j<m—2,m—j even
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where =1 if m is even, f = 0 otherwise (when m is even, note that
¢'(0,1) > 0). So this proves that (— 1)”‘+lg(m+ 1,n)>(—=1)"gim,n)/2. O
Now, we are ready to prove the main result of this section.

PrOPOSITION 10. Let n > 2. We hawve that x divides f,(x) in Q[x], but
2% does not divide f,,(x) in Q[x].

Let m = k — p. To prove that x divides f,(x) is enough to show that

£(0) = ZgU n>< ),> =0,

which follows from Proposition 8. In order to prove that 2 does not divide
[ (x) we may show that the coefficient of x in f;,(x) does not vanish. It is easy
to realize that the coefficient of x in f;,(x) is:

m ) m) n j—1 1
;ng(]m)((mj)!) 2 m—

i=0

By Proposition 8, we can subtract

n m—1 1

m!

from (1), hence proving that (1) does not vanish is equivalent to prove that

m—1 m! n m—1 1
ZQ(J n)<(m j),> Z—m_ﬂéo

Let
m)

n m—1 1
hap(m, 1) = Zg(y, (m j),) >
=]

Let 0 <j < m — 2. Note that

m! nom=l oy m! GG |
((m —j— 1)!) Z m_i 2<(m —j)!> ;m—

1=j+1

since

m—1 m—

m =" > —— Z

—]+1
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Hence, by Proposition 9 we get

1

VL s m! " 1
(-1 g(]+17n)<(m_j_1)!> iZm—i>

=j+1

n m—1
(—1>-fg<j,n>( e )Z —

(m — ) = m =

i.e. (— 1)1, j;10m,m) > 0. This implies that hg,,_1(m, 7) <0 if m is even,
and hg-_1(m,n) >0 if m is odd. Since ¢(0,7) = —g(1,n) =1 and
92,n) =1 —27" it is easy to see that hy2(m,n) > 0 (for n > 2 and m > 3).
Thus we conclude that

hom-1(m,m) = ho2(m,n) + hgm-1(m,n) >0

if m is odd. The proof is complete. O

We can finally prove the main theorem.

THEOREM 11. Let k> 8 and let p be a prime number such that
k/2<p<k — 2. Assume that p > n((k — p))" . Then

\PP(—n+1)|, =p.

Proor. Let m =k —p. Let f,(x) = oo +oqx+ ...+ o’ for some
o = ai/bi € Q with (ai,bi) =1(f a; =0, let bl =1)andt e N.

By the proof of Proposition 10 we have that o« = —nhg,—10m,n).
Moreover, we have seen that (- 1)m_1ho.m,1(m, n) >0 and
(— 1)7”*1ho,m,z(m, n)<0, hence |hy—1m-10m,1)| > |hom-1(m,n)|. So we
have

g | < 0| lp—1.m-10m,m)| = n|glm — 1,n)|(m)" < n(m!)"

being |g(m — 1,m)| < 1 (by Proposition 9).

Now, we want to show that |P®(—mn + )|, = p. Note that since
p >k — p and b; divides (k — p)! = m! (by definition of f,,(x)), we have that
|etil,, = |ail - By Proposition 10 we have that «y = 0, hence [P?( —n +1)|, =
| fn(p)|p > p. For a contradiction, assume that \P‘”)( —n+ 1)|p > p. Then
|fﬂ(p)|p > pZ’ hence |“1‘p > P, S0

jaa] > Jou, > p > nGm))™ > Jafml > Jou [|by] = aal,

a contradiction. O
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When the number k — p is small, we know explicitly the coefficient of x
inf,,(x). For example, we have that |P®( — n + 1) » = pif p does not appear
in Table 1 (for k —p <7 and n € {2,4,6}). Further calculations can be
done, but the coefficient of « in f,(x) grows very quickly and it has very
large prime factors (for example, if k¥ — p = 35, the coefficient of « in f2(x)
has a prime divisor of 50 digits).

TABLE 1. Exceptions for p.

k—p n=2 n=4 n==06
3 23 31, 53 109, 617
4 677 1047469 19, 31, 5051
5 71, 103 643, 148579 3889, 595523689
6 7,13 23, 269, 89714671 2357, 4584299, 35430211
7 863897 181, 2005732476817 70353197, 1633443829219

However, there are many prime numbers between k/2 and k — 2 if k is
big enough. For example, we have the following.

PROPOSITION 12.  Let 8 < k < 10°. Ifk # 13, then there exists a prime
number p such that |PP( — 1], =p.

4. The main result
We can now prove the main result.

THEOREM 13. Let G be a monolithic primitive group with socle iso-
morphic to Alt; for k>8 Let p be a prime nwmber such that
k/2<p<k—2.

@) If p > 2n((k — p))*"*, then P goecy( — 1) # 0.
@) If n=1and k —p < 35, then Pggec(—1) #0.
B) If n=1and 8 <k < 107, then Pgsoec)( — 1) # 0.

Proor. By Theorem 6, we have that
() ()
|PCZ;.SOC(G)( - Dlp = |P)1(0,soc(X)(1 - 27’6)‘1),

where X = N¢(S)/Cq(S) and S is a simple component of G. By Theorem 11,
if p > 2n((k — P>, then [PY, (1 — 2n)|, = p. By Lemma 5, we have
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that [ divides a;(G, soc(G)) for I > 1, hence
|PG’S°C(G)( -D- P?}J,)soc(G)( - 1)|p > p27

thus we get the claim.

If n =1 and k — p < 35, the coefficient of x in f,,(x) is known, so by
direct computation, there exists a prime number p’ (not necessarily dif-
ferent from p) such that k/2<p' <k — 2 such that |P§§206(X)( =D, =p'
(except when k = 13). Arguing as above, we get the claim (using a direct
computation for & = 13). Finally, if » =1 and 8 < k < 105, arguing as
above, by Proposition 12 we have the claim. O
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