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REND. SEM. MAT. UN1v. PADovA, Vol. 103 (2000)

Volterra Integrodifferential Equations of Parabolic Type
of Higher Order in Time in L? Spaces.

DAVIDE GUIDETTI (*)

0. Introduction.

The aim of this paper is to construct and study evolution operators
(or fundamental solutions) for quite general linear Volterra integrodif-
ferential problems which are parabolic in the sense of Petrovskii in L?
spaces (1 <p< + o): we are looking for results applicable to mixed
nonautonomous problems, even of higher order in time, with boundary
conditions which can depend on time and we want to generalize the re-
sults of [6], where differential problems were considered. In our knowl-
edge, the most general results concerning equations of this form in L?
spaces which are available in literature are due to Tanabe (see [12], [13]).
We shall study the problem using methods which are inspired by the
theory of analytic semigroups in Banach spaces and we shall reduce our-
selves to a system of the form

t
U't) =A@ U®) + J(‘B(t, o) U(o) do + F(t), tels, T1,

0.1)
U(s) = U,.

Concerning the construction of an evolution operator for (0.1), we men-
tion [11], where {A(%)} is a family of closed linear densely defined opera-
tors in X which generate an evolution operator U(t, s), {C(t, s)} is a
family of closable linear operators with domain D(C(t, s)) containing
D(A(s)), satisfying some additional regularity assumptions, UjeX,

(*) Indirizzo dell’A.: Dipartimento di Matematica, Piazza di Porta S. Donato 5,
40127 Bologna, Italy. E-mail address: guidetti@dm.unibo.it
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F :[s, T]—X is continuous. An evolution operator for (0.1) is construct-
ed both in the hyperbolic and in the parabolic case. In this second case
the author employs a series of assumptions introduced by Yagi, which do
not require the independence of D(A(t)) of ¢, but some differentiability
in ¢ is needed.

Other authors study the equation (0.1) without constructing evolution
operators. Limiting ourselves to the nonautonomous case, we mention
[8] and [1], where the existence of strict and classical solutions (that is,
solutions of (0.1) in a full sense for ¢ =s and for ¢ > s respectively) is
studied, under assumptions of Kato-Tanabe type, again requiring some
differentiability in ¢ of A(f). Other papers are devoted to the search of
maximal regularity results and avoid problems of initial data with poor
regularity: among them, [10], and [9]. We quote also [4], where solutions
which are weakly differentiable in time in L? sense are discussed. Final-
ly, we consider the papers [12] and [13]; these papers are concerned with
the following initial-boundary value problem for the linear equation of
higher order in ¢:

(1 t
Z Ay t,2,8,) fult) = [ C(t, 0,1, 8, 8,) ulo, ) do+(t,2),
=0
S

02) < s<t<T, ze®,
Bit,x', d)ult,x')=0,1sjsm, tels, T], ' €92,
| duls,)=u®), xeR,j=0,...,01-1.

l
Here X @,_,(t, x, 3,) 8! is parabolic in the sense of Petrovskii and, for
j=1 ,k.._. , m, Bi(t, x', 3,) is a linear differential operator which does not
contain derivatives with respect to ¢. In [12] only the case of B;(t, 2', 3,)
independent of ¢ is considered. In both papers (0.2) is studied directly,
without reducing it to a system of the first order in time, but, in any case,
following the ideas of [7] and [11]. This requires very strong assumptions
of differentiability with respect to ¢ of the coefficients and a very regular
initial datum (uy, ..., %;_ ). In [6] assumptions of differentiability in ¢ of
the coefficients were avoided and natural conditions on the initial data to
get a strict or a classical solution were given (see in particular the fourth
section). Moreover, we could treat cases where the operators $; contain
derivatives with respect to .

We pass to describe the content of this paper: in the first section we
consider the problem in the purely differential case and recall the ab-
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stract results of [5] in the particular concrete situation we are consider-
ing. These results were the basis of [6]. We complete them constructing
an evolution operator U(t, s) for the system of first order in time which
is naturally associated to (0.2) in case C =0 and deduce some of its prop-
erties. It could be shown that, in the case of homogeneous boundary con-
ditions, part of the results of this section could be obtained also from the
abstract theory of [2]. However in the mentioned paper an evolution op-
erator is not explicitly constructed. Such operator and the variation of
parameter formula are necessary for our approach to the integrodiffer-
ential case.

The second section is devoted to the construction of an evolution op-
erator for an integrodifferential perturbation of the first order differen-
tial system. This perturbation has a kernel which is hélder continuous in
(t, s) and a weak singularity on the diagonal is allowed. We observe that
from this point of view our assumptions are more restrictive than, for
example, the assumptions of [1], [3], [9], [10]. However, we continue to
avoid any assumption of differentiability in time of the coefficients and
are _illble to treat initial data which are in the basic space E,=

= kH W-k=-Dd, p(Q) (see (1.3)). We introduce a notion of classical sol-
=0

ution (see 2.3) which is a modification of the notion given in [11] , show
the existence of classical and strict solutions under assumptions which
are similar to those employed in the case of the purely differential prob-
lem (see 2.11 and 2.12) and construct an evolution operator S(%, s).

In the third section we apply the results obtained for the first order
system to general integrodifferential boundary value problems of higher
order in time in L? spaces (1 <p < + ) obtaining results which are
analogous to those already available in the differential case. Finally, in
3.7 we discuss the representation of solutions in terms of evolution
operators.

We conclude this introduction with some notations we shall use in the
following: if £ and F' are Banach spaces, we shall indicate with (&, F)
the Banach space of linear bounded operators from E to F'; we shall write
LEYIE=F.1f0€]0, 1[, E, F, G are Banach spaces and EC Fc G, we
shall say that F is of type 6 with respect to £ and G if there exists C >0
such that for every x e G

llzle < Clllle™? [l[1-

If T>0, we set A7 :={(t,s)eR?|0<s<t<T}.
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If X is a topological space and AcX, we shall indicate with A the
topological closure of A.

If Q is an open subset of R", we shall indicate with 92 its boundary.
If 89 is sufficiently regular and x' € 392, we shall indicate with T,.(392)
the tangent space to Q2 in «' and with v(x') the outer normal vector of
lenght 1.

Let 0€]0, 1[, # =0, X a Banach space, a, beR, a <b; we set

C20a,b5X):={f:1a,b1>X| sup (t—9)"%s—a¥llfO~fG)lx< + ]

a<s<t<b

If A is a map, we shall indicate with D(A) its domain.

We shall identify scalar functions of domain [a, b] X A, witha, beR,
a<b, and AcR™ with corresponding functions of domain [a, b] and
values in functional spaces in A.

Finally, we shall indicate with C a positive constant, which may be
different from time to time, even in the same sequence of calculations,
and we are not interested to precise. If C depends on a, 3, ..., we shall
write C(a, 8, ...).

1. Evolution operators for differential systems.

We start by recalling the definition of parabolic operator (in the
sense of Petrovskii):

1.1 DEFINITION Let T>0, QcR" for (t,x)el[0,TIxQ
a, z, 8, 9,) = Z A,_(t, x, 3,) 3, with le N, a linear partial differ-
ential operator; we shall say that it is d-parabolic (deN) if

(@) for k=0, ..., 1 the order of Q;(t, x, 3,) is less or equal to dk;
(b) indicate with AY(t, x, 3,) the part of order dk of Ay(t, x, 3,)
and considerfor every (t,x)el0, T1X R the polynomial A°(t,x, 4, &) :=

2 AY_(t, x, E) A*; then, A°(t, x, A, iE) = 0 for every (4, &) e C x
xR" wzth Reld =0 and (4, &) = (0, 0).

1.2 One can show that d is necessarily even and (¢, x, 3,) =
= {y(t, x) never vanishes in [0, T'] X Q (see for this [6] 1.2); we put 2m :=
=dl and assume in the following that d,(¢, x) =1.

We introduce now the following assumptions (k1)-(k4):
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(k1) meN, 2 is an open bounded subset of R™ lying on one side

of its boundary 92, which is a submanifold of R™ of class C*™ and di-
mension n — 1;

(k2) a(t, z, 3, 3,) = Z A;_(t, x, 8,) & is a linear partial differ-

ential operator with coefﬁaents in C([0, T1; C(2)), which is d — parabol-
ic, with Id = 2m;

-1
(kg) fO”' J=1! ey M, $](t, xyly §)=k2 $jk(t; x, g)/{k is fOT
=0

every (t,x)el0, T1x Q2 a polynomial in (A, E) such that for k=
=0, ..., 1= 1By, z, .) is a polynomial in & of degree at most o; — dk,
with 0;<2m —1 and coefficients of class C([0, T1; C®*™~1(Q)) (of
course, Bi(t, x,.) =0 if 0;—dk <0);

(k4) (complementing condition) indicate with B%(t,x,.) the
part of order o;— dk of By (t, x,.) and set

‘T’?(tr x, ly g) 2 k(t X, E) lk

consider the O. D. E. problem

a@,x', A, & +v(x")3,)w(r) =0, teR,
1.1) B, &', 4, i +v(x') 3,)w(0) =g;, 1<j<m,
w bounded in R,

with tel[0,T], x'€edQ, Rel=0, £&'eT,(32), 4,E&)=(0,0),
(g1y -y ) €C™; then (1.1) has a unique solution.

Consider the problem

ad, «, o, 9,) ult, x) =f(t, x),
s<t<T, reQ,

12 Bit, ', 8, ) ut,x')=0,1<j<m,tels, T],x' €3,
dju(s, x) =uj(x), 2e€R,j=0,..,1-1

with se[0, TT, fe C([s, T]; L?(R)), for some pell, + [, and uye
eW?m=4r(Q), ..., uje W2m-U+rDdr(Q)  w_,eLP(R). In [6] the
following notions of classical and strict solution of (1.2) were given:
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13 DEFINITION. A classical solutwn u of (1.2) is a function ue
€ ﬂ C"(]s T;Wem-kdP(Q)) N ﬂ C"([s T, W2m - *+Dd.P(Q))satis-
fymg the last condition in (1.2) cmd the two first for te]s,l T1.

A strict solution w of (12) s a function uekDOC"([s, T;

W2m—k.P(Q)), satisfying the last condition in (1.2) and the two first
for tels, Tl

We shall employ the following assumption (L1)-(L4):

(L1) (k1)-(k4) are satisfied,

(L2) the coefficients of Q,(t,x,3,) (0<k<Il) are of class
CA([0, T1; C(Q)) with B> 0 such that:

(L3) if2m—(r+1)d<o0;<2m —rd with 0 Srsrl— 1, the coef-
ficients of By (0<k<l-r-1) belong to [ C**A([0, T];
CZm—aj—ad(ﬁ)); a=0

(L4) foreveryj=1, ..., m,if 2m— (r+1)d<o0;<2m —1rd (0 <
<r<sl|-1)

2m—rd—o;—p!

d

B>

1.4 1In [6] the problem (1.2) was previously considered under the fur-
ther assumption
(k5) 1nmn o;jz2m—d.
sJsm
Observe that this condition is always satisfied in the particular (and most
classical) case [=1.
If the assumptions (L1)-(L4) and (k5) are satisfied, the most natural

strategy to solve (1.2) is to write it in the form of a system of first order
in time. To this aim, set

-1
(13)  Eo:= [ Wk Dar(Q) =W~ 4P2(Q) x ... x LP(Q),
k=0

-1
(1.4) E, = [IwWi-Rdr(Q)=W2"P(Q)x...x WHP(Q).
k=0
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If UeE,, U= (U,y, ..., Uj_,), we set, for te[0, T],
-1
a5 aw U= (U . Uiy, - 5 Gty 8 Ui).

Observe that for every te [0, T] A(t) e £(E,, Ey). Next, for te [0, T,
UeE,, je{l, ..., m} we set

-1
(16) $](t) U:= ké:() $]k(t7 LN ax) Uk'

Bi(t) e L(E), E,,) if we define
a7 E, =W %P(Q).

Finally, we indicate with y the trace operator on 99Q.
Then the fact that u is a classical (strict) solution of (1.2) is equivalent
to the fact that

Ut) := (), ..., ..., 3 tu(t))
is a classical (strict) solution of the problem

o, U(t) = a) U) + Ft), tels, T1,
U(s) = U,

with F(t) = (0, ..., 0, f(t)), g;(t) =0, Uy = (uy, ..., w;_1), in the follow-
ing sense:

1.5 DEFINITION. Let FeC(s, T, Ey), for 1<j<sm let gje
eC(s, T; E’,,].), Uye E,. A classical solution of (1.8) is an element U in
C'(s, T); Ey) N C(s, T, E)) NC([s, TY; E,) satisfying the last condi-
tion in (1.8) and the two first conditions for every tels, T1.

If, moreover, Uye E,, a strict solution of (1.8) is an element U in
Cl([s, TY; Ey) N C([s, T; E,) satisfying the last condition in (1.8) and
the two first conditions for every tel[s, T1.

So in the remaining part of this section we shall consider the system
(1.8) under the assumptions (L1)-(L4) and (k5). Let § <1 such that (L4)



2 Davide Guidetti

is satisfied for every j=1, ..., m. We fix 0€]0, p [ in such a way
that

2m —mino; — o

J
1.9) p> .

and define, for j=1, ..., m,
(1.10) F, :=WitoP(Q)x ... x Wote-=Ddr(Q),
(Recall that 0;=2m —d=(l—1)d). Then F, is a space of type

0]“" g
1.11) vi==—= -1

between E, and E,. Finally, we set

(1.12) F=W2?P(Q)
and
1.13) Z=LP(3RQ).

The following lemma is crucial:

1.6 LEMMA. (See [6], section 2) Under the assumptions (k1)-(k4)
and (k5), with the notations (1.3), (1.4), (1.5), (1.6), (1.7), (1.10), (1.11),
(1.12), consider the problem

AU-a)U=F,
(1.14) {

(Bt)U—-g)=0,j=1,...,m
with AeC, te[0, T), FeEy, gieE, forj=1,.
Then, there exist A>0 and C>O mdependent of A, Fo(gih<j<m

such that, if Re(A) =20 and |1| = A, (1.14) has a unique solution U e E,
and

15 |allUlo+ [Tk <C[IFl+ S lgls, + 5, 121 lgle]-
To summarize, if the assumption (L1)-(L4) and (k5) are all satisfied,

with the notations (1.8), (1.4), (1.5), (1.6), (1.7), (1.10), (1.11), (1.12), (1.13)
and the assumption (1.9), the following conditions are fulfilled:
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(k1) E,, E, are Banach spaces, with E,c E, with continuous and
dense embedding and morms that we shall indicate with |.|l, and ||.|;
respectively;

(h2) for j=1,...,m vy, ...,v, are real numbers in 10, 1[,
,E,., F,F,,..., F, ,Z are Banach spaces with morms
ol ||,,m, Il -l -5 -l s Wl- Nz respectively, such that for every
Jj=1,...,mPF, is of type v; between E, and E, and E, is continuously

embedded into F; we set v:= min v;.

1<j<sm

E,, ..
-ty -

(h3) Tel0, + [, A:[0, T]—> L£L(E,, Ey);
(h4) fo/r]: 1! e, M $][0v T]_)ve(Ely Ey])nve(Fv,y F)v

(hd) there exists B> 0 such that B+v;>1 for every j and, for

O0<s=<st<sT
law® - a®)| ew, s+ j;” Bi(1) = Bi(| ew,, 8,0 2, < CE = 8Y;

(h6) v is a linear operator from 2, E, to Z and for every j=
j=1
=1,...,m Y |E,, € £LE,, Z);

(hT) there exists A >0 such that for every AeC with Re(A) =0,
|A| = A, for every te[0, T] the problem (1.14) has a unique solution

UeE, for every F eEy, (91, ..., gw) € I1 E, and the estimate (1.15) is
available. =1

Now, (hl)-(hT) were the basic assumptions in [5], where the abstract
problem (1.8) was considered. In fact, in [5] slightly different notations
were used: we wrote 6 + u; instead of v;; we wrote 7 instead of y; more-
over, it was assumed that forj=1, ..., m Eﬂj were intermediate between
E, and E,, which is not necessary for the conclusions we aim to. See also
[6] for other remarks of this type. We observe that in our concrete situ-
ation we have (as already declared in (k1)) that E| is dense in E,, which
was not assumed in [5].

Now we revise the results of [5] and use them to construect an evolu-
tion operator for the problem (1,;L8) using (h1)-(hT).

Given FeE, and (g;)f-,€ 'HlE”j’ we indicate the solution U of
= m

(1.14) with the notation R(A,t) F + ZNj(,l, t) g;. Also we set, for
j=1
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te(0, T,
(116)  D(A®) :=={UeE,|yBt) U=0 for 1<j<m}, A®)U=QA{)u.

By a simple perturbation argument, one can verify that the problem
(1.14) is solvable for A e C such that |A| =A', |Arg(A) | < (7/2) + 7, for
some A', 5 positive depending on C and A and the estimate (1.15) holds
in this larger set, modifying (if necessary) C.

Assumption (k7) together with the density of E, in E, implies that
A(?) is the infinitesimal generator of an analytic semigroup in £, (see [5],
corollary 4.5).

We introduce now the following notations: let se [0, T, t = 0; we
set:

(2ni)“‘fexp(lt) R(A,s)dr ift=0,
1.17) T(t, s) = r

IEo lf t=0 5
where we have indicated with I" the clockwise oriented boundary of
{AeC; |A|=A’, |Arg(A) |<(w/2) + } and, more generally, for keZ,
t>0, sel0, T,

(1.18) T®(t, s) = (Zzn')‘lfexp (At) A*R(4, 8) dA .
r

One can verify that, if k¥ <0,

1

®) -
I 8) = =

t
f(t—r)-k-lT(r, 8)dr.
0

Let now je {1, ..., m},t>0, se[0, T]; we set

(1.19) Kj(t, 5) := (20)* [ ewp (A1) Nj(A, ) dA.,
r

and, for keZ,

(1.20) K®(t, 5) = (2m) 7" [eap (1) A*Nj(A, ) dA..
r
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It is not difficult to verify, using Cauchy’s theorem, that if k <0,

(1.21) K (t, 5) = t—1)*1K(t, 8) dr.

1
(=k-1)! I(
‘o
Moreover,

1.7 LEMMA. (I) For every t>0, se[0,T), keZ,jeN T®(t, s)e
eL(EyE), t—T%¢s5)eC>(10,+ «[; LE\E)) and (d/dtyTY(,s)=
=T® D, s);

D if o> A’
| T O, 9)||zy < ek, w) t ~Fexp (i), | TP, 9|z, 5y Sk, @)t ~* eap (i) ;
(I11)
lmlte, o F - Fly=0

for every F e E;
(IV) for every F €K,

}i”%"T"”(t, 8)Fl,=0;

(V) for every t>0, se[0, T] TV, s) — A(s) T(t, s) =0;
(VI) for every t >0, se[0, T] T(¢, s) - AS)T "V (, s) = Ig,;

(VII) for every t>0, sel[0,T], je{l,..,m}, keZ
yBi(s) TP, 5) = 0;

(VIII) for every keZ,t>0,s,0e[0,T], o> A’
IT®(t, 8) - TR, 0)llew,) < ek, w) exp(wt) t % |s—al|?,
IT®, s) - TP, 0)llew, 5y < ek, ) exp(wt) t ™+~ |s —o|#;

(IX) for every t>0, se[0,T], keZ, je{l,...,m}, reN,
K, 5) € £(B,, By), t—=K (¢, 9eC* 0, + ©[; £(E,,, E))) and

d\ .
(5) K®(, 5 =K* (., );
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X fo>A", gek,,
IK®t, 5) gllo < ek, @)t ~*exp (wt)llgll,, + "~ llgle1,
K¢, ) glly < ek, w) t 7~ eap (wt)l|gll,, + "~ lglle1;
XI) for every t>0,se[0, T]
K8, 9) = As) K (8, ) = Kj(t, 8) ~ Us) KV, ) =0

(XII) for every t>0, se[0, T, Jle{l,...,m}
v Bi(s) K;(t, 5) =0;

XIII) for every t>0, sel[0,T], j,le{l,...,m}, gek,
y Bu(s) K7V (t, 8) g = S yvg;

XIV) for every je{l,...,m}, keZ,t>0,s,0€[0,T, 0>A4",
gek

K
1K t,5) g - K¢, 0) gllo< e, ) ewp (wt) t |5~ | (g, + "~ glle),
IEPt, ) g~ KP(t, 0) glli < e, ) ewp (@)t ~* Y| s~ |lgll, + ¢ Ylglle) -
PRrRoOF. Standard, using also the expression of T®(t, s) for k <0.
Concerning (III) and (IV), use [5], corollary 4.5.
1.8 We consider now ReCg2(ls, T]; E,) for certain ¢ and ue

e [0, 1[ and, for every ke {1, ..., m}, a function S,e C2(Is, T]; E,,) N
NC2(1s, T}; F) for o, uiel0, 1[, 0i>1— vy, and set, for s<t<T,

t m t
122) U@ := j T(t~0,0) R(o) do+ 2, j K, (t—1, 7) Si(7) dv .

We have:
1.9 LEMMA. Let U be defined as in (1.22) with the properties de-
clared in 1.8. Then,

(I) UeC(s, TY; E))NC(s, TY; Ey) and |U®)|, < Ct —s)° !
for some &' > 0;
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(ID) if for every ke {1, ..., m} up<vy, UeC(ls, T, Ey);
(III) for every tels, T]

t
U'(t) — @(t) Ut) = R(t) - j Ny(t, 0) R(0) do

m t
- 3 [Nt 0) Su(o) do,
k=1

where, for 0 <s<t<T, ke{l, ..., m},
(1.23) Ny, s)y=[a@)—-a(s)]TE-s,s),
(1.24) No(t, s) = [A@®) — A(s)] Ky (t — s, 8);

AV) f 1sjsm,
t m t
Y(B,(0) UD) =y |5,(t) = [ Nio(t, 0) R0) do= 3 [Ny(t, 0) Si(0) do |,

where, for j, ke {1, ..., m},
(1.25) Nj(t, s) = [B;(s) — B;(DIT(t - s, 8),
(1.26) Ny (t, 8) = [B;(s) — B;(D)] Ki(t —s, 8);

V) if u=0 and, for every ke {1, ..., m}, ui, =0 and ySi(s) =0,
then UeC([s, T1; E,) N C([s, TI; Ey).

Proor. It follows from [5], lemmata 2.2 and 2.5.
Now we come back to the system (1.8) and look for a solution U in the
form

t
127 U®)=T{-s,s) U+ jT(t -0, 0) R(0) do +

m t
+ > ka(t—a, 0) S,(0) do .
k=ls
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Owing to 1.7 and 1.9, if U is of the form (1.27), we have, at least
formally,

r U')—-aA@) Ult)=R({t)— Ny(t, s) U,

t m t
- j Noolt, 0) R0)do~ 3% j Ny, 0) Sy(0) do, s <t<T,
(128 Y(B,(t) U®) =

t m t
=y Sj(t) - Nj()(t’ S) Uo - JNjo(t, 0') R(O') dO' - kgl JN]k(t’ U) Sk(a) dO' y

L 1<jsms<t<T.

Therefore, we are reduced to solve the system of Volterra integral
equations

h t m ¢
R(t)= [Nu(t0) R@)do+ 3 [Nult,0)Syo)do+

+ F(t) + Ny(t,8) Uy,

129 | t m

Sit)= [Np(t,0) R(0)do+ P [Nit,0) S0y do+

+g,(t) + Nj(t,s) Uy,

In the following lemma, which can be easily shown using 1.7, we set
Ho= 0, Vo= 1.

1.10 LEMMA. Let 0<j,k<m,0<s<t<t<T. Then,

@D ”Njk(t, s)”»(?(E,,k,Eﬂj) <C(t- 3)ﬂ+vk-2;
(ID) for every 6€l0, B+ v, —1[ there exist 6(6) <1, C(6) >0
such that

N (t, 8) = Ni(2, )|,y 5,y < CONE — 7)°(z — 5)7%@;
i ifj=1,

N, $)le,,, ry < CE—sP*reiml;
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V) ifj=1 and v;<vy,
1N (¢, 8) = Ni(z, $)llec,,, p < CE =1 (x =8y

W) ifj=1and vy <vj, for every [0, B+ v, —v;[ there exist
6(0) <1, C(0) >0 such that

[Nk (t, 8) = Nj(, 8)|lecs,,, ry < C(O)E —7)° (x — ).

We come back to the system (1.29); it is useful to introduce the notion
of mild solution:

1.11 DEFINITION. Let U,ekE,, Fe(C([s, T, Ey), g;e C([s, T1; E,,].)
forje {1, ..., m}. A mild solution of (1.8) is a function U of the form
(1.27), with R, S; (ke {1, ..., m}) solutions of (1.29), that is, with R e
eL'(s, T[; E¢) and, fork=1, ..., m,S,e L'(s, T[; E,,) such that (1.29)
is satisfied for almost every t in ls, TI.

Concerning the solution of (1.29), we have

1.12 THEOREM. Assume that X,, ..., X,, are Banach spaces and, for
(t, S) EA Ty N(t’ s) = (N]k(t, S))OSj,kSm, ’M)’Lth N]kEC(A T; £(Xk, Xj))'
Let
”Njk(t, 3)||£(X,,,Xj) < C(t —s)7 7,

for0<s<t<T,withyy<l.Let (oq, ..., 0,,) eR™*, with 0, <1 for
J
every k,

C,0 = 11 ¢, X,
with
Co, (Xy) :={veC(0, T]; X;) |t°*v is bounded in 10, T1}.
Let, for every j, k, o, —0;j+vyx<1.
Then, the integral equation

t
u(t) = g(t) + j N(t, 7) u(z) dr
0

has for every ¢peC,(X) a wunique solution in L'(10, T[; X) :=
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= kHoLl(]O’ TT; Xy). Such solution u belongs to C,(X) and for every
telo, T]

wt) = lim w,(0),

where u,(t) = ¢(t) and, for every neN,

t
Uns1(t) = (&) + jN(t, T)u, (1) dr .
0

PrOOF. See [5], proposition 3.2.

1.13 COROLLARY. For every U, in Ey, F e C([s, T1; E¢), (gr)1<k<m€
m

€ kH C(s, T} E,,) the system (1.8) has a unique mild solution.
=1

Moreover,
[R®lo+ 3. IS, < Ot - !
j=

foss<tsT.

ProoF. Weset X, :=E,,fork=1, ..., mX, :=E,,. From 1.10(I) we
have y;=2-f—v, for every j,k and, ¢;(t)=g;(t)+ Ny(t, s) Uy
(putting g, := F). Again from 1.10(I) we can take o, =1 — g for every k.
So for every j and k 0}, — 0+ ¥, =2 — B — v} < 1. Therefore the result
follows from 1.12,

1.14 ProposITION. Take U,=0,F=0,y9;=0 for every j=
=1, ..., m. Then, the mild solution of (1.8) vanishes identically.

Proor. We have ¢(t) =(0, 9;(?), ..., gn(t)). Evidently K,(t, o)
¢r(t) =0for (t,0)edr, tels, T1and j, ke {0, ..., m}. It follows that
Ny (t, ©)¢ (7) = 0 for every (¢, 7) € 4, which implies R(f) =0 and S;, =
=g, for k=1, ..., m. So we have U =0.

The following statement collects together the main results of [5], sec-
tion IV in the particular case that E, is dense in Ey:

1.15 THEOREM. (I) Every mild solution of (1.8) is continuous in
[s, T]1 with values in E\;
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an if FeC:(s, T); Ey), for j=1,...,m g;eC*([s, T} E, )N
NCl-vi+e([s, T; F) for some € > 0, then the mild solution of (1.8) is a
classical solution;

(IIT) if, moreover, UyeE; and for j=1,...,m y(B;(s) Uy—
—g;(8)) =0, the mild solution of (1.8) is a strict solution;
(IV) the classical solution of (1.8), if existing, is unique;

(V) the strict solution of (1.8), if existing, coincides with the mild

solution.

Proor. See [5], section IV.

Now we shall try to represent by explicit formulas the mild solution
of (1.8) in case g; = 0 for every j =1, ..., m; we come back to the system
(1.29), set N(t, s) :=(Ny(t, 8))o<j k<m and E:=EyxXE, X...xXE, .
We consider again the Volterra integral equation

t
$(t) = h(t) + [ N(t, 0) (o) do,

with heC(s, T1; E), |k(t)||z < C(t —s)~° for some 6<1. With the
method of [8] I1.4.2, the solution ¢ can be represented in the form

(1.30) o(t) = h(t) + fR(t, 0) ko) do,
with

(1.31) R(t, s) = é‘,lN(’”)(t, 8),
(1.32) N®(, s) = N(t, s),

t t
(1.34) N s)= j N(t,0) N®(g,s)do= j N®,0) N(o,s)do,

t t
(1.34) R(t,s)=N(t,s)+ IN(t, 0)R(0,8)do=N(,s)+ JR(t, 0)N(o,s)do.

If we put R(t, s) = (Ry(t, $))o<j k<m» We have, continuing to set
po=0,vo=1:
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1.16 PROPOSITION. Let 0ss<ts<t<T, 0<j,k<m; then, Rye
e £(E,,, E,) and

i
@ [Rwt, )l ew,y, 5, < CE—sP+*%

(II) for every 6 €10, §+ v — 1[ there exist 5(0) <1, C(0) > 0 such

that

R (2, ) = Riu(, 8)l|cas,, 5,y < COXNE = 1) (z — )7

dm i j=1,
IR (t, )l eca,,, < CE — sYP+*e=vi1;

V) if j=1, for every 0€l0,+v—v,[ there exist 6(0) <
<1, C(6) >0 such that

R (t, 8) = Rix(z, 8)|| ez, ) < COXE — T)° (7 — 8)7°®.
Proor. (I) We have
m t
Byi(t, 8) = Nu(t, )+ 3 [Ny (t, 0) Rulo, 8) do.

Fix ke {0, ..., m} and set ¢(t) := (Nox(t, 3), ..., Nui(t, s)). Then, we
can apply 112 with y;,=2-8-v,, 0;=2-8-v; (0<j, r<m),
0,—0;j+y,=2-B-v,<1.

(IT) We have

R (¢, s) — Ry (z, 3)”£(E,‘k, B, S [N (E, ) — Ny (z, 8)||£(E,,,,, Ep T

+
LE s Eyj)

m t
+ 2 || [Nilt, ) Ru(o, 8) do
r=0

= Il + IZ + 13.
LEpys Byj)

* g, f [Ny (¢, 0) = Ny (7, )] Ry (0, 5) do

By 1.10 (IT) I; < C(6)(t — 7)°(r — 5)°® for every 610, B + v, — 1[ with
0(0) <1. The r —th summand in I, ean be majorized with

t
Cf(t_ ot o — st tdo < C(t — TtV Y(z — g Hr-2,
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Finally, the r-th summand in I; is majorized by
Cj(t —0)(r—0)O(c—sP " 2do

for every 6 < +v,—1, with () <1, majorized by
Cit—1)(r—s)yfptre—1-00)
So, (II) is proved.
Concerning (IIT), using 1.10(III), with the same method of (I), we ob-
tain, if j =1,
”Rjk(t; 3)I|£(E',,k, P < C[(t _ s)ﬁ+vk—v1—l + Z (t _ S)Zﬁ+vr+vk—v]—2] <
r=0

SC(t—sprvemvi~l,

Concerning (IV), we have, for 0 <r<m,

SC@t -t i vi(r—spPrve2,
(B, F)

t
[ Nix(¢, 0) R(o, 5) do
Next, for every 6 <min {8, B +v,—v,}, for a suitable 6(9) <1,

<

=

2(E,;, F)

[Nt 0) = Nyp(z, 9)) Ruo, 5) do

< cj(t — 0P (r—0) (g — s+ 2dg < Ot — 7)(7 — s)f 70O -1,

Putting together all the estimates and using 1.10(IV)-(V), we obtain
(Iv).

1.17 Let now se€[0, T, Uy e E; and consider the mild solution U in

[s, T1 with data (Uy, 0,(0);<j<m). In this case we have, referring to
(1.30), h(t) = (N;o(t, s) Up)o<j<m, so that, for 0 <j=<m,

m
@ (t) = Nj(t, s) Uo+k§0 JRjk(ty 0) Niw(o, 8) Updo = Ry(t, s) Uy,
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owing to (1.34). It follows that, if te[s, T,

t
Ut) =T —s, s) Uy + jT(t — 0, 0) Ry(o, 8) Updo +

m t
+ 2 [Ki(t—0,0)Rp(o,5) Updo .
j=1

So, we set, for (s,t)e Ay,

t
(135) U, s)=T{¢-s,s)+ fT(t — 0, 0) Ry(o, s)do+

m t
+3 [Ki(t =0, 0) Ry, ) do.
J=ty

We examine now certain properties of the family of operators
(U(ty 8))(t, s)ed7-

1.18 LEMMA. We have, for 0 <s<t<T,

@ Ui, s) - Tt - s, )|l ew, < Ct - s¥;
(1) for every 6 <P+ v —2 there exists C(0) >0 such that

U, ) = T(t ~ s, 8)|| ez, 5y < CONE — 5)°.

Proor. (I) follows almost immediately from (1.35), 1.7(II), 1.7(X),
1.16(1), 1.16(11I).

We show (II) (as usual, we set Ky(t,s):=T({t—s,s)); for j=
=0, ..., m we have

t t
[ Kt~ 0, 0) Rip(o, 5) do = [ K;(t - 0, ) Rjo(0, 8) — Ryt )] do +

t
+ [[K;(t - 0, 0) ~ K;(t - 0, D] Rio(t, 8) do + K{ V(¢ 5, t) Rio(t, 5).
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From 1.7(I1),1.7(X), 1.16(1I), 1.16(IV) we have

<

=<

L£(Eo, E1)

t
ij(t -0, 0)[Ry(0, 8) — Rj(t, s)]do

t
< cj[(t —0)? Yo —3)%O 4 (t— )i~ 2(g— 5) %@ do <

<C[( _8)0—6(9) +(t— s)g+v]—(5(g)A1]

for every 6€l0, 8+v—1[,0€ll —v;, B+ v —v,[ for certain 6(6) and
6(p) less than 1. Again from 1.7(VIII), 1.7(XIV), 1.16(I), 1.16(11T)

<

=

L(Ey, Ey)

t
[IK;t -0, 0) - K(t = 0, D] Ry, 5) do

t
scj[(t—o)ﬂ-l(t—s)f’-1 +@t—of 2t -8y " ]do<Ct—s)* 1.

Finally, from 1.7(II), 1.7(X),1.16(I), 1.16(I1I)
||Kj(~1)(t — 5, 8) Rio(t, )| ecay, 1)) S Ct — Y 1.
So (II) is proved.

1.19 LEMMA. Let T>0, X a Banach space, ®:A:={(t,0,8)e
eR? [0 <s<o<t<T}—X, continuous and such that, for certain a, B
less than 1, C>0,

@t o, s)|lx< Ct— o) *(c—s)7~.

t
Then, (t, s)—>f(b(t, o, s) do is continuous from A to X.

If a+ B <1, it is extensible with 0 to a continuous function of do-
main Ar.

Proor. Let (%, s;) be a sequence in A7 converging to (¢, s) e 4.
If 0 <6 < ((t— 8)/2), for k sufficiently large one has s, <s+ d and t;, =
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=t—9; so
b t
jqxtk, 0, s,)do— qu(t, o, s)do| <
8k 8 X
s+0 173
< [ 196, 0, sollxdo + [ [@(t, 0, s0)llxdo +
Sk t—9
$+0 t
+ [ e, o, 9)lxdo + [ 062, 0, 9)lldo +
8 t—0
t-6
+ f lot,, o, sp) — D(t, o, 8)|lxdo .
$+0

It is easily seen that 6 can be chosen in such a way that, for k sufficiently
large, the sum of the first four integrals is less than a fixed &, while the
last integral converges to 0 by (for example) the dominated convergence
theorem as k— .

The second statement is immediate.

Next,

1.20 PRroPOSITION. (1) there exists C > 0 such that | U(t, $)|| e,y < C
for every (t,s) e Ar;

(II) 1f (t’ S) EAT7 U(tv 3) € ‘E(EO’ El) and “ U(t’ S)".E(Eo, Ey) s
<Cit-s)1;

(III) for every UyeEy, 0<s<T,
lim+||U(t, $) Up— Upllo=0;

t—s
(IV) if Uye D(A(s)),
lim+||U(t, $)Up—Uslh=0;

t—s
V) the map (t, s) — U(t, s) is continuous from A pto L(Ey, E,);
the map (t, s, F)—U(t, s) F is continuous from A XE, to Ey;
VD) let UyeE,; then, t—U(t, s) UyeC'(s, T1; Ey) N
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NCQs, Tl; Ey) and, for s<t<T,
3, U, s) Uy—aA@) Ut,s) Uy=0,
y(B;(t) Ut, s) Uy) =0,(1 <j<m).

(VIID) let 6 €10, B/2 — v, Gy a space of type 6 between E, and E;;
then, (¢, s)—=>U(t, s) = T(t —s, s) e C(A1; £L(Ey, Gg)).

Proor. (I) follows immediately from 1.7(II) and 1.18(I).

Analogously, (IT) is a consequence of 1.7(IT) and 1.18(II).

(I11) follows from 1.7(1II) and 1.18(I).

(IV) follows from 1.15(V) and 1.15(I1I).

(V1) follows from 1.24(II).

It remains to prove (V) and (VII); first of all, (¢, s)—>T(t—s, s) e
e C(d p; £(Ey, E,)); this follows from 1.7(I) and 1.7(VIII). Analogously,
one has from 1.7(IX) and 1.7(XIV) that, for j=1, ..., m, K;e Cdr;
L(Ey;, E))). This implies that, for 0<j, k<m, NyeCldr; LE,,,
Eﬂj)). From the estimates of [8]I1.4.2 we have also that the series (1.31)
converges uniformly in A4 7; this implies that for every (j, k) Ry, e C(4d r;
L(E,,, E,)). Now, let je {0, ..., m}; then, if 0ss<t<T,

k?

t t
[Eit-0,0) Ri(0,9) do = [ Kt~ 0,0)[Rio(0;8) ~ Rio(t,8)) do
36 ° :
+ [[K;(t—0,0) ~ Kt~ o,0)] Ru(t,s) do-+ K~ (= 5,0) Ry(t,9).

The function (¢, s)——)Kj(“l)(t ~s,t) Rjp(t, s) belongs to C(dr;
L(Ey, E;)). The continuity of the other summands with values in
L(E,; E,) follows from 1.19. So (¢, s) — U(t, s) is continuous from 4 ; to
£(Ey, E,). The second statement of (V) follows from the first, 1.7(I1I),
1.7(VIII) and 1.18(I).

Finally, from 1.18 one has that, if 6 <p2—v, |U(t, s) - T(t - s,
$)|| e, 69— 0 as t — s—0 uniformly in s. This proves (VII).

1.21 PROPOSITION (THE VARIATION OF PARAMETER FORMULA). (I) Let
U be the mild solution in [s, T] (0 <s < T) with data (0, F,(0), Sjsm);
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then, if s<t<T

t
U(t) = [ U(t, o) F(o) do .

Proor. We have
t m t
U(t) = [T(t -0, ) R(o) do + 2 [Ki(t =0, 0)Sj(0) do
8 J= 8
with

t m t
R(®) =ft) + [ Ny(t, 7) R(z) dv + ;Z“I j No(t, ) Si(z) dr,

t m &
Si®) = [ Nip(t, ©) R(x) de+ 3 [ Nitt, ©) Su(x) de
for 1 <j<m. It follows from (1.30)

t
R(t) = F(t) + j Ry(t, 7) F(z) dr,

t
8i(t) = [Rpt, 7) F(x) de, (1 <j<m),
so that

t o
Ut) = j T(t — o, o) [F(a)+ j Reo(0, 7) F(7) dr] do +
m t led
+2 [Kt-0,0) UR,-O(G, 7) F(7) dr] do =
j=1 s
t t
= j[T(t—a, a)+jT(t—r, 7) Ry (, 0) dr +

m t t
) [Ki(o =7, 1) Ryo(, 0) dt} F(0) do = [Ult, 0) F(0) do .
J= g 8
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1.22 COROLLARY. Assume that the problem (1.8) with yg;=0 for
j=1, ..., m, has a classical solution U; then, U coincides with the mild
solution of the same problem.

ProOF. Owing to 1.15(V) and 1.21, if 0<h<T—s and s+h<t{<T,

t
Ut) = Ut, s + k) U(s + k) + jU(t,a)F(a)da.

s+h

Letting h— 0" and using 1.20(I) and 1.20(V), we obtain that, if
s<t<T,

t
Ut) = Ut, s) Uy + j U(t, o) F(o) do .
1.23 DEFINITION. If (t, 8) € A, we put

t
(1.37) Vet 5) = f UG, s)do  if s<t,

0 ifs=t.

1.24 PRroPOSITION. (I) For every (t, s) e Ar V(t, s) € L(Ey, E;) and
there exists C >0 such that |V(t, $)|| e, £, < C for every (t,s)edr;

(I1) the map (t, s) — V(t, s) is continuous from A to L(E,) and
f:rom AT to £(E'0, El);

(III) the map (t, s, F) —>V(t, 8)F is continuous from A X E, to E,.

Proor. If (t,s)edry,
t
(1.38)  WV(t,8)=T""P(t—s,s)+ J[U(r, s)—T(t—s, s)]dr,

which implies (I) owing to 1.7(II) and 1.18(II).

(II) follows from 1.20(I), 1.20(V), 1.19, 1.17(1), 1.17(VIII) and
(1.38).

(I1I) follows from (II), 1.7(VIII), 1.7(AV), 1.18(1I) and 1.19.
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2. Evolution operators for Volterra integrodifferential systems.

In this section we shall extend part of the results of the previous one
to the case of Volterra integrodifferential systems. We continue to as-
sume that the conditions (L1) — (L4) and (k5) are fulfilled and we keep
the meaning of the notations (1.3), (1.4), (1.5), (1.6), (1.7), (1.10), (1.11),
(1.12), (1.13), with the condition (1.9), so that (hl)— (k7) are still
satisfied.

In the following the next result will be useful:

2.1 PROPOSITION. There exists a sequence of operators (P,)..ny in
L£L(E,, E,) such that for every F e E,

Jim |P,F ~Fly=0.
Moreover, there exists C > 0 such that for every re N
1Pyl e < C .

Proor. Let E be a common linear bounded extension operator from
W*P(Q) to W*P(R") for every se[0, 2m] (see for thls [TR] 3.3.4).

Fix #°eQ and consider the operator B of domain HW" kd,p(R™)
such that, for V= (V;, ..., V;_1) e H wt-wd.prRn)

BV, ..., Vi_1) = (Vl, o Ve, _;anl"‘(o’ x°, ;) Vk).
Then, by [6] 1.6, B is the infinitesimal generator of an analytic semigroup
{e®|t=0} in the space :l:I:W""“”d”’(R"). So, if 7, is sufficiently
large, for every reN ry+ reo(B) and

lim (|7 +79)(r + 70— B) ' F = Flliqt a-sna pgny = 0

k=0

for every F e H w-k-Ddp(R") and, as D(B) = HOW“"‘)"’"’(R”), for
every Fe :U:W("")d”"(R")

Tlin}o (r + 7o)(r + 10— B) "' F — F”:f_]:w("")d"’(le") =0.
Set now, for reN and F = (Fy, ..., F;_) e Ey,

P.F:=(r+ry) R(r+r,— B)"Y(EF,, ..., EF,_,),
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where R is the restriction operator from R" to 2. The sequence (P,),.y
has the requested properties.

We introduce now an element Ce C(4; £L(E,, Ey)) such that

(C) CeC(Ar; £L(Ey, Ey)) is such that, for some a, 7€]0, 1[, C>0,

” @(t, 3) - G(T, s)”ﬂEl,E’o) = C(t - T)a('[ - S)—”
if0<s<o<ts<T,
” C‘?(t, 5') - C’(t, 0)||£(E'1,Eo) < C(t - O')_”(O’ - S)a

f0<s<o<t<T.Itis not restrictive to assume a < # and this is what
we shall do in the following.
We introduce now the following integrodifferential system:

t
@1 U'(t)=A@®) U®) +J C(t, 0) Ulo)do + F(t), tels, T1,

U(s) = U,.

Here 0<s<T, FeC(s, T]; Ey), UyeE, and A(t) was defined in
1.16).

2.2 LEMMA. Let C satisfy the assumption (C) with a <n; then, for
some C>0, for every (t,s)edr,

e, 9l ew, gy < CE—s)7".

Proor. We have
I, )llew, 5y <IICE, ) — CE, 0| eay, 5y +
+ e, 0) = C(T, 0)|| e, 5y + | AT, 0)| ez, 50) <
SC[(t—9)"s*+ (T—-t)*t "+1]1<C(t—s)7".
Now we pass to define strict and classical solutions of (2.1):

2.3 DEFINITION. A strict solution of (2.1) is an element U of
Cl([s, T); Eo) N C([s, T1; E,) such that U(t) e D(A(t)) for every te
el[s, T]1 and (2.1) is satisfied, again for every te[s, T1.

A classical solution of (2.1) is an element U of C'(Is, T1; Ey) N
NCQs, T; E;)NC(s, T; Ey), such that U(t) e D(A(t)) for every
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t
tels, TN, U(s) = U,, t—»jU(z) dr eC(s, TY; Ey), |U®) |l < C(t—s)?

8
for every tels, T] and the first equation in (2.1) is satisfied for every
tels, T1.

In this case the integral in (2.1) exists (and is intended) in general-
ized sense,

t

t
2.2) j C(t, 0) Uo) doi=Ey— lim [ C(t, 0) Ul0) do =

t t
= j[@(t, o) — C(t, 8)] U(o) do + C(t, s)jU(a) do .

Of course, if (2.1) has a strict solution, necessarily U, e D(A(s))

2.4 LEMMA. Assume that the assumptions (L1)-(L7) and (k5) are
satisfied; let Uye Ky, se[0, T[; set, for s<t<T,

U@ = U, s) Uy.

Then,

() UeC'(s, T} Ey) N CAs, TL; Ey) N C([s, T} Ey) and, if te
els, T1, U(t) e D(A(?));

t
ai t— f U(r) dreC([s, T1; E,) and there exists C > 0 such that

for every te]ss, T U, sCit—s)Y;
(IID) for s<t<T

t
U'(t) - A(t) Ut) - j C(t, 0) Ulo) do = M(t, s) U,
where, if (t,s)edr

t
2.3) M, s):=C(t, s) V&, s) + I[@(t, o) — &, s)]1 U(o, s) do .

ProOOF. The result follows easily from 1.20 and 1.24.
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2.5 LEMMA. Let se[0,T[ and ReC2(ls, T, E,) for certain o,
uel0, 1[ with o <u; set, for s<t<T,

t
Ut) := j U(t, o) R(0) do ;

then,

(D weC(ds, T); E;)NC'(s, T); Ey) NC((s, T1; Ey) and, for
some C >0,

(2.4) lu®h<cit—s)*

for every tels, TJ;
(A1) for every t in 1s, T] U(t) e D(A(t)) and

U'(t)—-AQ@) U@) = R(t)

(II1) for every tels, T1 the integral J C(t, 0) U(o) do exists in
Bochner’s sense and

t t
je(t, o) U(o) do = jM(t, o) R(o) do .

t t
ProoF. We  have U(t)= j U(t, O[R(0)— R(t)] do+ j U, 0) R(t)do.
Now, s s

t t
J U(t, o)[R(0) — R(t)]l do|; < Cj(t —0X Yo—s)*do=C(t—s)e *~.
So, owing to 1.5(II) (applied in case Uy=0, g;=0forj=1, ..., m and F
constant), we have that U e C(Js, T1]; E,). Moreover, by 1.7(1I), 1.7(VIII),
1.18(I1)

<

=

<||T¢V(t -, t) Rl +

t
j[T(t —0,0)-T({t -0, )] Rt do|| +
s 1

<C1|R(t)||o C(t—s)7~.

j[U(t o) — T(t — 0, 0)] R(t) do
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Now we show that Ue C'(]s, T; E,); let e€)0, T—s[. If s+e<t<T,
t—e¢
we have from 1.20(VI), setting U, (¢) := f U(t, o) R(0) do,

8
€

t_
U/t)=Ut,t—e)R{Et—¢e) + j A(t) U(t, o) R(c) do =
t t
=R(t) + f A(t) U, 0)[R(z) — R(t)] dr + A(t) f U(t, 7) R(t) dt —

t
- I A@) U, D[R(7) - R(D)]dr+ U(t, t — e)[R(t — ) — R(t)] —

t—e¢
t
—-Aa(t) I [Ut, ©)-TE—1, )] RE) dr+[U({,t—e)—T(e, t—e)] R(t)+
t—e
+[T(e,t —&)—T(e, )] R(@) + [T(e, t) =1 — A@) T V(e, )] R().
We have

t
H j A(t) U, D[R() — R(®)] dr|| <Ceo(t—e—s)*,
0
t—e¢

U, t — e)[R(E — &) — R(t)]]lo < Ce(t — & — s)7*,

S

0

t
Ha(t)( j [U(t, 7) - T(t — 7, t)] R(t) dr)
t—e¢

t
<C J UG, ©)—TC -7, O e, my + ITE—7,7) — TE — 7, )| e, 2o N RB)llodr <

t—e¢
< Ce?||R@) |l
for every O less than S +v —1,
(U, t — &) — T(e, t — )IR®) ||y < Ce? || R() |y,

[TCe, t — &) = T(e, D1 R®)[lo < Ce? | R@®) |o.
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Finally, owing to 1.7(VI),
[T(e,t) —1—A@) T V(e, )] R(t) =0.
So we have that

lir(r)l+ |U.@&) - U®bl|s=0,

=0

lim
e—0+ 0

t h t
U!®)-R(t)— j A®t) Ut, )[R(x) — R®)] dr— A(t) j U, 7) R(¢) dv

for every te]s, T, uniformly in every interval [s + J, T'] for every d e
€]0, T — s[. From the previous considerations we get (II).

To obtain (I1I), observe first that in our case, owing to (2.4), the inte-
gral (2.2) is defined even in Bochner’s sense; moreover, for te]s, T'], ow-
ing to 2.1,

t t
[et, v U@ di= lim [e, o) PUG) dr=

= lim f( f@(t, 7) P,U(z, 0) R(0) do) dv
(owing to || C(¢, ) P, U(z, 0) R(0)|ly < C(r)(t — 1) "(0 — 8)™*)
= lim [ f( f[@(t, ) - C(t, 0)] P,U(r, 0) dr)R(o)do+ f@(t, 0) P,V(t,0) R(0) do
(owing to Fubini’s theorem)

t
= j M(t, 0) R(0) do .

2.6 REMARK. Let UeC'([s, T); Ey) NC([s, T1; E;) be such that
U(t) e D(A(t)) for every tel[s, T] (that is, yB;(t) U(t) =0 for every
j=1,...,m, tels, T1). Then, we have for very te[s, T]

t t
j C(t, o) U(0) do = j M(t, o) R(0) do + M(t, s) U(s)

if R(t)=U"(@)—AQR) U®).
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In fact, by 1.15(V), for every tels, T1 U(t) =U(, s) U(s) +
t
+ I U(t, 0) R(0) do and we can repeat without change the proof of 2.5(I11I),
obsserving that owing to 1.15(III), as U(s) e D(A(s)),

<+ U, s) Us)|i s C.

t
j U(t, o) R(o) do

Now we come back to the system (2.1) and look for a solution U in the
form

t
2.5) Ut) = Ut, s) Uy + [ U(t, o) R(0) do .

Owing to 24 and 2.5, if U is of the form (2.5), we have, at least
formally,

t
26 U'@®-A®)U®) - Ie(t, o) U(o) do =

t
=R(t) - M(t, s) Uy — j M(t, o) R(o) do .

Therefore, we are reduced to solve the Volterra integral equa-
tion

t
2.7 R(t) = fM(t, 0) R(o) do + F(t) + M(t, s) U,.

2.7 LEMMA. (I) There exists C >0 such that for every (t,s)edy
M, $)|l e, < CE—s)7";

D) for every 6 <min{a,1—n} there exist 6(0) <1, C(8) >0
such that, if 0<ss<t<ts<T

1Mt 8) — M(z, 9)] eqgy < COXE — ) (x — 5)0O.
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Proor. (I) We have

i

[tet,0)-c¢, 91U, do

8

<
L (Eo)

”M(t’ S)”J'L’(Eo) < ” e(t’ S) V(t’ S)“J3(E0) +

t
<Cl(t—s5)""+ j(t —0) (o -8)*"'do] < C(t —s)",
using 2.2, 1.24(I) and 1.20(ID).
(I) First of all,

SCit-t)(r—s)"l.
(B, By)

t
V¢, 8) = Vix, )| eceo, 5= || [ Ulo, 8) do

Recalling 1.24(I), we obtain that for some C >0 and every £e[0, 1]
IV(t, 8) — V(z, 9)|l ey, 5 < CE — T (z — )75,
It follows that
e, 9V, s)— C(r, ) V(z, 8l ey < CE 9l ety m)IVE, )= VAT, )| ey 5y +
+lew, ) - e, )l ew, g0 IV, ) ey, 5 <
SClE—-f(r—8) " ¢+ (t—1)(z—8)7"].

Observe that n + £<1 if and only if £ <1 —#. Next,

t
scj(t—a)-"(a—s)a-ldas

T

t
[ted, o - et 91U, ) do

2(Ep)
SCt—o)' "(r—s) L.
Finally, if s<o<t<t{,
e, o) - Ct, 8) - C(x, 0) + C(t, 8)| ez, 5y <
<Cmin{(0—3)*,t— 1)}z —0) "< C(t—1)%(r — s)1 ~Pa-7

for every 6 €10, 1[. So (II) is proved.
We come back to the integral equation (2.7); we introduce the notion
of mild solution:
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2.8 DEFINITION. Let UyeE,, FeC([s, T1; Ey). A mild solution of
(2.1) is a function U of the form

t
Ut) = Ut, s) Uy + j U(t, o) R(o) do,

with R e L'(1s, T; E,) solution of (2.7) (in the sense that it is satisfied
Jor almost every t).

We have

2.9 PROPOSITION. For every UyekE,, F e C([s, T1; Ey) the problem
(2.1) has a unique mild solution. In this case Re(C(ls, Tl; E,y) and
there exists C> 0 such that, if s<t<T,

2.8) IR@)l < C(t - s)7".

Proor. Owing to 2.7(1), for some C >0, for every tels, T,
|F(t) + M(t, s) Upllo< C(t —s)7".
Then we can apply 1.12 with r=0, Xy=Eg, yeo=00=7.

2.10 PROPOSITION. Let U be the wmild solution of (2.1); then,
Ue(C(s, T1; Ey).

Proor. It follows easily from 1.20(II), 1.20(V), (2.8) and 1.19.

2.11 PROPOSITION. Assume that, for some ¢ >0, FeC*([s, T1; Ey).
Then, the mild solution of (2.1) is a classical solution.

Proor. If s<r<t<T,

<

=

t T
fM(t, o) R(o) do — IM(r, o) R(o) do
8 8 0

< <

=

+

t T
f M(t, o) R(0) do j [M(t, o) — M(z, 0)] R(0) do

0 0

t T
< C[j(t —-0) "o —38) "do + I(t —7)0(r - 0)" (g - s)“”da]
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for every 6 <min{a, 1 —n} with 6(6) < 1. This expression can be ma-
jorized with

Clt—) "(x—8) "+ (t—1)0(r—s)! 17007,

This, together with the assumptions on F', 2.7(I1) and (2.7), shows that R
satisfies the assumptions of 2.5. So the result follows from 2.4 and
2.5.

2.12 PROPOSITION. Let se [0, T[, Uye D(A(s)), Fe C*([s, T1; E,) for
some € > 0. Then the mild solution of (2.1) is a strict solution.

Proor. Let Uye D(A(s)); then, if s<t<T,

Ve, s) Ugll = sCt-s),
1

t
“U(r, s) Updr
owing to 1.15(III) and 1.15(V). Moreover, if s<t<t<T,

(Ve s) — Viz, )1 Uplly =

t
j U(o, s) Uydol, < C(t - 7).

It follows that, if s<rt<t<T,
| e, s) Vit, s) Uy — C(z, 8) V(z, 8) Uplly <
<| e, )Vit, s)— V(z, )1 Uylly + [C(E, 8) = C(z, $)1 V(z, 8) Upllo <
SCIt-8)"(t—1)+ (t— 1) —s) "1 <Cl(t—1)' "+ (t — 7)°].

Moreover,

t t
I[@(t, 0)—C(t,8)]U(0,s) Uydol| < CJ-(t —0) No—8)*do<C(t—1)' ",
T 0 T

and, if s<o<t<ts<T,
e, o) — €, s) — C(t, 0) + Cz, 8)|| s, gy<Ct—1)*(T—0)7",
so that

T

j [C(t, 0) — C(t, 8) — C(z, 0) + C(z, 8)] U(a, 8) Updo

8

The previous estimates show that t — F(t) + M(t, s) Uye C*([s, T1; E,)

<C(t - 1)*.
0
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for some positive ¢. Usual arguments (using (2.7)) give that R is bounded
with values in E, and consequently hélder continuous in [s, T']. So the re-
sult follows from 1.15(III) and 1.15(V).

2.13 PROPOSITION. The system (2.1) has at most one strict solution;
such solution, if existing, coincides with the mild solution of the same
problem.

Proor. Obviously, the first statement is a consequence of the second.

So, let U be a strict solution of (2.1). Set g(t) := j C(t, 0) U(o) do.
Then U is the strict solution of

U'@)=A@) U+ F@)+g(), tels, T],
U(s) =

We indicate now with M the mild solution of (2.1); then, if s<t<T,

2.9) [

M(t) = U(t, s) Uy + th(t, 0) r(0) do,
where
r(t) = F(t) + M(t, s) Uy + ftM(t, 0) r(o)do.
Now we set ¢(t) := r(t) — F(t); then, for tels, T],

t
o(t) = M(¢, s) Uy + [ M(t, 0) r(0) do =

t t
= M(t, s) U, + fM(t, o) F(0) do + fM(t, 0) ¢(0) do .
On the other hand, by 2.6 and (2.9),
t t
g(t) =M, s) Uy + j M(t, o) F(c) do + j M(t, 0) g(0) do .

So ¢ and g are solutions of the same Volterra integral equation; it follows
from 1.12 that ¢ =g, so that r=F + ¢ and, by 1.15(V), M =U.
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2.14 Concerning the mild solution U of (2.1),we have that, if
s<t<T,
t
U(t) = Utt, ) Up + [ Utt, 0) R(0) do,
where R solves (2.7). With the considerations following 1.15, we get

t
(2.10) R(t) = M(t, s) Uy + F(t) + IA(t, o)[M(o, s) Uy+ F(o)]l do,

where, if (£, s)eAdry,

@2.11) A(t, s) = kZ M, s),
=1

with

(212) Ml(t, S) = M(t’ 8)7 Mk+l(t, S) =
t t
= jM(t, 0) M(0, s) do = ij(t, 0) M(o, s) do .
We have also

t
213) A, s) = M(t, s) + j M(t, o) A(a, s) do =
t
= M(t, s) + jA(t, o) M(o, s) do .

2.15 PROPOSITION. (I) there exists C >0 such that, if (t,s)e Ay,

A, 9| ey <CE—9)7";
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(IT) let 6 <min{1—n, a}; then there exist C >0 and 6(0) <1 such
that, if 0<s<t<t<T,

A, 8) — Az, 8)|| ey < Ct —T)°(x — 8) 7%,

Proor. It follows with usual arguments from 1.12 and 2.7.

2.16 We consider now the mild solution U with data (U,, 0), with
U,eE,; it is easily seen that, if s<t<T,

U@) =S, s) Uy,

where, for (¢, s) e Ay, we set

t
2.14) S(t, s) := U, 8) + j U(t, o) Ao, s) do .

2.17 LEMMA. (I) there exists C>0 such that for every (,s)e
edr
I8, s) = Tt~ s, 8)|| e &y < C(t — sy 8- 177},

(A1) for every (t,s)edy S(t, s) e L(Ky, E;) and for every 6 <
<min{B+v-2,a—1, —n} there exists C(6) >0 such that

IS, 8) = T(t — s, $)|| ez, £y < COXE — )°.

Proor. (I) follows from 1.18(I) and 2.15(1).
Concerning (II), we have

t
2.15) j U(t, 0) A(a, s) do =
t t
= j U(t, o)A(o, s) — A(t, s)] do + j [U(t, 0) - T(t - o, 0)] doA(t, s) +

t
+ I[T(t —0,0)—T({t—0,t)]doAt, 8)+ TV - s, t) A, s)

and the result follows from 1.20(II), 2.15(II), 1.18(II), 2.15(I), 1.7(IV).
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The following result generalizes 1.20:

2.18 PROPOSITION. (I) There exists C > 0 such that for every (t, s) e
edr
IS¢, )|l e,y <C;

S is differentiable with respect to t with values in L(Ey) in Ay
and

13:8(t, )| ez < Ct—5)7";

(D) for every (t,s)eAr S(t, s) e L(K,, E,) and
IS¢, )l g0, ) < CE—8)71;

(1) for every Uye Ey, 0<s<T

lim IS¢, 8) Us— Uslly=0;

t—s

(IV) if Upe D(A(s)),
tlim+||S(t, $) Up— Ul =0;

V) (¢, s)—8(, s)eC(dr; £(Ey, Ey)) and (t, s, F)—S(t, s) F e
eCdy xEy; Ey);
(VD) if UyeE, and se[0, Tl, then t—S(t, s) UyeC'(s, TJ;
E)nCQds,Tl; E,), 8S@,s)U,eD(A®{)) for every tels, T,
t

I C(t, 0) S(o, s) Updo is defined in generalized sense and
s t
3,8(t, s) Up=A(t) S(¢, s) Uy + j C(t, 0) S(o, s) Updo ;

(VID if 6¢€]0, ((min{8, 1-»})/(min{f, 1 -5} +max{2-8 -
—v,n,1—a}))l and Gy is a space of type 0 between E, and E,,
(t, 8)—>8(t, s) — T(t — s, s) e C(Ap; L(Ey; Gy)).

ProOOF. The first statement in (I) follows from 2.17(I) and 1.7(II);
(IT) follows from 2.17(II) and 1.7(II); (III) follows from 2.10; (IV) follows
from 2.12; (V) follows from (2.14), (2.15), 1.20(V), 1.18; (VI) follows from
2.11; a consequence of (VI), together with (II), 2.4 and 2.17(II) is the sec-
ond statement in (I); (VII) follows from 2.17 by interpolation.
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2.19 PROPOSITION (THE VARIATION OF PARAMETER FORMULA). Let U
be the mild solution of (2.1) in [s, T]1 (0 < s < T') with data (Uy, F); then,
ifs<t<T,

t
Ut) = S, s) Uy + j S(t, o) F(0) do .

ProoF. Analogous to the proof of 1.21.
We conclude this section considering classical solutions:

2.20 PROPOSITION. Assume that (2.1) has a classical solution U;
then U coincides with the mild solution of the same problem.
Proor. Let £¢€]0, T —s[; we set, for s+e<t<T,

8+¢

9:(t) == j C(t, o) Uo) do .

8

As UeC'(s, T1; E,)NC(s, T); Ey), g.€C([s + ¢, T]; Ey). From 2.13
and 2.19, we have, for s+ e<t<T,

t t
U®t) =S¢, s+¢) Us+¢) + [S(t, 0) F(0) do + fS(t,a)ge(o)da.

8s+e¢ 8+¢

From 2.18(I) and (V) we have that
St,s+e)U(s+¢e)=8, s+ e)[U(s+¢e)— Uyl + 8, s+¢e) U,
tends to S(t, s) Uy in Ey as e—0 *. Clearly,

t

J

s+¢e

lim =0

e—0"

t
S(t, o) F(o) do — j S(t, o) F(o) do
s 0

and from

8+e¢

e(r, ) j U(o) do

s+e

j [C(z, 0) — C(z, 8)] U(o) do|| +

”gs(t)llo s

S
0

J

0

8+¢

j U(o) do

8

sC[(r—s—s)‘”e“+ (z—s8)7"
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we get also

t

lim j S(t, 0) g.(0) da|| =0

e—0t

0
8+e¢

t
and U(t) = S(t, s) U(s) + IS(t, o) F(o) do.
3. Volterra integrodifferential boundary value problems of higher
order in time.

Now we apply the results of the second section to the problem

'q t
A, «, 8, 3,) u(t, x) = [e(t, 0, %, 8,, 3,) u(o, ) do + f(t, x),

Bl J s<t<T,xef,
Bi(t, 2", &, O )ult,x’)=0,1<j<sm,tels, T], 2" €02,
| dlu(s, 2) =u;j(x), 2ef,;j=0,..,1-1.

under the following assumptions:
a) the conditions (L1)-(L4) are satisfied,;

-1 -1
/3) e(t9 S, xy as’ ax) = kz Cel—k(ty S, X, ax) alsc = 2 |ﬂ ckﬂ(ti 87 w) 8’;8’;
=0 =

!
k=0 |8 <A-k)d

18 a linear partial differential operator with coefficients defined and
continuous in Apx Q such that, for every k and B, for certain C >
>0,a,nel0,1[,if 0<s<o<t<T,

|crs(t, o, @) — cp(t, s, ®) | < C(t —0)""(0 — 5)*
and, f 0<s<t<t<T,
|exs(t, s, @) — cpp(t, 5, 2) | SC(E—7)*(r —5)7".

We take feC([s, T]; LP(22)), for some pell, + o[, and uye
eWm-dr(Q) .., ujewz’"‘(“‘)d”’(!)), ver, U1 € LP(R).

In this context we introduce the notions of strict and classical sol-
ution for (3.1):



106 Davide Guidetti

z 3.1 DEFINITION. A strict solution u of (8.1) is an element of
kUOC’“ ([s, TY; W2~k 2(Q)), satisfying all the conditions in (3.1), the

two first even for t=s. .

A classical s?fzftion u of (8.1) is an element of kr_loC"(]s, TI;
wenkhr@)n N CH(is, Th Wen=®*DE2(Q)), such that

!
(a) there exists C > 0 so that kzolléfu(t)”m_kd,,,, o<C(t—s)for

s<t<T,;
t
(0) t— [u(o) doe C(ls, Tl; W™ P());
(¢) (3.1) is satisfied.

3.2 REMARK. If (3.1) has a strict solution, necessarily wu,e
eW2mrQ), ..., ujeWZ’"‘jd”’(Q), cery W €W DEPQY = WIP(Q),
Concerning classical solutions, the integral in the first equation of

3.1) is understood in generalized sense, as
t

lim C(t, o, ..., 84, 3;) u(0) do in LP(L2) and equals

e—>0"*
ste

t t
I[G(t, O,..., 04y 0) — C(L, s, ..., 3, I]u(o) do+ Cft, s, ..., 8x)fu(o) do+

-1
+k218l_k(t, 8,y cuuy 8x)[8{‘_1u(t)—uk_1].
We have:

3.3 THEOREM. Assume that the conditions (L1)-(L4) and (k5)
are satisfied. Let se[0,T[, €>0, feC:([s, T}, LP(Q)), wuye
eW?n=4r(Q), ..., uje Wrm-UrDL(Q) w_,eLP(Q). Then, the
problem (3.1) has a wunique classical solution. If, moreover, uye
eWr™P(Q), ..., u;e W I4P(Q), ..., uy_ e WHP(Q) and, for j=
=1,...., m

1-1
3.2 y (kgo B (8, .-y Oz) uk) =0,

the classical solution is strict.
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ProOF. Given a classical solution u of (3.1), set
U) := (u(t), ..., 3 'u(t)).

Then, clearly, U is a classical solution of

t

S, U =aq) U + IG(t, o) U(o)do + F(1),

3.3) ;
(BB U®)=0,1<j<m,

U(S) = (’uo, ey ul—l)

in the sense of 2.3 and viceversa if we define, for (¢, s)edr, U=
= (Uo, ceey Ul—l)EEly

-1
3.4) Ct,8) U= (0, o,kgnel_k(t, 8, .oey Op) Uk)

and take F(t) :=(0, ..., f(t)). The same happens for strict solutions.
Then, we can apply 2.11, 2.12, 2.13, 2.20 and get the result.

34 Now we drop assumption (k5). Assume that, for some je
e{l,...,m},2m—(r+1)d<o;<2m —rd, with 0 <r<[—1. In this
case By =0if k=1 —r. We assume that, for 0 <k <!—r — 1, the coeffi-
cients of By, are in C([0, T; C*™~%(R2)) N C' ([0, T}; C*™~ %~ ¢(@))N
N...NC7([0, T, C?*™~2~"(Q)). With the same argument of [6] 4.3, one
can verify that, if a strict solution of (3.1) exists, necessarily,

l-r-1 1J y

(3.5) y( > 2 (’) B9(0, ..., ax)ukﬂ,) =0 for 0<j<r,
k=0 0=0 o

where we indicate with &S}E)(t, x, ) the operator obtained differentiat-

ing the coefficients of By (t, x, 3,) o times with respect to . In the same

way, if 2m — (r+1) d < 0;<2m — rd, a necessary condition for the ex-

istence of a classical solution is

l-r-1 1J ]
(3.6) y( D (]) Bi9(0, ..., 3,) u,,ﬂ,) =0 for0<j<r-1,
k=0 o=0\g
(no conditions if »=0).
To see that the conditions (3.5) and (3.6) together with the holder
continuity in time of f, guarantee the existence and uniqueness of a strict
and a classical solution respectively, we introduce by local charts a
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strongly elliptic operator H of order d and coefficients in C*™(992) in 6Q
and an operator X (z, 3,) of order d and coefficients in C*>™(2), such that
for every ue Wit P(Q)

Y(K(., &) w) = Hyu .
We need the following
3.5 LEMMA. Assume that the conditions (L1)-(L4) are satisfied;

then, there exist operators H and K satisfying the previous conditions.
Define

(3-7) $J*(t’ x? a:n at) = (at - K(x, aa:))r&;](t, x} ax) 8t)~
Then, replacing B} with B;, we obtain a system satisfying (L1)-(L4)
and (k5).

PRrOOF. See [6] 44.
As a consequence, we deduce the following result:

3.6 THEOREM. Consider the problem (3.1) with a fixed pell, + oo
under the assumptions a) and B).
lThen, for every feC*®([s, T], LP(Q)) (¢>0), (ug,...,%_1)€
-1

e [ w2m-®+Ddpr(Q) such that (3.6) is satisfied (3.1) has a unique
k=0 -1

classical solution, which is strict if (ug, ..., Uy_1) ekl_[ Wam -k, p(Q)
=0

and (3.5) holds.

Proor. If a classical (strict) solution % exists, % is also a classical
(strict) solution of

( t
Aty 3y, 0 ult, ) = [ €(t,0,, 3y, ) ul0, ) do +£(, ),

(t,x)el0, T1x 2,
YBit, ..., 8, O ult,))=0,je{l,....,m}, if 0;22m—d,te]0,T1,
Y(BEQ, ..., 8y O ult, ) =0,je{l,...,m}, if 0;<2m—d,tel0,T1,

u(s, .) =ug,

8.8) ¢

-1
L O u(s, ) =u_1.
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Owing to 3.3, (3.8) has a unique classical solution, which is strict if the
conditions (3.5) are satisfied; the same arguments of [6] show that u is a
classical (strict) solution of (3.1).

In the following we set

3.9) BE(t, @, 3,) 1= Byt x, 3,)

in case 0;=2m —d.
We conclude the paper giving a formula of representation of a
solution:

3.7 THEOREM. Under the assumptions of 3.6 with the notation (3.9),
the classical (strict) solution of (3.1) can be represented in the
form

1-1 :
(3.10) ut) = 3 8t $) u, + [8,1(8, 0) flo) do

with

a) 9;S,(t, s)eCldr; LW T~ Ddr(Q) WE-947(Q))) for every
re{0,...,1-1},te{0, ..., I};

b) there exists C > 0 such that, under the conditions on r and i in
a), for every (t,s)edr,

18:S,(t, $)| e qwa-r-vapa), wa-nangy <CE—3)7;
O ifosr<i-1,0<i<l-1,(t s)edp,
188, (t, $)||.e wa-r-a.n@), wi-i-na.pg) < C;
difosr<i-1, u,eWt rDdrQ) 0<s<t<T,
l b1
Z Quylly ., 3 31 t,8) = lim f ZCiilto,...,8) 98,(0,9) u,do,
s+e
with the limit in LP(Q) and, if j=1,...,m, 0<s<t<T,

-1
y(Z 816, ..., 8) &S, ) w) =0.
k=0

ProoF. Replacing (if necessary) &;(t,x,d;,d,) with B*(¢,x, 3;, 9,),
we can assume that (k5) is satisfied.
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Let now S(t, s) ((t, ) e A7) be the operator defined in 2.16 under
the conditions a) and B). Then, if (u,, ..., u;_1) € Ey,

-1 -1
(311) S(t, 8)(%0, [ERX) ul—l) = ( zOSO,r(t, s)u,, ceey Zosl—l,r(ty 3) ur) .

Owing to 2.18(II), for every i, re {0, ..., l1—1},(t,8)edr, S; (L, 8) e
e LW r-Ddr(Q) Wl-94.7(Q)) and there exists C >0 such that

”Si, r”ﬁ(w(l—«r—l)d,p(g), wt-d, ey < C(E — s)7 L,
”Si, r”.ﬁ(W(l"_”d"’(Q), Wa-i-Ddp(Q)) S C.

Moreover, as, forr, 1=0, ..., -1, a;'so, (&, 8) =8, ,(t, s), forevery se
!

e[0, T ¢t—58, ,(t, s) belongs to [ C'(s, T, LW T"DEr(Q),
W(l—i)d,p(g)) and =0

[18:So, »(t, )| eewe-r-van@y, Loy = 18:Si-1, »(t, )| ewriy < CE—8)7?

by 2.18(I). Coming back to the problem (8.1), we obtain (3.10) from 2.19,
setting S, (¢, s) := Sy, .(t, s). So we have proved a) — c). d) follows from
the fact that, if re {0, ...,1—1}, u;=0 for j=r and f=0, then t—
— S, (¢, s)u, is a classical solution of (3.8).
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