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Partial Holder Continuity Results for Solutions
of non Linear non Variational Elliptic Systems
with Strictly Controlled Growth.

L. FATTORUSSO - G. IDONE (*)

SuNTO - In un aperto limitato 2 si considera il sistema non lineare non
variazionale

6)) ale, w, Du, H(w)) = b(x, w, Du)

dove a(x, u, u, &) e b(x, u, u) sono vettori di RY, N = 1 misurabili in x e con-
tinui nelle altre variabili. Si dimostra che se u € H2(R) & soluzione in £ del si-
stema (1), se b(x,u,u) ha andamenti strettamente controllati, se
a(x, u, u, &) é di classe C* in & e verifica la condizione (A) e, unitamente a
3a/3E, certe condizioni di continuta, allora il vettore Du é parzialmente hol-
deriano in 2 con ogni esponente a <1 — n/p.

1. Introduction.

Let 2 be a bounded open subset of R”, n > 4 of class C% and let « =
= (%, %3, ..., &,) be a generic point in it.

The symbols (-|-); and |- [, denote the scalar product and the norm in
R¥, respectively. We shall omit the index k wherever there is no
ambiguity.

(*) Indirizzo degli AA.: D.I.M.E.T. Facolta di Ingegneria, via Graziella, Feo
di Vito, 89128 Reggio Calabria.

Lavoro eseguito con il contributo finanziario del M.U.R.S.T. e nell’ambito del
G.N.AF.A. del C.N.R.
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In what follows we denote by u = (41, fa, .., #n), ;€ RV, N integer
> 1, a generic vector of R"”Y and by & = {£;;}4,/=1,2, ...,n,&;eR"a
generic element of RV,

If u: 2 —>RY is a vector, we set

u
Diu=—; Du=(Dyu,Dyu, ..., D,u);
axi
H(u)={D1D]’u,}={DUu}; i,j=1,2, N

We consider in 2 the following second order non linear non variational
system

1.1 a(x, u, Du, H(u)) = b(x, w, Du)

where a(x, u, u, £) and b(x, u, u) are vectors in RV, measurable in ,
continuous in (u, 4, §) and (u, u) respectively, satisfying the condi-
tions:

1.2) a(x, u, u,0)=0.

(A) there exist three positive constants @,y and 6 with 7 + 6 <1, such
that, VueRY, Vue R™, Vr, ne R*Y and for almost every xe Q, we
have (*)

2

” 2 ”
,erii —ala(x, u, u, T+n) —alx, u, 4, 77)]” < 7[? +3H _erﬁ
i= i=

(1.3) there exists a constant ¢ such that, Vu e RY, Yu e R™ and for al-
most every x e 2 we have

oz, u, W < e(flx) + ||ul® + ||ulf)

) Iz‘“rom condition (A), assuming 7 =0, it follows, VueRY, YueR™,
Vre R*¥ and for almost all xe R

latz, u, u, D)l <.

Moreover one can show that, if the vector a(x, u, u, &) is of class C! with re-
spect to &, with derivatives da /3£ ; bounded, then the operator a(x, u, u, &) is el-
liptic (see [7]).

Sufficient conditions that ensure the hypothesis (A) are stated in [4] and [6].
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with fe L*(2) and with

l1<sa< " , 1s8< —n—
n—4 -2

We shall denote by H*?(Q,RN), H{?(2,RY), s integer =0,
pe[l, + ), the usual Sobolev spaces (%)

By a solution to the system (1.1) we mean a vector ue H%(Q, RY)
satisfying (1.1) for almost all x e 2. In this work we obtain a partial
Hoélder continuity result for the gradient of these solutions; this result is
similar to the one proved in the case of «linear growth» by S. Campanato
in [5] for the elliptic systems and by M. Marino - A. Maugeri in [8] in the
parabolic case.

To achieve the partial Holder regularity of the gradient we need to
preliminary obtain the local L —regularity of the derivatives D;u. Sec-
tion n° 2 is devoted to the above study, which in itself is of inte-
rest.

2. Local L?—regularity of the matrix H(u).

Let ue H*(Q,RY) be a solution in £ to the non variational
system

2.1 a(x, w, Du, Hu)) = b(x, u, Du)

being a(x, u, u, £) and b(x, u, u) vectors of RV satisfying assumptions
(1.2), (1.3) and (A).
Proceeding with the same technique used in [5] to obtain the estimate

(®) If s, j are integers =0 and pe[l, + «),

wlypa=[[, ( 3 0" as] "

1/p

8
Il p.0={ 3, 1412 5.0]

where D®=Df1Dg?, ..., Dg», a=(a, az, ..., ay,), |a| =a;+az+...+a,,
a; integer =0.
Paltlcularly |u|o p, R~ ”u“o p,R= "u"L”(.Q RV)-
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3.2) of lemma (3.1), we have:

@2 [, | H@)|Pdz < co? ID(w) — (Dw)so | dc +

B(x°, 20)
2 7., (3\(4\(5
+CIB(x0,20) lbC2, w, Dw)|P dac C)(*H)C).

To prove the L7 —local regularity result of the matrix H(u), we sup-
pose that, in the assumption (1.3), we have

2.3) feL®(Q) with 2 <gq,<2*.
Moreover by the theorem of Poincaré, we have

||H(u)"2n/(n+2)dw)(”+2)/”

2.4) Jw, 3y 1D = (D[P < c ( j

B(x?, 20)

where ¢ does not depend on o.
Now from (2.3) and from the assumption (1.3) we will also have
b(x, w, Du) e L, (22) with

If we set
F(x) = ||H(u)"2n/(n+2), G(x) = ||b(x, u, Du)”Zn/(n+2).

The estimate (2.2) by means of the (2.4) can be written in the following
manner:

Tyt P 2rdms (£, Faa)" " we(f | goroman)
B(z°, 0) B(zY, 20) B(z°, 20) ’

From this and by a well known lemma of Gehring - Giaquinta - G.
Modica (see lemma 10.1, page 100 of [2]) written for »= (n +2)/n,

() B(x°, 0) = {zeR" [l - 2°| < a}.
* If ECRF is a measurable set with positive measure and fe L(E, R"), we
set

Jofdo

misE

fE—’][ fdx =

(5) ua = uB(xo, a) (Du)a = (-l)u)B(;y;oY ) (H(u))o = (H(u) )B(a:oY a)*
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s=(g(n+2))/2n, we deduce that there exists e£e(0,s—r] such
that

+2 m+
FeLl,(2) Vte[n  nt2 +e)
n n

and, VB(x°, 20) cc 2, with 0 <1, one has

@5 (fyn, o Ft0) SE{(fp )+ (], 6') )

From (2.5) written for t = (g(n + 2))/2n with q € [2, §) we achieve the
following

THEOREM 2.1. If ue H%(Q, RY) is a solution to the system (2.1)
and if the assumptions (1.2), (1.3) with fe L%(Q), qo < 2*, and (A) hold,
then there exists §

2n 2%

2<"$ —/\_7
q (Io/\a(n_4) ;

such that Vg e [2,Q), ue HZ9(2, RY) and VB(x°, 20) cc Q, with 0 <1,
one has:

26) (][B(xo, a)"H(u)"qu)l/q s

s K{(fB(ﬂ, 20)||H(u)||2dx)1/2 + ( ](B(xO, za)llb"qu)l/q}
where K does mot depend on o.

Now we can show the following

LEMMA 2.1. IfueH?%(RQ, RY) is a solution to the system (2.1) and
if the assumptions (1.2), (1.3) with fe L*(82), p >n, and (A) hold, then
there exists § with

2n 2%

2<gs —— N —,
1 an—4) B
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such that Vqe[2,7), VB(x°, 20)cc Q, with o<1, it results:

en ([, IHWldz)" <012 [g(u, o7, 20)]1”
where ¢ does not depend on o and

2.8) ¢(u, xo, o) = ot + ”u||2n/(n—4)dx +

B(z°, o)

2n/(n + 2) 2

+ JB(xo, 0) ”D(u)" de + IB(x", 0) “H(u)“ dz

with
el
p
PrROOF. From (2.6) we have VB(x°, 20) cc 2, with o<1

Vg

@9 ([, IH@dz) " <
< Ko™Va-12[g(y, °, 20)]2 + (J'B( o oo ”b"qu)l/q.

Now we can evaluate the last term of the right hand side of
2.9).
From assumption (1.3) it follows:

(2.10) o2, u, Dw)|? < e{|f(z) |7 + ||ull*? + | DulPe} .
On the other hand, one gets
1/q 1/p
q P n(1 - g/p)(1/q)
(2. 11) (IB(x°,2a) \7] dx) Sc( .[B(xo,2a) I/ dx) g <

< o||flloro, Ry 0™V~ Y[ @(u, x°, 20)112;
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@12 (], )"

_ a(n—4)/2n _ _
< c( IB \ g/ [Precn 4’dx) . ™1~ agn—42n)(Vg) —
@, 20)

n

= co™ ( fB(xO, 20) “u":wm ~Vda )a(" o <
o

<0

d Jufpr-0der) "<

B(x’,20)

2n/(n —4)
3 ,,q(HfB@o,wnun i
g

12
swn(l/<;—1/2)(05+

< co.n(l/q—l/z)[(p(u’ xo, 20)]1/2;

1/q
q <
@13) ([, ., 1DulPrde) "<
s c(j || Du|pr -2 dw)ﬁ(n -2)f2n ™1 - Ban—2)2n)(1/g)
B(x?, 20)

12
< co”/"(l + ||Du||2"/(”_2)dx) < co™- 1P [ p(u, °, 20)]V2.

IB(a:O, 20)

Then, from the estimates (2.10), (2.11), (2.12), (2.13), we deduce
1/ _
2.14) ( jmo, . ||b||"dx) '< Ko"Va=12[g(y, 30, 20)]2.

The estimate (2.7) easily follows from (2.9) and (2.14). =

Moreover we can deduce the following

LEMMA 2.2. IfueHZ?(B(x®, o), RV) with o€ (0, 1) is a solution to
the system (2.1) and if the assumptions (1.2), (1.3) with fe LP(2), p>n
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and (A) hold, then there exists §

L —, AF

such that Vqe[2,7), Vre (0, 1), one has

(2.15) (JB( - afprn =9 + "Du“Zn/(n—Z)) da <

Sct"(f ||u“2n/(n—4)dx+ J’ "Du”2n/(n—2)dx) +
B(x%, o) Bl

(2, 0)

reo [ HGoRde

(20, 0)
where ¢ does not depend on o and T.

Proor. Let P = (Py, Ps, ..., Py) be the polynomial vector of degree
<1 such that

2.16) JB(xo'a)D (u-P)=0 Va,|a|<1.
We obtain that

2.17 IB( , )||u”2n/(n—4)dec(w)n” Pl 4 J’ [l — PRV~ 9qigs
X", 70,

B(xY,70)

and hence taking into account (2.16) we get

2.18) (ro)"||P|Pv-P<7 ”(”u“sz(n—«:)(B(xoy 0)))2"/("—4) +e(uw)t "IB | Dul?*dee .

(% 0) l

Now, by the theorem of Poincaré, we have

(219) (IB(@'O, 70) ”u - Pllzm(n_4)dx)(n-4)/2n sc (jB(xo, o) ”H(u)”z dx)1/2
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and then from the estimates (2.17), (2.18), (2.19) we obtain

2n/(n — 4) n 2n/(n — 4)
(2.20) ,[B<x°,m) (|l dex<ct (JB(:::“, " (|l dx) +

* n/(n—4)
+c(u) T fB(a:O, ) | Dullz’ dew + C(JB(:cO, " IIH(u)||2dx) ;

Since

n/(n—4)
<

(2.21) (JB(xO,O) | H(u)||2dx) < ( La(xoﬂ) I H(u)||2dx) o™~ 20 ¥e-9),

8/q(n —4)

. q 2(1 - 2/g) 2

[ [ VRG] <ctw, o020 [, IHWIPdE,
from (2.20) and (2.21), we have

2n/(n — 4) "
(2.22) IB(:::O, o) [l do < ct (J.B(:c", o)

a9 da) +

+c(u) ™ JB

(20, 0)

| DulP" dzc + c(u, q) 0** =9 J . NH@W)|Pde .
B(2®, o)
Moreover being

(2.23) ) | Dul?* dee <

.[B(:v“, 70

— 2‘ 2*
s¢ (IB(@'O, 70) “Du (Du)”" dx + ) “(Du)a" dx) ’

B(x?, 70

and taking into account that

2.24) 500,y 1000 " do < 7 [ Dl aar, o
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and that, in virtue of (3.19) of [2],

" 2%/2
(2.25) IB(xora) |Du— Dyl de<e UB(xoa) (et (u)”?dx) s

4 -2
/q(n )<

<c ( JBM , (| H(w)|] dx) o1 —2/q)(2/(n—2))[ jB Ok dx] <

(=, dy0)

<c(u, q) 02(1‘2/‘1)I | H(w)|de ,

B(x°, o)

we obtain

(2.26) fmo " | Dullf" d < cr™ jw ) | Dyl dc +

+e(u, q) 21720 fB | Hw)|Pde .

(20, 0)

Therefore from (2.22) and (2.26) we deduce (2.15). =

3. Partial Holder continuity of the vector Du.
Let ue H%(2, RY) be a solution to the non varational system
3.1 oz, w, Du, Hu)) = b(x, w, Du)

where a(x, u, u, &) and b(x, u, u) are vectors of RY with the following
properties:

(3.2) b(x, u, u) is measurable in x, continuous in (u, u) and such that
VueRY, VueR™ and for x ae. in Q

b, w, )l < e{ f) + llull® + [lulf },

with feL?(Q,R"), p>n and with 1<a<wn/(n—-4), 1<f8<
<n/(n—2);
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(33) a(x, u, u, £) is continuous in (x, u, u), of class C! in &, with
derivatives 9a/9& ;;(°) uniformly continuous and bounded in @ x RN x
x R™ x R"*N and such that

alx, u, u, 0)=0,

(A) there exist three positive constants @, 7 and 6 with 7 + 8 <1,
such that, Vu e RY, Vu e R%, ¥z, ne R**Y and for almost every

reQ
n 2
.ZITii_a[a(x, U, #,T“'ﬂ)—a(x, U, 1, 77)] <
i=
n 2
< 7P +3 igltii ’

(B) there exists a non negative function w(t), defined for ¢t = 0, con-
tinuous, bounded, concave, non decreasing with w(0) =0 such
that Vz, ye 2, Vu, veRY, Vu, i e R™ and V&, re R*'Y:

llat, u, 4, &) — aly, v, &, E)| < w(d?Gx, y) +[lu— vl + |l ~7lP) - ],
‘ dalw, u, u, §)  dalx, u, u, 7)

& o&
Let us start by showing the following

<o(lgE-P .

LEMMA 8.1. IfueH?*(2,RY) is a solution to the system (3.1) and
if the assumptions (3.2) and (3.3) hold, then VB(x°, o) cc 2, with 0 < 2,
Vre(0,1) and Vee(0,n—2-2(1/p+1/q)], where qe(2,9)®), it
results:

84 o(u, 2°, 10) S Ap(u, 2°, o){v* + 021720 ¢

2-n 0 1-24 -2
+laleo® " (u, =%, NI 0+ [wf ,  |[Hw) - (Hw)), |Pdo]

)

a , , , 8 h ) ’ ’
N I G Ol hk=1,2, ... N
9L 1
o y Uy Uy Sa(x, u, p, i, 1
o alx, u, p, ) _ [ 9 “y 1) , i,i=1,2, ..., n.
E 98

(® @ is the constant (> 2) that appears in theorem 2.1.
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where

and
35 o, 2" ) =cf+ [ (w0 + D@ + | Hw)F] do

with

PRrROOF. Let us fix the ball B(x°, o), with ¢ < 1, such that B(x°, 20) cc
cc 2 and let us set:

aa(x’ U, U, ’7) _ I J’l aah(x, U, U, tﬂ)

- dt} h,k=1,2,...,N
o0& 0 0%

dalx, w, u, n) | dax, u, u, n)
o0& o0&

In B(x° o) the system (3.1) can also be written in the following
form:

] ,7=1,2,...,n.

36 a(x’, u,,(Du),, Hu)) =
=[—alw, u, Du, Hu)) + a(x®, u,, (Du),, H(w))] + b(x, u, Du) =
= B; + b(x, u, Du).

On the other hand, denoting by a”(x°, u,,(Du),, ), h=1,2, ..., N,
the k — th component of the vector a(x®, u,,(Du),, 7) one gets:

a" (@, uy,(Du)y, n) = a*(x°, u,, (Du),, n) — a*(@°, u,,(Du),, 0) =

X & (1 dat @, u,, (Du),, tn)
2.2

k. =
; = dtn%, h=1,2,..,N

t,j=1
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from which

n ~ (0
a(x®, uy, (Du),, 1) = ,2 3a(@®, Uy, (DU)g, 1)

P2 %, 4.

Hence, from (3.6) the system (3.1) can be written in the following
form:

no dax®, u,, (Du),, H(u
S 86G o, Do, HW) 1y g+ bw, w, Dw)
1,j=1 8{51]

or, equivalently

n S(m0
z aa/(x ’ uo:(Du)ov(H(u))a) Du=

3.7 i
©D i,j=1 3Eij !

& 3, u,, (Dw), Hw),)  dalx®, u,, (Du),, (H(w)),)
3, 3,
+B; + b(x, u, Du) = By + By + b(x, w, Du).
Letting w to be solution in B(x° o) to the elliptic Dirichlet
problem
weHZ(B(x°, o), RY)
3.8) 2 3a(x°, u,, (Du),, (H(w)),)
2
,j=1 8§ i

it results, in B(x°, 0), u = w + v where ve H2(B(x°, o), RY) is solution
to the linear system

Dvw=Bz+Bl

9 3 3 (2, u,, (Du),, (H(w)),)

D;v=>b(x, u, Du).
W Ty ij ( )

It is known (see [1]) that for » we have the following estimate

2 n 2
IB(xo, w0) IH@)|F do < 7 J-B(a:o, " | Hw)| dw +

2
+CJ’B(Q:0,¢7) l|b(, w, Dw)|de Vre(0,1)
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from which and in virtue of assumption (3.2), it follows

G10) [, [HoP&s<a ] , [|HoPd+

B(x°, o)

2a 28
wof o WPt [ ulPede [, DU

where ¢ does not depend on x°, v and o.
Moreover, setting

F(u, 2° 0) =0*+ IB( 0 |l [P = 4)dx+j |Du||2 dx ,
x",
being

81 [, Ifde<cotlfh, 0 <ot

=

3.12) J'B( - [P des < o™ (n—4)a(J ([l = dg

(n —4)(a/n)
) <
B(x?, o)

<ot+ [ lufve9do
B(z?, 0)

=

3.13) Jmo, , 1Dulf? di < gn == ( j

. IDulP dn)™ <
B(x°, o)

<of+ | Dulf* da
B(?, o)

the estimate (3.10) can be written in the following form

(3.14) jmo HPde < et L@o NH@)IPd + cF(u, 2°, ).

On the other hand from (2.15) we obtain, Ve (0, 1):

A

(3.15) F(u, 2°, t0) <t*F(u, x°, 0) + c(u, q) 6*1 2D p(u, x°, o).

In virtue of the estimates (3.14) and (3.15), using the lemma 1, II of
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Chap. I of [2], we get

vee(o,(n—z)—z(ﬁ - 3)] Vre(0,1), Voe (0, 1)

p q
2 2 0 .
oo, IH@Edz <[ [, | IHOIPdo+Flu, °, 0))

,.[n(l—2/p)—e+K(TO)2(1—2/q)¢(u, xO, 0)’

from which we obtain VA e [2(1 — 2/g), &), Vre (0, 1) and Yoe (0, 1)
2 A 2 A 2(1-2/¢) 0
(3.16) L«xo,w) |Hw)|Pdw < ct fmo’a) | H®)|Pda + c(r* + 0212 (u, °,0) .
The function w satisfies the following estimate:

3.17) jwy , IHw)Pdz<c ( j

B(x?, o)

|+ [, | Balldn).

(29, 0)

Now let us estimate the integrals in the right hand side of
3.17).
From assumption (3.2), (3.3) and (2.6) we have

(3.18) || By|Pdee <

IB(x %)

<

=

foo, p @2 @+ e = o+ 1D = D), )| ) P <

N

"“"(][B(xo, B} | H (w)]l? dx)z/q.

1-2/
q<

. 2 — 2 _ 2
(Fpn @0 + =+ [1Du = (Dw) ) )~ <

1-2/q

<[0(f, 0%+l = aalF+ 10w = D))

. [C (Gn](B(xO, 20) ||H(u)||2 +o" (][B(xo, 20) “b“q dx)Z/q)] .
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Now we observe that:

619 o , Ju-ulfdes

4 1B(aco U)" ”2' -
< u < 2( ][
o T o“{1+ @, )”Du

; Fda)
6200 T, IDu-Du,Pdeseotf | |HwPdx
Hence
321 w Hw’a)(a2 +lu=uf+ | Du— D) P do | < 0leo® g, 0, 0).
Moreover, from (2.13), we have
(3.22) "n(](mo, " ||b||qu)2/" <cu, f) p(u, z°, 20).
Therefore, from (3.18)-(3.22) we deduce

(3.23) f | B, |Bdw < [w(co? " p(u, x°, 20))]' " -cp(u, x°, 20).

B(x°, 0)

Similarly we obtain

(3.24) jB(xo A

$c[w(fg(xo (||H(u)—(H(u))2,,||2dx))] o(u, x°, 20).
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Finally, from (3.17) (3.23) and (3.24) we get
(3.25) jB( o, [H@)Pdw< cp(uz’ 20)

. {[w(CUZ-n¢(u,x°, 20))]1—2/q+ [w ({B | Huy— (H(u))zallzdw)]l—%} .

(x°,20)

Since u = v + w it follows, from (3.16) and (3.25) that Ve (0, 1) and
Vie [2(1 —2/q), £) we have

(3.26) jw ., IH@IPde < cp(u, z°, 20)-

drh 4 g21-2/ 4 [w(coz‘”q)(u, xo, 20_))]1—2/q +

" [w (](B(xo, 20) | H(u) — (H(u))o0 [P dx)]l “2g |

From the estimates (3.15) and (3.26) we achieve Vre (0, 1), Voe
€ (0, 1) and Vie[2(1 -2/q), &)

827  ¢(u, x° 10) <cp(u, x°, 20)-

) _ 1-2
At 4 o202/ 4 [w(caz "o(u, x°, 20)] /q+

#]0 (Fygn, o 1 = o) |1

This estimate is easily true for re[1, 2) and thus the lemma is
proved. =

Let us set:

o—0

B ={weQ:lm'f [|H@W - H@),Pdy >0}

By = {xe.Q :lim’ 0" (u, @, 0) >o}.
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By a well known property of the Lebesgue integral we have
mis B; =0

and taking into account a well known theorem of Giusti [2], we
obtain

3Cn—2($2) =0

where J(, is the y —dimensional Hausdorff measure.

Hence the set $B; U B, has measure zero.

Now, reasoning exactly as in theorem 5.1 of [3], it is easy to
prove

LEMMA 32. IfueH?(Q,RYN) is a solution to the system (3.1) if the
assumptions (3.2) and (3.3) hold, then, for every fixed €€ (0, 1 — n/p), it
is possible to associate to every x°e Q\ B, U B, a ball B(x®, R,o)cC
cQ\ B, and a positive number o, such that, Vie (0,1) and Vye
eB(x°, R,0)

o(u, y, ta,) < (L+ A" 22 g(u, y, 0,)
and hence (see [2])
H(u) e L*"1~2P -2 (B(g", R,0), R*'Y))
D(u) € £2"1 -2 =2 +2(B(0, R,0), R™V).

From lemma (3.2) the following result of partial Holder continuity for
Du easily follows.

THEOREM 3.1. If ue H%(Q, RY) is a solution to the system (3.1)
and if the hypotheses (3.2) (3.3) are fulfilled, then there exists a set By,
closed in B with

$2C $OC 531 U $2
such that

DueC®*(Q\ By, RV), Va<l- 2.
P

(®) In particular m(B,) = 0.
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