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On *-Modules Generating the Injectives.

JAN TRLIFAJ(*)

ABSTRACT - Relations between *-modules, quasi-progenerators and other gener-
alizations of progenerators are studied. The *-modules generating all injec-
tive modules are shown to be finitely generated.

Introduction.

One of the examples showing that category theory is not only a lan-
guage, but also a useful tool in algebra is the celebrated Morita theorem
concerning equivalence of rings. For any ring R, it implies e.g. the im-
portant fact that R and the full matrix ring M~(R) share all the ring
theoretic properties which are definable by means of categorical prop-
erties of modules.

More specifically, if R and S are rings, the Morita theorem ([AF,
Corollary 22.4]) says that mod-R and mod-S are equivalent categories
iff there exists a progenerator (= a finitely generated projective gener-
ator) P such that S = End (PR).

In [F], Fuller generalized the theorem as follows: mod-S is equiva-
lent to a full subcategory C of mod-R such that C is closed with respect
to submodules, direct sums and quotients iff there exists a quasi-pro-
generator (= a finitely generated quasi-projective module generating
all its submodules) P such that S = End (PR ) and C = Gen (PR).

In both cases, the pair (F, G) of functors realizing the equivalence is
represented by P, i.e. F and G are naturally equivalent to - 0sP and
HomR (P, - ), respectively.

(*) Indirizzo dell’A.: Department of Algebra, Fac. Math. Phys., Charles
University, Prague, Czechoslovakia.

This research was done in part during the author’s stay at the University of
Padua. The author would like to thank Professor Luigi Salce for his hospitality
and support.



212

In [MO, Theorem 3.1], Menini and Orsatti presented a further gen-
eralization : if B and C are equivalent categories, where B c mod-S is
such that S E B and B is closed with respect to submodules, and
C c mod-R is closed with respect to direct sums and factors, then there
is a module P such that S = End (PR), C = Gen (PR) and B = Cog (Ks),
where K = HomR (P, Q) and Q is an injective cogenerator of mod-R.
Moreover, the equivalence is represented by P.

In [MO, 3.5], a question was raised of characterizing the modules P
that induce an equivalence between Gen (PR) and Cog ((HomR (P, Q))s)
with S = E nd (PR ). Since the question was denoted by ( * ), such mod-
ules are called * -modules ([C], [DH]).

For a ring R, denote by PG, QPG and STAR the class of all progen-
erators, quasi-progenerators and *-modules, respectively. Clearly,
PG c QPG c S’TAR. Surprisingly, there is another important class of * -

modules, not connected with quasi-progenerators: a module P is a W-
lilting module if P is finitely presented, proj dim (P) ~ 1, ExtR (P, P) =
= 0, and there is an exact sequence 0 - R -~ P ~ 2013&#x3E; P "~ 0 such that P’ and
P" are direct sums of summands of P. For example, the W-tilting mod-
ules over finite dimensional algebras coincide with the tilting modules,
introduced in [HR]. Denote by WTILT the class of all W-tilting mod-
ules and by ISTAR the class of all *-modules such that I(R) E Gen (PR),
I(R) being the injective hull of R. The surprise is that WTILT c ISTAR
([MO, Theorem 4.3]).

The class ISTAR was studied in more detail by Colpi and Menini
in [C] and [CM]. By [CM, Proposition 1.5], if P E ISTAR then

Gen (PR) _ IM ExtR (P, NI) = 01. Moreover, [CM, Proposition 1.5] im-
plies that ISTAR coincides with the class of all *-modules P such that
Gen (PR) J ~, where 3 is the class of all injective modules. In [CM, Theo-
rem 3.3], a complete characterization of the rings R for which there is a
*-module P with Gen (PR) = J was given.

The main result of our paper is Theorem 1.3 showing that ISTAR. is
very close to the class WTILT. In particular, all elements of ISTAR are
finitely presented. Thus, for this case, we confirm the conjecture of
Colpi and Menini (cp. [CM, Propositions 1.8 and 1.9]), D’Este and Hap-
pel ([DH, Remark 4]), and Zanardo ([Z, Remark 4]), which claims that
every * -module is finitely generated. In Propositions 1.6 and 1.7, the
structure if ISTAR over semiperfect rings is described in greater
detail.

Then we turn to applications to particular classes of rings. We show
that ISTAR = PG provided R is either a commutative or a local or a
von Neumann regular ring (Theorem 1.9). Finally, Theorem 1.10 shows
that properties concerning P I which are slightly weaker than the ones
induced by *-modules, can be independent of ZFC.
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In the following, all rings are associative with unit. Let R be a ring.
The category of (unitary right R-) modules is denoted by mod-R. Ho-
momorphisms in mod-R are written as acting on the left. If M E mod-R,
then Rad (M) denotes the Jacobson radical of M. Further, R is com-
pletely reducible provided R is a finite ring direct sum of full matrix
rings over skew fields. R is semiperfect provided R / Rad (R) is com-

pletely reducible and idempotents lift modulo Rad (R).
Let M be a module. Then gen (M) denotes the minimal cardinality of

an R-generating subset of M and I(M) the injective hull of M. The cate-
gory of all modules generated by P is denoted by Gen (PR), and Gen (PR )
is the category consisting of all submodules of elements of Gen (PR). M
is said to be small provided for every sequence of modules (Nrx « E A)
and every homomorphism h E HomR (M, E9 L Na) there is a finite set

aEA

F c A such that Im N.. The module M is finitely presented
a e f

provided there is an exact sequence 0 - G - F - M - 0 in mod-R
such that F is projective, and F and G are finitely generated. Further,
proj dim (M) denotes the projective dimension of M, and M ’ the cotor-
sion class generated by M, i.e. M 1. = mod-R ExtR (M, N) = 0 }
(see [S] or [T, § 1]). For further concepts and notation, the reader is re-
ferred to [AF] and [EM].

1. The structure of ISTAR.

LEMMA 1.1. Let R be a ring and P a smaLL module. Then either P
is finitely generated or gen (P) ~ Nl.

PROOF. An easy modification of the proof of [CM, Proposition 1.9].

LEMMA 1.2. Let R be a ring and P a module. Then the foLLowing
conditions are equivalent:

(1) P is small and P 1 is closed with respect to direct sums and
factors,

(2) P is finitely presented and proj dim (P) ~ 1.

PROOF. Assume (1). Clearly, P = R(K) /Q for a cardinal x and a sub-
module Q of R (K) . First we observe that Q is projective. Take an arbit-
rary N E mod-R. Since the sequence 0 --~ Q - R (K) ~ P --~ 0 is exact and
0 = ExtR(R(K), N) = N), the abelian groups N) and
ExtR (P, N) are isomorphic. Since the sequence 0 --~ N ~ I(N) -~
--~ I (N ) /N --~ 0 is exact and the
abelian groups ExtR (P, and N) are isomorphic. Now,
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I(N) E P 1 and P 1 is closed with respect to factors, and ExtR (Q, N ) =
= ExtR (P, I (N )/N ) = 0, whence Q is projective. Thus, proj dim (P) ~ 1.
By [AF, Corollary 26.2], the projective module Q is a direct sum of

countably generated modules, Q = ? 2 Q,,. Put D = 61 L I(Qa).
a~1 aÀ

Since P 1 is closed with respect to direct sums, we have ExtR (P, D) = 0.
In particular, the inclusion i E HomR (Q, D) , has a prolongation g E
E HomR (R (K), D), g ~ = i. For a  À, denote by 7ra and by Pa the a-th pro-
jection of D onto I(Qa) and of I(Q.) onto respectively. For
6  X, put gx = p« 7rag.

HOMR (R 61 L then Q g Ker (h) and h
aÀ 

_ 

induces a homomorphism h E HomR (P, I(Qa)/Qa). Since P is

small, there is a finite subset such that Im (h) c 61 L I(Q«)/Q«.
aeF

Thus + 61 L - Qa. Denote by 7r the projection od D

onto Put Then where

Since glQ = id, we have R ~"~ = Put A =

Then

Since Ker (m is projective, [AF, Corollary 26.2], implies it
is a direct sum of countably generated projective modules. Since A is
countably generated, we infer that P is a direct sum of a countably gen-
rated module C and a projective module B. Since P is small, B is count-
ably generated. Hence, P is a countably generated small module, and
1.1 implies P is finitely generated.

Now, if P is finitely generated and proj dim (P) 5 1, there is an ex-
act sequence 0 -~ L ~ R ~n~ -~ P -~ 0 with L projective, i.e. L a sum-
mand of some R ~X ~. Since P 1 is closed with respect to direct sums, we
have E P’ and the same argument as in the second part of the
proof of [CM, Proposition 1.7] shows that L is finitely generated.
Hence, P is finitely presented.

Assume (2). Clearly, P is a small module. Since proj dim (P) ~ 1, P 1
is closed with respect to factors. Moreover, P = X/Y, where X is a pro-
jective module and Y is a finitely generated module. Hence every ho-
momorphism of Y into a direct sum of modules actually maps into a fi-
nite direct sub-sum. Therefore, as P’ is closed with respect to finite di-
rect sums, it is closed with respect to the arbitrary ones.

THEOREM 1.3. Let R be a ring and P a module.

(i) If P E ISTAR, then P is finitely presented, proj dim (P) ; 1,
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ExtR (P, P) = 0, and there is an exact sequence 0 - R ~ P’ -~ P" -~ 0
such that P’ is a finite direct power of P.

(ii) P E ISTAR iff P is finitely generated and Gen (PR) = P 1.

PROOF. (i) By [CM, Propositions 1.5 and 1.8], P is a small module
with Gen (PR) = P 1. In particular, ExtR (P, P) = 0. By 1.2, P is finitely
presented and proj dim (P) ~ 1. Finally, [CM, Proposition 1.5] implies
R embeds into a finite direct power of P.

(ii) By 1.2 and [CM, Proposition 1.5].

By 1.3(i), the classes ISTAR and WTILT are quite close to each
other. Moreover,

PROPOSITION 1.4. Let R be a finite dimensional algebra over a
field. Then ISTAR = WTILT.

PROOF. By [MO, Theorem 4.3], WTILT c ISTAR. On the other

hand, every P E ISTAR is finitely generated by 1.3(ii) and it is faith-
ful by [CM, Proposition 1.5]. Thus [DH, Theorem 1] implies
P E WTILT.

Now, 1.4 and [CM, Theorem 3.3] suggest the following.

PROBLEM 1.5. Characterize the rings R such that WTILT =
= ISTAR.

PROPOSITION 1.6. Let R be a semiperfect ring and B a basic set of
idempotents of R. Let P E ISTAR. Then there exist a non-empty subset
C of B, a positive integer n, and, for each i  n, modules Fi and Gi such
that 

,

(1) Fi is a non-zero direct sum of direct powers of the modules eR,
eEC,

(2) Gi is a superfluous submodule of Fi,
(3) Gi is isomorphic to a direct sum of direct powers of the mod-

ules eR, e E BB C,

(4) for every e E C and e E BB C, the module eR appears as a sum-
mand of Fi and Gi, respectively, for some i  n,

(5) the module Fi /Gi is indecomposable,
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PROOF. By ([AF, Corollary 15.8]), we have Rad (P) = P. Rad (R)
and, by 1.3(ii), P/Rad (P) is a non-zero finitely generated completely
reducible module. Hence P is a direct sum of indecomposable modules,
P = 61 L Pi , for a positive integer n. Of course, each Pi has a projec-
tive and proj dim (Pi) ~ 1 by 1.3(i). By [AF, Theorem 27.11],
there exist modules Fi and Gi such that Pi = Fi /Gi , where Fi is a non-
zero direct sum of non-zero direct powers of the modules eR, e E Ci , for
some Ci g B, Gi is a superfluous submodule of Fi , and either Gi = 0 and
Di = 0, or Gi is isomorphic to a non-zero direct sum of nonzero direct
powers of the modules eR, e E Di , for some Di c B. Put C = U Ci and
D = U Di. It remains to prove and C U D = B. Assume

in

e E Ci n D~ . By [AF, Proposition 27.10], there is maximal submodule H
of G~ such that Gj /H = eR/Rad (eR) and Gj /H is isomorphic to a sum-
mand of the completely reducible module Fi /Rad (Fi).

Let ~ E HomR Fi /Rad (Fi)) be the composition of these isomor-
phisms and of the projection of G~ onto G~ /H. Assume there is some 9 E
E HomR Fi /Rad (Fi)) such that § = ply, v being the inclusion of G~ into
Fj. Then Ker (q) is a maximal submodule of Fj, whence Gj g Rad (Fj) g
c Ker (p) and = 0, a contradiction. Therefore, ExtR Fi /Rad (Fi)) ~
~ 0. But Fi /Rad (Fi) is a factor-module of Pi and proj dim (Pi) ~ 1,
whence ExtR (Pi, 0, a contradiction with [CM, Proposition 1.5].

Assume there is some e E B~ (C U D). Then [AF, Proposition 27.10]
implies Gi, M) = 0, where M = eR/Rad (eR) is a simple

in

module. Hence ExtR (P, M) = 0. By [CM, Proposition 1.5], M E

Fi)R), in contradiction with [AF, 27.13].
in

PROPOSITION 1.7. Let R be a semiperfect ring and P E ISTAR.

(i) Put G = E9 L Gi and F = 61 L Fi (see 1.6 for the notation).
in in

Consider the following two conditions:

( 1 ) N E Gen (PR ),

(2) The completely reducible modules N/ Rad (N) and

G / Rad (G) have no isomorphic direct summands.
Then (1) implies (2) for any N E mod-R. If N is completely re-

ducible, then ( 1 ) is equivalent to (2). Moreover, ( 1 ) is equivalent to (2)
for all finitely generated modules N iff every homomorphism of G into
Rad (F) can be prolonged into an endomorphism of F iff Gen (PR) =
= Gen (FR).

(ii) P E PG iff Gen (PR) contains all simple modules.
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PROOF. (i) Assume (1). Then ExtR (P, N) = 0, by [CM, Proposition
1.5]. Suppose (2) does not hold. Then there exist a homomorphism ~ E
E HomR (G/Rad (G), N/Rad (N)) such that Im (~) is a simple module.
Put ~ = where 7r: G ~ G/Rad (G) is the projection. Then E
E HomR (G, N/Rad (N)) and by 1.3 (ii), there is rp E HomR (F, N/Rad (N))
such that ~ = rpv, v being the inclusion of G into F. In particular, Ker (rp)
is a maximal submodule of F, G c Rad (F) C Ker (~), a contradiction.

If N is completely reducible and (2) holds, then

HomR (G/Rad (G), N) = 0. Hence HomR (G, N) = 0, ExtR (P, N) = 0,
and [CM, Proposition 1.5] implies N E Gen (PR).

Assume (2) implies (1) for all finitely generated modules N. By 1.6,
HomR (F/Rad (F), G/Rad (G)) = 0. For N = F, we get Gen(PR) =
= Gen(FR).

Assume Gen (PR) = Gen (FR). Then [CM, Proposition 1.5] implies
ExtR (P, F) = 0. Thus, even every homomorphism of G into F has the
desired prolongation.

Assume the prolongations exist and let N be a finitely generated
module satisfying (2). By [AF, Theorem 27.6], there are a finitely gen-
erated projective module A and a superfluous submodule B of A such
that N = A/B. In particular, Rad (N) = Rad (A)/B. By (2), 1.6

and [AF, Theorem 27.11], there exist positive integers p and q such
that is a summand of F (q) . Let ~ E HomR (G, N~P~). By (2), p~ = 0,
where is the projection. Hence, Im (~) c
c Rad (N(p» = Rad (A ~p~ )/B ~p~. Since G is projective, there exists 0 E

E HomR (G, Rad (A (P))) such that u0 = ~, where a is the projection of A (p)
onto A (p) Using the premise, it is easy to see that 0 has a prolon-
gation into HomR (F, A (p». Thus, = aO = ~, where v is the in-
clusion of G into F. This implies ExtR (P, N (p» = 0, and [CM, Proposi-
tion 1.5] gives (1).

(ii) If Gen (PR) contains all simple modules, then (i) implies G = 0
and P E PG.

Clearly, for any ring R, we have and PG c
c ISTAR C STAR. Moreover, [C, Proposition 4.5 and Theorem 4.7] im-
ply QPG n ISTAR = PG.

PROPOSITION 1.8. QPG = PG iff R is a simple completely re-

ducible ring.

PROOF. Assume QPG = PG. Denote by 8 the class of all simple
modules. Clearly 8 c QPG, whence every simple module is projective
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and R is completely reducible. Moreover, since every element of s is a
generator, R is simple. The opposite implication is obvious.

We turn to applications to particular classes of rings:

THEOREM 1.9. ISTAR = PG provided one of the following condi-
tions is true:

(i) R is a commutative ring,
(ii) R is a local ring,
(iii) R is a von Neumann regular ring.

PROOF. (i) Let P E ISTAR. By [CM, Proposition 1.5], P is a faith-
ful *-module. By 1.3(ii), P is finitely generated and [CM, Theorem 2.3]
shows that P E PG.

(ii) By 1.6, since card (B) = 1.

(iii) By 1.3(i), since every finitely presented module is projec-
tive.

In view of 1.3 and 1.9(iii), it is surprising that even for von Neumann
regular hereditary rings, the question whether the class M 1 is closed
with respect to countable direct powers for a non-projective module M,
can be quite difficult to answer.

THEOREM 1.10. Let R be a simple right hereditary non-completely
reducible von Neumann regular ring with Xl (e.g. R can be
any simple countable non-completely reducible von Neumann regular
ring). Then, for every module M, the class M 1 is closed with respect to
factors, but the assertion
«N ~x~&#x3E; ~ M 1 whenever M, N E mod-R are such that M is non-projective
and 

is independent of ZFC + GCH.

PROOF. Since R is right hereditary, M 1 is closed with respect to
factors for any module M.

Since R is not right perfect, [ES, Corollary 2.2] implies that it is
consistent with ZFC + GCH that for every uncountable cardinal K such
that card (R) ~ K and cf(K) = No there is a non-projective module M
such that card (M) = x + and ExtR (M, N) = 0 for all modules N with
card (N)  K. In particular, the negation of our assertion is consistent.
On the other hand, assume the axiom of constructibility (V = L). We
prove the assertion by induction on gen (M) = À.
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If ~  then M = R ().) /1 for an infinitely generated module I.
Since I is projective, there exists a countable R-independent set

 generating a summand of I. Let en be the non-zero idem-
potent of R such that (1 - en) R. Since R is simple, there is
some E Nen for all n  No. Define h E HomR (I, by hxn =
= 7!n where nn is the n-th inclusion of N into N ~~°~. Then h does not ex-
tend into an element of HomR (R ~~~, N ~x°~), whence ExtR (M, N ;c

~ 0.
If X [T, Lemma 10.3] shows there exists a non-projective

finitely generated submodule F of M such that ExtR (F, N) = 0 and the
induction works.

If A is a regular uncountable cardinal, then [T, Lemma 10.7] shows
there is a A-filtration (CJ I a  A) of M such that ExtR IC,,,, N) = 0
for all a  À, and the set E = ~ «  ~ ~ I C+ i /C is non-projective} is sta-
tionary in A. By the induction premise, N(Xo»;c 0 for all
« E E. By [T, Lemma 10.6], this implies ExtR (M, N (No)) ~ 0.

If A is singular, then the general compactness theorem [EM, Theo-
rem IV.3.7] implies there is a non-projective submodule U of M such
that gen ( U)  A and ExtR ( U, N) = 0, and the induction works.
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