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A Property of Multiplication in Sobolev Spaces.
Some Applications.

TULLIO VALENT (*)

SuMMARY - Let Q be an open subset of R* having the cone property. In
Sect. 1, Theorem 1 concerns the conditions on the numbers p, ¢, r and m for
(the pointwise) multiplication is a continuous function of Wm?(Q) x W™(£)
into Wmr(2). As a consequence of Theorem 1, multiplication is a con-
tinuous function of Wm2(Q)x Wm<(Q) into Wm(Q) if the following con-
ditions are satisfied: ¢ <p, mp > n and, if p#q and the volume of 2
is infinite, mg<m. In particular one deduces the well known fact that
Wm?(8) is a Banach algebra if mp > n. In Sect. 2 we apply Theorem 1
in showing a property of the Nemytsky operator: see Theorem 2. The
proof of such a property given in [2] (see Lemma 1) is not completely
correct.

1. A property of multiplication in Sobolev spaces.

Let Q be an open subset of R*(n>1), let m be an integer >1 and
let p, ¢, r be real numbers >1. Wm?(Q) will denotes the vector space
{ve L*(Q): D*ve L?(2), o<|x|<m} with the norm |- |,,, defined by

1,p
folne = ( 3 10°0i8s)
[af<m
where |-, is the usual norm of L?(2). We will put D; = d/ow,,

(t=1,..,n).

(*) Indirizzo dell’A.: Seminario Matematico, Universitd di Padova, via
Belzoni 7, 35131 Padova (Italy).
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THEOREM 1. Assume that £2 has the cone property, and that p>r,
¢>r and

m 1 1 1

If the volume of Q2 is infinite, assume further that mp <n when ¢+ r,
that mq<n when p 5= r and that

m—1 1 1 1
" <§—|—§—; when ps£r, q£r.

Then, if ue Wm?(Q) and v e Wm™e(Q), we have uv € W() and therc
exists a positive number ¢ independent of u and v such that |uv|,,,<
<O|t]m, |2]mse-

PROOF (by induction on m). As a first step we prove that the
statement is true for m = 1. Then we suppose that » € W?(Q) and
ve Wv(Q) with p>r, g>r, p<n if g% 71, g<n if p5#~r,

1 1 1 1
and
1 1 1 .
(1.2) 1_’+E—7'>0 (M p#*r+q,

and we show that uv € Wbr(Q) and that |uv|,,<c|%],, [|[0]1q, Where ¢
is a positive number independent of v and ». Moreover we show that,
if 2 has finite volume, the conclusion holds without assumption (1.2)
and without the conditions ¢ r =>p<n and p*r =¢g<n.

If ¢ > r [resp. p > r] let « [resp. §] be the real number such that

1 1 1,1 1
+ ==~ [res.——}—-z—]
¢~ PR TET

Rik

(i.e., ¢ = gr/(g—r) and B = pr/(p —7)). Holder’s inequality yields
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the following implications

w,el?(2), p>r, welb) = ww,ecl(2),
01205 Jlo,» < €1 [|01 o, [| 020, 5
(1.3)
w e Ly(2), gq>r, w,elxyQ) = ww,eLl(2),

” W, W, "o,r <O "wl ”o,a "wz Ilo,a ’

where ¢, is a positive number independent of w, and w,.

Note that, by virtue of (1.1), p<» implies ¢ > r and ¢>n implies
p>r.

A basic remark is that, if p <n [resp. ¢ < n], condition (1.1) is
equivalent to the condition

np ngq
a<n—p [resp. ﬂ<—n_q],
while condition (1.2) is equivalent to the condition p <« [resp. ¢<p].
Hence, by the Sobolev imbedding theorem (see e.g. Adams [1],
Theorem 5.4) the following continuous imbedding holds if p <n [resp.
g<n]:

(1.4) Wur(Q)C L*(Q), [resp. Wre(Q)C LA(Q)].
‘We are now in a position to easily recognize that

w, e L2(2), w,e Wh(Q) = w,w, e L({2),
01205 [o,r < €3] 01 0,5 9021, 5
(1.5)
w, e L1(2), w,eWu(Q) = wyw,eL"(2),

”’wxwz ”o,r <Gy "wl "o,q ”wz ”1,» ’

where ¢, is a positive number independent of w, and w,.

Indeed, if p<n and ¢<mu, then by (1.1) we have p > r and ¢ > r;
thus (1.5) is an immediate consequence of (1.3) and (1.4). If ¢>n
and p<n [resp. p >n and g<n] then p =r and Wb(Q)C LA(Q)
[resp. ¢ = r and Wb »(Q) C L*(2)], and therefore the first [resp. second]
of the implications (1.5) follows from Holder’s inequality because
Wrte() [resp. Wr2(£2)], by the Sobolev imbedding theorem, can be
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continuously imbedded into L*(£2), while the second [resp. first] of
the implications (1.5) is a consequence of the second [resp. first] of
the implications (1.3). Finally, if p >n and ¢>=n, then p =r=g¢
and Wur(Q) can be continuously imbedded into L*(Q); thus (1.5)
follows once more from Holder’s inequality.

Observe that, if 2 has finite volume, then s, <s, = L**(Q) C L**(Q);
therefore, in this case, the continuous imbedding (1.4) does not need
condition (1.2), and the deduction of (1.5) does not need the implica-
tions g% r =p<n and p#£r =>g<n.

In view of (1.5) we have

(1.6) woelL(Q), ovDuel (), uDwelr (), @#=1,..,n).

Let now (u)zey and (v)reny be sequences in C°(2) N W2(2) and
in C°(Q2) N We(Q) respectively such that

(1.7) lim |u,—ull,, =0, l{im v — |1, =0 .

k—> oo

Since by (1.5) we have

”'UkDiuk - ’U-Di“”o.r< "vk(Diulc — D;u) ”o,r +
+ [(vx — v) Dyut]o,, <[ Dsts. — Do, |Ve[1,0 +

+ [0 — Olls0 [Diteflo,p < [ — %[s,n [0kna + [9% — 010 [%]0)

and

| %z D0, — uD;v|o,, < |Ur(D;0r — D0)o,r +
+ [ (ux— w) Dyvo,, < | Divi— Divo,5 |z [1,» +
+ [ur— u]yp [Div]lo,e |92 — )10 [l + (% — %[15 [0]10)

then from (1.7) it follows that

(1.8) lim || (ve D, uy, + uD,v;) — (vD;u + uD0)|o,, =0 .

k—> o0

Using Holder’s inequality we can immediately deduce from (1.8)
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that

J‘(@Diu + uD;v)pdx + |uvD,pdx =

Q Q2

= lim [f(vkl)z-uk + w,D;v)pdx + | upv. D dx] Vo e D),
0 Q2

k— o0

whence

(1.9) J‘(vl),fu + uDv)pde + |uwvD,pdr =0 Ve D),

Q Q2

because, being D (u,v;) = v, D;u; + u, D;v,, we have

J.(fv,cD,/u + upD;vy)pdr + | w0 Dipda = 0
2 Q2

Note that (1.9) means that
vD;u + uD;v = Dy(uv);
hence .D;(uv) € L7(2) because of (1.6). Moreover by (1.6) uv belongs

to L7(2). Thus we conclude that uv e Wrr(2). Finally, from (1.5)
we obtain

n
Juo nl,,<ca(uuv lor + 3 oD.u + uD.-vno,,)<
i=1

|D;vlo,e) <€l |v

ll,q’

<eul[ulholvlhe) + 3 (1Ditlos ol + [

where ¢;, ¢, and ¢; are positive numbers independent of » and v.
As a second step of our induction argument, we now suppose
that the statement of Theorem 1 is true for an m(>1) and we will
prove that, consequently, it is true even when m is replaced by m -+ 1.
Accordingly, let p,, q,, , be real numbers >1 such that p,>r, ¢,>7,
and
mt1 111
n y 2 @G "

(1.10)
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and let u, € Wnt2(Q) and v € Wntl¢(Q). If the volume of (2 is infinite
we also suppose that

1 1 .
ﬂ<l+____. in the case p; # 71 % ¢1,

(1.11) <
n P 9@ "

that (m + 1)p,<n in the case ¢, % r, and that (m + 1)g;<n in the
case P, &7y,

We begin by considering the case when mp,<n and mg,<n,
with m > 1. We set

O 41

nq,
b= n—p

’"’"“'Q1.

and ¢, =

By the Sobolev imbedding theorem, under our hypotheses, we have

ue Wi (Q), ve Wmu(Q),
besides

Due Wmr(Q), DwveWmu(), (i=1,..,n).

Remark that, since
(1.12) =——= and

(1.10) implies

m_ 1 1 1 m 1 1 1
1.13 —>—+4——= and —>—4=—=.
(1.13) " + o n " + &

If the volume of L is finite, this suffices to deduces (via the induction
hypothesis) that

vD;u e Wmn(Q), uD,v e Wmn(Q)
and that

(1.14) oD |m,r, <Cs[|V[mz, [ Di%[m,n,s [UD:V|myr,<Cs]|%[m5, [ D:?]mye,,
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where ¢, is a positive number independent of #, v and 4; then, in view
of the Sobolev imbedding theorem, there exists a positive number ¢,
independent of u, v and 7 such that

(1'15) uv'D"u”m.'1<c7 “u”m.*.l,pl ”v"m-{—l,ql ’ |luD¢’lJl|m,,‘<c7 llu"m—*‘l,?‘l”v"”’-ﬂﬂx .

If the volume of 2 is infinite, it is not difficult to realize that our
assumptions imply that

—1 1 1 1 —1 1 1
(1.16) o s+ >—2 ana <= :1-——.
n y 2 9 " n V4 ¢ "

Indeed, by (1.12) each of the conditions (1.16) is equivalent to (1.11)
and therefore (1.16) holds if p; = r, = ¢,; moreover (1.16) also holds
if p, =r, and if ¢, = r,, because (1.11) becomes mg,<n if p, =1,
and becomes mq,<n if ¢, = 7,.

Furthermore, since mf, = (m -+ 1)p, and m§, = (m + 1)¢,, if the
volume of £ is infinite we have mp, <n in the case g, = r, and m§, <n
in the case p, 5~ r,.

Therefore, by the induction hypothesis, estimates (1.15), and
consequently (1.16), are true even when the volume of 2 is infinite.

By an analogous way as we obtained (1.15) we can show that
uv € Wmn(Q) and that a positive number ¢, independent of % and v
exists such that

(1.17) %2 |lm,r, <Csl|%]lms2,0, [ mtsse, -

‘We now prove that estimates (1.15) and (1.17) hold also in the four
cases: mp, > n, mg, > n, p, = n with m =1 and ¢, = n with m = 1.

If mp, > n or mg, > n it is easily seen that all hypotheses of the
statement of Theorem 1 are satisfied, so that (by the induction assump-
tion) multiplication is a continuous operator from Wm#:(Q) X Wma(Q)
to Wmn (). This is obvious if the volume of R is finite; if the volume
of 2 is infinite we need only remark that, if mp, > n [resp. mg, > n],
then ¢, = r, [resp. p, = r,].

Let now p, = » [resp. ¢, = n] and m = 1. If the volume of 2 is
finite it may occurs that ¢, > r, [resp. p, > r,]: in this case all hypo-
theses of the statement of Theorem 1 are again satisfied. If the volume
of 2 is infinite we have ¢, = 7, [resp. p, = r,]. Note that, in the case
when p, = n, ¢, = r, [resp. ¢, = n, p, = r;] and m = 1, the hypotheses
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of the statement of Theorem 1 are satisfied provided p, [resp. ¢,] is
replaced by g, [resp. g,], where P, [resD. 4,] is any number > p, [resp.>g,].
Thus, recalling that (by the Sobolev imbedding theorem) W22:(£)
[resp. W2«(Q)] can be continuously imbedded into W5(Q) [resp.
W@ ()], from the induction hypothesis we get that, if p, = n [resp.
¢, = n], then multiplication is a continuous operator from W2?:(0)x
X Wha(Q) [resp. Wo2i(Q2) X Waa(02)] to Wiri(0).

This evidently shows what we wanted: that (1.15) and (1.17) are
true also in the four cases mp, >n, mq, >n, p, =n with m =1,
and ¢, =n with m = 1.

Now, using the density of C°(Q) N Wms(Q) in Wm™(Q), 1<s€eR,
we can deduce, by a procedure quite analogous to the one developed
in the first step, that D,(uv) =v D,u + w D;v. Then, in view of
(1.15) and (1.17), we can conclude that wve WmtLn(0) and that
90| mia,r, <Col| %]l mi1,0, [V mi1,e,» Where ¢y is a positive number independent
of v and ». Thus the induction argument is complete. O

2. A property of the Nemytsky operator.

Let N be an integer >1 and let (x, y) — f(, ¥) be a real function
defined in 2XRY. For any function ¢: Q — R¥ let F(o): 2 —R be
the function defined by setting

(2.1) F(o)(x) = f(», o(x)), =x€.

We will denote by Om(2 x R¥) the set of real functions defined in Q X R¥
which are restrictions to 2 XR¥ of some Cm-function of R» X R¥ into R.

THEOREM 2. Assume that Q is bounded and has the cone property,
that f € O™(Q2XRY) and that mp > n. Then ¢+ F(c) is a continuous
operator of (Wm2(2))¥ into Wm»(Q).

PrOOF (by induction on m). We denote by F,(¢) and F,(s),
(¢=1,..,n; j=1,..., N), the real functions defined in 2 by setting

0 0
Fw;(“)(w) = 55{_ (w’ 0'(39)) 9 F,,,(O‘)(m) = 5:,/1 (‘7"’ O‘(.’L‘)) .

We begin with the case m = 1. Accordingly, let fe C'(2XR¥) and
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p>n. By the Sobolev imbedding theorem each ve Wb2(£2) is an
equivalence class of functions containing a continuous and bounded
function, which we still denote by v, and there exists a positive num-
ber ¢,,, independent of » such that

(2.2) Iolo,co<rp]v]1y VO EWH?(L),

where |- |5, i8 the norm of L*(£2). Then, if ¢ € (W>?(Q))¥, the equiva-
lence classes F(g), F, (o) and F, (o) can be identified with continuous
and bounded functions. Let 0= (0));~,, .., » € (W>?(£2))? and let (¢*),en be

a sequence in (C=(£2) N Wb»(2))¥ which converges to o in (W12(Q))¥,
and therefore by (2.2) in (L™(R2))*. We have

N
(2.3) D,F(o*) = F,(d*) + > F,(c*) Do} .
i=1
Since (¢*);ey converges to o in (L=(2))¥, then (F(0*))ien, (Fa(0*))ren

and (F,,,(o"))kEN converge in L*({2) respectively to F(¢), F, (o) and

N
F, (o), and therefore (Fx‘(o"‘) + ZF,,](o"‘)D,d;) converges in L?(Q)
N i=1 keN

to F, (o) + EF,I(O')D‘O','. Consequently, by Holder’s inequality we
i=1
have, for any ¢ € D(Q),

(2.4) J.(F,,‘(o') + IEV: F,,(G)Dia,-)qodx —l—fF(o‘)Ditp dx =
i=1
Q Q

= lim [f(sz(“k) -} § F,,(o'")]),-a;‘)qadx —i—fF(o"“)D,(p dx] .
i=1
2

k—> o0

Because of (2.3) we have for any ke N and any ¢ € D(R2)
N
J.(F,‘(o") + 3> F,,,(a’“)D,a}‘)q)dw —|—fF(a")D,<p dx =0
i=1
o Q2

and therefore, by (2.4), we obtain

f(Fx‘(a) —+ % F,I(G)D,-o',)qodm +fF(a)D,-<p de =0 VeeDUR),
i=1
2 e
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which means

N
(2.5) D,F(0) = Fa(0) + _ZIFV,(G)DM-

Since the equivalence classes F(g), ¥ (o) and F, (o) contain a conti-
nuous and bounded function, from (2.5) if follows that F(¢) € Wt 2(0).

To prove that F:(Wu?(Q2))¥ —~ Wb2(2) is continuous we need
only remark that, if a sequence (¢%);y converges to o in (W?(Q))¥,
then, by (2.2), (6*)ien converges to ¢ in (L*(£2))¥, and therefore the
sequences (F(o*))en; (¥F:,(0"))ren and (F,(0%))ien converge in L°(2)
respectively to F(c), F, (o) and F,(0): then (D:F(0*))ren converges
to D;F(o) in L»(Q) in view of (2.5), and thus (¥(o*));n cOnverges
to F(o) in Wb2(Q).

As a next step, we suppose that the statement of the theorem is
true for an m>1 and we show that, consequently, it holds when m
is replaced by m - 1. In order to do this, we assume that f € C™+1(Q X
XR¥), that (m 4+ 1)p >n and that o€ (Wn+?(Q2))¥, and we prove
that F(c) € Wntb2() and that o+~ F(o) is a continuous operator
from (WmtL2(Q))¥ to Wmtir(Q). \,

Let us recall that (by the Sobolev imbedding theorem) eac
v€ Wmt2(Q) can be indentified with a continuous function and there is
a positive number ¢,,,,, independent of v such that |9, <Cmi1,0]?]mi1,0
Vv e Wnttp(). Then, by arguments quite similar to the ones given
in the case m = 1, we can show that F is a continuous operator from
(Wmtua(Q))¥ to Wr»(2) and that (2.5) holds.

It is now convenient to distinguish the cases p >n, p = n and
P <.

If p > n, from the (induction) assumption it follows that F, and F,
are continuous operators of (W=2(2))¥ into Wm»(Q); therefore F
is a continuous operator of (W=+L?(Q))¥ into WmtL»(Q), in view of
(2.5), because Wm™»() is a Banach algebra.

Let now p = n, and let ¢ €R be such that n <g¢. Thus mg>mn
Vm>1 and (by the Sobolev imbedding theorem) Wm+Ln(0) can be
continuously imbedded into Wm¢(Q); furthermore, by the (induction)
assumption, ¥, and F, are continuous operators of (Wme(2))¥ into
Wme(0).

Note that, since mg > n, from Theorem 1 it follows that the point-
wise multiplication is a continuous operator of Wmn(Q)X Wmi(Q)
into Wm»(Q). Then we can deduce by (2.5) that ¢+~ D;F(o) is a
continuous operator of (W=t+tn(Q))¥ into Wmn(2). Consequently
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o> F(o) is a continuous operator of (Wm+Ln(Q))¥ into Wmtin(Q).
Finally, let us consider the case p << n. In this case the condition
(m + 1)p > n is equivalent to the condition

n
m——p—>fn.

n—p

Now: F, and F, are continuous operators of (W"""""“—”(Q))N
into Wmnelo-2(0Q) (because of the induction hypothesis), Wmt+L2(Q)
can be continuously imbedded into Wmns-»(Q) (by the Sobolev
imbedding theorem), and the pointwise multiplication is a continuous
operator of Wm»(Q)x Wmnoln-2(Q) into Wm?(Q) (by Theorem 1).
This implies, by (2.5), that ¢ — D,F(c) is a continuous operator of
(Wm+u2(Q))¥ into Wm»(Q). Therefore, also in this case o — F(c) is
a continuous operator of (Wm+»(Q))¥ into Wmti»(Q). O
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