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A Property of Multiplication in Sobolev Spaces.
Some Applications.

TULLIO VALENT (*)

SUMMARY - Let D be an open subset of having the cone property. In

Sect. 1, Theorem 1 concerns the conditions on the numbers p, q, r and m for
(the pointwise) multiplication is a continuous function of X Wm,q( 2)
into As a consequence of Theorem 1, multiplication is a con-
tinuous function of X into if the following con-
ditions are satisfied: q  p, mp &#x3E; n and, if p 0 q and the volume of 9
is infinite, In particular one deduces the well known fact that

is a Banach algebra if mp &#x3E; n. In Sect. 2 we apply Theorem 1
in showing a property of the Nemytsky operator: see Theorem 2. The

proof of such a property given in [2] (see Lemma 1) is not completely
correct.

1. A property of multiplication in Sobolev spaces.

Let S~ be an open subset of let m be an integer &#x3E;1 and
let p, q, r be real numbers &#x3E;1. will denotes the vector space

{v E Dx v E o  1a:1 with the norm defined by

where is the usual norm of LP(Q). We will put Di = 

(~=1~..~).

(*) Indirizzo dell’A.: Seminario Matematico, Università di Padova, via
Belzoni 7, 35131 Padova (Italy).



64

THEOREM 1. Assume that Q has the cone property, and that

If the volume o f Q is in f inite, ag8ume further that mp  n when q =1= r,
that mq ~ n when p =1= r and that

Then, if u E and v E Wm,q(D), we have uv E Wm,r(D) and there,
exists a positive number c independent of u and v such that 

-

PROOF (by induction on m). As a first step we prove that the
statement is true for m = 1. Then we suppose that u E and
v E with p ~ r, q&#x3E;r, p c n if q 0 r, qn if 

and

and we show that uv E and that where c

is a positive number independent of u and v. Moreover we show that,
if Q has finite volume, the conclusion holds without assumption (1.2)
and without the conditions p ~ r ~ ~ c n.

If q &#x3E; r [resp. p &#x3E; r] let a [resp. fl] be the real number such that

Holder’s inequality yields
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the following implications

where CI is a positive number independent of wl and 2v2.
Note that, by virtue of (1.1), implies q &#x3E; r and q &#x3E; n implies

p&#x3E;r.
A basic remark is that, if p  n [resp. q  n], condition (1.1) is

equivalent to the condition

while condition (1.2) is equivalent to the condition p  a [resp. 
Hence, by the Sobolev imbedding theorem (see e.g. Adams [1],

Theorem 5.4) the following continuous imbedding holds if p c n [resp.

We are now in a position to easily recognize that

where c2 is a positive number independent of w, and w2.
Indeed, if p n and q n, then by (1.1) we have p &#x3E; r and q &#x3E; r ;

thus (1.5) is an immediate consequence of (1.3) and (1.4). If q &#x3E; n
and p  n [resp. p &#x3E; n and q  n] then p = r and C EP(S2)
[resp. q = r and C and therefore the first [resp. second]
of the implications (1.5) follows from H61der’s inequality because

[resp. by the Sobolev imbedding theorem, can be
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continuously imbedded into while the second [resp. first] of
the implications (1.5) is a consequence of the second [resp. first] of
the implications (1.3). Finally, if p &#x3E; n and q &#x3E; n, then p = r = q
and can be continuously imbedded into thus (1.5)
follows once more from H61der’s inequality.

Observe that, if S~ has finite volume, then 81 cs2 ~ 
therefore, in this case, the continuous imbedding (1.4) does not need
condition (1.2), and the deduction of (1.5) does not need the implica-
tions ~ q ~ n.

In view of (1.5) we have

Let now (Uk)keN and be sequences in r1 and
in OCO(Q) r1 respectively such that

Since by (1.5) we have

and

then from (1.7) it follows that

Using Holder’s inequality we can immediately deduce from (1.8)
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that

whence

because, being . , we have

Note that (1.9) means that

hence Di(uv) E Lr(Q) because of (1.6). Moreover by (1.6) uv belongs
to Thus we conclude that uv E Wl,r(D). Finally, from (1.5)
we obtain

where c, and ~5 are positive numbers independent of u and v.

As a second step of our induction argument, we now suppose
that the statement of Theorem 1 is true for an m( ~ 1) and we will
prove that, consequently, it is true even when m is replaced by m + 1.
Accordingly, let pl , ql , r, be real numbers &#x3E;1 such that 
and
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and let ui e E If the volume of ,~ is infinite
we also suppose that

that in the case and that (m -f - in the

case ri .
We begin by considering the case when and 

with m &#x3E; 1. We set

By the Sobolev imbedding theorem, under our hypotheses, y we have

besides

Remark that, since

(1.10) implies

If the volume of S~ is finite, this suffices to deduces (via the induction
hypothesis) that

and that
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where ce is a positive number independent of u, v and i ; then, in view
of the Sobolev imbedding theorem, there exists a positive number c,
independent of u, v and i such that

If the volume of D is infinite, it is not difficult to realize that our

assumptions imply that

Indeed, by (1.12) each of the conditions (1.16) is equivalent to (1.11)
and therefore (1.16) holds if moreover (1.16) also holds
if pl = r, and if ql = rl, because (1.11) becomes if pl = ri
and becomes if ql = rl .

Furthermore, since mfii = (m and m4, = (m if the
volume of D is infinite we have in the case ql =1= rl and 
in the case rl.

Therefore, by the induction hypothesis, estimates (1.15), and

consequently (1.16), are true even when the volume of D is infinite.
By an analogous way as we obtained (1.15) we can show that

and that a positive number Cg independent of u and v
exists such that

We now prove that estimates (1.15) and (1.17) hold also in the four
cases: P1 = n with m = 1 and q1 = n with m = 1.

If mp, &#x3E; n or mq1 &#x3E; n it is easily seen that all hypotheses of the
statement of Theorem 1 are satisfied, so that (by the induction assump-
tion) multiplication is a continuous operator from 
to Wmtrt(Q). This is obvious if the volume of ,~ is finite; if the volume
of S~ is infinite we need only remark that, if mp1&#x3E; n [resp. mq1&#x3E; n],
then q1 = r1 [resp. P1 = rl].

Let now P1 = n [resp. q1 = n] and m = 1. If the volume of ,~ is
finite it may occurs that qi &#x3E; r1 [resp. P1 &#x3E; rl] : in this case all hypo-
theses of the statement of Theorem 1 are again satisfied. If the volume
of S~ is infinite we have q1 = r1 [resp. P1 = rl]. Note that, in the case
when P1 = n, ql = rl [resp. q1 = n, P1 = ri] and m = 1, the hypotheses
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of the statement of Theorem 1 are satisfied provided p1 [resp. q,] is

replaced by fii [resp. where pi [resp. q,] is any number&#x3E; p1 [resp. &#x3E; qi].
Thus, recalling that (by the Sobolev imbedding theorem) W2,Pl(Q)
[resp. can be continuously imbedded into [resp.

from the induction hypothesis we get that, if pl = n [resp.
ql = n], then multiplication is a continuous operator from X

[resp. to 

This evidently shows what we wanted: that (1.15) and (1.17) are
true also in the four cases mpl &#x3E; n, mql &#x3E; n, PI = n with m = 1,
and with m = 1.

Now, using the density of n Wm,8(Q) in Wm,s(Q), 1 c s E R,
we can deduce, by a procedure quite analogous to the one developed
in the first step, that Di(uv) = v Di u + u Di v. Then, in view of
(1.15) and (1.17), we can conclude that uv e Wm+1, ri (SZ) and that

Iluv Where cgis a positive number independent
of u and v. Thus the induction argument is complete. L7

2. A property of the Nemytsky operator.

Let N be an integer &#x3E; 1 and let (x, y) « y) be a real function
defined in For any function d: Q - RN let I’(d) : SZ --~ lf~ be
the function defined by setting

We will denote by Cm(Q ~C RN) the set of real functions defined in Q &#x3E;C RN
which are restrictions to Q X RN of some Cm-function of R" X RN into R.

THEOREM 2. Assume that Q is bounded and has the cone property,
that f E and that mp &#x3E; n. F(or) is a continuous

operator of into Wm,p(Q).

PROOF (by induction on m). We denote by and 

(i = 1, ... , n; ~ = 1, ... , ~), the real functions defined in Q by setting

We begin with the case m = 1. Accordingly, y let f E and
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p &#x3E; n. By the Sobolev imbedding theorem each v E is an

equivalence class of functions containing a continuous and bounded
function, which we still denote by v, and there exists a positive num-
ber c1,P independent of v such that

where ~~o, ~ is the norm of Z~(~). Then, if a the equiva-
lence classes F(a), and FlIJ((1) can be identified with continuous
and bounded functions. Let ~_ (c~3)~_1, ",, N E and let ((1k)kEN be
a sequence in n which converges to d in 

and therefore by (2.2) in We have .

Since (Uk)keN converges to d in then 
and converge in L’(S2) respectively to I’(c~), Faet((/) and

and therefore converges in 
’ = 1 L .--.

, Consequently, by Hölder’s inequality we

have, for any 4p E 5)(D),

Because of (2.3) we have for any and any 99 E Ð(Q)

and therefore, by (2.4), we obtain
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which means

Since the equivalence classes F(l1), and FlI¡(l1) contain a conti-
nuous and bounded function, from (2.5) if follows that F(C1) E 

To prove that F: is continuous we need

only remark that, if a sequence (jk)kEN converges to or in 

then, by (2.2), (jk)keN converges to a in and therefore the

sequences (F(ak»)kEN’ and converge in 

respectively to F(d), Fzt(a) and Fy¡((1): then converges
to in in view of (2.5), and thus (F(C1k»)keN converges
to F(a) in 

As a next step, we suppose that the statement of the theorem is
true for an m&#x3E;l and we show that, consequently, y it holds when m
is replaced by m + 1. In order to do this, we assume that f E 
XRN), that (m -~- 1 ) p &#x3E; n and and we prove
that E and that or ~ .~’(c~) is a continuous operator
from (Wm+l,p(Q))N to ;

Let us recall that (by the Sobolev imbedding theorem) each
1) E W-+",P(92) can be indentified with a continuous function and there is
a positive number independent of v such that 
B::Iv E Then, by arguments quite similar to the ones given
in the case m = 1, we can show that F is a continuous operator from

to Wl’P(JJ) and that (2.5) holds.
It is now convenient to distinguish the cases p &#x3E; n, p = n and

p  n.
If p &#x3E; n, from the (induction) assumption it follows that Fz, and I’y

are continuous operators of into W--z,(S2); therefore .1~’

is a continuous operator of into Wm+l,p(JJ), in view of
(2.5), because Wm,p(Q) is a Banach algebra.

Let now p = n, and let q e R be such that n  q. Thus mq &#x3E; n
and (by the Sobolev imbedding theorem) can be

continuously imbedded into furthermore, by the (induction)
assumption, Fz, and F,,. are continuous operators of into

Wm,q(Q).
Note that, since mq &#x3E; n, from Theorem 1 it follows that the point-

wise multiplication is a continuous operator of Wm’Ð(Q) X 
into Then we can deduce by (2.5) that a ~ is a

continuous operator of into Wm,n(Q). Consequently
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f1 r-+ JJ’(f1) is a continuous operator of into 

Finally, let us consider the case p  n. In this case the condition

(m -f -1 ) p &#x3E; n is equivalent to the condition

Now: and Fy, f are continuous operators of 
into (because of the induction hypothesis), 
can be continuously imbedded into (by the Sobolev
imbedding theorem), and the pointwise multiplication is a continuous
operator of into (by Theorem 1).
This implies, by (2.5), is a continuous operator of

into Therefore, also in this case is

a continuous operator of into 0
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