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On a Certain Class of 2-Local Subgroups
in Finite Simple Groups.

JURGEN BIERBRAUER (*)

The object of this paper is to study a class of special 2-groups
which occur as the maximal normal 2-subgroups in 2-local subgroups
of finite simple groups.

Among these simple groups are the Chevalleygroups D,(2), n>4
and the Steinberg groups 2D,(2), n>4 as well as the sporadic groups J,
and M(24).

We consider a special group ¢, of order 2° with elementary abelian
center of order 8, which admits 25 X L,(2) as an automorphism group.
Let @, n>1 denote the automorphism type of the central product
of n copies of @,. We determine the automorphism group of " and
we show, that J, contains a maximal 2-local subgroup of the form
Q*(Zs X Ly(2)) and that M(24)" contains a maximal 2-local subgroup
of the form Q2( A4, Ly(2)). The groups D,(2) resp. 2D,(2) contain para-
bolic subgroups of the form Q"-3(D,_4(2) X Ls(2)) resp. Q@ -3(2D,_4(2) X
X Lg(2)), which are maximal with the exception of the case D,(2).

These results and several characterizations of the groups @" by
properties of groups of automorphisms are collected in the first part
of the paper. The second part contains a characterization of M(24)
by the 2-local subgroup mentioned above. In[19] Tran van Trung
gives an analogous characterization of Janko’s group J,.

Standard notation is like in [6]. In addition D, resp. @, denotes
the dihedral resp. quaternion group of order 8 and Dj resp. ; the

(*) Indirizzo dell’A.: Mathematisches Institut der Universitit Heidelberg -
69 Heidelberg, Im Neuenheimer Feld 288, W. Germany.
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central product of » copies of D, resp. Q5. The central product with
amalgamated centers of groups H and K is denoted H x K.

For a regular matrix A, the transposed-inverse of A4 shall be
written A*.

If an element g of the group G operates on some vectorspace V
with fixed basis, the symbol g, denotes the matrix giving the operation
of g with respect to the fixed basis.

1. Properties of some 2-groups.

(1.1) LEmMA. Let @ be a p-group of class 2 and let N be an auto-
morphism-group of @ such that (|@|, |N|)=1. Assume further
[Q, N]=1. Set A= CoXN) and B = [@, N].

Then we have @ = A % (BZ(Q)).

ProoF. This follows from the 3-subgroup-lemma like in the case
that @ is an extraspecial 2-group and N a cyclic group of odd order
[12, prop. 4].

(1.2) LemmA. Let @ be a special group of order 2° with center Z
of order 8. Let n be an element of order 7, which operates fixed-point-
freely on . Assume further, that § — @/Z is the direct sum of two
isomorphic irreducible (n>-modules. Then @ is isomorphic to one of
the following groups:

(1) a Suzuki-2-group of type (B);

(2) a central product of two Suzuki-2-groups of type (4) and
order 28.

(3) a group of type Ly(8);
(4) a group @, which has the following structure:

Q=AB, A~B~E,, A=A®Z and B=B®Z
as (n)-modules,

Z =2y 2,2, Ag= B, &, 0>, By= Y1,Y2,Ys
and
1 fori=j

(%, ¥:] =
’ z, for {i,4,r} ={1,2,3}.
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Q, contains exactly 3 elementary abelian subgroups of order 64,
namely A, B and A 4+ B = Z{%,Y1, X2Y2, T3Ys)-

Proor. If Z is isomorphic as an (n)-module to the irreducible
submodules of ¢, then it follows from [9, (2.5)], that @ is of type L,(8)..
So we shall assume, that Z is not isomorphic to a submodule of .

(1) Assume, that ¢ — Z doesn’t contain involutions. Then @ is
a Suzuki-2-group of type (B) or (C) in the sense of [7].

If 49“Aut (@)|, there is an element m of order 7 in Aut (¢), which
centralizes Z. Because of (1.1), we have Cyo(m) = Z. This contradicts
a result of Beisiegel [1]. So we have 49f|Aut ()| for every Suzuki-
2-group of type (B) or (C) and order 2°.

It follows now from [7], that the Suzuki-2-groups of type (B) and
order 2° possess an automorphism n with the required properties,
whereas the groups of type (C) and order 2° don’t.

(2) Assume, that @ — Z contains exactly 7 x8 involutions.

Let H < Z, |H| = 4. The number of cosets in @, which contain
elements with square in H, is then 7 + 3 x56/7 = 31.

It follows Q/H ~ Z, X Z,% (Qs)* or Q/H ~E;xZ,% ;. Let A de-
note the unique elementary abelian subgroup of order 2¢ of .

Assume Q/H ~ Ey X Z, % . The maximal elementary abelian sub-
groups of @/H have order 32 and we have |[A/H N Z(Q/H)|>8. It fol-
lows, that |[x, @]| = 2 for every # € A — Z. This shows, that 4 ~7,
a contradiction. We have Q/H = Z, X Z, % Qs * Q5. N4

Set Q/H = (@) X<{v1) * Q% Q,H[/H, where >, >0s.

Then #,€ A—Z, v2¢ H. Set B = (v?). Then B is isomorphic to
the Suzuki-2-group of type (4) and order 2¢. As [v,, Q] S H, we have
[v,, Q] = [v,, B] = H. ‘

Assume [@,, y;]#1. Set [#,y,]=2. We can choose bases
{&1, &,y &}y {G1y oy G} and {21, 25,25} of A, B resp. Z, such that

0 1 0 0 1 0
Ny =Mz = 0 0 1| and n, = 0 0 1
1 1 0 1 0

We have [#,, %] = 2, and further commutator relations follow by
application of the automorphism n. Especially

2123 = (0185, Y1Ya] = 212:[ %1, Y] [X2y Y1]
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and thus z,2,€ H. It follows H = (z,,2,2;>. On the other hand
22 = (0125, Y1Ys] = 212[%1, Ys] (23, 91]

and thus 2,2, € H, a contradiction. We have [2,, y,] = 1. If |[z, Q]| = 2
for s A— Z, we get the contradiction 4~ Z again. It follows

[#:, Q] = [#,, Bl = H = [4:, Q] = [y1, B] .

Set x, = a7, v, = 2}, ¥, = ¥}, ¥ = ¥;. Then we can assume

0 1 0
1 1 0

and we have [2,,¥,] = [2,2;,y,9;] = 1 and thus [w,, y,] = [#;, y,] for
i.je{1,2,3}. Set [2;,Yy,] = [, ¥:] = 2 and 2] = 2,, 2; = 2;. Then

0 1 0
ng= |0 0 1
1 0 1

with respect to the basis {z,, 2,2} and
(2125, %1] = [@1, ¥o]" = z:—l = %% .

Thus [@;, ¥s] = 2323 and H = {(2;, #,2;». Further [=,,y;] =12,. We
have y, ¢ H = {2y, #2,y. Assume y> == 2,2,. Then ¥2 = 2,, (4,¥;)*=
= 2,2,2; and [y, ¥s] = ¥292(4:9:)2 = 2,2, ¢ H, a contradiction.

Similar calculations show y% 542, and y? #£2,2;. It follows y2? =z,,
Yz = 23, Y: = 2,2, and the group-table of @ is determined. We have
Q = Y1y Yoy Ys) * {By Yz, TsYs, L1 0¥, Yo> and @ is a central product of
two Suzuki-2-groups of type (A4) and order 2¢.

(3) Assume, that Q@ — Z contains exactly 14 X8 involutions.
Then @ = AB, where A and B are the only subgroups of @ isomorphic
to Hey. Let A = A,® Z and B = B,® Z as <{n)-modules. Choose
@, € Af, y, € B} and set 2, = [, ;]. Then 2z, #1. Set further », = 7,
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Ty = Ty, Yo=Y, Ys = Y5, %o = 27, %3 = 25. We can assume, that

0 1 0 0 1 0
Ny, = Np, = 0 0 1 y Nz = 0 0 1
1 1 0 1 0 1

with respect to the bases {w, &, @}, {Y1,¥s, ¥s}y {21, 2,2} resp.
As Cy(a) = A and Cy(b) = B for elements ac A — Z, be B— Z,
we have [®,, Y] ¢ {1, 21, 2} P [@2, ¥,]. As

2%y = [01%y Y1Ys] = 212:[T1, Y] [22, 1],

we have [, ¥,] == 2,2[®,, ¥;] and thus [, y,] ¢ {zgza, 212,23, z,,}. It
follows

{[wn Yl (@25 ?/1]} = {zxzu zxzs} .

Assume first, that [@,, ¥.] = 212:, [%,, ¥1] = 2:25. Then [@,, ¥;] = 2,2,,
(3, Y2] = 21225 A8 2y = [3, Y19s] = [#3, %1][%s, 2], We have [a5, y,] =
= 2,%;. From [y, ¥,] = 2,2,2;, it follows [, ., y5] = #2:2,. Thus [2,,y;] =
= 2,2,. ldentify A,, B, and Z with the additive group of GF(8), i.e.
Ay = {2(0)lee GF(8)} , By= {y(0)|lacGF8)}, Z = {2(x)|xe GF(8)}
with the obvious multiplication. Let 4 be a generator of GF(8)~.
Interpret the operation of n on A4,, B, resp. Z as multiplication with
Ay A% resp. A5. Choose @, = (1), y, = y(1), 2, = 2(1). It is then easy
to check, that [x(x), y(6)] = 2(«f) for every «, f# € GF(8). Thus @ is
of type L,(8) in this case.

If [, @] = 2,25, (@2, ¥1] = #,2,, We get the same result by a similar
calculation. In this case, the operation of n» on A4,, B, resp. Z has to
be interpreted as multiplication with A, A% resp. As.

(4) Assume, that @ — Z contains exactly 21 X8 involutions. Like
under (3), let @ = AB, where A~B~F,, let A=A,® Z, B=
= B,®Z be the decompositions as <(n)-modules, A,= {,, @,, %5),
By = {Y1, Y2y Y3, Where CB.(wl) = <y, and

0 1 0
n‘%:n&): 0 0 1
1 1 0

with respect to the bases {w,, #,, 23} resp. {¥:, Yz, ¥s}.
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Agsume |[z,, Q]| = 2, let [v,, w,] = 2,71 and [v,, w,] = 2,41 for

w,, w,€B, v,,0,€ Ay, 1 Z#0v,Z. Then z #~z,. Further [v,0,, wy] €
€2,{#2,> and thus [v,,, w,] = #,2,. This shows 4 ~ Z, a contradic-

{n
tion. We have |[z, Q]| = 4 for every xeQ — Z, x> = 1. Set [x,,y,] = 2,
and [, ¥;] = #,. It follows
1 = [:%, 11Y:] = (@1, Yol (@2 1]y, 1 = [@1, Ys][@s, 911,
and thus [z,, y,] = 25, [@3, ¥1] = 2.. Further

2y = (@3, ] = [0:1%s, Y] = 25, 2y = (@, Ys] = [@2, Ys] ¢ {22y 25) .

Set [,,¥ys] = 2,. With respect to the basis {z,2,,2} we have

/nzz 0 0 1

-
S
[==]

The structure of ¢ is now uniquely determined. Let H < Z, |H| = 4.
Then @ contains exactly 21 4 3x42/7= 39 cosets which contain
elements with square in H. It follows Q/H ~ E, X (@)%

(5) Assume @ — Z contains more than 21x 8 involutions. Then
Q =AB, A~B~E,; and for xe€¢ A—Z we have |Cy(x)| = 2% It
follows |[x, Q]| = 2 and 4~ Z as {m)-modules, a contradiction.

(1.3) LEMMA. Let @ be a special 2-group of order 2° with ele-
mentary abelian center Z of order 8. Let F be a Frobenius-group of
order 21 operating on @, F = (n,r), n?’= =1, n"= n? Assume,
that n operates fixed-point-freely on @ and that Cy(r) =~ E;. Then @
is isomorphic to the group ¢, in (1.2) (4) and the operation of F on ¢
is uniquely determined.

ProOOF. Let ¥ be an irreducible F-submodule of § = @/Z. The
operation of r shows, that V — Z contains involutions. Thus V= E,,.
We have Q = AB, A~B~FE,, ANB =7 and F normalizes A
and B. '

Set C,(r) = (&), C,(r) = <oy 2, Cylt) = <, ).

Assume 4 o/ B. Then we can choose bases {&,, &, &}, {§1) Jos Fa}»

(n)
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{21, %2, %5} of A, B resp. Z such that

0 1 0 0 1
n- = 'nz = 1 N ”i =10 0
1 1 1 0 1
It follows
1 0 0 1 0
r;=r,=|0 1|, r; =10 1
0 1 1 1 1
We have

(@, 9] =1, [, <Y1Ysy h1¥s>] = [Y1)y @1y B ] = <2, 25) .

Assume [@,, ¥,¥,] = #2,. Then
(@1t Ys] = 23y [Ty Y1] = [@1, Y2Ys]" = (2225)" = 212223,

a contradiction. The same calculation shows [, ¥,Y,] 7~ #,%s.
Thus [@y, Y1%:] = 23y [B1y 1Ys] = 2225, [¥s, Y1] = 23 = 2.
On the other hand

(@1, Yo" = (0,005, 9] = 2 = 2,

[@y, ys]ﬂ—. = [, 23, Y1] = (zzzs)"_. = 2%

143

and thus [,, ¥,] = #,2;, a contradiction. We have A ~ B. Tt follows

{n>
from (1.2), that ¢ is isomorphic to the group @, of (1.2) (4) and that
the operation of » on @ is uniquely determined. Choose notation for @,

and for the operation of n line in (1.2) (4).

Then
1 0 0 1 0 0
r;=1r;= 0 0 1 y Tz = 0 1 1 =(7’A)*
0 1 1 0 1 0
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(1.4) ExampLE. Let D be the Dempwolffgroup, i.e. the unique
nonsplit extension of E;, by L;(2) [3]. For a description of D see [11].
Let V= O,(D)~E,;, X<V, |X|=4. Then N,(X)/V has the struc-
ture Hg,(Z;X Ls(2)). Let R, = Oy(N,(X)). Then E,= R,/X is iso-
morphic to @, and N,(X)/X is a split extension of B, by X, x L(2)

From now on @, denotes the group given in (1.2) (4). We shall
now describe the automorphism group of @,.

(1.5) COROLLARY. Let A = Aut(Q,), B = {ala€ 4, [a, Z] = 1},
C = {alac 4,[a,Q,)< Z}. Then B and C are normal subgroups of A.
We have C < B, C ~ F,18, B/C =~ 2%, A|B = L4(2), A/C =~ X3 X Ly(2).

Proor. It follows from (1.4), that A/B =~ L4(2). An automorphism
of @,, which induces the identity on Z and operates on each of the
three Fg,-subgroups of ¢, has to lie in ¢. Thus B/C ~2; and C is
the kernel of the representation of B on the set of F,,-subgroups of Q,:
Clearly C ~ E,18.

The following is probably well known

(1.6) LEMMA. Let V >~ E,;,, L~ L42). Let L operate on V,Z an
irreducible L-submodule of V. Assume, that Z and V/Z are non-
isomorphic natural L-modules. Then either V is a completely redu-
cible L-module or V is a uniquely determined indecomposable L-module.
Choose (n,r)> <L such that n’'=r3 =1, n" = n?, Z =<2,,%, 2,y and
let V= Z@®7V,as an {(n, ry-module. We can choose a basis {v,, v,, v5}
of V,, such that

0 1 0 1 0 0
Ny, = 0 0 1 y Ty, = 0 0 1
1 1 0 0 1 1

and for every xe L we have x, = (v,,)*. Choose te L such that

1 0 0
t,=10 0 1
0 1 0

Then t,= t,,. If V is an indecomposable L-module we have v} = v,,
0y = V32, V= 1,2;. Then C,(t) > C,(r) and thus |C,(t)| = 16.
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(1.7) Let L operate on @,, where L ~ L,(2). Fix F<L, F~F,,.
F=<{nry, nn=1r3=1, n=n? Then Co(r)=~F; and one of the
following holds:

(1) L operates completely reducibly on two of the FEg,-subgroups
of @, and indecomposably on the third.

(2) L operates indecomposably on all of the Eg,-subgroups of Q,.
We shall refer to the operations under (1) resp. (2) as operations

of « dihedral » resp. « quaternion » type.

Proor. Clearly n operates fixed-point-freely on @, and Cq (r) >~ Es.
We choose notation like in (1.3). Let ¢t € L such that

1 0 0
l; =1t; =1,= 0 0 1
0 1 o0

Then (#r)? = (in)® =

() Assume, that L operates completely reducibly on A, i.e.
L operates on A, = {w,, &5, T;).

(c;) Assume, that L operates on B, = {¥;, ¥y ¥s». The F-com-
plement of Z in A + Bis (A + B)o= {0,121, B2Y321 %5, D3Y3?12225). We
have (2,9:2)) = @ Y121, (029221%)" = (F3Y521%:2)2, and (T,Y3212,25)° =
= X,¥,2,%,°%;. Thus A 4+ B is an indecomposable L-module.

(et;) Assume, that B is an indecomposable L-module. Then we
see like above, that 4 + B is a completely reducible L-module.

() Let L operate indecomposably on 4, B and A + B. With
respect to the basis {x,, ., @5, 21, 2, zs} resp. {y;, Yay Ysy %1y %y za} we
have then

=R — T
= O © © = O
(= N L == )

SR A — I i — R =)
[ -
S O M O o ©
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Set t,=t"™, t,=t"". Then

1 1 1 1 1 0
0 1 0 1 0 0
0 0 1 0 0 o0
(tl)A = (tl)B = 0 0 0 1 0 ol
0 0 0 1 1 0
(0 0 0 1 o0 1
"1 0 0 0 1 17
1 1 0 1 1 0
1 0 1 1 o 1
Gha=(s=o o o 1 1 1
0O 0 0 0 1 0
[0 0 0o o0 o 1

We note, that in both cases, (x) and (8), Cq (t) = Z, X (D)%, Cy(t, t;) =
o (Ds)* and Cq(t, t,) = Hi,.
The following is easily verified:

(1.8) Lemma. Let the operation of L on @, be of dihedral type,
where L ~ L;(2). Choose notation like in (1.7) («,). Then (¥, z,y,t>"
Z|Z ~ Ly2) and the operation of <{F, ,y,¢>Z/Z on @, is of qua-
ternion type.

(1.9) NoTATION. Let Q" denote the isomorphism-type of the central
product (with amalgamated centers) of » copies of @, and let @,,
1<i<n be groups which are isomorphic to @,. Further ¢,, 1<i<n
are isomorphisms from @, on @,. Consider @ = @, % Q, % ... % @, ~ Q.
We can assume Z = Z(Q,) = Z(Q,) = Z(Q), 1<i<m, ¢;|;= 1, and we
set @, (z;) = o, @,(y;) = ¥, 1<i<m, j =1,2,3. Set A = Aut (Q),
B = {alac A,[a,Z] =1}, C = {ala€ 4, [a,Q] C Z}. Here the index
«m» is omitted as no confusion will occur. We set § = Q/Z and iden-
tify @ with a subgroup of A. Then ¢ < ¢ < B < A and the groups B,
O are normal subgroups of A. Further A/B ~ L4(2).

Set

V;‘ = 'Pi(A) ] V:-m: ‘Pi(Ao) ’ V.= ‘Pi(B) ’ VS);: (Pi(BO) y 1 <i<n,
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For elements «,, «_, of GF(2), not all zero, set

i“z Vito, Vo= Z<ﬁ (% 0P, k= 1, 2, 3> = By, .
1

1

Set >0V, + OV_,= 0.
1 n
Consider the set B = {V]V: Sl Vit o V)|, € GF(2)} .
1
Then B is a GF(2)-vectorspace with respect to the addition

(li oV, + a; V_l.) 4+ (il: B, V.+ B V—i) —

= i (OCi + /3:) V. 4+ (o—; + ﬂ—i) V'_" -

The set {V,[1<i<n} U {V_]1<i<n} is a basis of B. We consider
further the non-singular scalar product (, ) on B given by (V, W) =0
if V=—0or W=0 or [V, W]= (1) and (V, W) = 1 otherwise.

For € Ay= (@, @5, ;> set B,= Z{p;(®), p,(Cp,(2))|1 <i<n). Then
E.~E,2n + 3. Set E;= E, = Z{»?,v"),...,v), 99>, j=1,2,3.
We have [E;, E,] = <z,>, where {j, k, r} = {1 2, 3}.

Set Y = (v, o), ..., 00,095, j=1,2,3 a.nd

E(ll) — E(lm<2,_> , E(zl): E(201<z1z2> , E(l) E(0)<z zzza>

For ie{1,2,...,n} let B, = (b, b_,><B with [B,, Q,] =1 for j #1,
(b, V-] =1 =[b-;, V,] and

Dy, __ ,v(l) (1) (2) ,(2) ,D(3)bg e 0(3)

o} oDz, P = 9P o® 2 2, )2, 2,2, ,

,v(l)b_, _— ,0(1) (l)z 'U(Ei-b_‘ — ,0(2),0(2)z 2, ,U(E)b_.__ ,0(3),0(3)2 2,2 .

Then b2 = b%,= 1, B,~ 2, and [B,, B;] =1 for i j.
Let L be a, complement of Bin A = Aut (@).

(1.10) LEMMA. Let qe@—Z. Then [q,Q]+#Z is equivalent to
qe E, for an e AY. Especially, |J E,, v€ 4,, is a characteristic
subset of Q. We have [E,, Q] = [q, Q] for every g€ E,— Z. It follows
B<N(E,) for every xc Af.



148 Jiirgen Bierbrauer

PROOF. Let qcQ—2Z, § =Gy ... §n, §,€Q,. If ¢ =1 for an in-
verse image ¢, of §;, we have Z = [q¢,, @,]< [¢q, @,1€C [q, Q1.

Assume [q, Q] # Z. Then qzz'?':ly 1<i<n and [g,,@.] = [q;, Q]
wherever ¢, ¢ Z and q,¢ Z. This shows q,€ E, for an ze Al.

(1.11) LEvyA. €~ F,18n, B — CB,, By~ 8p(2n,2), By C = 1,
A/B ~ Ly(2).

Proor. It is clear, that C ~ F,18n and A/B ~ L,(2). Let Xe
€8 — {0}. Then X satisfies the following conditions:

(¢) Z< X =~ E,,.

(B) Co(X) = Xy xR, where X > Xy~ E;, R~Q"1

(y) Q= R,% R, where X c R,2@,.

(0) |E.: BE,N C(X)| = 2 for each we A},

(¢) For every w,, v,€ X — Z such that x,Z s~ x,Z, we have

Co(X) = Colwr;) N Co(,) 7= Co(y) .
Consider the set M = {X|X < @, X satisfies conditions («)-(¢)}.

(1) M=B— {0}: let Xe M. For v X write 2Z = [[#,Z,
1

2;€Q;. Assume [2,Q] = Z. Then |Q: Cy(x)] = 8 and Cq(x) = Co(X)
by (8), a contradiction to (¢). Thus z € E,, y € A} by (1.10). It fol-
lows from (y), that we can write X = ZxX,, X,= <¢,7,8) = K,
qeE, rek, sc€E,. By (6) we have C(X)N (v, v =<1 for
every je {1,2,3}. Choose i€ {l,2, ..., n}.

Assume (v, v?> <Cy(X) for a je {1,2,3}. Without restriction
we can choose j=1. It follows <r;,,s,> < Z and from (¢) we get
Q. <Co(r) N Cy(8) = Cyo(X) and thus ¢q,€ Z. We now choose i€
€{1,2,..,n} such that {q,7,s> €£Z. By the above we have
[<o, 0> N O(X)| = 2 for every j e {1, 2, 3} and <=, y> £ Z for every
{z, y} € {q;, ;, 8,} such that xy. Without loss "€ C(V). It follows
r,€vP>Z, s,€(v®>Z. Assume s,e€Z. Then Co(X) = Cq(r,) =
= G,y (q:) by (¢). It follows (r,,q;><Z, a contradiction.

We have r,cv*Z s,ev®Z. It follows ¢, € <v{"> Z and by the same
operation as above ¢,€vZ. This holds for every ie {1,2,..,n}
such that <{g;,r,,s> £ Z. This shows XeB— {0}. We have shown
M= 8- {0}.
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(2) It follows from (1), that the automorphism-group B operates
on W. Further B respects the linear structure and the symplectic
scalar product of 8. The kernel of this representation of B is exactly C,
as (X|Xe®— {0}) = @ and A/B~ L,(2). Hence B/C is isomorphic
to a subgroup of Sp(2n, 2).

(3) Define a symplectic non-singular scalar-product on E® over
GF(2) by (v, ") = 1 exactly if ¥ = —r (and 0 otherwise). Let
B, = 8Sp(2n, 2) and let B, be represented in the natural way on E, B
and E. Let ¢ Q. Then ¢ possesses a unique representation of the
form ¢ = ¢,4.9:2, ;€ BY, z2€ Z, i = 1,2, 3. We extend the operation
of B, on @ by setting ¢°= ¢lqigiz for be B,. It is now easy to see,
that B, is a group of automorphisms of @.

(1.12) LEMMA. Let @ be a special 2-group, Z(Q) = Z >~ F; and
let a group L, L =~ L,(2), operate nontrivially on ¢. Suppose
Q=0Q/Z=7,®..®V, as an L-module such that V,~V;4 Z for
i,je{l,..,n}y. Here V, and Z are natural L-modules.

Then m = 2n and @ ~@Q». If r is an element of order 3 in L, then
Co(r) = E,2n + 1.

ProOF. (1) Let ¥c @ be an irreducible L-submodule and V be
the inverse image of V. Then V cannot be a Suzuki-2-group of
(A)-type as L,(2) operates on V. As V 4« Z as an L-module, we must
have V =~ E,,. It follows Cy(r) >~ E,m + 1, when r is an element of
order 3 in L.

(2) Consider § as a GF(2)-vectorspace. Then it is easy to
see, that X = C(L) N Aut (@) ~ L,(2) and |{7?we X}| = 2»—1. Set
B = {Vijre X}.

(3) W = {V|V<@, V is an irreducible L-submodule of @}.
Let ®' = {V|V <@, V an irreducible L-submodule of @}.

Clearly %' C %8'. Let Ve and let 7 be an L-isomorphism of ¥
on V,. Then 7 can be extended to an L-isomorphism of @, that
is 7€ X.

(4) Set B =B'U {0}. Then W is an GF(2)-vectorspace by the
following definition: 0 + V=V +0=V, V+V =0 for Ve®B.

Let V, We %8’ such that V= W. Then m is defined as the unique
irreducible L-submodule of (¥, W) which is different from ¥ and W.
Then clearly V + W = W + V. The associativity of the so defined
addition is easily proved with the help of the fact, that a 9-dimensional
L-invarjant subspace of ) contains exactly 7 irreducible L-submodules.
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(5) We define a symplectic non-singular GF(2)-scalar product
(,)on Wby (0,0)=(0,V)=(V,0)=0and, for V, We®', (V,W)=0
if and only if [V, W] = 1.

Clearly (V, W) = (W, V) and (V, V) = 0. We show (4 + B, 0) =
= (4, C) + (B, C) for all 4, B, CeA. We can assume 0 ¢ {4, B, C}
and A s B.

If [4,0]=1=[B,(], we have [A + B,(C]=1, as A + B<
<<{(4,B). If [4,C] =1[B, (], we have [A + B, C]#1.

So we can assume [A4, C]s~1s5=[B, (], and we have to show
[A + B, (] =1. This however follows directly from the structure
of Qo, as (4, O) ~=<(B, 0> ~Q,. As @ = V|V eQB'), it is clear that
(,) is non-singular.

(6) It follows m = dim B = 2n. Let B =B, D BV, D ...® B, be

4 decomposition of B in hyperbolic planes with respect to (, ). Then

Q =Q,%Qy%..xQ,, where @, —= (V|Ve®B,— {0}>. The group @, is

special of order 2° with center Z. The operation of an element of
order 7 and (1.2) show @, ~@,, 1<i<mn. Thus Q ~@Q".

The following lemma gives further motivation for the term « dihe-
dral type» resp. « quaternion type». introduced in (1.7).

(1.13) LEMMA. Let @ = @, % @, =~@* like in (1.9) for n = 2. Let
L ~ L,(2) and assume the operation of L on @, and @, is of quaternion
type like in (1.7) (2). Then we can choose R,, R, <@, R~ R,~Q,,
@ = R, * R,, such that L operates on R;, ¢ = 1, 2, and the operation
of L on R, is of dihedral type.

ProoF. Let ¢; be the isomorphism from @, on @,, i =1, 2, and
let the operation of L on @, be like in (1.7) (2).

Set Ry= (Vi Voi+ Voo, Bo=<KVi+ Vyy Vo).

From (1.12) and (1.13) we get the following

(1.14) CorOLLARY. Let L be a complement of B in A = Aut (@)
such that the operation of L on ¢ satisfies the hypothesis of (1.12).
Then L is conjugate in A to one of the following two automorphism-
groups of @ (notation like in (1.9)).

(1) L,, where the operation of L, on @,, 1<i<n is of dihedral
type like given in (1.7) (1).

(2) L., where the operation of L_ on @, is of dihedral type like
above for 2<i<n and of quaternion type like in (1.7) (2) for ¢ =1,



On a certain class of 2-local subgroups in finite simple groups 151

(1.15) LEmMMA. Consider the subgroups L. and L_ of A as intro-
duced in (1.14). Then L. NL_= F~F, and F = {(n,r), where n'=
= 3= 1, n*= n? and the operation of F on @, is described in (1.7),
1<i<n. We have C,(F) = C,n) = B*= Sp(2n, 2) and B* is a com-
plement of C in B.

Further EY is an indecomposable B*-module, ¢ -=1,2,3 and
C (L, = Cy4L,) = B; >~ 0%(2n, 2), where g€ {+,—}.

ProoFr. It follows from (1.7), that LiNL_.=F ~F,,. As it is
easy to see, that n operates fixed-point-freely on C, we have that
C,(n) is isomorphic to a subgroup of Sp(2n,2). The group B/C is
represented in the natural way on the vector-space E,/Z and the com-
plement B, of C in B is represented on the complement E” of Z
in B, (1.11). Fix the basis {»", o} ..., 0", o), ..., oD} for B and
the analogous basis for E,/Z. Identify each element of B/C resp. B,
with the matrix representing the operation of the element with respect
to the above basis. Then B/C resp. B, is generated by the matrices
of the following form (see[15]):

1) I+e;+e;, (2) I+e_,-;+ €y
(3) _ I+ €+ € X 4) I +e;+ €—j;
(5) I+e, 6) I+e.,, 0<i<j<m.

Here I denotes the (2n, 2n)-unit matrix and e, denotes the matrix
with entry 1 at the intersection of row k and column » and 0 other-
wise. Let B} be the subgroup of B, generated by the elements which
correspond to the matrices of forms (1)-(4). Then B} =~ Q+(2n,2).
Set B* = (B}, ByXB,X...xB >. The involutoric generators of B,,
1<i<n (1.9) are elements of B, which are not contained in B,. They
correspond to the matrices of forms (5) and (6). It follows from (1.9),
that B* operates on E¥. This operation is clearly indecomposable.
Further it is a matter of direct calculation, that B*<C(F). As
C:(n) = 1, we have Cyz(n) = Cy(F) = B* ~ Sp(2n, 2).

Let q,, e€ {+,—} be defined on the vector space B with values
in GF(2) by ¢.,(0) = 0 and ¢,(V) = 0 if and only if L, operates com-
pletely reducibly on V for Ve®.

It is then easy to see with the help of (1.7), that g, are quadratic
forms on W with respect to the scalar product (,). Let Ve,

V=3 @V, +0.,V_). Then ¢.(V)=3aa_, and ¢-(V) =3 (@,a-,) +
1 1 2
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+ @, + 2, + ©—,. Thus the indices of ¢.,q- are n resp. n—1.
Let B} be the subgroup of B* respecting the form ¢,. Then B} is
isomorphic to 0%(2n, 2). Clearly C,(L,) C Bi. The equality C,(L,) = B}
will follow from the examples (1.15) (i) and (ii).

(1.15) EXAMPLES.

(i) Consider the Chevalleygroup D,(2), I>4. We use the nota-
tion of [2]. So let ¢,,..., ¢, be an orthonormal basis for an euclidean
vector space. Then @ = {4 e, + e,li #j;4,j =1,2,..1} is a root-
system of type D,. The vectors r;,, 1<¢<1l with r, = ¢;,—¢,4; for i<
and r,= e,, + ¢, form a system of fundamental roots. This choice
corresponds to the following labelling of the Dynkin-diagram

Let P = P, for I >4 and P = Py, for | = 4. Then P is a parabolic
subgroup of D,(2). Set @ = Oy(P). Then

Q = (Xopeyy Xopo |0 <i<3,4<j<ly,
Z= Z(Q) = <Xe‘+e_,|0 <i<j<3> M

For 4<j<I set
Qi—s = <Xe,—ej’ X¢‘+,j|0 < 7: <3> .

Then Q;~@, with Z(Q,) = Z for 1<i¢<1—3. Further
L= Xy Ji#,0<4,j<3>
is isomorphic to L,(2) and
X = (X e[t 7, 4 <8, j <UD = Dy 4(2) .
Then [L,X] =1 and P = @Q(X xL). The group L operates on

each of the subgroups (X, [0 <¢<3) and (X, |0 <i<3), 4<j<lI.
Set n =1—3, Then @ ~@Q" and the operation of L on each of
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the subgroups @; of @, 1 <i<n is of dihedral type. The group P is a
maximal parabolic subgroup of D,(2) with the exception of the case
l = 4, where P is confained in a maximal parabolic subgroup, which
is a split extension of E;, by £2+(6, 2).

(ii) Consider the Steinberg group 2D,(2) for 1>4. Let ¢ be the
symmetry of the Dynkin diagram for D, interchanging r,_, and 7,
and fixing the fundamental roots r,, 1<i<l—2. The Dynkin-
diagram for 2D,(2) is then

1 2 3 -2

Let P = P, be a maximal parabolic subgroup of 2D,(2), @ = O,(P).
If r is a root and r 3 r°, set D, o = {&, (o) #,o(a°) | € K}, where K = GF(4)
and o is the non-trivial field-automorphism of K. Then D, .~ E,.
If r =% set X, = {w(x)|xcK,}, where K, is the prime field of K.
Then

Q - <Xe‘—ej’ Xeﬁ-ej’ Dec"ez»e4+0;|0 < 1< 3, 4 <:’. < l> ’

Z = Z(Q) = <Xe‘+ej|0 < 7;<j<3> = Es .
Set
Ql = <De"—(’l,l"+pl|0 <4< 3> , Qi—z = <Xe‘—ej,e‘+91|0 <i< 3>

for 4<j<l—1. Then Q@ = @, *Q,* ... xQ,, where

n=1—3, @Q~Q~..~Q.~Q,, ZQ,)=2Z, 1<i<n.

Let L= (X ... |i #j, 0 <d,j<3) o Ly(2),
X = Xopseyy Dopmepeye]t 357, 4<4,j<l—1,4<k<l—1) == 2D,(2)

We have [L, X] =1, P = @Q(X xL), =@ and the operation of L
on @, is of dihedral type for ¢>2, of quaternion type for ¢ = 1.

(iii) Janko has shown [8, Prop. 13], that J, contains an elementary
abelian subgroup V of order 8 such that L = O,(N(V)) is a special
group of order 215 with center V, N(V)= N(V)/L = J xC, where
J >~ 2%, and C ~ L,2). Here J= C(V), an element of order 5 of J
operates fixed-point-freely on L/V and an element of order 7 in C
operates fixed-point-freely on L. Further an element of order 3 in J
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operates fixed-point-freely on L/V. Tran Van Trung has characterized
the simple group J, by a maximal 2-local subgroup having the above
structure [19]. It is easy to see and follows from Tran Van Trung’s
proof, that the operation of C on L/V and V satisfies the conditions
of (1.12). It follows then from (1.12), that L ~@>2.

It should be noted, that 0-(10,2) possesses a maximal 2-local
subgroup M such that Oy M)=~Q® and M|OyM) = JxC, J=2%;,
C =~ L,(2), where an element of order 5 in M operates fixed-point-
freely on O,(M)/O,(M)" and an element of order 7 operates fixed-
point-freely on O,(M). In this case, however, an element d of order 3
in J will not operate fixed-point-freely on O,(M)/O,(M)'. In fact we
have Oy(M) = (C(d) N Ox(M))* [d, O,(M)], where

Cd) N Oy(M) = [d, Ox(M)] =@, .

(iv) Let G = M(24)" be one of the Fischer-groups, let z be a
2-central involution of G and set H = Cq42), K = H', J= O,(H)
like in [13]. Then J =~ (D¢, |O,4(H)[J| = 3, K|O,5(H)=~ U,(3) and
|H.K| = 2. Let j, be an involution in J — (2> such that Cx(j,)/C,(j.) ==
~ By4/A,. Then Cy(j,)/Ci(js) == By As. Let R = Oy(Ck(j,)), H=H|J,
H = H|{z)> and use the «bar convention ». Then F = C;(E) =~ E,, and
F~F,. Further V=CyF)CR, V~E,11 and NgV)/V==DM,,.
Set M = N¢(V). Like in [8, Prop. 13] consider the inverse image U
in M of a maximal 2-local-subgroup of M|V, which is a faithful
and splitting extension of Hy, by X, x Ly(2). Set Z = Z(0,(U)), let P
be a subgroup of order 3 in O, 4(U) and let C be a subgroup of order 7
in U. Similarly like in [8, Prop 13], we get C,(P) = Z ~ E;. Further
Z— 1> congists of 2-central involutions of G. We can choose
2yjop<Z. Set B = Cy(Z) and @ = O,(B). The operation of P
shows Z < F. Further @ = Cy(Z), |@| = 2'* and R operates fixed-
point-freely on @Q/Z. We have B/Q =~ A; and Ng(Z)/Q =2 Agx Ly(2).
As elements of order 7 of L,(2) and elements of order 5 in A, operate
fixed-point-freely on @/Z, the group @ has to be special with center Z.
Let 8 be an element of order 3 in B, which doesn’t operate fixed-
point-freely on ¢/Z. Then by (1.1) we have @ = @, * @,, where
Q.= Cy(8), Q.= Z[Q, 8] and Q,, @, are L,(2)-admissible special groups
of order 2° with center Z. It follows from (1.2), that @,~ Q,=~ @,
and thus @ ~ Q2. Obviously, Ny¢(Z) is a maximal 2-local subgroup
of M(24)'. Further

N(Z) N M(24)]Q = 2 X Lg(2) .
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(1.16) LEMMA. For every n>1 there is a group X with the follow-

ing properties:

(i) 0,(X) = Q@ =@~

(i) Cx(@Q) = Z(Q) = Z.

(ili) X/Q = (B/Q)x(L/Q), where B = Cy(Z), B|Q=Sp (2n,?2),
L/Q == L3(2)~

(iv) The operation of L/Q on @/Z and Z satisfies the hypothesis
of (1.12).

Then the sequence 0 —@Q/Z — X |Z — X /Q — 0 is non-split for n>1,
split for n = 1. Further the structure of X/Z is uniquely determined.

Proor. It follows from (1.14), (1.8) and (1.5), that there is a group X
satisfying (i)-(iv). Further X/Z is isomorphic to a subgroup of Aut (@)
and its structure is uniquely determined by the same lemmas mentioned
above. It follows from (1.15), that the above sequence splits only
for n = 1.

2. A 2-local characterization of Fischer’s simple group M(24)'.

THEOREM. Let G be a finite simple group possessing a 2-local sub-
group M with the following properties:

(i) @ = O,(M) is a special group of order 215 with elementary
abelian center Z of order 8.
(i) M = No(Z), Z(M) = (1>
(iii) Z = Co(@).
(iv) M = M|Q = BxL, B~A,, LL2).
Then G has a 2-local subgroup of the form E,11-M,,.

CoROLLARY. Under the additional assumption, that O(Ce(z)) = 1
for a 2-central involution z in @, it follows from [16] and [14], that G
is isomorphic to M(24)’.

PrOOF. Let G be a group which satisfies the assumptions of the
theorem. Set M = M/Q, M = M/Z and use the «bar convention ».
Let B resp. L be the inverse images of B resp. L. Then B = C(Z).
Let F = {(n,r> be a Frobeniusgroup of order 21 contained in L,
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where n” = r*= 1, n"= n% Clearly, elements of order 5 and 7 of M
have to operate fixed-point-freely on {. As n operates fixed-point-
freely on @, we have B, = Cy(n) = Cy(F) =~

We use the symbol <> to denote the correspondence of elements
in the isomorphism B, A,. Let DeSyl;(B,), D = {(d,,d,>, where
d, <~ (1,2,3), dy —>(4,5,6). As d, and d,d, are conjugate under
Aut (4,), we can assume |Cy(dy)| = |Cy(dy)| = 2°.

Assume Cy(d;) = Cy(dy). Then [dy, @] = [ds, 1. As § = (Cy(@)|
d € D), there is e¢€ {—]- 1,—1} such that C; 3(d.d3) N [dy, Q] 1. The
operation of 7 shows then [d,d; Q] =1, a contradiction. Thus
C,d,) = [d,, 4y, Cy(d,) = [d, 41, the elements d,d, and d,d;? operate
fixed-point-freely on

Set @, = Cq(d,) = Z[d,, Q] and @, = Cq(d,) = Z[d,, Q]. It follows
from (1.1), that @ = @, * Q,. Further Z = Z(Q,) = Z(@),) and the
groups @, are special groups of order 2° ¢ =1, 2.

As B, operates on Cg(r), we have Cy(r)~E,. By (1.3) @, =~
>~=Q;~Q, and thus @ ~@2. Further L< N(@Q,), + =1, 2.

Set L,= C(d,d;). Then L,/Z ~ L,2) and it follows from the
structure of Aut (Q?), that L, is conjugate to L. as a subgroup of
Aut (Q2) in the sense of (1.14). Especially, L, is a uniquely determined
subgroup of Aut () and thus M is uniquely determined. It follows,
that M bhas the structure given in the following lemma:

(2.1). LEMMA. @ =@, % @, ~ Q2 For elements of ¢ we use the nota-
tion of (1.9). L=QL,, Ly= Z{F,t), Ly/Z =~ Ly(2). With respect to the
bases {v, '0‘2’, o) of V¥, ie{+1, + 2} and {2, 2,, 2} of Z we have

1

0 1 0 1 0 0
Nyo) = 0 0 1y, Ty = 0 0 1y,
1 1 0 | 0 1 1
1 0 07
tv‘i‘” =10 0 1
0 1 0]

and g,= (g, o)* for every ge L,—

Further CB(F) B, ~Sp, (2) and the elements of B, are represent-
ed in the natural way on the elementary abelian groups £,, i =1, 2, 3.
The operation of B; on E® has been given in (1.15) with respect to
the bases {v{, o}’ v‘_”l,v‘_"z,z}, where 2 =2, for i =1, z =272, for
1 =2 and z = 2,2,2, for i = 3.
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We have Cy(L,) = K<{v) = N(K)N B,, where K = <k,,k,>€
€ Syl; (B,), k,'— (1, 3,5), k> (2,4, 6), v> (1, 2)(3, 6, 5, 4) and

1 1 1 1 0] 0 0 1 1 07
1 0 0 1 0 0 0 0 1 o
kyw—=|1 0 0 0 0], keyp=|1 0 0 1 0],
’ 1 1 0 0 0 1 1 1 1 0
[0 0 0o 0 1 0 0 0 0 1]
1 1 0 0 0]
0 0 1 1 0
pw=[0 0 1 0 0
‘ 0 1 0 0 0
[0 0 0 o0 1

Set v, € B, such that v,«> (3, 4)(5, 6). Then

Vg [g) =
t

o o o o b—ll
o o o = o
S O K M R
S H o o M
= o © o K

v, v € Sylz (B1) s Co(v) = Cq(v, v) = V12 By,

Co(v2) = V_(V,+ V)=~ E,2. B, contains exactly two conjugacy-
classes of elementary abelian groups of order 4 with representatives X,
and X,, where

X, = <v% vy «><{(3,5)(4, 6), (3, 4)(5,6)>,
X, = <v?, vv) <> {(3, 5)(4, 6), (1, 2)(3,5))> .

We haive CQ(XI) == V—l%Eu and Co(Xz) = V—I(Vg + V—g) gEgo. Set
¥V = X,Co(X,). Then Vo~ E,u.
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ProOF. The bulk of the lemma follows from the fact, that we
can choose Q,, @, so, that @ = @, % @, ~@* and that the operation
of L, on @, and Q, is of dihedral type in the sense of (1.7). It is a mat-
ter of direct calculation, that C(f/o) N B = K¢&>. It follows from the
3-subgroup-lemma, that [(K<{v))’, L] = [K, L,]. As v centralizes L,/Z
and Z, we get [K{v), L,] = 1.

(2.2) LEMMA. Let Vc TeSyl,(M). Then V is the only elementary
abelian subgroup of order 21! of 7.

Proor. We have T/Q = D, x D,, where D, € Syl, (B), D,e Syl, (L).
Denote by D, the inverse image in T of-D,,:i = 1, 2.
Let A< T, A~ EM.

(1) AND,CQ: Assume AN D, ¢Q, let ae (AN D,)—¢Q. Then
A N Q is contained in the inverse image U of Cé(ﬁ). But a~1t and
s0 U~Z®, vP, oPlje {£1, +2}), UxE,x(D)* and Z((U) = Z.
Further C(a) # Z. Thus Cy(a) doesn’t contain an elementary abelian
subgroup of order 27. It follows |4|>32, a contradiction.

(2) ACD,: If A¢ D,, there is an involution ae A — @ such
that a ¢ D,, a ¢ D,. As @ inverts an element of order 5 in B, we have
|C;(@)| = 2¢. Further Z € C(a) and thus [Co(a)|<2%. It follows
|4|>8 and 4 N D, (1), a contradiction to (1). .

We have ACD;, ANQ~E,, |A| = 4. All the involutions in the
coset v2Q) are contained in v2Cy(v2) = v*(V N Q). Thus VN Qc A and
A=CVnQ)NnD,=17.

(2.3) Syl, (M) C Syl, (G) .

PRrOOF. Set J = {wjre@, #2=1, |Q: Co(x)| = 4}. We have W =
=VNQ=WnJ). Assume TeSyl,(M), T ¢Syl,(G). Then T< T,
|T,/T|=2. Choose v € T,— T. Then Q=+ Q, Z*+ Z, but Z*=< @, as
|Cr(2)|>2% for zeZ. Thus Q¢ is elementary abelian and |@<|<16.

(1) @ 7 = (1>: Assume the contrary. We have Q=N V =
= (N V)= W= So there is an element yeJ N W such that
y*Pe(@*NV)—Q. As y*e V—@Q, we have Cy(y*) = W~ E,*. On the
other hand |@ N @%|>21 and so [C(y*) N Q N Q*|>29, as y*eJ= So
Cy)NQNQs= WcQ and 1 = W=0Q>NV 5£1, a contradiction.

Clearly |@<|< 16.

_ (2) Assume |@*| =8. Then @=N D, 1. But @< T and Z(D,) <
<@= It follows Q=N V=~<(1>, a contradiction.
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(3) We have |@+| <4, |Q N Q+|>213. Let y*c(J*N Q*)—@. Then
[C(y®) N Q N Q=|>21, another contradiction.
We consider nqw the involutions contained in M — Q.

(2.4) We may and will take ¢ to be an involution in L — Q.
Let t' be an involution in L—¢. Then Cyt') =~ Z, x(@)*. Further
t’7t'z if and only if ze (2,2;)>.

ProoF. As L4(2) contains only one class of involutions, all the
involutions in L — ¢ are conjugate to an involution in the coset Q).
If L, is a non-split extension of E; by L,(2), the Sylow-2-subgroup
of L, is of type M,,. Thus in any case L,— Z contains involutions
and we can take ¢ to be an involution. We have

Cy(t) = (2 WP, B8 (0, vP 9 -
(o, v 208 </'7(—12)7 020> = Zy X (Qo)* .

Let U be the inverse image of Cé(i). Then U=~ E, X (Ds)*. Thus tQ
contains exactly 21° involutions. They have one of the following forms:

(1) tx, ze Cy(t), 2= 1.
(2) 2oy, ye Colt), y2= 2:2;.

By direct calculation we see Cy(t') =~ Z, x (D,)* for every involution
t'etq). Obviously t' ~1'z2, for all these involutions #'.

Assume t' = tw, v Cy(t), 22 =1, t'*=t'2, ¢€@Q. Then {q,z> < U,
t?e12,{#,2;>, a contradiction.

Assume

t'=tny, yeCq), YP= 2%, ti=1t'z, q€Q.
Then (g, 2,y> < U, t*= tz,, a contradiction like above.

(2.5) LEMMA. All the involutions in B — ¢ are conjugate to v?
or to v2z,. We have Cy(v2) = W =V NQ = Ep2.

Proor. We have Cy(v?) = W~ E,® and [v2, Q] < W, |[v2, Q]| = 2¢.
It follows, that the involutions in v2¢ are all contained in v2W. As
|Co(v?)| = 2%, there are exactly 8 classes of involutions in B— @
under the operation of ¢ and the elements v22, 2z Z, are repre-
sentatives of these classes. If z,2'e Z— {1}, we have v?2~ %2’ under
Ly, as [v%, L] = 1. But »* ¢ 0%z if ze Z— {1}.
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(2.6) LEMmA. All the involutions in M — ¢, which are not con-
tained in B or L, are conjugate to »%t. We have Cq(v21) o E;4 X Qy:
Proor. By (2.1) »2¢ is an involution. Clearly all the involutions
in M — (BU L) -are conjugate to an involution in »%Q. Let U be
the inverse image of Cé(Wi). Then U = Z{®,, %, ..., £y, Where
(1)

— D _ )
Ty = V_gy Ty = 0y V2,

(2) 5, (3) (3)

2y = PP o808,z = PP 08,

— 7(2),,(3) — (2)y(3),3)
z, =308, @w=0%0505,

|U| = 2% a2 =1 for i+3, o} = 2,

Co(v2t) = (21, By @5y Tu¥g) XLy By) = B1g X Dy, Co(v2t) = {(2:25) .

Set U, = Cq(v®t). We have 23" = 2z, 20" = ;' = #, 2,.

By direct calculation we see, that v2{(Q) contains exactly 2¢ invo-
lutions, namely 96 in »2¢tU,, 32 in »2¢2, U,, 64 in v%¢x, U, and 64 in
v2twy2, Uy, As |Q:U,| = 28, the lemma is proved.

(2.7) LEmmA. Every involution in @ is conjugate under M to an
involution contained in V.

ProOF. There are exactly 3 x5 x 72 nontrivial cosets in @, which
consist of involutions. Consider the operation of M on §. Let i, e L
like in (1.7). Then Ca(i t)>~FE, and B induces a natural rep-
resentation as Sp(4,2)" on Cj(t,t). Let §, € C; (t t). Then ¢ =1
and Cy(d,) = C3(d,) x N5(<t, t1>)_ WX Xy, || = “3x5x1. Let e
g =1, §¢4r. "Then 2“*IC—(qz ).

Assume 9||C3(4;)|- Then ¢, has to be centralized by an element
of order 3 in B. We can assume ¢, @,, where Q@ = Q, % Q,. But
then §, is centralized by an element of order 3 in L. It follows §, ~ G
a contradiction. We have 94|C;(q,)| and thus |§¥|>2x32x5X7T.
It follows |¥| = 2 Xx32XbXT.

So there are exactly two conjugacy-classes of nontrivial cosets in
Q/Z, which contain involutions. These classes then have to consist
of those cosets which contain involutions ge@Q — Z such that
|@: Cqo(g)] = 4 resp. |Q: Cy(q)| = 8. As W — Z contains involutions
of both types, the lemma is proved.

(2.8) LEMMA. No(V)¢ M.
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ProoOF. (1) If Ng(V)C M, then Z is strongly closed in B with
respect to G: Let c€ Z— {1},2€Q, g€ G. Then z»»ec Wc V, me M.
By (2.2), (2.3) we can assume gm e N(V). By assumption gme M,
ge M and thus 27€ Z.

Assume 226 B— @, ge . Then z"cwxQ, meB, xeV. As 22=1,
we have 27" e xCy(x)c V. Thus we can assume gme N(V), ge M, a
contradiction.

(2) If Ng(V)C M, then no element of Z is conjugate in G to
an involution x€ M — (B U L): Assume 27 = 2, g€ G. We have Cy(x) ==
=~ Ey xDg by (2.6). Let E< Cy(x), E =~ FE,. Then, by (2.6), x is
conjugate under @ to all of the elements of the coset #E. Choose
g€ @ such that C(x)?CT. Then E'~FE,, B*<T, 2¢E* and 2z is
conjugate to every element of the coset zE?. We have |E¢/E* N D,|<4,
a contradiction to (1).

(3) If Ng(V)C M, then Z is strongly closed in N (V) with respect
to G: assume the contrary. Then by (1), (2) 22e L—@, ge G, z€ Z.
We can choose 27€tQ c N(W). Set X = [27, W]. By (2.4) either
| X| =8, | XN Z|=2 or |X|=16, |[XNZ|=4. Set Z,= XNZ.
Again, 27 is conjugate to every element of the coset 2¢X, but X Nz¢=
= Z, — {1} by (1), (2). We have Xv"' < C(2) and we can assume
X' < T. Further 2¢ Xv', z~zav" for all zeX. It follows
X"NZ=25". Let xe¢ X—Z,. Then C,(+"")><Z}",2z>. Thus Z,=
= <&y %] = 2, |X| =38, C,(2"") = (7,2 "> for every € X — ().
There is then an y € X — (2> such that y°" ~ 3" -z ~ 2, a contra-
diction to X N2%= {z,}.
We have proved, that Z is strongly closed in 7, where T € Syl,(@),
in case Ng(V)C M. This contradicts Goldschmidt’s result [5].

(2.9) LEMMA. Set N = Ng(V), N== N/V. Then N=~M,, and the
lengths of the orbits of V* under the operation of ¥ are 1771 and 276.

Proor. We have ON)<C(V)<V and so ON)=<1). As
Cy(V) =V, the group N is isomorphic to a subgroup of GL(11,2).

Further |N|,= 2% and N>NnN M/V. It is clear from the
structure of GIL(11,2), that ON)= (1>. We have V<O,N)<
<O(NNM)=VQ. As Z char Q@ = {x|xe V@, x*= 1, |Cyq(x)|>211)
char V@, we get O,(N)s*VQ. Because of the irreducibility of
NN M/VQ on VQ/V, we have OyN) = V and Oy(N) = (1).

Let X be a minimal normal subgroup of N. Then X = X, x... xX,,

where the X, are isomorphic non-abelian simple groups. Further
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O, NN M)<X and NN M[VQ >~ ;< Ly(2). It follows L < X and
|X|.€ {29, 219}, Assume s> 1.

If s = 2, then |X|,= 2%, but the center of a Sylow-2-subgroup
of NN M has order 2, a contradiction.

If >3, the center of a Sylow-2-subgroup of X has order at least 8,
but this is impossible for the same reason.

Hence s =1, X is a simple group and N < Aut(X).

The lengths of the orbits of ¥V — {1} under the operation of
NN M are 7/336-84-84/1344-192. Here, the orbit of length 7 is
Z— {1}, the orbits of lengths 336 and 84 are contained in W — Z.

(1) N(V)¢ N(W): Assume W <1 N. Let X be the inverse image
of X in N, set X = X/W. Then X = V" x¥, where ¥ ~X. The
simple group Y is isomorphic to a subgroup of GL(9,2) and is
generated by involutions of type J, in the sense of [4]. Further ¥
operates irreducibly on W. The length of the Y-orbit containing
Z — {1} is 527 or 73. We get then a contradiction from [4, Theo-

rem A], [10] and [18].

(2) The lengths of the orbits of V' — {1} under N and under X
are 1771 and 276: We use (1) and the fact, that N ¢ M. The only
other possibility for the lengths of orbits under N is 1519-528. Here
1519 = 7 + 1344 + 84 4 84 = 72X 31,

528 = 336 + 192 = 24x3x11.

Consider V/{z), where 1£2z€ Z. We see then, that the homomorphic
images in V/{z) of the elements in V contained in the N N M-orbits
of length 336 are the only ones which don’t contain an involution
conjugate to z under N. Thus W < Cy(2). This contradicts the fact,
that 11| |Cy(2)|.

We have

1771 = 7 + 1344 4 336 4 84 = 7x11Xx23,
276 = 192 4 84 = 22x3 x23.

Obviously, a Sylow-23-normalizer has to be a Frobeniusgroup of order
23x11 in X as well as in N. It follows from the Frattiniargument,
that N = X and N is a simple group.

Further N possesses a 2-local subgroup, which is an extension of E,,
by 23X Ly(2). The element of order 3 in 2, operates fixed-point-freely
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and so the extension is split. As L;(2) operates completely reducibly
on Eg,, this 2-local subtroup is uniquely determined and a Sylow-2
subgroup of N is isomorphic to a Sylow-2-subgroup of M,,. It fol-
lows from [17], that N is isomorphic to M,,.
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