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Number of Indecomposable Summands
in Direct Decompositions

of Torsion-Free Abelian Groups.

L. FUCHS and P. GRÄBE (*)

Since B. J6nsson [4] has discovered that there is no uniqueness
in the direct decompositions of torsion-free abelian groups of finite
rank into indecomposable summands, several papers have dealt with
the pathologies of these decompositions (see e.g. Corner [1], Fuchs and
Loonstra [3], Fuchs [2, § 90]). Though the recent result by Lady [5]
(viz. a torsion-free abelian group of finite rank can have but a finite
number of non-isomorphic direct decompositions) shows that there
is some limitation for the direct decompositions, a number of intriguing
questions are still left unanswered. Here we wish to explore the pro-
blem concerning the numbers of indecomposable summands in direct
decompositions of a group. (We write «group » to mean «torsion-
free abelian group », and by  indecomposable summand » we always
mean a nonzero one).

In [2, Theorem 90.1], it has been shown that for every integer
n ~ 2, there is a group of rank 2n which decomposes into the direct
sum of two as well as n -~-1 indecomposable summands. A few years
ago, L. N. Campbell (then a graduate student at Tulane) constructed
a group which can be decomposed into any number of indecomposable
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University, New Orleans, Lousiana 70118, U.S.A.

P. Grabe : Department of Mathematics, University of Pretoria, Pretoria,
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summands between m+1 and 2m (for any positive integer m). Com-
bining groups like those in [2, Theorem 90.1] it is easy to find groups
having decompositions into as many different numbers of indecompo-
sable summands as desired. Modifying the example to some extent,
to any n&#x3E;2, a group of rank 2~2 can be constructed which decomposes
into the direct sum of k indecomposable summands where k is any

integer such that 2 c k ~ n --~-1 (Theorem 1).
Our goal here is a bit more ambitious: we want to settle the gene-

ral question: given any finite set N of integers &#x3E;2, does there exist
a group of finite rank which has a decomposition into k indecompo-
sable summands exactly if k E N~ (For obvious reasons, if 1 E N,
then N ought to be a singleton, otherwise no such group can exist.)
Our Theorem 2 answers this question in the afdrmative. This surpris-
ing fact is another convincing evidence of the pathological behavior
of direct decompositions of finite rank groups.

With some extra effort we can settle the analogous question for
groups of countable rank by showing that to every infinite set N of
integers &#x3E;2 there exists a group of countable rank which has a direct
decomposition into k indecomposable summands exactly 

For unexplained terminology and basic facts on torsion-free groups,
we refer to [2, Chapter XIII].

1. Let k, n be positive integers such that kn, and Pl, ... , pn,
q, r2 , ... , rn primes such that equality can occur only among the r’s.
The symbol Alk will throughout denote the following torsion-free

group of rank n + 1~ :

Thus is contained in the vector ,space over the rationals with
a basis ~acl, ... , ak, b1, ... , b~~ and is as a group generated by

q-1 - ( 1  i  j  n) . Standard argument can convince the reader
at once that the last summand of Ank is indecomposable.

LEMMA 1. I f the intersection ~r2 , ... , rk} rl ... , rn~ is empty,
then there is a decomposition

where 0, D are indecomposable of rank n and k, respectively.
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WTe choose integers s, t, u, v (to be further specified later) such that

and set

Then

and obviously
We set

and want to choose s, t, u, v to have C and D as stated.
To ensure the following divisibility relations must hold

in An k :

for 1n. Hence and qrllus, ut + 1 = vs, and
since by (1), (u, v) = 1, we obtain qrzls. Thus the following condi-
tions must be satisfied :

For to hold, we must have the divisibility relation in A,,,,:

which is satisfied whenever (2) holds.
Conditions (1) and (2) already guarantee the inclusion A~,~c C -E- D,
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as is clear from

Consequently, A = C @ D if (1) and (2) are satisfied.
If we set

then (2) holds and (u, s) = 1 permits us to choose t, v so as to sa-

tisfy (1).
The choice of n, s makes it possible to replace and

by and respectively, in the de-
finition of C and D. The indecomposability of C and D can be proved
in a straightforward manner.

REMARK. Lemma 1 continues to hold if from the set of generators
of Ank we drop those for which i &#x3E; 1.

This yields a somewhat simpler example to establish the next

theorem; however, the Ank’S are needed for Theorem 2.

THEOREM 1. Zet n be any positive integer. There exists a torsion-

free group o f finite rank (e.g. 2n) which can be decomposed into the direct
sum of k indecomposable f or any k with 2 c k c n + 1.

Pick distinct primes r2 , ... , rn , and consider For every k
(2  k  n + 1), is a summand of Ann which can be written,
in view of Lemma 1, as a direct sum of 2 indecomposable groups.
This decomposition, together with the summand @
EB ... an), yields a decomposition of A into the direct sum of
precisely k indecomposable summands.

2. Next we proceed to the general problem mentioned in the intro-
duction, namely, to find groups in whose direct decompositions the
numbers of indecomposable summands form a prescribed finite set
of integers &#x3E;2. In our study, it will be relevant to exclude certain

decompositions. To this end, we require a survey of direct decomposi-
tions of the following group:
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where Pi ... , pn, q are different primes, and r2, ... , r~ are primes dif-
ferent from the preceding ones.

For the sake of convenience, we introduce the notations (used
frequently in the sequel):

which are fully invariant subgroups of G.

LEMMA 2. The only decompositions of G into indecomposable s2cm-
mands are o f the f orm

for some k (l c k c n) where

(i) 0, D, Ek+1, ... , En are indecomposable, the E’s are of rank 1;
(ii) for every i, there are decompositions

and a perm2ctation i2 , ... , in of 2, ... , n such that

(iii) 0/(0 r1 F) is a direct sum o f n -1 cyclic groups of order q
and cyclic groups of orders rik+1, ... , rin’ while D/(D r1 F) is a
direct sum of cyclic groups of orders ... , rak ;

(iv) none of ri,, ..., r’k equals any o f 

Since p~ °° ai) are summands of G, none of Fi can be contained
in an indecomposable summand of G. Therefore, in any decomposi-
tion of G into indecomposable summands, Fi intersects exactly two
summands, say C and D. Accordingly, we write G = e Q D EÐ E
where the summands C, D are indecomposable. ( E = 0 is not ex-

cluded.) If, for some i ~ 2, then b1EOEÐD, q-l(b1-bi)EG,
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q-1 b, 0 G leads to a contradiction. Thus b2 , ... , whence (C @ D) n
for every i. Define a partition {~...~}=.ZBU72 by put-

ting if and otherwise (i.e. if 

and write I1= ~i2 , ... , 12 = ... , 

From what has been said it is clear that in the decomposition

precisely one summand is 0 and the other two are of rank 1. Note

that any decomposition of ~’~ i is of the form (4) where ci, di can be
chosen such that

and Si, ti, Ui, v, are integers satisfying We quickly
note that

Hence for suitable choices of d i , the following inclusions are evident:

while each of is contained either in C or in D.
Our next goal is to show that E’ _ .E. It suffices to verify that

G’ = C @ D contains all the generators of G. Manifestly, y 
holds. Now, if then Fx, implies that the pure sub-
group generated by Fi is contained in C @ D, so q7l (b, - bi) E

If iEI2, then with
shows that

- bi) E G’ becomes clear. This establishes E’ = E and (i ) .
We proceed to show that ei e C, c, E D with i, j E I, leads to a con-

tradiction. In fact, in this case 
and it is easy to see that then - bj) = q-l(b1 - bj) - - bi) E G
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can not belong to the direct sum C @ D @ E. Thus either C or D,
say C, intersects every Fi; this proves (ii).

Suppose 12 is not empty (i.e. 2~0), and let Then 

implies qrils1, Si i The presence of the last

element in C is sufncient to guarantee that whence it must

be of order qri mod 0 n F. Therefore neither q nor ri can divide It,
or ui .

If I, is empty, then D is of rank 1, y D fi E is a subgroup of F,
and since G/(G r1 F) is the direct sum of n -1 cyclic groups of order q
and cyclic groups of orders r2, ... , rn, (iii) is trivial in this case.

If I, is not empty either, then for i E II we have - bi = - +
whence

follows. Since C and D are indecomposable, neither xi nor yi can
belong to ~’. From we infer so xi is of order q and yi is of order ri
mod F. Now (iii) follows at once in this case.

If I, is empty, y then E = 0 and as in the preceding paragraph, we
conclude that neither xi nor yi belongs to F, so one is of order q, the
other is of order ri mod .F. If, say yi is of order ri for some i, then 
si for this i and hence for every i. we are in the situation (iii) with
7~ = n.

It remains only verify (iv) which is vacuous unless neither Ii nor 12
is empty. By way of contradiction, assume and 

Then implies j’1ilsi which is ab-

surd since yi i is of order ri mod F.
This completes the proof of Lemma 2.
Recall that the proof of [2, Theorem 90.1] shows that if PI’ ... , p~,,

q, r are different primes, then the group

can be decomposed into the direct sum of two indecomposable groups.
From Lemma 2 we see that G can not have decompositions into k
indecomposable summands unless k = 2 or k - n + 1.
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3. In order to get a survey on the direct decompositions of the
group A = Ann, we require several fully invariant subgroups of A.
These are described by the next lemma.

LED2MA 3. Let pl, ... , pn, q be different primes which are different
f rom the primes r2 , ... , r n, and let

Then the subgroup

is fully invariant and so are all subgroups of A obtained f rom F by adjoin-
ing a subset of the generators - - bj) for i  j}.

Since a subgroup generated by fully invariant subgroups is

again fully invariant, it suffices to verify the full invariance of

and for an index pair i  j . An

endomorphism q of A maps each F into itself, thus

with si , ti , si, ti rationals whose denominators are powers of p and p,,
respectively. But in A implies that the numerators of s;,
s, and are divisible by qr~ . In this case,

whence the assertion follows.

4. We can now get a full description of the direct decompositions
of the group A (in Lemma 3) into indecomposable summands.

LEMMA 4. Each direct decomposition of A (in Lemma 3) into inde-
composable summands is of the following f orm :
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where, for some 1  we have

(i) 0 is indecomposable of rank n, C ~ ~ p~ ~° cl , ... , 

(ii) D is indecomposable o f rank k, dk);

(iii) E is completely decomposable of rank n - k, E = 

(v) no prime belongs both to ~r2 , ... , r,} and to r,,} simul-
taneously.

The subgroup F, intersects precisely two indecomposable sum-
mands of A, in any direct decomposition into indecomposable sum-
mands. We can thus write A = with C, D indecompos-
able and C r1 D n satisfying (iv). If E = 0 ,
then k = n, and the assertion is clear. So suppose Owing
to Lemma 3, the subgroup

is fully invariant in A, thus G = ( C n G) 0 ( D r1 G) @ ( E r1 G). From
Lemma 2 we conclude that, say, C is of rank n and E n G is completely
decomposable. This proves (i). Suppose j &#x3E; 2 is the largest index
with Apply Lemma 2 again, this time to the fully inva-
riant subgroup

and its decomposition H = (C n H) @ (D n H) 0 (E r1 H) to conclude
that contains the direct sum of n -1 cyclic groups
of order q and cyclic groups of orders r~+1, ... , rn , 
contains a direct sum of cyclic groups of orders rj+,,, ... , rn ),
so their number must be j -1. This can happen only if ~ = k and D
contains d1, ... , dk . This proves (ii), while (iv) is clear.

If we form H as above with any 2 c ~ c k, then Lemma 2 will ensure
rj 0 rk+l ... , rn, 9 i.e. (v) holds.

To check the complete decomposability of E, it will be sufficient

to prove that A’ = ?... is equal to A.
Since C, D are pure in A, it is evident that all generators of .A belong
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to A’ trivially, y except for (ikj). Again form H as

above, now for j &#x3E; k, and apply Lemma 2 to this H. Evidently,
(0 n F ) must contain the ri-components of r1 F), whence

and so A’= A. This completes the proof.
We have now come to our main theorem on decompositions of

finite rank groups.

THEOREM 2. Let N be any finite set of integers ~ 2. There exists a

torsion-free group A (o f rank 2n where n + 1 is the largest integer
in N) such that A has a decomposition into the direct sum of k indecom-
posable summands exactly if k E N.

It suffices to prove this for 2 E N and n ~ 2. Let N consist of the
and set (i = 0,

... , m -1 ) . Define the group A as in Lemma 3 with the primes r2 , ... , rn

subject to the conditions

... , rko are all different. As the last summand B (of rank n)
in (5) is indecomposable, A has a decomposition into n + 1 inde-

composable summands. Because of (6), from Lemma 1 we infer that
the direct sum of the first ki groups and B can
be decomposed into the direct sum of two indecomposable summands,
yielding a decomposition of A into n - l~i -~- 2 = ni (i  m - 1) inde-

composable summands. By Lemma 4, A can not have, in view of (6),
any decomposition into any other number of indecomposable sum-
mands. Q.E.D.

5. Turning our attention to the case of groups of countable rank,
we start now with the following group where k is a nonnegative integer:

Here P,. ... , pk+1, ... , q are different primes which are different from
the primes .... It is easy to see that all the summands of A k
in (7) are indecomposable.
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LEMMA 5. If r1, ... , rk are all different f rom rk+]. rk+2’ ... , and if
i for i ~ k + 1, then there is a decomposition A k- C (D D where

both C and D are indecomposable of rank ~o .

Let si , t, ui, v (for all i &#x3E; k) be integers to be further specified later
such that

and set

Thus

We now define

and want to find conditions in order to have C @ D.
Just as in the proof of Lemma 1, it follows that is equiva-

lent to the conditions

where (9) follows from on using ( u t , v ) = 1.
Analogously, y is equivalent to (10) plus

On the other hand, if (8)-(12) are fulfilled, then all the generators
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of Ak are contained in C -f- D, so Ak= C ~+ D. Note that (12) is

superfluous, since (8) implies which is, by ( 11 ),
divisible by qr i .

Thus our problem consists in finding integers satisfying
(8)-(11) such that C and D are indecomposable. (9) implies that si i
(i &#x3E; k) must be of the form si = q ~ [r1, for some integer r; .
If we choose [rk+l’ ... , r i] . yi for some integer yi, then (10) will be
satisfied and (11) reduces to - whence (si, t) = 1, implies
the further reduction

We can thus concentrate on (8) and (11*).
Set

and pick t, v so as to satisfy (8) for i = 7~ -+-1, and in addition,
0 C v  rk+l - Suppose si, ui have been chosen for k  i ~ m satisfying
the relevant conditions for indices up to m. From the theory of linear
Diophantine equations we know that, because of (8), we must have
Sm+1 == Sm -E- tw and a. -~- for some integer w. Our condi-

tions imply that w must be of the f orm w = q ~ [rl , ... , ... , rm] - z
with some integer z.

Now if rm+1 is equal to one of rk+l, . ... , rm , 9 then we can choose

sm , I um+i = um (i.e. z = 0 ) and all conditions are satisfied where
the indices do not egceed m + 1. If rm+, is a new prime, then we
choose integers ym+l and z such that

this can be done, since is prime to q[r1, ... , rk] and to v (because
0  v  r k+1  ~"m-~-x ) · Putting Um+1 = [rk+1, ... , rm+1] 8 m+l = 8m + tw,
all conditions with indices at most m + 1 are fulfilled. Consequently,
si, t, ui, v can be selected to satisfy all of (8)-(11). Since and

i ( 1~  i, Z ), the groups C and D are indecomposable, indeed.

6. We can now verify our main result on groups of countable
rank,
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THEOREM 3. Let N be an in f inite set of integers &#x3E; 2. There exists

a torsion-free group A of countable rank which can be decomposed into
the direct sum of a f inite number k of indecomposable summands if and
only if k E N.

Let N consist of the integers no = 2  n1  ...  nj  .... Choose
the group A as Ao in (7) with the primes ri subject to the following
condition:

Since, for the primes rl, ... , r nj-2 are different from the rest
and none of the rest is smaller than we infer from Lemma 5
that Anj-2 decomposes into the direct sum of two indecomposable
summands. These, together with the summands ai&#x3E; for 2, = 17 ... , I

n~ - 2, yield a decomposition of A into exactly n; indecomposable
summands.

Suppose now that A has a decomposition into the direct sum of k
indecomposable summands:

Define the pure subgroups Bn== for and se-

lect no such that for i = 1, ... , 1~. Then

where no component vanishes for n ~ no . Since Bn is a group like .A.
in Lemma 3 (with reversed order of indices), from Lemma 4 we con-
clude that-after rearranging the Xi’s-Bn r1 X, (D... ffiBn n Xk-2 is

completely decomposable intersecting precisely ... , F, for some j,
while intersects F,+,, ..., F,. and is indecompo-
sable of rank n, intersecting all of F 1, ... , I’n . Passing to a larger n,
only the last two summands of Bn change. Therefore, for a large n,
the first k - 2 summands Bn r1 X i are equal to Xi and hence of
rank 1, and the last two summands are indecomposable of ranks
n - k + 2 and n, respectively (Bn n Xk_1 can be decomposable only if
it has a summand of rank 1 contained in but it is not
a summand of Xk-1, so it is neither of if n is large enough).

Consequently, k must be the number of indecomposable summands
of Bn for large n. By Lemma 4, k must therefore be equal to some
n f ( j = 0, 1, ... ) whence the result follows.
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