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LIPSCHITZIAN GENERALIZED DIFFERENTIAL EQUATIONS *)

C. J. HIMMELBERG and F. S. VAN VLECK

ABSTRACT - It is shown that the generalized differential equation xE R(t, x),

x(t.) = xo , where R has closed values, is measurable in t, and Lipschitzian
in x, has a solution provided there is an admissible candidate. This extends
a result of Filippov who assumed R is in addition continuous in (t, x) and,
in particular, includes the case xE R(t) for R measurable. Further, it is shown
that if R is integrably bounded, then the contraction principle for multifunc-
tions of Covitz and Nadler can be applied to obtain a global solution, thus
generalizing a result of Hermes. The proofs are essentially those given by
Filippov and Hermes, but depend on the following Scorza Dragoni type theo-
rem for multifunctions: If a multifunction R : i,s measurable
in t E T, continuous in x ERn, then for each E &#x3E; 0 there is a subset T’ of T
such that measure (T - T’)  E lower semicontinuous.

1. Introduction.

If Y is a metric space with metric d, let S«Y) be the nonempty
subsets of Y, let CL(Y) be the nonempty closed subsets of Y, let

and, for A, B E S(Y), let
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hd is the (generalized) Hausdorff pseudometric on S(Y). A multifunction
F from a set T into Y is a function from T into S(Y), i.e. F(t) e S(Y)
for each tET. If T is a topological space and F : T - Y is a multifunc-
tion, F is upper semicontinuous (lower semicontinuous) iff the set

1 is closed (open) for each closed (resp. open) sub-
set B of Y. F has closed graph iff Graph F = ~ ~(t, 1 is

a closed subset of T X Y. If (T, Tl) is a measurable space, F : T -~ Y

is a measurable (weakly measurable) multifunction iff the set 1 te Tl F(t) n
nB~0} 1 belongs to the o’-algebra tl1 of measurable sets for each closed

(resp. open) subset B of Y. If T is a compact Hausdorff space with

positive Radon measure 11, then U is the class of p-measurable subsets
of T. In particular, if T is an interval on the real line and {.1 i.s Lebesque
measure, F : T --~ Y is measurable iff 1 is Lebesgue
measurable for each closed subset B of Y. If X’ is a metric space with
metric p, we say a multifunction F : X ~ Y is Lipschitzian iff there is

a constant k such that for x, x’eX,

In this paper we consider the generalized differential equation

where R is a multifunction from a real interval cross R’~‘

into Rn which satisfies the following conditions:

(a) R(t, x) is closed for each (t, x) E T X Rn;

(b) R( ~ , x) is measurable for each 

(c) R~(t, ~ ) is Lipschitzian with constant k(t) such that

This problem has been studied by Filippov [F, Theorem 1 ] , under the
additional assumption that R is continuous in (t, x) with respect to the
Hausdorff metric on CL(Rn). Also, Hermes [H 2] has shown that the
contraction principle for multivalued functions yields this result under
the conditions that k is a constant, and that R is compact valued and
continuous in (t, x) with respect to the Hausdorff metric on the com-
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pact nonempty subsets of Rn. We show that conditions (a), (b), (c) are
sufficient to yield a solution of (1) provided there is an admissible

candidate for a solution. Further, we show that if R is integrably
bounded, then the result also follows from a contraction principle for
multifunctions due to Covitz and Nadler [CN, Corollary 3]. The state-
ments and proofs of these results are given in Section 3.

In Section 2 we establish a prelimi~nary result which may be of

interest by itself. In particular, we need to show that conditions (b)
and (c) imply that the multifunction t -~ R(t, x(t)) is measurable for

each continuous (or measurable) f unction x on T. This is accomplished
by establishing a Scorza Dragoni type theorem for multifunctions which
do not necessarily have compact values.

2. A Scorza Dragoni Theorems f or Multifunctions.

For functions Scorza Dragoni [SD] seems to have been the first
to show that if f (t, x) is measurable in t, t E T, and uniformly conti-
nuous in x, then for each e&#x3E; 0 there is a set T£çT such that the
measure of T - TE is less than E and X x is continuous. It appears
that the only results of this type for multifunctions were recently given
by Kikuchi [K, Proposition 3] and Castaing [C, Remark 2] and re-

quire the multifunction to have compact values. Castaing’s result follows
from a result of his [C, Theorem] for functions by considering the
multif unction as a function into the space of nonempty compact sub-
sets with the Hausdorff metric and observing that this function satisfies
the hypotheses of the result for functions. Our theorem is for multi-
functions which do not necessarily have compact values or even closed
values, and it is established by applying Castaing’s result for functions
to a function associated with the given multifunction. First we need a
lemma.

LEMMA 1. Rn can be metrized with a metric p whose uniformity
is totally bounded and weaker than the Euclidean uniformity. In fact,
we can require hp ç h if hP is the Hausdorff pseudometric defined on
S(Rn) by p and h is the (generalized) Hausdorff pseudometric defined
by the Euclidean metric.

PROOF. Define a function 9 from Rn to the open unit ball U by
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. Then cp is a homeomorphism of R’~ onto U

so cp is uniformly continuous. Then the metric p defined on Rn by
p(x, y) = cp~(x) - ~p(y) ~ 1 is totally bounded and weaker than the Euclidean
metric.

THEOREM 1. Let T be a compact Hausdorff space with positive
Radon measure (.1, let X be a Polish space (= separable space metriz-
able with a complete metric), F : T X X - Rn a multifunction such

that F(t, x) is measurable in t for each x and continuous (with respect
to the Hausdorff pseudometric on in x for each t. Then for any
~ &#x3E; 0 there exists a closed subset T, of T such that and

Fjrexx is lower semicontinuous. If, in addition, F is assumed to have
closed values, then has closed graph and is lower semicontin-
uous. (If F has compact values, then is continuous [C, Re,
mark 2]).

PROOF. Let E be Rn remetrized with the totally bounded metric
of Lemma 1. Then F : T X X -+ E is obviously still measurable in t.

Moreover, F : T X X - E is continuous in x, since 
Let E be the completion of E ,and define by

F(t, x) =F(t, x), where here and throughout this proof all closures are
with respect to E.

Then F is weakly measurable (and hence measurable - see [HJV,
Theorem 1]) in t for each x, since for each open we have

Also F is continuous with respect to the obviously defined Haus-
dorff metric hP on CL(É), since x), F(t, x), F(t, y)).

Since E is compact, if follows that as a function from T X X into
CL(É), F is measurable in t and continuous in x. Thus by [C, Theo-
rem], there exists, for each e&#x3E;0, a compact subset TE of T such that

is continuous (with respect to Ép) in t and
x jointly, or, equivalently, is both upper and
lower semicontinuous.

But lower semicontinuity for is equivalent to lower semi-
continuity for So is lower semicontinuous.
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Finally, if F has closed values, then 
n Graph FI TE X x and the latter set is closed since is upper
semicontinuous.

COROLLARY 1. Let F, T, X be as in Theorem 1. Let x : T - X

be a measurable function and define a multifunction G : T -~ Rn by
G(t) = F(t, x(t)). Then F and G are weakly measurable. If F has closed

values, then F and G are both measurable.

3. Lipschitzian Generalized Dif f erential Equations.

We next establish the existence of a solution of

where R satisfies (a) - (c). By a solution we mean an absolutely contin-
uous function [ to , such that

THEOREM 2. Suppose R : T X Rn - Rn satisfies hypotheses (a)-(c),
where T = [ to , is a given compact interval. Suppose also that there
exists an absolutely continuous function y : T-+Rn such that

sup (dist (y(t), R(t, y(t») 1 tetl =M  00. Then equation (1) has a so-
lution on T.

The following proposition, which is a slight generalization of lem-
mas used by Filippov [F] and Hermès [ H 1 ] in their proofs, is needed in
the proof of The~orem 2. A proof can be given along the lines of
Hermes’ proof using the results of [R, Corollary 1.3] and [ KRN ~
Theorem 1] at appropriate place, so we delete the proof.

PROPOSITION 1. Let (T, TU) be a measurable space, let F : 
be a measurable multifunction with closed values, and let w T’ 2013~ -R~
be a measurable function. Then there is a measurable function

such that v(t) e F(t) and F(t))
for teT.
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PROOF OF THEOREM 2. The proof of this is the same as that given
by Hermès [ H 1 ] except we use Proposition 1 and Corollary 1 to establish

the existence of appropriate iterates vi(t) and

with vi(t)eR(t, Xi(t» such that the sequence converges uniformly on
T to a function x while (vi) converges in L°°(T) to a function v. Since

it is clear that The only
-u -u

other place where one must be careful is in showing that x(t)),
but that follows, for example, from the fact that a Lipschitzian multifunc-
tion with closed values has closed graph.

Note that this result unifies the treatment of the equation 
R measurable, and that of x).

Actually somewhat more can be proved using the above methods.
As was shown by Filippov for R continuous, if R satisfies (a) - (c) in
the region teT, where y is absolutely continuous, if

and if there is a function such that

dist (y(t), R(t, y(t))) - p(t) a.e., then there exists a solution x(t) of (1)
which satisfies

where

with

as long as ç(t) =5 b.
We next show that a solution of (1) on all of T can be established

by using Covitz and Nadler’s [CN] contraction principle for multifunc-
tions. In what f ollows we assume that the multifunction R : T X 
satisfies (a), (b), (c) and
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(d) There is a function such that for v E R(t, x),

(It should be noted that (d) implies that there is an absolutely continu-
ous function y such that R(t, a.e.; simply
take y(t)=O for all t). Also we assume without loss of generality that
h(R(t, x), R(t, ~)).~)!~-~j 1 for x P4- x’ in (c).

We first renorm L1(T) with an equivalent norm by letting

where

10

and L is any constant greater than one. Also, we let H denote the

Hausdorff p,seudometric L1(T).
For xeL1(T), define a multifunction Rx by Rx(t)=R(t, x(t».

Clearly Rx has closed values, and, by Corollary 1, Rx is measurable.

Let MR : L1(T) - L1(T) be a multifunction defined by

is a measurable selector for Rx }.

(By [KRN, Theorem 1], MA(x) is nonempty for each xeL1(T) and, by
(d), MR(x)çL1(T». Define I : L1(T) ~ by

Finally, let F : be the multifunction MR o I, i.e.

F(x)=MR(Ix).

PROPOSITION 2. F has closed nonempty values and satisfies
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Thus F is a contractive multifunction and has a fixed point x.

PROOF. First MR(x) is closed in L1(T) for xEL1(T). For suppose
(xn) is a sequence in MR(x) which converges to a function YEL1(T).
Then there is a subsequence of (xn) which converges almost ev-
erywhere to y. Thus, for almost all t, (xnk(t)) - y(t). But

and R(t, x(t)) is closed. Hence

and MR(x) is closed
It follows trivially that MR(Ix) is closed for each xe Ll(T).
Next we show that MR satisfies

for x, x’eL1(T). To see this, let veMR(x). Then v is measurable and

v(t) e R(t, x(t)) a.e. Since h(R~(t, x(t)), R(t, x’(t)))  k(t) ~ x(t) - x’{t) ~ 1 for

x~(t) ~ x’(t), there is a z E R(t, x’(t)) such that v(t) - z ~ 1 =5k(t) x(t) - x’(t) ~ .
Thus the multifunction G defined by G(t) = Rx.( t) n K(t), where

is nonempty. K is measurable and hence G = Rx- n K is also measurable.
Let be a measurable selector for G. Then w(t)eR(t, x’(t)) a.e. and

From this and the analogous inequality obtained by interchanging the
roles of x and x’ we get
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Since F==Mpo7, we have

By interchanging the order of integration, we obtain

Finally, we apply the contraction principle of Covitz and Nadler
[CN, Corollary 3 ] to F to obtain a function such that 
This completes the proof of the proposition.

The entire argument is now completed by noting that if we let
where is the above fixed point, then 

Thus, 9 is the desired solution of (1) on the entire interval T.

It is perhaps worth remarking that if the functions k(t) and r(t)
in hypotheses (c) and (d) are replaced by constants k and r, respectively,
then MR o I maps L°°(T ) into L-(T). Further, if we renorm L°°(T ) by
letting

then it is not difficult to show that
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where H 00 is the Hausdorff pseudometric corresponding In par-
ticular, in this case we obtain a solution cp of (1) on T whose derivati-

ve is essentially bounded by r.
The idea of renorming certain function spaces in order to change

a locally contracting operator into a global contraction is due to Bielicki
[B]; we have shown above that this idea can equally well be applied
to contracting multifunctions. Lasota and Opial [LO] have also indi-

cated its usefulness in connection with solving generalized differential

équations via the Fan fixed point theorem.
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