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ABOUT THE LINDEBERG METHOD
FOR STRONGLY MIXING SEQUENCES

EMMANUEL RIO

ABSTRACT. We extend the Lindeberg method for the central limit
theorem to strongly mixing sequences. Here we obtain a generalization
of the central limit theorem of Doukhan, Massart and Rio to nonsta-
tionary strongly mixing triangular arrays. The method also provides
estimates of the Lévy distance between the distribution of the normal-
ized sum and the standard normal.

INTRODUCTION

In this paper, we are interested in the central limit theorem for strongly
mixing and possibly nonstationary sequences of real-valued random vari-
ables. First let us recall some recent results for strongly mixing sequences,
improving on the classical results of Ibragimov (1962). In order to state
these results, we need some more notation.

DEFINITION 1. Let (X;);ez be a sequence of real-valued random variables
with mean zero. For any nonincreasing cadlag function I : RT — R™, let
H~! denote the cadlag inverse function of H, which is defined by

H™ (u) = sup{t € R : H(t) > u},

with the convention that sup ) = 0. For any real-valued random variable X
with distribution function F, we denote by Q) x or () the inverse function
of t - P(|X]|>1t). Weset Q; =Qx,.

If (4n)n>0 is a nonincreasing sequence of nonnegative real numbers,
we denote by u(.) the cadlag rate function which is defined by u(t) = upy.
Throughout the sequel, u~! denotes the inverse function of this rate function

It comes from Doukhan, Massart and Rio (1994) that the central limit

theorem for strictly stationary sequences with strong mixing coefficients
(an)n>o0 holds under the integral condition

/0 a1 (2)Q2 () dx < . (1)
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36 EMMANUEL RIO

When X, satisfies the moment assumption IE(]X,|") < oo, condition
(I.1) holds as soon as

Z n? =Y a, < oco. (1.2)
n>0
(I.2) improves on Ibragimov’s condition }_ _, o/ < so. Moreover,

from a paper of Bolthausen (1980) dealing with rates of convergence in the
central limit theorem for Markov chains on a countable space, we believe
that (1.2) cannot be improved for strongly mixing Markov chains.

The aim of this paper is, first to extend the central limit theorem for
strongly mixing sequences to a central limit theorem for triangular arrays,
and second to obtain rates of convergence in the central limit theorem. We
refer the reader to Bergstrom (1972), Krieger (1984) and Samur (1984) for
the central limit theorem for ¢-mixing triangular arrays with stationary
rows and to Tikhomirov (1980) and Gé&tze and Hipp (1983) for rates of con-
vergence and asymptotic expansions in the central limit theorem for mixing
sequences. Let us also mention the recent works of Peligrad and Utev (1994)
and Peligrad (1995), which improve the previous results for triangular ar-
rays.

The proofs of central limit theorems for mixing sequences often are
based either on Gordin’s theorem (1969) [see Hall and Heyde (1980)] or on
the Bernstein’s method [see Ibragimov and Linnik (1971)]. Unfortunately
the extension of these techniques to nonstationary sequences is quite deli-
cate. So, in order to obtain central limit theorems for triangular arrays, we
will adapt the Lindeberg method [see Lindeberg 1922] to strongly mixing
sequences. Up to our knowledge, the Lindeberg method was first used in
the setting of strongly mixing processes by Doukhan and Portal (1983a) [see
also Doukhan and Portal (1987)]. They studied the rates of convergence
in the multidimensional central limit theorem and extended some estimates
of Yurinskii (1977) to mixing sequences. Next Doukhan, Leén and Portal
[(1984) and (1985)] obtained some related results for Hilbert space valued
stationary mixing random variables. This method has two main advantages:
it leads to optimal conditions concerning the tail ditributions of the random
variables and it gives precise estimates of the Lévy distance between the
distribution of the normalized sum and the standard normal distribution for
stationary and strongly mixing sequences.

Let us now recall the Lindeberg central limit theorem for independent
summands. Let (X;,)ie[1,, be a triangular array of independent square-
integrable random variables with mean zero, normalized in such a way that
Var(Xq,+-+Xnn) = 1. Let S, = X1+ - -+ Xy Then S, converges
in distribution to a standard normal distribution if, for any positive &,

ZIE(an]I|Xm|>S) — 0 as n — oo,
=1

which is equivalent to
noopl
Z/ Q% (2)(Qx,, () Al)dz = 0 as n — cc. (1.3)
i=1+0
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LINDEBERG METHOD FOR MIXING SEQUENCES 37

In a recent note concerning moment inequalities for stationary strongly mix-
ing sequences [see Rio (1994)], we prove that, for any p > 2, the moment
condition

1/2 da

— -1 P
MyolQo) = [ @7 (a/2Q0() o <
is sufficient to imply a Rosenthal type inequality of order p [see Rosen-
thal (1970) for these inequalities in the independent setting]. Hence we
obtain a generalization of the classical moment inequalities by replacing
Qo by a1 (2/2)Qo(z) and the Lebesgue measure by the weighted measure
dz/a~t(2/2). Exactly in the same way, we will obtain a generalization of
the Lindeberg condition to strongly mixing sequences by replacing () x, by
a1 (2/2)Qx,, and dv by dv/a~'(2/2) in (1.3). Since the Lindeberg method
provides estimates of the error between the characteristic function of the nor-
malized sum and the characteristic function of the standard normal, we also
obtain upper bounds on the Lévy distance between the distributions func-
tions in the stationary case, via Esseen’s inequality (1945). In particular, if
Ms5,0(Q0) is finite for some § < (v/5 — 1)/2, we obain an upper bound of
the order of n=%/2,

1. THE MAIN RESULTS

DEFINITION 2. For any two o-algebras A and B in (Q, 7, P), let

a(A,B) = . ]33)116134XB|IP(AOB) — P(A)P(B)| (1.1)

denote the strong mixing coefficient introduced by Rosenblatt (1956). The
strong mixing coefficients (a,),>o of the sequence (X;);ez are defined by

ay, = sup a(Fx—n, Gr), (1.2)
keX
where F; = o(X; ¢ <) and G = o(X; : 7 > ). We make the convention
that g = 1/4.

Throughout the section, () is any nonincreasing function from [0, 1] into
IRT such that Q > sup;~q Q-

Let us recall some basic covariance inequalities for strongly mixing se-
quences, improving on the covariance inequalities of Davydov (1968). By
Theorems 1.1 and 1.2 in Rio (1993), the following upper bounds on the
variance of the partial sums of strongly mixing sequences hold.

ProposITION 1. Let (X;);ez be a sequence of real-valued random vari-
ables with finite variance and mean zero. Let the strong mixing coefficients

(an)n>0 be defined by ag = 1/4 and

ay, = sup a(Fr_pn, 0(Xg))
kEZ
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38 EMMANUEL RIO

for any positive n. Then, for any integers s and t such that s < t,

2at—s
| Cov(X5, X¢)| < 2/ Qi(z)Qs(z)dx. (a)
0
Let S, = X1+ -+ X,,. Then
1/2
VarS, < > |Cov(X,, X)) <4Z/ a2 /2) An)Q? (x)dx, (b)

(s,t)€]0,n]?

where a~! denotes the inverse of the mixing rate function associated with
the strong mixing coeflicients (on)n>0.
Suppose that

1/2
M; o(Q) = / a Nz /2)Q* (v)dx < +oo. (1.3)
0
Then
n~!Var S, < 4M, ,(Q). (1.4)
Hence, if (X;)iez is strictly stationary, the series ), , Cov(Xo, X;) is ab-

solutely convergent to some nonnegative number o2,

. -1 _ 2 2
nll}r_l{loon VarS, =c¢* and o §§|C0V(X0,Xt)|§4M27a(Q). (¢)

The main results are the following estimates of the nearness of the charac-
teristic function of the normalized sum and of the characteristic function of
the standard normal.

THEOREM 1. Let (X;);ez be a strongly mixing sequence of real-valued
random variables with finite variance and mean zero. Suppose that X; = 0
a.s. for any i ¢ [1,n]. Let ¢ (t) = E(exp(itSk)),

Vo=0, Vpy =VarS, and V] = sup Vj. (1.5)
ke[l,n]

(i) For any nonnegative quantile function ) and any positive t, let

My o (Q.1) = / oY (2/2)Q () (o (2/2)Q(x) A 1)

Then, for any real t,

| exp(Vit® /2)pn(t) — 1| < 587 exp(V,71*/2) Y~ Ms o(Q |1]).-
k=1

(ii) Suppose furthermore that (X;);ex fulfills condition (1.3). Then, for
any real t,

n

| exp(Vat® /2)pn () = 1] < 8(V2+ 12 M5 0 (Q. [t]) Y exp(Vit®/2).
k=0
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LINDEBERG METHOD FOR MIXING SEQUENCES 39

REMARK 1. It comes from Proposition 2 in section 2 that Theorem 1 and
Corollary 1 may be obtained under the following weaker definition of the
strong mixing coefficients:

a, =sup  sup  &(Fr_n, 0(Xitp,s Xitps))- (1.6)
kE€Z (p1,p2) EN?

Consequently some upper bounds on these mixing coefficients would be of
interest.

(i) is a result generalizing Lindeberg’s one [see Lindeberg (1922)] to
strongly mixing sequences. So, our main application of (i) is the following
central limit theorem for strongly mixing triangular arrays.

CoRrROLLARY 1. Let (Xin)n>0,ie,n] be a double array of real-valued random
variables with finite variance and mean zero. Let (o ) k>0 be the sequence
of strong mixing coefficients of the sequence (Xi,)ig[1,, and a(_nl) be the
inverse function of the the associated mixing rate function. We set

Sin = Xln +-+ in and ‘/i,n = VarSin-
Suppose furthermore that

limsup max (Vi ,/Vyn) < o0. (a)
n—soco 1€[1,n]

Let Q;., = Qx,,. Then Sy, converges to the standard normal distribution
if
3/22/ ) (2/2)Q7 (@) inf (a5 (2/2)Qin (), /Vin)dz — 0 (D)

as n tends to oco.

REMARK 2. Note that ay, = 0 for amy k& > n, which implies that
a7 (x/2) < n for any positive z.
(n)

APPLICATION 1. Let (&);ez be a strictly stationary and strongly mixing
sequence of real-valued random variables with mean zero, satisfying the
condition My (Q¢,) < oo. Let (ain)igq,n be a triangular array of real
numbers such that

a? =1 and lim max |ain| = 0.
—1 n—00 {€[1,n]
1=

We set X, = a;,&;. Then, by (b) of Proposition 1,
Var Sy, <4 a, Ms o(Qe,) < 4Ma 0 (Qe,)-
=1
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40 EMMANUEL RIO

This inequality ensures that Corollary 1(a) is equivalent to lim inf,, V,, , > 0.
Consequently, if (a) holds, condition (b) of Corollary 1 is ensured by the
mixing condition

Zam / U /2)Q2, (1) (armla™ (2/2) Qe () A L)z — 0,

as n — 00, where o' stands for the inverse function of the strong mixing
rate function of (£;)iez. Since maxX;g[ ) |ain| tends to zero as n — oo,
Lebesgue dominated convergence theorem lets us prove that the above ex-
pression converges to zero. Hence the CLT for S,,,, holds, which generalizes
(¢) of Theorem 2.2 of Peligrad and Utev (1994).

Let us now give some applications of Theorem 1(ii) to Berry-Esseen
type estimates. Let the class ® of two times differentiable Orlicz functions

be defined by :

®={¢: Rt - RY; ¢ convex, ¢(0) = ¢'(0) =0,

¢" nondecreasing, concave}. (1.7a)

For any ¢ in @, we define the weighted moments My ,(Q) by

Ml (2/2)Q)
M(M(Q)_/O TR (1.7b)

If ¢(z) = 2", we set My o(Q) = M, ,(Q).
When (X;);ez is a strictly stationary sequence verifying (1.3) and the
additional condition

o’ =) Cov(Xg, Xy) £0, (1.8)

tEX

the central limit theorem holds [see Doukhan, Massart and Rio (1994)].
More precisely S,,/o+/n converges to a standard normal distribution. We
then get the following estimates of the Lévy distance for partial sums of a
stationary sequence as a by-product of Theorem 1(ii).

THEOREM 2. Let (X;);cm be a strictly stationary sequence of real-valued
random variables with mean zero and finite variance satisfying (1.3) and
(1.8). Let the sequence of strong mixing coefficients be defined by (1.2). Let
U denote the d.f. of a standard normal.

(i) For any ¢ in ]0, 1] such that

X

Asrsal@) = sup (a ' (2)Q(@)** < o0, (L)

z€]0,1/4] a~t(z)
we have :

I, = sup |IP(S, < zoy/n) — W(z)| = O(n~%?* v n~(1+3)/(1+28))
z€ER
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LINDEBERG METHOD FOR MIXING SEQUENCES 41
(ii) Suppose that Ms ,(Q) < oo. Then

sup [IP(S, < zov/n) = ¥(a)| = O(n~'7%).

(iii) Suppose that My ,(Q)) < oo for some function ¢ in ¢ verifying ¢(x) ~
z%(log x)P for some positive p as ¥ — +oo. Then

sup [IP(S, < zoy/n) — ¥(z)| = O((log n)_p).

ze€R

REMARK 2. Note that the moment condition Msys,(Q) < oo is stronger
than (1.9). Moreover it comes from the lower bouds of Tikhomirov (1980)
that (i) of Theorem 2 is nearly optimal when § < (=14 v/5)/2.

APPLICATION 2.

(a) Bounded random variables. Assume that || Xo||- < co. Then (1.9)
holds if and only if a,, = O(n~'7%). In that case, Theorem 2(i) yields
I, = O(n=%%)if § < (—1++/5)/2 and I1,, = O(n~(1+9)/(4+2%)) otherwise,
which improves on Theorem 1 of Tikhomirov (1980). Now Mj (@) is finite
if and only if 3, ., nay, < co. Then, by (ii) of Theorem 2, I, = O(n~1/3).

Under the weaker condition My (@) < oo for some ¢ in ¢ such that
#(z) ~ z*(log #)?, Theorem 2(iii) yields II,, = O((logn) ) under the con-
dition »_ . ,(logn)Pay, < oo. Note that the loss between this condition
and Ibragimov’s condition for the central limit theorem ) . a, < oo [see
Ibragimov and Linnik (1971) for the CLT] is logarithmic.

(b) Conditions on the tail function. Suppose that, for some p > 2,
IP(|Xo| > u) = O(u™"). Then

M@ = sup u/°Q() < oo,
w€]0,1]
and Ayi;5.,(Q) is finite for § < p — 2 if @, = O(n=PUFD/(P=2=9)) "while
the condition M3 ,(Q)) < oo needs p > 3 and the summability condition
Zn>0 noe}z_?)/p < 0.

(c) Moment conditions. Suppose that, for some r > 3, IE(|X,|") < oo.
Then, by the Holder inequality applied on [0, 1], M5 ,(Q) is finite if

Z pr3)/0=3) o < .
n>0

Under this mixing condition, Theorem 2(ii) yields I1,, = O(n~1/3). However,
Bolthausen (1980 and 1982) obtains IT, = O(rn~'/?) for Harris recurrent
Markov chains under the same mixing condition.

(d) Exponential mixing rates. Assume that the mixing coefficients sat-
isfy o, = O(a") for some a in ]0, 1[. Then Theorem 2 in Tikhomirov (1980)
yields
I, = O(n~%/*(log n)'*?)
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42 EMMANUEL RIO

under the moment assumption IE(|X,|?**?) < oo, for any & €]0,1]. If § < 1,
one can use the Stein-Tikhomirov method to obtain T1,, = O(n~%/2) under
the moment condition

E(|Xo|*° (log, | Xo])' ) < . (1.10)

For geometric rates of mixing, (1.10) is equivalent to My, 5(Q) < co. Since
this condition is stronger than (1.9), (i) of Theorem 2 slightly improves on
the Stein-Tikhomirov method if § < (v/5 — 1)/2. However, Theorem 2 of
Tikhomirov (1980) yields much more better rates if § > (v/5 — 1)/2.

For geometric rates of mixing, the condition IE(X?(log, |X|)F) < oo is
equivalent to the condition My ,(Q) < oo of (iii) with ¢(z) ~ 2*(logz)P~.
Thus (iii) of Theorem 2 yields IT,, = O((logn)!~?), which improves on Corol-
laire 1 of Bulinskii and Doukhan (1990) in the special case of sequences.

2. THE LINDEBERG METHOD FOR STRONGLY MIXING SEQUENCES.

In this section, we generalize the Lindeberg method to strongly mixing
sequences. The main step of this extension is Proposition 2 below. This
proposition is applied to obtain estimates of the characteristic function of a
sum of mixing random variables. In section 4, we give an application of this
proposition to moment inequalities for sums of non identically distributed
random variables.

DEFINITION 3. Let F(bs, b3) be the class of real-valued two times continu-
ously differentiable functions f such that Hf(2)Hoo < by and Hf(2)HL < bs,
where | £0)].o = supyep | F0{2)] and

i f(z)— fly
IfDNL = sup 7o) = Jwl]
(gj7y)€ﬂ:{2 |$ - y|
T2y
Let
k—1
ve = Vi = Vier = B(X]) + 2D E(XX5).
i=1

(In the weak dependence setting, vy may fail to be nonnegative). We set

v
Ayp=sup |IE(f(Sk—1+ Xi) = f(Sk-1) — ?kf”(Sk_l))L
FEF(ba,bs)
The main step of the proof of Theorem 1 is the following upper bound for
AV

PropoOSITION 2. Let (X;);ez be a sequence of real-valued random variables
with finite variance and mean zero. Suppose that X; = 0 a.s. for any i < 0.
Let the sequence (o), >0 of strong mixing coefficients of (X;);ez be defined
by (1.6). Let u be any real in [0,1/2] and p = o~ ' (u/2). We set

k—1
Mk(ac) = ZQk—i(x)Hl’<201i
1=0
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LINDEBERG METHOD FOR MIXING SEQUENCES 43

and
p—1p—1
My (z,u)) = Qr—i(2)Qr—i—1(2) Wrca(a; nan) -
i=0 =0
Then
u 1
Ay g §4b2/ Mk(w)Qk(w)dx—l—élbg/ M (z,w)Qx(z Vu)dz  (a)
0 0
and

> A< 242/ [a™ (2/2) A n]Q3 () inf(by, bs[a™ (2/2) A n]Qr(z))dz.
k=1 k=1 0
()

Proof. Throughout the proof, we make the convention that S; = 0 for any
1 < 0. We set

p—1
Mi(z,u) = Qrei(@)lecaa, and X = (XpAQx(u)V (=Qx(u)). (2.2)
=0
We start by the proof of (a). By the Taylor integral formula,
1
F(S0) = F(Sm) = ' (S10) X = Xo [ (F(Sm 4 0X0) = F(Sii))do
0
1
= Xk/ (f'(Sk=1 + vXk) — f'(Sk—1 + vX}))dv
0
—I—Xka// vf"(Sk—1 + v/ Xp)dvdv'. (2.3)
0Jo
The first term on right hand is bounded up by by | X (X — X})|/2. Moreover

| Xl

o|§

1,1
‘// vf”(Sk_1+vv’Xk)dvdv’—%f”(Sk_l) <
040

Since

BIXL(Y - X0l = [ " Qu(e)(Qulx) — Qulw))de, (2.4)

it follows that

IB((S) = F(Sk1) = £/($5-1)Xe = 37 (Sk-) XuXp)] <
1/2

2 [ @) - Quanar+ 2 [T @@t v o 25)

Now we control the second order term. Let T'y; = f"(Sip—;) — f"(Sk—i—1).

Clearly
p—1

F"(Ske) Xp X = T i X Xp + [ (Skmp) X X

i=1
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44 EMMANUEL RIO

Since |['y ;| < b3| Xy 4], it follows from Proposition 1(a) applied to X = I'; ;
and Y = X, X that

20@‘

|COV(F;§7Z‘7X;§X]§)| < 2bs Qk_2($)Qk($)Qk($\/u)d$
0

Noting that 2, < u, we also get that

| Cov(f" (Sk—p)s XpX)| < 20 /Ou Qr(2)Qr(z V u)dz.
Hence
5 Cov("(84-1), XX <
/01/2(133(1\@(9@, u) = Qk(2)) + b2 lloc ) Qr(2)Qr(z V u)dz,  (2.6)
which together with (2.5) and (2.4) implies that

E(f(Sk-1 4+ Xi) = f(Sk-1) = [1(Sk-1) X)) = %E(f”(sk—l))IE(Xﬁ)l <

by /OuQi(x)dx—l—bg/O My (2, u)Qr(2)Qr(z V u)de. (2.7)

It remains to give an estimate of the expectation of f'(Sy_1)Xj. Clearly
k—1
E(f(Sk-1)X) = ZCOV(fI(Sk—i) — [ (Sk—iz1), Xp). (2.8)

i=1

In order to estimate the terms in (2.8), we need the following general prin-
ciple, due to Fréchet (1951, 1957) and Bass (1955).

LEMMA 1. Let 7y, ... Z,, be nonnegative random variables with respective
quantile functions Qz,, ... , Qz, . Then

IE(Zl...Zm)g/O Qz,(2)..Qz, (z)dz.

REMARK 3. Actually Fréchet gives a complete proof in the case m = 2.
However, the proof uses the same arguments in the general case.

Let us also state the following by-products of Lemma 1, which will be
used later on : with the same notations as in Lemma 1,

/0Q2122(x)QZS(x)...QZm(w)dx§/0 Qz, (2)Qz,(2)..Qz, (x)dx (2.9a)
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and

/0 Qz,+7,(2)Qz,(2)..Qz, (v)dx <
/0(Qzl(w)+ng(w))QZS(x)...QZm(x)dx. (2.9b)

Proof of (2.9). Let U be a random variable uniformly distributed on [0, 1].
Then, for any nonnegative r.v. T, Qr(U) has the same distribution as
T. Consequently, by Lemma Al of Berkes and Philipp (1979), one can
construct random variables 11, ..., T,, on another probability space such that:
(11715, Ts,...,T,,) has the same distribution as (Qz, z,(U),Qz,(U),...) and
(Ty,T3) has the same law as (71, Z2). So, by Lemma 1, we have

/0 Q2122 (x)st ($)sz ($)d$ = IE(TlTQTm)

< /0 Q2. (2)Q2,(2)-Qz, (¢} da.

The proof of (2.9b) is omitted. a
For any 7 > p, 2a; < u. So, noting that

|f (Sk—i) = f'(Sk—iz1)| < bo| Xg—il,

we have, by Proposition 1(a),
(2.10) | Cov(f'(Sk—i)—f'(Sk—iz=1), Xi)| < 252/ Wy oo, Qr—i(2)Qr(x)da.
0

From now on, we assume that ¢ < p. Let us replace X by X,. Applying
Proposition 1(a), we get that

| Cov(f' (Sk—i)—f"(Sk—i-1), X — Xp)| <
2b2/0 Ly con Qpi () (Qul2) — Qulw))de.  (2.11)

Now
T (Sk=i) = f'(Sk—iz1) = [ (Sk—iz1) Xk—i = Ry

where Ry ; is Fy_;,-measurable and |Ry ;| < bsX?_./2. Consequently, by
Proposition 1(a), we have:

20@‘

| Cov(Ry.iy X1)| < b3 Qi_i(2)Qr(z V u)da. (2.12)
0

In order to estimate the term Cov(f"(Sy_i—1)Xx_i, Xx), we introduce the
decomposition below:

i—1

" (Skeiz1) = Z(f”(sk—i—l) — " (Sk—izi=1)) + " (Sk—2:)-

=1
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By Proposition 1(a) applied with X = I'y ;4; X;_; and Y = X}, together
with Lemma 1 and (2.9a),

20@‘

| COV(Fk71+Z‘Xk_Z‘, Xk)| < 2bs Qk—z—l(x)Qk—z(x)Qk(x vV u)dw (213)
0

Next, by Lemma 1 applied to independent r.v.’s,

B (S120) Xom B € by [ Mo, Qums(0) (Qule) - Qulw)d
0
7 7 (2.14)
(because IE(Xy) = IE(X) — Xi) and v < 2ay).
As a second step, we bound up | Cov(f"(Sk_2i), Xp_iX)|- Clearly

p—1

F'(Ske2i) = Thari + " (Shoizp).

=1
Now, by Proposition 1(a) applied with X = Ty 11, Y = X;_; X} and (2.9a)

20([

| COV(F;C’H_Z‘7 Xk—sz)| < 2b3 Qk—z—l(x)Qk—z(w)Qk(w V u)dw (215)
0

Noting that 2c, < u < 20y, applying both (a) of Proposition 1 with X =
F"(Sk=izp), Y = Xp—; Xy and (2.9a), we also get that

|COV(f”(Sk_Z‘_p),Xk_Z‘Xk” S 2()2/ ]Il,<2aiQk_i(x)Qk(u)dx. (216)
0

Adding the inequalities (2.10), (2.11), (2.12), (2.13), (2.14), (2.15) and (2.16)
and summing on ¢ and [, we then get :

p—1

[E(f"(Sk-1)X1) — ZIE(f”(Sk_%))IE(Xk_iXm <
b [ (001(0) - Qu())Qula) o+
2b3/0 (M (2, u) — My(z,w)Qr(2))Qx(z V u)dz. (2.17)

It remains to bound up

Dy = z_:IE(f”(Sk_zi))IE(Xk_ZXk) -y E(f"(Sk_1))E(X i X)

We first note that, by Proposition 1(a),

D B Sk VE(X i Xi) | < by > [I(X i X3

>p >p

< by /OuZ]IKgaiQk_i(x)Qk(x)dx. (2.18)

2p
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Next, noting that v < 2q; for all 7 < p and applying Lemma 1, we get that

S B (Sso V(X —i(Xp — Xi)] <

by /Ou Z Moo, Qroi(2)(Qr(x) — Qr(u))de. (2.19)

In order to bound up the last term, we still write
) 2i—1 )
(" (Sk1) = f"(Sh—2i) IE(Xp—i X)) = Z (T ) (X g Xi)-

=1

Both this decomposition, Lemma 1 and (2.9a) then yield :

p—1
Z E(f" (Sk—1) =" (Sk—2i) ) IE(Xp—i Xp)|
p=12i—1 24,

<> [ Qe Qule v e

=1 =1

< 2b3/0 Mp(z,u)Qx(z V u)dx. (2.20)

Hence
1 U

|IE(Dg)| < 2b3/ Mé(x,u)@k(x\/u)dx—l—lh/ My (2)Qp(zVu)de. (2.21)
0 0

(2.21) and (2.17) together with (2.7) then yield (a).

g
Starting from Proposition 2(a), we now prove (b). This will be done via a
more tractable upper bound for M| (z, u). By the Minkowski inequality,

(Qi_i(z) + QF_;_y(2)).

l\')l}—\

Qk_i(w)Qk—i—z( )

Hence

2p—2

p—1
QMk z, u ZQk i x<2al Zﬂx<2al+z Qk m )Zﬂl’<2(0‘i/\0‘m—i)'
=0

Let ¢(m) = m — [m/2], square brackets designating the integer part, as
usual. The inequality o; A ay,_; < Qg(m) lets us show that

Z ]Ix<2(ozi/\ozm_,‘) < [a_l(x/Q) /\p]aq(m)
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Hence
k—1

Mi(e,u) < o™ (2 Vu)/2) Y Qh p(2) ooy, -
m=0
Let ¢ (2) = inf(by, bsz). Let the real u be defined in such a way that

_l(u_/Q)Qk(u_) > by > bgOé_l(U/Q)Qk(u). (2.22)

With the above choice of wu,

bs M} (2, u)Q(z V u) ZQk (@) Mocra, o 00 (2/2)Qu(x)). (2.23)

Since v is a nondecreasing function,

Q- (@) (0™ (2/2)Qx(2)) <
Qi (2)(a M (2/2)Qur(x)) + QF_,, (1) (0™ (2/2)Qr—m(2)). (2.24)

Consequently the inequality (2.23) lets us show that
b3 My (z, U)Qk(w V) < 207 (2/2)Qi(2) ¢ (a7 (2/2)Qu(2))
+ ZQk m _l(w/Q)Qk m( )) <20 (m) " (225)

In the same way, one can prove that

My (2)Qp(x) < o™ (2/2)Q% () + ZQk () oy, (2.26)

Hence, combining Proposition 2(a) with (2.25), (2.26) and (2.22), we get
Proposition 2(b). 0

We now finish the proof of Theorem 1. Let ¢, denote the characteristic
function of Sy and ¢t be some positive real. We now apply Proposition 2(b)
to the functions z — costz and x — sin tz, yielding

Zm (1- %m (1)) <

342 Z/ e /2)Q2 (2) (ta= (2/2)Qu(x) A )de.  (2.27)

In order to introduce the characteristic function of the normal distri-
bution, we need to control |exp(—uvit?/2) — (1 — vxt?/2)|. By Proposition

1(a),
log| < 42/0 Qr(2)Qr_i(x)dr < 4(zk + yr), (2.28)
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where

pr—1

n= [ e, = [ Qv D Ques() o,

pr = o H(uy/2) and wuy is the positive real such that

ta™ (u/2)Qx(ur) < 1 < ta™ (uy /2)Qn(uy).

Let v be any real and z, y be positive numbers such that |v| < x4 y. It is
not difficult to check that

exp(v) — 1 —v < (z + y*/2) sup(1, exp(v)). (2.29)
Applying (2.29) to v = —vit?/2, v = 2z4t* and y = 2y,t*, we obtain :
| exp(—vyt?/2) — (1 —vxt?/2)| < 26* sup(1, exp(—vkt® /2)) (wx+yxt®). (2.30)
Now, by (2.9a),

pr—1pgr—1

ykt2 S/ tQk x\/uk Z Z Qk 2 Qk ]( ) 90<2(ozi/\oz]-)dx
0

i=0 ;=0

1
< 2/ Q% (x V ug) M (2, uy)dx
0
1
< 2/ tQr(x V ug) My (z, ug)d (2.31)
0

(because tQr(z V ug) < 1/a7t((x V uy)/2) < 1). Hence, arguing as in the
proof of of Proposition 2(b), we get that

267 (wp + ypt®) < 2487 Ms o0 (Qu,t). (2.32)
k=1 k=1

The relations (2.27), (2.30) and (2.32) show that

>

k=1

2

exp(Vth)cpk(t) — exp(vk_lt2

Jera (0]

Vit?\ &
2
< 58t sup eXP(T)ZMS’a(Qk’t)

k€[1,n]
< 58¢% exp( ) Z 3,a le ) (2-33)
k=
which concludes the proof of Theorem 1(i).
Now, under the assumption (1.3), by Proposition 2 (a),

Ukt

lor(t) = (1= == )en—1 (] < V21 Ms,0(Q,1).
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Now, appying (2.31) and arguing as in the proof of (2.32), we get:
|exp(—vpt?/2) — (1 — vgt?/2)] < 42 M3 o (Q, 1) (1 + exp(—vit®/2)).

Hence

‘eXp(VkT)wk(t)—exp( 5 )cpk_l(t)‘ <
4t M3 o (Q, t) ((1 +2v2) exp(VkTﬁ) + exp(vk_lﬁ))

therefore completing the proof of (ii) 0

3. BERRY-ESSEEN TYPE ESTIMATES.

Throughout, the letter C'is used to denote a constant (depending on
the parameters) whose value may change from line to line.

Proof of Theorem 2. We start by replacing the initial random variables by
three independent blocks each of length n/3. In order to give an estimate
of the nearness of the characteristic functions, we will prove the following
lemma.

LEMMA 2. Let (X;);ez be a sequence of real-valued random variables sat-
isfying the assumptions of Theorem 2 and () = 1V sup;o@;. Then, for any
integer [ in |1, n[ and any positive t,

|IE(exp(itS,,)) — IE(exp(itS))) E(exp (it (S, — Si))| < 16t M3 o (Q, |t]).

Proof. We may w.l.o.g. assume ¢ > 0. Set
A = E(exp(itS,)) — E(exp(itS)E(exp(it(S, — 51))).
Let u be defined by
ta™ (u/2)Q(u) < 1 < ta™ (u™/2)Q(u™). (3.1)
Let p = a~!(u). We have :

I
A= ZCOV(eitSk — eitSion it(Su=Sia) (1 _ eitXH_]-))
k=1j=1
I
k=1

where Cov(X,Y) = [E(XY) — IE(X)IE(Y). Now it follows from proposi-
tion 1 that, if X and Y are complex-valued random variables such that
a(o(X),a(Y)) < o,

IE(XY) — BCORY) <8 | " Ox (2)0y ()da. (3.3)
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where @ x is defined exactly as in Proposition 1 (to prove this fact, note
that the quantile functions of the imaginary part and the real part of X
are less than (Qx and apply Proposition 1(a) to each of the components of
the product). The above inequality and (3.3) together with the elementary
inequality | exp(it.X,,) — 1| < |t X,,| yield

A<8t2ZZ/ dac—|—8t2/

k=1 j=1

< 8t/0 (ta™ ((z vV u)/2)Q(z V u) + Npcy) o™ (2/2)Q* (x)dz. (3.4)

2a]+k 2%+k

Together with (3.1), it implies Lemma 2. 0
Now let us divide n by 3 : n = 3m + r for some r in {0, 1,2}. Set

Pt = Py paa(t) = B(MF0 =500 ) (1) = (M50 ) (35)

By Lemma 2 applied twice,

|99n H@Qn % | < 32tM3 oz(Q |t|) (36)

=1
Since (X;);ez is a weakly stationary sequence verifying (1.8),

lim v, = a? #£ 0. (3.7)
k— o0

It follows that there exists some positive integer ng such that, for any n > ng
and any k in [0, n],

1
— (Vo= Vi)t2 > (n— k)—. (3.8)
2 4
Hence, by Theorem 1(ii),
palt) — exp(=Vat?/2)] < S(VE+ 1)t A~ Ms 0, ). (39)
Let K = —9951271(0). It follows from (3.8) and (3.9) that

|0n,i(t) = exp(—rnit? /2)| < C(nt? N o™%) M5 o (Q, |t]) (3.10)

for any n > 3ny 4+ 3. For sake of brevity, we set M5 ,(Q,|t|) = M3 o(t).
Both (3.10) and (3.8) applied with £ = 0 imply that

3

‘ H@Qn 7 - eXP(_Hn,it2/2) S

i= 1

C(nt2 A 1)(M37a(t) + Ms () exp(—ma®t? /4)), (3.11)
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where C' is some positive constant depending only on o. Let V = 2?21 K
(note that V > no? /2 for n large enough). (3.6) and (3.11) let us show that

[n (t)— exp(=V*/2)| <
C'Ms o (t) (inf (1, nt?) (exp(—ma®t* /4) + M3 (1)) + 1). (3.12)

Let F,, denote the distribution function of S,,. By (3.12) and Theorem 2, p.
109 in Petrov (1975),

:161]% |E,(z) — W (z/VV)| < C(# + TMs o (T)+

/0 (nt? A1) (Ms o (t) exp(—ma*t? /4) + Mga(t))%) (3.13)

Now, if M3 ,(Q) < 00, M3 4(t) < tMs ,(Q). Hence, by (3.13),

sup |Fy (2) = (e /VP) gC(ﬁ—kTQ—l—T?’—l—g—\l/ﬁ). (3.14)

(3.14) applied with T = n~'/% then yields :

sup |F(2) — U (2 /VV)] = 0(n~ /3. (3.15)

In order to prove (i), we note that Mj ,(t) = O(t%) under assumption
(1.9) [see Appendix]. Hence, by (3.13),

sup |, (2) — U(z/VV)| < G(# + 730N+ (na2)—5/2). (3.16)

First, if § < 1/2, 36 < 146, and applying (3.16) with TM; , = n~1/(65+2)
we get :

sup |Fy, (2) — U(z/VV)| = O(n=%2 v o =38/E5+2y — o(n=%/2), (3.17)
ze€R

Secondly, if § > 1/2, 386 > 1+ 6, and applying (3.16) with TM, ., =
n =1/ (4428) e get

sup |Fp(z) = U(z/VV)| = O(n=%/? v p=(1+8)/(4420)) (3.18)
ze€R

To prove (iil), we note that, since Ms ,(t) is a nondecreasing function
of t, (3.13) yields

1 —1/2
Sup [F(2) = (e /VV)] < (7 + TMaaT) 4+ Maa(n7?)

+ /I/Tw%M:a,a(t) exp(—m(;?%) + M§’7a(t))%) (3.19)
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for any T > n~'/2. Under the assumptions of (iii), some elementary calcula-
tions let us show that M3 ,(t) = O(|logt|™?) [see Appendix], which together
with (3.19) and the elementary inequality

T L2 dt
Ms; (1) exp( mo 2)7 < Cf(logn)™? (3.20)

n—1/2

ensures that

sup|F(¢) - U(z/VV)| <

1
Cl——= +TM; (T) + |log T|~*? log(nT?) + | logn|™P). (3.21
(5 + 7M. (T) 4 g 7|~ og(nT?) + [loga| ). (3:21)

Setting T = n~'/%(log n)? in (3.21), we then get :

sup |Fy, (z) — W(z/VV)| = O((logn)?). (3.22)

ze€R

Taking into accounts (3.15), (3.18) and (3.22), it only remains to prove
that
sup |W(zay/n) — U(2VV)| = O(Ms o (n~1/?)). (3.23)

ze€R

To prove (3.23), it is sufficient to use the estimate

‘\/;— 1‘ O(Ms o (n~ 1)) (3.24)

and standard calculations on the Gaussian distribution function. Now
3
2
‘,/W —|V—na <25 D (il Am)| Cov(Xo, Xl (3:29)
=
Since @) > 1, we have, by Proposition 1(a),
1 . 4 ! -1 2 -1
~ > (lil An)| Cov(Xo, Xi)| < — [ a7 (2/2)Q7(@)[a” (2/2)Q(x) A n]dx
i€ 0
< 4Ms o(1/n),

which, together with (3.25), implies (3.24). a

4. MOMENT INEQUALITIES FOR STRONGLY MIXING SEQUENCES.

In this section, we derive Rosenthal type inequalities for moments of
partial sums from Proposition 2. These inequalities generalize the mo-
ment inequalities of Rio (1994) to nonstationary sequences or stationary
sequences in the degenerate case. The main interest of these inequalities
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is that they give the right bound for integrated moments of nonparamet-
ric estimations (see for example Doukhan and Portal (1983b) and Doukhan
(1991)). These inequalities improve the previous inequalities of Doukhan
and Portal (1983b), Utev (1985) and Yokoyama (1980). We refer the reader
to Doukhan (1994) for a detailed survey of the previous moment inequalities.
In order to state these moment inequalities, we need some notations.

DEFINITION 4. For any nondecreasing function ¢ : RT — IRT, we set
y g )

(Y e([a M (@/2) AR)Q(x))
Moon(@ = [ DL s,

If ¢(z) = 2", we set My o0 (Q) = My o, (Q).

THEOREM 3. Let (X;);ez be a strongly mixing sequence of real-valued ran-
dom variables with finite variance and mean zero. Let s, be the nonnegative

real defined by
sh =Y > | Cov(X;, X;)|.

i=1 j=1
Then, for any ¢ in ®

B(8(1.1)) < 3536 () + 243" Masgo o (Q)

k=1

< 3¢(s,) + 144 zn: Mo 0,n(Qr)- ()

k=1

Suppose that (X;);ez is a stationary sequence. Let o, be the nonnegative
real defined by o2 = Var S,,. Then

IE(6(]Sn])) < 3V26(0) + 1800 Mp,0,(Qo)- (6)

Suppose furthermore that (X;)sexz satisfies (1.3). Let 0 =37, ., Cov(Xg, Xy).
Then

E(6(]5a])) < 3v2¢(0v/n) + 180nM; 0(Qo). ()

APPLICATION 3. Let us compare Theorem 3(a) with the inequalities of Rio
(1994) and Yokoyama (1980). Clearly we may assume that X; = 0 for any
i ¢ [1,n]. Consequently we can take oy = 0 for any k& > n in Theorem 3(a).
When ¢(z) = 2" for some r €]2, 3] (note that Theorem 3 does not cover the
case r > 3), Theorem 3(a) yields:

n 1
E(]S,|") < 3s7/% + 1442/ [a™ Y (2/2) A n] Q% (x)da.
k=1 0

By contrast Theorem 1 in Rio (1994) holds for any r > 2. However, this
theorem needs the stationarity and the more restrictive definition (1.2) of
the strong mixing coefficients.
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Let us compare Theorem 3 and Theorem 1 in Rio (1994) with the
Marcinkiewicz-Zygmund type inequalities of Yokohama (1980). Some ele-
mentary calculations show that

20([

[t e < Y ar = [ i,

(=0 0

Hence, by Proposition 1(b) and Theorem 3(a), the Marcinkiewicz-Zygmund
inequality I£(|S,|") = O(n"/?) holds if there exists some positive constant
C' such that

1 n 20([
—Z/ Qr(x)dx < C(I+1)""/* for any [ € [1,n).
n 0

k=1

Consequently, in the stationary case (b) of Theorem 3 (2 < r < 3) or
Theorem 1 in Rio (1994) (with the definition (1.2) of the mixing coefficients)
yield IE(|S,|") = O(n"/?) under the mixing condition

20([

Qp(z)dz = O(I7"?*) as | — .
0

Hence T(]S,|") = O(n"/?) in the bounded case if a; = O(17"/?), while
Theorem 2 of Yokoyama (1980) needs the stronger summability condition
2150 ["?=1ay < .

In the unbounded case, the Marcinkiewicz-Zygmund inequality holds
under the tail condition

P(|Xo| > u) = O(u™""%) for some § >0

(this condition is weaker than the moment condition of Yokoyama) as soon as
oy = O(1770+7/29) "which is a weaker condition than Yokohama’s mixing

condition ), g lr/2_1a?/(r+5) < 00.

Proof. We start by proving Theorem 3 in the case ¢ (0) = 0. Suppose
furthermore that ¢ satisfies the additional condition

lim ¢ (z) = 0. (4.1)

r—+0co

Let v be the Stieltjes measure of —p(®) | i.e. v = —d¢®). Let the function
g :RT x IR — IR" be defined by:

6g(t,v) = 2 Moy + (3t(z — 1) + 3% (x — ) + 7)) sy (4.2)
for any # > 0 and g(¢, —z) = ¢(t, z). Clearly the following equality holds:
o= [ gtopian. (4.3)
0
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Hence, by the Fubini-Tonelli Theorem

B = [ Bl s (1.4)

Now z — ¢(t, ) is a two times continuously differentiable even function and
gl (t,x) = |z| ANt. Hence we may apply Proposition 2(b) with b, = ¢ and
bs = 1, yielding :

Z(U—; (tA|Sk=1])+
21 [ o7 (2D (07 0/2)Qu) A e). (15

where a1 (y) = a7(y) A n. By the Lebesgue derivation theorem,

o) = [ A el (de).

Hence, integrating (4.5) with respect to the measure v, we get that

n

E(o(15:0) <) %E(W(Isk—ll)) + 24 Muzgr 00(Q)- (4.6)

Noting then that @ — ¢"(y/2) is a nondecreasing concave function, we
obtain:

n

ZWIE( (1Sk=1]) Z|Uk|¢ VVio1) Z|Uk|¢ (max, \/Tg

k=1

To prove (a), we note that Vj, < s and |vy| +-- -+ |v,] < s2. Tt follows that

n

S 0B ([Sk-1])) < 526" (5.). (1.8)

k=1

Now, by the Taylor integral formula,

o(z) = x2/0 (1 —t)o" (ta)dt > 962(;5”(96)/0 t(1—t)dt = é$2¢”($). (4.9)

Together with (4.6) and (4.8), it implies Theorem 3(a).

Let us prove (b). In the stationary case, some elementary calculations
show that

n—1 n—1
v =n"to? +2 Z Cov(Xo, Xy) +2 Z Cov(Xo, Xy).
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It follows that

n—1 n—1
ol <n7lol 42070 Tt Cov(Xo, Xo)| +2) | Cov(Xo, X¢)|.  (4.10)
t=1 t=k

Hence, summing on & and applying Proposition 1(a), we get that

n—1

Vil < <0244 t|Cov(Xo, X
i IVl < 32 on] < o+ 43 1] Cov(Xa, X

k=1 t=1

<ol 4 4/0 [~ (2/2) A n]2Q2(x)da. (4.11)

Let

R, (x) =2[a™ (2/2) An]Qo(z) and I, = /0 R (x)dz.

Using the concavity of ¢", one can prove that

yo" (y) < 2¢'(y). (4.12)

Hence, by (4.7) and (4.11)

n

Y uklE(6"(1Sk-1]) £ (L + 02)8" (VI + 02) < 2T + 026! (VI + 2).

k=1

(4.13)
Since ¢ is nondecreasing, the function @ — \/x¢(y/x) is convex. It follows
that

2\/In + U%(bl(\/ln +032) < \/E(bl(\/i) + Un\/§¢l(gn\/§)' (4.14)

Now, by Jensen’s inequality,

VLS (V) < VE | Ra()! (R ()2 (1.15)

Now, from (4.12) the function  — x72¢'(z) is nonincreasing. Furthermore,
integrating (4.12), we get that 2¢'(2) < 3¢(z). Hence

VAL (VL) < 48VE [ oleT @/ AnlQueds (46

and
o, V20 (0,V2) < 6V20(0,). (4.17)
Together with (4.13), it implies that
D ukIE(Q"(1Sk-1])) < 6V26(0) + 480V2M s 01 (Qo). (4.18)
k=1
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The relations (4.6), (4.9) and (4.18) imply then Theorem 3(b).

To prove (c), we note that

oe| < 0% +2) | Cov(Xo, Xy,
1>k
which implies that

Vil < < no’ 42 tAn)|Cov(Xo, X
kfél[élbf;]| k|_;|vk|_n0 + ;( n)| Cov(Xo, Xy)|

< no* + 2/0 [a™(2/2) AnJa™ (2/2)Q%(z)dx.  (4.19)

Now, arguing as in the proof of (b),

n

Z vkIE(¢" (|Sk-1])) < 6v20(ay/n)+

k=1

24 /01 (b(\/[oz_l(ac/Q) A n]a—l(x/Q)Qo(x))dx. (4.20)

Noting that the function * — 2 ~2¢(z) is nondecreasing, we obtain:

[~ (2/2) A n]

G Ol /)

o(VIeT(e/2) AnJa(@/2)Qo (1)) <

Hence

n

velE(@"(1Sk_1])) < 6vV2¢(av/n) + 24nM 4 o (Qo), (4.21)

k=1

and from now on, the end of the proof uses the same arguments as in the

proof of (b).

Next we can get rid of the additional condition (4.1) by noting that,
for any function ¢ satisfying ¢"(0) = 0 and the assumptions of Theorem 3,
there exists a nondecreasing sequence of functions (¢, ),>o satisfying (4.1)
and the same conditions, such that ¢ = lim, 1 ¢,. Hence the Beppo-Levi
lemma yields the result. Finally, if ¢"(0) # 0, one can write

ox) = (d(x) — 2%¢"(0)/2) + 276" (0) /2.

It is then sufficient to apply the above result to ¢g(z) = ¢(z) — 229" (0)/2.
O
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APPENDIX : UPPER BOUNDS ON THE TRUNCATED MOMENTS.

In this appendix, we use the notations of section 1.

LEMMA A.l. Let ¢ be some element of ® such that My ,(Q) < co. Then

My o (Q, 1)) = My (1) < Hoo(@) (A1)

2o(1/t)
Assume now that Ayys o(Q)) < +oo for some § in ]0,1[. Then
Ms o (t) = O(t°) as t — 0. (A.2)
Proof. For any ¢ in ® and any o < 1/t,

()

tr < —————.

TS P21t
Applying this inequality to 2 = o™ (y/2)Q(y) A (1/t) and noting that z —
72¢(x) is nondecreasing, we get that

$(a” (y/2)Q(y))

(@™ /2R (10~ (1/2)QM) A 1) < T TR

which implies (A.1).

Now, let u be the positive measure on [0, 1/2] defined by

dx
Iu = H[0’1/2]($)W‘

With the above notations,

Ms (1) = /0 M?(2)(tM () A 1) p(dz).

Consequently (A.2) holds if

limsup *Fpd{z > 0: M(z) >t} < oo.

t—=+oo

Setting t = o~ (u/2)Q(u), we get that this inequality holds if
. -1 246 Yoda
limsup(a™" (u)Q(u)) — < 00,
u—0+ 0o @

which is a weaker condition than Ajis ,(Q) < 4o0. O
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