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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT
COEFFICIENT AND PROBABILISTIC INTERPRETATION
OF GENERALIZED BURGERS’ EQUATIONS

B. JOURDAIN

ABSTRACT. We prove existence and uniqueness for two classes of mar-
tingale problems involving a nonlinear but bounded drift coefficient. In
the first class, this coefficient depends on the time ¢, the position x and
the marginal of the solution at time ¢. In the second, it depends on ¢, &
and p(t,z), the density of the time marginal w.r.t. Lebesgue measure.
As far as the dependence on t and z is concerned, no continuity assump-
tion is made. The results, first proved for the identity diffusion matrix,
are extended to bounded, uniformly elliptic and Lipschitz continuous
matrices. As an application, we show that within each class, a partic-
ular choice of the coefficients leads to a probabilistic interpretation of
generalizations of Burgers’ equation.

1. INTRODUCTION

In this paper, we are interested in diffusions given by two nonlinear mar-
tingale problems. Each problem is closely linked to the nonlinear partial
differential equation satisfied by the time marginals of any solution. Un-
der our assumptions on the diffusion and the drift coefficients, the time
marginals are absolutely continuous (for ¢ > 0) and the partial differential
equation provides a nice evolution equation for the densities. Our proofs for
existence and uniqueness are based on fixed-point methods for this evolution
equation.

The first section is devoted to a mean field martingale problem. For I a
bounded measurable R? valued function on [0, +0c) x R? x P(R?), Lipschitz
continuous in its last variable for the total variation metric, we say that
P € P(C([0,400),R%) with time marginals (P);>0 solves the nonlinear
martingale problem (MP1) starting at m € P(R?) if P, = m and for any
6 e CRRY,

$(X1) — B(Xo) — /0 t (%A¢(XS) + F(s, X,, PS).qu(XS)) ds

is a P-martingale where X denotes the canonical process on C'([0, +-00), R%).
We prove existence and uniqueness for (MP1).
If the drift coefficient F' was Lipschitz continuous in its second and last
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340 B. JOURDAIN

variables for the sum of the Fortet-Mourier metric on P(R?)
plp, ') = Sup{/<b dp — /¢ s 16(x) = o(y)| < o —yI A1}

and the Euclidian metric on R? we could apply classical existence and
uniqueness results for nonlinear diffusions, which are proved by sample-
path couplings (see for example Graham (1992)). But our assumptions are
much weaker since we do not suppose any continuity in the second variable
and the Fortet-Mourier metric is obviously smaller than the total variation
metric. The counterpart is that the diffusion coefficient is linear and the
drift coefficient F' is bounded. By a fixed-point method, we prove that the
evolution equation satisfied by the densities of the time marginals of any
solution of (MP1) admits a unique solution. The results for the martingale
problem itself follow quite immediately.

By our theorem, for d = 1 and F(s,z,p) (fR (x —y)p dy)) where
g>1land H denotes the Heaviside functlon (H( ) = 1{z>01), the martingale
problem (MP1) starting at m admits a unique solution P. Let V (¢, 2) and
v(z) be the distribution functions of P; and m. Generalizing results given
by Bossy et al (1996) for Burgers’ equation (¢ = 1), we prove that V is a
weak solution of

1o 1 o)
at 2022 q+1 Oz

with initial condition v and obtain P as the propagation of chaos limit of a
sequence of weakly interacting particle systems. Our propagation of chaos
result is trajectorial and stronger than the one proved by Bossy and Talay.

The second section deals with a moderate martingale problem in which
the drift coefficient depends on the densities of the time marginals. Thus
the nonlinearity is more ticklish. For F a bounded measurable R? valued
function on [0, 400) x RY x R, satisfying

Vs > 0,Ye € RUVy, v €R, [yF(s,2,y) — y'F(s,2,y)| < Krly — ¢/,

we say that P € P(C([0, +00),R?)) with time marginals (P;):>o absolutely
continuous with respect to Lebesgue measure for ¢ > 0 solves the nonlinear
martingale problem (MP2) starting at m € P(R?) if Py = m and for any

¢ € CH(RY),

$(X1) — B(Xo) — /0 t (%Aqb(Xs) + F(s, Xo, pls, Xs)).qu(Xs)) ds

is a P-martingale where for any ¢ > 0, p(¢,.) is a density of F;.

We prove existence and uniqueness for (MP2). This generalizes a result
given by Méléard et al (1987) for F': R? x R — R? bounded and satisfying
a stronger Lipschitz continuity property: Vz, 2’ € R?, Vy,y' € R,

|F(x,y) — F(2',y")| 4+ [yF(x,y) — y'F(2', )| < Kp(|le = 2'| + |y — ¥']).

They obtain existence for the corresponding martingale problem (MP2) as
a consequence of a propagation of chaos result for a sequence of moderately
interacting particle systems. As for us, we give a direct proof again based
on a fixed-point method for the evolution equation satisfied by p.
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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT 341

Thanks to this result, we show how it is possible to associate a probabilis-
tic representation with some classical solutions of Burgers’ equation, as it
was sketched by Oelschldger (1985). The initial conditions concerned are
bounded probability densities on R.

In the last section we generalize the previous existence and uniqueness
results to similar martingale problems with a Lipschitz continuous, bounded
and uniformly elliptic diffusion coefficient.

NoTaTions. Let Q = C([0, +00), R?) endowed with the topology of uniform
convergence on compact sets and with the corresponding Borel o-field, QT =
C([0,T],R%) endowed with the topology of uniform convergence, X be the
canonical process. For a Borel space E, P(F) is the space of probability
measures on F/ endowed with the topology of weak convergence. We also
define the metric of total variation on P(F)

Vi, p') = Sup{/cbdu - /¢du’; 19l (E) < 1}-

If 7 is a random variable with values in E let £L(Z) € P(F) denote its law.
If P eP(Q), (P)i>o is the set of time marginals of P.

P(Q) = {P € P(Q); ¥t > 0, P; is absolutely continuous

with respect to Lebesgue measure}.

If P € P(Q), there is a measurable function p(s, ) on (0, +00) x R such that
for any s > 0, p(s,.) is a density of Ps; with respect to Lebesgue measure.
See for example Meyer (1966) (pp. 193-194). Such a function is called a
measurable version of the densities.

For x € R?, let || be the Euclidian norm of z.

For t > 0, G; denotes the heat kernel on R%: Gy(z) = (27Tt)_2d exp(—%).
The following estimate will be very useful:

0G;
Ox;

1
< (1.1)

2. THE MEAN FIELD MARTINGALE PROBLEM

for any 1 <1¢ <d, ‘

2.1. EXISTENCE AND UNIQUENESS

Let F' be a measurable R? valued function on [0,4o0c) x R? x P(R%)
bounded by Mg which satisfies the following Lipschitz continuity property

Vs > 0,z € ROV, i € P(RY), [F(s, 2, p) — F(s, @, 1) < KrV(p, 1)

DEFINITION 2.1. Let m € P(R?Y. We say that P € P(Q) with time
marginals (F;)¢>o solves the nonlinear martingale problem (MP1) starting
at m if Py = m and for any ¢ € Cbz(Rd)7

60%) 0%~ [ (386060 + Pl X R)ToX ) ds (2

is a P-martingale.

THEOREM 2.2. For any m € P(RY), the nonlinear problem (MP1) starting
at m admits a unique solution.
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342 B. JOURDAIN

The following lemma gives an integral equation satisfied by any measur-
able version of the densities of the solution of a linear martingale problem.
The proof of Theorem 2.2 which is based on this equation, is postponed
after the proof of the lemma.

LEMMA 2.3. Let m € P(RY), g be a measurable R? wvalued function on
[0, +00) X R? bounded by M, and P be the unique solution of the martingale
problem: Py = m and for any ¢ € Cg(Rd),

o(Xy) — o(Xo) — /075 (%A(b(XS) + g(s,Xs).qu(Xs)) ds is a P-martingale.

Then P ¢ ]5(9) Any measurable version of the densities p(s,x) satisfies
the evolution equation,

d
Vt >0, p(t,z) = Gy + m(x) — z:: i 8?;;5 ¥ ((pgs) (s, ) (x)ds a.e. (2.2)
Moreover, if q is a measurable function on (0,+o00) x R? which satisfies

(2.2) and

VI'>0, sup |l¢(t,.)||pr < 400
t€(0,1]

then q is a measurable version of the densities for P.

Proof. Existence and uniqueness for the martingale problem is a consequence
of Girsanov’s theorem. Let us prove that the solution P belongs to P(RQ).
Under P, by Paul Levy’s characterization, X; — Xg — fgg(s,Xs)ds is a
Brownian motion. We introduce the exponential martingale

7. = exp (_/ g(ryX,,).dX,,—l—%/ |g(r,X,,)|2dr).
0 0

Let t > 0. Weset Q = Z; x P. By Girsanov’s theorem, (3, = X, — Xo)¢[o,9
is a Brownian motion under (). Let f be a continuous function with compact
support in R%

E(|f(X:)) = EQ(—If X)) <,/EQ E2 (f2(X)) (2.3)

B9 (f2(X,)) / Pla)Gx mia)de < ) 171122 (2.4)

1 1 !
—5 = exp (/ 2g(s, Xs).dBs — —/ |29(87X5)|2d8+/ Ig(&Xs)IQdS)-
Zt 0 2 0 0

The last equation implies

d
2

£ (th) < exp(M21). (2.5)

With equations (2.3), (2.4) and (2.5), we conclude

B(/(X0))] < B(F (X)) < (2;t)gexp(M;t) 1Al (@26)

Hence P; is absolutely continuous with respect to Lebesgue measure and

P eP(Q).
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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT 343

Let p(s,z) be a measurable version of the densities for P, ¢ be a C?
function with compact support in R% and ¢ > 0. We set ¢(s, ¢) = Gy_,*9 ()
for s € [0,t) and ¢(t,2) = ¢(x). The function ¢ belongs to C'bl’z([O7 t] x RY)

and satisfies

J 1
Y(s,z) € [0,] x RY, 8—(8/5(87 z)+ §Aq§(s, z)=0. (2.7)
Since X;— Xg— fg g(s, Xs)ds is a P-Brownian motion, [t6’s formula implies

(ot %) = E (60, %0+ [ (524586 +0.56 ) s, X)ds ).

By (2.7), we get rid of % + %Aqﬁ Applying Fubini’s theorem, we obtain

P(2)p(t, z)dz = Gy p(x)m(de)
Rd Rd
d

8Gt_s 3 S, xr)axras
—I—/(Ot]XRdZ/Rd Ox; (x_y)¢(y)dy(glp)( ) )d d

¢($>Gt « m(z)dx

/Rdz/ 8?;25 ((gip) (s, ) (W)ds P (y)dy

Hence p satisfies (2.2).
To conclude the proof, we consider ¢ satisfying (2.2) and

VI >0, sup [¢(t,.)||p: < 400,
t€(0,7]

Iott, ) ot e MR ORI
< Mg\/ﬁ/t Ip(s, .) ;3(? e

After an iteration, we get

Ip(t, ) = q(t, )| < M2d /F/ Ip(r A-”’lerds

1
< M2d = . ————dsd
>~ g / Hp(r7 ) q(r7 )HLl/r \/m\/m sar
< w2 / 1p(r,) = a(r, .
Gronwall’s lemma implies V¢ > 0, ||p(¢,.) — ¢(t,.)||pr = 0 which proves that
¢ is a measurable version of the densities for P. O

We are now ready to show Theorem 2.2.

Proof. The key idea is the following. If (Q(t))i>0 € C([0,400), P(R?)), by
Girsanov’s theorem, the martingale problem in which the nonlinearity P;
in (2.1) is replaced by @(s) admits a unique solution P?. We consider the
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correspondence between (Q(t))i>0 and the time marginals (P2)i>o of the
solution. If P solves the nonlinear problem (MP1), then (P;):>o is a fixed-
point of this map. Conversely, if (Q(t))¢>o is a fixed-point, then P% solves
the nonlinear problem (MP1). -
Let T' > 0. We define

At ={Q € C([0,T], P(RY)); Q(0) = m and ¥ € (0,7], Q(1)

is absolutely continuous with respect to Lebesgue measure}.

If Q € A, 7, let A(Q) denote a measurable version of the densities for Q).
Ay, 1 is complete for the metric

D(Q, Q') = sup V(Q(t),Q'(t)) = sup [[M@)(t) = MQ) )|z
t€(0,7] t€(0,7]

Let to > 0. For Q € A,, 7 we define (14, 1 (Q)(t))teo, 7] as the time marginals
of the unique solution of the martingale problem:

P e P, Py =m and V¢ € CZ(RY),

O(X1) = 6(Xo) = [y (FA6(X) + Flto + 5. X5, Q). V(X)) ds

is a P-martingale.
Lemma 2.3 implies that for any ¢ € (0,77, 1y, ,, (Q)(t) is absolutely contin-
uous with respect to Lebesgue measure. Hence ¥y, (Q) € A, 1. We are
going to prove that if 7" is small enough, ., is a contraction on A,, 7.

Using equation (2.2) given by Lemma 2.3, we obtain for ), Q' € A,, 7 and
t € (0,77,

A (t0,m (@D (1) = Mtigm (QN) (D) 11

d
<2/ %
=1

Ox;

[A(10,m (@) (5) Fi(to + 5., Q(5))

Lt

= Mtbto,m (@) (s) Filto + 5,., Q)| prds
< /Ot (HA(%O,m (@) (3)[| 1] zd; |Fi(to +5,.,Q(5)) = Filto + 5,.,Q'(5))|[| =
F AWt (@) (5) = Mtbro,m (@) (8) 11 %
I3 1R+, Q)
< VAT (KpD(Q, Q") + MpD(dbyy (C_J; Y,m (Q")))-

Hence

ds

t— s

(1= 2VAT Mp) D(1, (@) 10, (Q) < 2VATKpD(Q, Q).
We set T = m. Then D(tg,m(Q), Yigm (Q") < 1D(Q,Q"). Pi-

card’s fixed-point theorem implies that 1, , admits a unique fixed-point in
Ap T

EXISTENCE FOR THE MARTINGALE PROBLEM (MP1). Let Q¥ denote the
fixed-point of g, in A, 7. If Q™ is constructed, let Q™! be the fixed-point

of Y yr.on(r) I Agr(n).T-
Weset Q(t) = Q" (t—nT)if t € [nT, (n+1)T). Let P be the solution of the
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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT 345

martingale problem in which the nonlinearity in (2.1) is replaced by Q(s).
For any ¢ € Cg(Rd),

o) — o) - [ (FOT +5. X100, (6) T o Ko

1
+ §A¢(XnT+5))ds is a P-martingale.

Hence, by induction, Vn € N, ¥t € [0,T], Pur4: = Q" () = Q(nT +t). And
P solves the problem (MP1).

UNIQUENESS FOR THE MARTINGALE PROBLEM (MP1). If P is a solution,
Lemma 2.3 implies that for any ¢ > 0, P, is absolutely continuous with
respect to Lebesgue measure. For any n € N, (Pyryi)ecpo,r) i the fixed-
point of ¥,7 p . in Ap . 7. By induction, uniqueness for the fixed-points
implies uniqueness for the time marginals (P;)¢>0. Since the nonlinearity in
the definition of (MP1) is limited to the dependence of the drift coefficient
on the time marginals, uniqueness for this problem follows immediately. [

2.2. APPLICATION

Theorem 2.2 implies existence and uniqueness for martingale problems
associated with a class of partial differential equations which includes Burg-
ers’ equation.

We set ¢ > 1, m € P(R). Let f: (z,1) E RX P(R) = (fp H(z — y)p(dy))’

Where H( )= 1{x>0} As fis the pointwise limit of the continuous functions
= (fp Ho(z — y)p )u(dy))” with
Hn($) = n(ac + 1/”)1{—1/n§x§0} + 1{x>0}7

this function is measurable. Moreover, since f takes its values in [0, 1],

a) = 1| < | [ = gt - [ 16— wtan)

< Vg, ).
By Theorem 2.2, the martingale problem (MP1) corresponding to the par-
ticular choice F(s,z,u) = f(z, 1) admits a unique solution P starting at m.
Let V/(t,z) and v(z) be the distribution functions of P; and m.
Bossy et al (1996) deal with the case ¢ = 1. They prove that V is a weak

solution of Burgers’ equation

ou  10%  10(u?)

ot 2022 2 Oz
with initial condition v and obtain P as the propagation of chaos limit
of a sequence of weakly interacting particle systems. Indeed they define
(Xtm o .., X™") as the unique weak solution of the stochastic differential
equation

, , : A . ,
Xl,n — Xl,n Bl,n - H Xl,n _ X],n d 1 < N <
£ 0 + £ +/0 n Z ( s 5 ) 5, 1,

where L((X)", ..., X}"™) = m®" and (B, ..., B*") is a R"-valued Brow-
nian motion. They prove that for any & € N*, £((X 1™, ..., X®")) converges
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346 B. JOURDAIN

weakly to P® when n — +oo.

We generalize their results to any ¢ > 1 in Proposition 2.4. In fact, we fol-
low the idea of Méléard et al (1987) and prove a trajectorial propagation of
chaos result. To obtain this result, we introduce a coupling between the par-
ticle systems and the limit processes with law P that we define on the same
probability space. Let B',i € N* be a sequence of independent R-valued
Brownian motions and Xé,i € N* be a sequence of random variables 11D
with law m independent of the Brownian motions. According to Karatzas
et al (1988) (Proposition 5.17 p.341), the one-dimensional stochastic differ-
ential equation

Vi = X+ B+ [ (s pv)yds
0

admits a unique strong solution. Moreover, considering the linear martingale
problem associated with this equation, by the existence part of the proof of
Theorem 2.2, we obtain that the law of the solution is P. The process Y;
is nonlinear in the following sense: the drift coefficient of the stochastic
differential equation that it satisfies depends on the time marginals of its
law.

Unlike in the one-dimensional case, to obtain a strong solution for a n-
dimensional stochastic differential equation with n > 1, it is necessary to
assume that the coefficients are locally Lipschitz continuous. That is why
we replace H by H,, (H,(z) = n(z 4+ 1/n)1{_1/n<z<0} + l{z>03) and define
the weakly interacting particle system as the unique strong solution of the
stochastic differential equation

: , , t/1 < , , 4
XZ’”:X(ZJ—I—B;—I—/ (—ZHn(X;’”—Xg’”)) ds, 1 <i<n.
0 \n 4
J=1

ProrosiTioN 2.4. For any ¢ > 1,
(2) The function V' is a weak solution of the generalized Burgers’ equation
J 192 1 O(uttt
v_ oY —M with initial condition v.

9t 2022 g+1 O
(21) If P denotes the image of P by the mapping X € Q — (X, X) € Q?, for
any k € N*, L(((XV™ YY), .. (XP7 YF))) converges weakly to P®* as n
goes to 4-o00.

To understand the trajectorial nature of the propagation of chaos re-
sult (¢7), remark for instance that, unlike the classical result: Vk € N*,
L(XY™, ..., XF7)) converges weakly to PPF it implies:

VI >0, lim EQ1A sup [(XM" ..., X" — (Y., ¥ =0.
n—+oo OStST
Proof. (i) Our proof is a generalization of the one given by Bossy et al
(1996). Under P, by Paul Levy’s characterization, X; — X — fg Vi(s, Xs)ds
is a Brownian motion. Let p be a measurable version of the densities for P
and ¢ € D((0,400) X R). Applying Ité’s formula and taking expectations,
we get

oo o 1 9% o B
/0 /RP(L ) (E(L r) + §W(t’ z)+ %(t, 2)Vat, w)) dxdt = 0.
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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT 347
19%p _
2 Ox?

88—1, (pV?). Clearly, % = pin D'((0,400) x R). Moreover, approximating
p(t,.) in LY(R) by continuous functions, we obtain that the distribution
function of the bounded measure p(t, 2)V(t, z)dx is q%lvqﬂ(t, z). Hence

. . . . 9
Hence p is a solution in D’((0,+00) x R) of the equation Z& =

i G_V B l@QV L L o(verh)y
dzx \ 0t 2022 g+1 Ox -
The spatial derivative of the distribution % — %8827‘2/ + (H%l@(‘g‘;“) is zero,

which implies that the distribution is invariant by translation.
If $ € D((0,+00) x R) and z — 400,

0o 10%¢ Vi(t,z — z) d¢
t,x — — (¢ ——(7 — (1 dadt
R A e e ) L
goes to 0 by Lebesgue’s theorem. Therefore for any ¢ € D((0, +00) x R),

¢ 10%¢ Va(t,x) D¢ -
/(0,+oo)va(t7 x) (E(t’ x) + 5@(& x) + o £(t, 96)) dzdt = 0.
(2.8)

We conclude by proving that the initial condition is v. By density, equation
(2.8) still holds if ¢ is C'1'? with compact support in (0, +o0) X R.
Let ¢ be C''? with compact support in [0,+0c0) x R. For n € N* we
introduce the C' functions
0 if s€0,5],
gn(s) = S 12n%(s — 5=)% — 16n3(s — 3=)% if s € [5-, 1],
1 if s> %

The function ¢,, = g, is C1'? with compact support in (0, +o0) x R. Using
(2.8) for ¢, we get

oY 19%p Ve @¢)
9t 2022 rwll G t,x)dtd
/(07+00)><R(8t +28x2 +q.|_1@$ (t, 2)V (¢, v)dtdx
= o 19% VI 9y
= /(o,l]xR(l — gn(1)) (E t3ae tgris )RV ) dide

_ / Dn (1, )V (t, @) dida. (2.9)
(0,L]xr dt

Since P € P(Q), the map t — F; is continuous and lim;,o V (¢, 2) = v(z)
for any z such that v is continuous at x. Hence by Lebesgue’s theorem,

lim/RQb(t,x)V(t,x)dx:/Rlb(o,x)v(w)dx.

t—=0

When n — 400 in (2.9), we get

b 19% VI Y
/(07+00)><R (E + 2 9x2 T q+ 19z (t,z)V(t,x)dtdx

_ —/Rlb(o,x)v(ac)dx.
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348 B. JOURDAIN

Therefore V is a weak solution of the generalized Burgers’ equation with
initial condition v.

(¢7) We now prove the propagation of chaos result. In the sequel, v and
(X,Y) denote the canonical variables on P (%) and Q2. We set , = vo X, !
The couples (XZ””,YZ')7 1 < ¢ < n are exchangeable. Therefore the prop-
agation of chaos result is equivalent to the convergence in distribution of
the empirical measures p, = 237, d(xin,yi) considered as P(Q%)-valued
random variables to 5 (see Sznitman (1991) and the references cited in it).
Let m, denote the law of ;.

According to Sznitman (1991), since the variables (X*" Y*) are exchange-
able, the tightness of the sequence (7,), is equivalent to the tightness of
(L(X1m Y1), which is equivalent to the tightness of (£(X1")),. These
probability measures are tight since for any T > 0 their images by the
canonical restriction from Q to QT are tight (the drift coefficient is bounded
by 1 uniformly in ¢ and n).

Let 7., denote the limit of a convergent subsequence of (7,), that we
still index by n for simplicity. To prove that 7o = dp, we set p € N,
0<s1<s5<...<s5,<s<t ¢peCiRY, g€ C’b(Rzp), and define G(v)
to be equal to

"1 /0% 0? 0?
<v, ((b(Xth;‘) - (b(stYs) _/ 5(8—;5 + 28x—§y + ﬁy(b) (XMY)d

- [ (Geen vy +?<XmY><H*P< o))
’ (X, Yors oo X5, Ys,) >

Sp

For k € N*, we define G (v) like G with Hj, replacing H in (H 7, (X,))? but
not in (H x P.(Y,))?. If v — v, the weak convergence of 1", to v, implies
that Hy « v".(2) converges to Hy x ,(x) uniformly for x € R. Moreover,
for any r > 0, P, is absolutely continuous with respect to Lebesgue measure
and y — H « P.(y) is continuous. Hence G is continuous.

We are going to prove that E™ (G*(v)) = 0. By the continuity and bound-
edness of Gy, we have

£ (G4) < 2timsap (B (G- Gu*0) + i B(GEG)))

k—+o0

< 2limsup E™ ((G' — Gx)*(v)) + 4 lim sup B(G2 (u™))

k—+oo n—+0oo
+ 4lim sup lim sup B((Gy — G,)*(p")). (2.10)
k—+oo n—+4oo
Let us show that each term of the right-hand-side of (2.10) is equal to 0.
For the first term, it is a consequence of the convergence of |H — Hy|* D, ()

to 0 for any v € P(Q%), 2 € R and r > 0 as k — +oo. Indeed, by the

boundedness of G, G, g and % and the Lipschitz continuity of z — z¢ for

0 <z <1, we have
E™ (G = Gp)*(v)) < CE™ |G(v) = Gi(v)|

¢
< CfFee (< 1/,/ |H — Hy| * v, (X, )dr >) .
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The second term is easy to deal with. Applying 1t6’s formula, we get

Go(u™) = =3 g(Xim Vi X ,Ysp)/ (%Jra_y) (X', Y')dB..

=1

Hence E(GZ (1)) < C/n and we conclude lim,_, 4., E(GZ (")) = 0.
The third term is the most ticklish. By a calculation similar to the one
carried out for the first term, we get

BU(Ge — G ) < CB (< [ 1, = e, (X > )

Hence if (X, Y, Z, W) denotes the canonical variable on Q*,

t

By the exchangeability of the couples (X", Y) 1 < i < n,
t
hmsupE( < p" ®,u”,/s 1{|Xr—Zr|§ﬁ}dr > )

n——+oo
t
:limsup]E(/l In v2m 1 dr)
n—+o00 s {|Xr _Xr |§m}

¢
<limsupE (/ 1{|X7},n_X$,n|S%}1{|X7},n|s\/§}dr)

n——+oo

¢
—I—Iimsup/ P(IX}" > VE)dr. (2.12)

n——+oo

Since P(IX}"| > V&) < P(IBY > =) 4 P(|X}| > =2, the second
term of the right-hand-side of (2.12) has a limit equal to 0 when k£ — +o0.
To prove that the same is true for the first term, we bound the L? norm of
the density of L((X,"", X7™)) (r > 0) uniformly in n. Like in the beginning

of the proof of Lemma 2.3, we obtain an estimate similar to (2.6):

1

Vfe L3R?), Yo > 2, Vr >0, E(f(X}", X2") < Wexp(r)\rfup.

Hence Vn > 2, E (fst 1{|Xrl,n_X3,n|§%}1{|Xrl,n|§ﬂ}dr) < k% which implies

¢
kEToo I:zrgilif E (/S 1{|X7},n_X$,n|S%}1{|X7},n|sﬂ}dr) =0.
By (2.11) and (2.12) we get limp_, o0 limsup,,_, o E((G — G,)* (")) = 0.

As we have proved that each term of the right-hand-side of (2.10) is equal
to 0, E™ (G*(v)) = 0. Restricting ¢, g, s1,...,Sp, s, to countable subsets
then taking limits by Lebesgue’s theorem, we obtain that 7., a.s., v solves
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the martingale problem
vp=m®@m and V¢ € Cg(RQ)
S0 i) = 0060, ¥o) = Ji 358 + 2400 + 58 ) (X Vs
i (B YU (X + B Y 0T PV ) s

is a v-martingale.

Let us now suppose that v is a solution of this problem.

Choosing ¢(z,y) = ¢(z) with ¢ € CZ(R), we check that v o X! solves
the nonlinear martingale problem starting at m. By uniqueness for this
problem, v o X! = P and v, = P,. Moreover, it is easy to see that

8= Xi=Xo— [ (14 PX)Ys and 5 =YieYo— [ (14 R0V

are v-Brownian motions and next that 3! = 8%2. As v as., Yy = Xo, by
trajectorial uniqueness for the stochastic differential equation satisfied by
both X and YV, v a.s., X =Y. Hence v = P.

We conclude that 7., = 5 which puts an end to the proof. O

3. THE MODERATE MARTINGALE PROBLEM
3.1. EXISTENCE AND UNIQUENESS

Let F be a measurable R? valued function on [0, +00) X R? % R bounded
by My which satisfies the following Lipschitz continuity property

Vs > 0,Ve € RLVy,y' € R, |yF(s,z,y) — yF(s,2, )| < Kply - ¢/|.

DEFINITION 3.1. Let m € P(RY). We say that P € P(Q) solves the non-
linear martingale problem (MP2) starting at m if Fy = m and for any

¢ € CERY)

(b(Xt) - (b(XO) - /Ot (%A(b(Xs) ‘|’ F(Svavp(Sva))'V(b(Xs)) dS (31)

is a P-martingale where p is a measurable version of the densities for P.

This definition does not depend on the choice of the measurable version.
Indeed, if p/(s,2) is another such version then P a.s., V¢ > 0,

/OtF(S,Xs,p(s,Xs)).qu(Xs)ds = /OtF(s,Xs,p’(s,Xs)).qu(Xs)ds

THEOREM 3.2. For any m € P(RY), the nonlinear problem (MP2) admits
a unique solution P starting at m.

Proof. UNIQUENESS. It is an easy consequence of the Lipschitz continuity
assumption made on F. The proof was given by Méléard et al (1987).

Let P and @) be two solutions of (MP2) starting at m and p(s, z), ¢(s, z)
denote measurable versions of the densities for P and . Using equation
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(2.2) given by Lemma 2.3, inequality (1.1) and the Lipschitz continuity
property satisfied by F, we get

It ) att, s < VK [ 12 e SR

By Gronwall’s lemma, we conclude that for any ¢ > 0, ||p(¢,.)—q(¢,.)||.1 = 0.
Hence both P and ) solve the martingale problem in which the nonlinearity
in (3.1) is replaced by ¢(s, X;). By uniqueness for this problem, P = Q.

EXISTENCE. In the sequel, if I is a real interval and v € C'(I, LY(R%) let
v(t, ) denote a measurable function on I x R? such that for any ¢ € I the
class of v(t,.) in L'(R%) is v(2).
Let T > 0 and Ay = {v € C((0,7T], L*(R%)); supse(o,ry v (@)]|z1 < 400}
For the metric D(v,v') = supse(o,7pllv(t) — v' ()] 11, AT is complete.

Let m € P(RY). For v € Ar, we set

d t

vt € (0,77, Qbm(v)(t):Gt*m—Z/o B, % (v(s, ) Fi(s, ., v(s,.)))ds.

By the continuity of the map t — G; € LY(RY), t — Gy +m € LY(RY) is
continuous for ¢ > 0. Since

sup |Jv(s, ) Ei(s, ., v(s, Nl < VAMp sup |Jo(s, )| < 400,
5€(0.7] 5€(0,T]

it is quite easy to deduce that 1, (v) € Ar. Let us find T such that v, is
a contraction. For v,v" € Ay and t € (0,7T], we get an estimate similar to

(3.2)

19 (0)(8) = G (o) ()| 11 < VK /” w_—/(s)HleS

< 2KpVdtD(v,v').

Hence D (¢, (v), ¥ (V') < 2KpvdT D(v,v'). From now on, T' = m. By

Picard’s fixed-point theorem, 1, admits a unique fixed-point in Ar.
Let tg > 0 and f € L'(RY). For v € C([0,T], L'(R%)) we define

S0 =G 1= 30 [ 25 o i

The same estimates as above imply that QEtOJ admits a unique fixed-point
in C([0,7], LY(R%)).

Let v¥ denote the fixed-point of 1., in A7. If v™ is constructed, let v ! be
the fixed-point of zz(n+1)T7vn(T) in C([0,T], L"(R%)). We set v(t) = v (t—nT)
if t € (nT, (n+1)T]. The map v belongs to C'((0,+o0), L}(R%)) and satisfies

Vtg >0, sup |[lv(t)]|p < +oo. (3.3)
t€(0,t0]
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Let t € (0,7]. We compute v(T + t) thanks to Fubini’s theorem.
v(T+1t) =Gy xv(T)

G,
3 [ o IR s elT 4 s, s
=1 0 i
T 9Gy
_Gt* (GT*m_;/O 8$Z ( ( 3 )E(Sv 7U(87 )))dS)
! ! 8Gt—s
-y 5 (0T + 5, ) F(T + 5, 0(T + 5,.)))ds
=1 0 i
T aGy
_ _ ti-s :
=Gy km ;/0 o (v(s, ) Ei(s, ., v(s,.)))ds.
By induction, we conclude that for any ¢ > 0,
L rtoG
t—s
v(t, ) = Gy + m(z) —Z/O ok (v(s, ) Fi(s,.,v(s,)))(2)ds a.s.

(3.4)

Let P be the solution of the martingale problem in which the nonlinearity
in (3.1) is replaced by v(s, X;). Equations (3.3), (3.4) and Lemma 2.3 imply
that v(s,2) is a measurable version of the densities for P. Hence P solves

(MP2). O

3.2. APPLICATION

Theorem 3.2 allows us to associate a probabilistic representation with
some classical solutions of Burgers’ equation. The initial conditions con-
cerned are not distribution functions like in Proposition 2.4 but bounded
probability densities.

We take up the approach of Oelschlager (1985) (pp. 306-307). Let ug be
a probability density on R bounded by M. The Cole-Hopf transformation
(Cole (1951), Hopf (1950))

fRGt$_yexp( Joou ) o(y)dy
Jo Gz —y) exp( fy dz)dy

w(0,2) = ug(z) and wu(t,z)=

provides a classical solution of Burgers’ equation: u € C*%((0,4+00) x R)
and

du 10%u ou

vVt > 0,V € R, Gt( z) = 379 2(t z) — (t,x)a—x(t,x). (3.5)
It is easy to check that V& > 0,Vz € R, |u(t,z)| < M. This boundedness
property is essential for the sequel. We set f(y) = %(0 VyAM). The func-
tions f and y — yf(y) are respectively bounded and Lipschitz continuous.
By Theorem 3.2, the martingale problem (MP2) corresponding to the partic-
ular choice F(s,z,y) = f(y) admits a unique solution P starting at ug(z)dz.
Let us prove that u is a measurable version of the densities for P. Since
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clearly Vt > 0, |Ju(t,.)||r < e, according to the proof of uniqueness for
(MP2) (Theorem 3.2), it is enough to establish

8?;—5 « (u(s,.) f(u(s,.))(z)ds.

(3.6)
Let t > 0, ¢ be a C1? function with compact support in [0,¢] x R and

€ (0,1). As 2, g; and 2 (uf(u)) = uZ% are bounded on the intersection

of the support of ¢ with [e t] X R, using the integration by parts formula,
Fubini’s theorem and (3.5) we get

/Ru(t,m(t,x)dx:/Ru(e,m(e,x)dx

99 | 10%¢ a¢é
+/<e,t]xR“<8’ 0 (5 +age “”%) <87$>d$fs' )
3.7

Vit > 0,Ve € R, u(t,z) = Gy * up(x) —
0

We have lim;_yq ||u(s, .) —uo||z1 = 0. Indeed for U(x (f_ )
1

[[uls, ) = uol[Lr < 1G5 (Uno) = (G x U)uol| 1
LOO

< e||Gs * (Uug) — Uugl|pr + el|(Gs * U — U)ugl| 11

Since Uug € LY(R), the first term of the right hand side converges to 0
when s — 0. The continuity and the boundedness of U imply that G, * U is
bounded uniformly in s and converges pointwise to UU. Hence, by Lebesgue’s
theorem, the second term also goes to 0.

Thus lims fp u(s, 2)¢(s, 2)de = [ uo(2)¢(0,2)dx and taking the limit
€ — 0in (3.7), we get

/Ru(t,x)¢(t7x)dx:/uo(x)qb(O,x)dx

R
d¢  19%¢ D
+/(07t] Ru(& )(8 +§W+f( )896) (s, z)dxds.

By spatial truncation, this equation still holds if ¢ € C'bl’2([07 t] xR). For the
particular choice ¢(s, 2) = Gy_s*t(x) with ¢» C* with compact support in R,
we conclude like in the proof of Lemma 2.3 that (3.6) holds. Therefore u(t, z)
is a measurable version of the densities for P and P provides a probabilistic
representation of u.

S

4. EXTENSION OF THE RESULTS TO MARTINGALE PROBLEMS WITH
A NON-CONSTANT DIFFUSION COEFFICIENT

Let a be a Lipschitz continuous map on R? with values in the set of
symmetric non-negative d X d matrices such that

M, > m, > 0, Yo,y € RY m|yl* < yra(z)y < M,|y|?

and L be the operator Lo(z) = %Z?j_l ai7j(x)%(x).

= 1Oy
Let o denote the square-root of a. By the assumptions made on a, the map
x — o(x) is bounded and Lipschitz continuous.
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According to Friedman (1975) (pp. 139-150), there is a transition density
Us(z,y), s >0, a2,y € R? associated with the time-homogeneous stochastic
differential equation dX; = o(X;)dB.

Moreover, for any t > 0 and any continuous function 4 with compact support
in RY the function ¢(s,z) = Jpalis(2,y)1b(y)dy defined on [0,1) x R4
satisfies

d¢

Vs €[0,4), Yo € RY, Lo(s,0) + 5-(s,2) =0,
Ve € R, 1i/r2 (s, z) = P(x). (4.1)
Lastly, for any M > M,, there is a constant C'(¢) such that,
¢ |z — yl?
d
< S .
Vs € (0,t],Vz,y € RY, I's(z,y) < x exp( s )" (4.2)
: Ols(z,y)| _ C) v —y|?
d )
VSE(O,t],V$,yER7V1§Z§d7 8$Z SS%__leXp _m .
(4.3)
Integrating (4.3), we obtain the following estimate
e K(t
V¢ > 0,3K(t) > 0,Vs € (0,1],Vz € RY V1 < i < d, Hw < ( ).
dz; L} Vs
(4.4)

THEOREM 4.1. Ym € P(R?), the martingale problem (MP1) (resp. (MP2))
in which $A¢(X,) is replaced by Lo(X,) in (2.1) (resp. in (3.1)) admits a
unique solution starting at m.

The proofs of Theorem 2.2 and Theorem 3.2 are based on Lemma 2.3.
Therefore we explain how to adapt the conclusions and the proof of this
lemma. As ¢ is Lipschitz continuous and bounded, for any m € P(Rd), the
martingale problem: Fy = m and

Vo € CEHRY), ¢(X,) — ¢(Xo) — /075 Lo(X,)ds is a P-martingale

admits a unique solution P. Moreover, by the existence of I', for ¢ > 0,
P; has a density equal to [p.T¢(z,y)m(dz). For g like in Lemma 2.3,
by Girsanov’s theorem, as ¢~'g is bounded, the martingale problem with
Lo(Xs) + g(s, X;).Vo(X,) replacing Lop(X;) admits a unique solution and
this solution belongs to P(R). Let p(s,z) be a measurable version of the
densities for the solution. If % is a continuous function with compact sup-
port on R? and é(s, z) = JpaTi—s(x,y)(y)dy, by the uniform continuity of
¥ and (4.2), the convergence of ¢(s, z) to ¥(z) in (4.1) is uniform in = € R%.
By (4.4), we upper-bound V¢(s,z). These two remarks allow to transpose
the proof of (2.2) and obtain that for any ¢ > 0,

p(t,y) = /Rdft(x,y)m(dac)—l—/o Rdvxft_s(x,y).g(s,w)p(s,x)dxds a.s.

With this equation and (4.4) instead of (2.2) and (1.1), we easily adapt the
proofs of Theorem 2.2 and Theorem 3.2.
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