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DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT

COEFFICIENT AND PROBABILISTIC INTERPRETATION

OF GENERALIZED BURGERS� EQUATIONS

B� JOURDAIN

Abstract� We prove existence and uniqueness for two classes of mar�
tingale problems involving a nonlinear but bounded drift coe�cient� In
the �rst class� this coe�cient depends on the time t� the position x and
the marginal of the solution at time t� In the second� it depends on t� x
and p�t� x�� the density of the time marginal w�r�t� Lebesgue measure�
As far as the dependence on t and x is concerned� no continuity assump�
tion is made� The results� �rst proved for the identity di	usion matrix�
are extended to bounded� uniformly elliptic and Lipschitz continuous
matrices� As an application� we show that within each class� a partic�
ular choice of the coe�cients leads to a probabilistic interpretation of
generalizations of Burgers
 equation�

�� Introduction

In this paper� we are interested in di�usions given by two nonlinear mar�
tingale problems� Each problem is closely linked to the nonlinear partial
di�erential equation satis�ed by the time marginals of any solution� Un�
der our assumptions on the di�usion and the drift coe�cients� the time
marginals are absolutely continuous �for t � 	
 and the partial di�erential
equation provides a nice evolution equation for the densities� Our proofs for
existence and uniqueness are based on �xed�point methods for this evolution
equation�

The �rst section is devoted to a mean �eld martingale problem� For F a
bounded measurable Rd valued function on �	���
�Rd�P�Rd
� Lipschitz
continuous in its last variable for the total variation metric� we say that
P � P�C��	���
�Rd

 with time marginals �Pt
t�� solves the nonlinear
martingale problem �MP

 starting at m � P�Rd
 if P� � m and for any
� � C�

b �R
d
�

��Xt
� ��X�
�
Z t

�

�



�
���Xs
 � F �s�Xs� Ps
�r��Xs


�
ds

is a P �martingale where X denotes the canonical process on C��	���
�Rd
�
We prove existence and uniqueness for �MP

�
If the drift coe�cient F was Lipschitz continuous in its second and last
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variables for the sum of the Fortet�Mourier metric on P�Rd


���� ��
 � supf
Z
� d��

Z
� d��� j��x
� ��y
j � jx� yj � 
g

and the Euclidian metric on R
d� we could apply classical existence and

uniqueness results for nonlinear di�usions� which are proved by sample�
path couplings �see for example Graham �
���

� But our assumptions are
much weaker since we do not suppose any continuity in the second variable
and the Fortet�Mourier metric is obviously smaller than the total variation
metric� The counterpart is that the di�usion coe�cient is linear and the
drift coe�cient F is bounded� By a �xed�point method� we prove that the
evolution equation satis�ed by the densities of the time marginals of any
solution of �MP

 admits a unique solution� The results for the martingale
problem itself follow quite immediately�
By our theorem� for d � 
 and F �s� x� �
 �

�R
R
H�x� y
��dy


�q
where

q � 
 andH denotes the Heaviside function �H�x
 � 
fx��g
� the martingale
problem �MP

 starting at m admits a unique solution P � Let V �t� x
 and
v�x
 be the distribution functions of Pt and m� Generalizing results given
by Bossy et al �
���
 for Burgers� equation �q � 

� we prove that V is a
weak solution of

�u

�t
�




�

��u

�x�
� 


q � 


��uq��


�x

with initial condition v and obtain P as the propagation of chaos limit of a
sequence of weakly interacting particle systems� Our propagation of chaos
result is trajectorial and stronger than the one proved by Bossy and Talay�

The second section deals with a moderate martingale problem in which
the drift coe�cient depends on the densities of the time marginals� Thus
the nonlinearity is more ticklish� For F a bounded measurable Rd valued
function on �	���
�Rd�R� satisfying

�s � 	� �x � Rd� �y� y� � R� jyF �s� x� y
� y�F �s� x� y�
j � KF jy � y�j�
we say that P � P�C��	���
�Rd

 with time marginals �Pt
t�� absolutely
continuous with respect to Lebesgue measure for t � 	 solves the nonlinear
martingale problem �MP�
 starting at m � P�Rd
 if P� � m and for any
� � C�

b �R
d
�

��Xt
� ��X�
�
Z t

�

�



�
���Xs
 � F �s�Xs� p�s�Xs

�r��Xs


�
ds

is a P �martingale where for any t � 	� p�t� �
 is a density of Pt�
We prove existence and uniqueness for �MP�
� This generalizes a result
given by M�el�eard et al �
���
 for F � Rd�R	 R

d bounded and satisfying
a stronger Lipschitz continuity property� �x� x� � Rd� �y� y� � R�
jF �x� y
� F �x�� y�
j� jyF �x� y
� y�F �x�� y�
j � KF �jx� x�j� jy � y�j
�

They obtain existence for the corresponding martingale problem �MP�
 as
a consequence of a propagation of chaos result for a sequence of moderately
interacting particle systems� As for us� we give a direct proof again based
on a �xed�point method for the evolution equation satis�ed by p�
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Thanks to this result� we show how it is possible to associate a probabilis�
tic representation with some classical solutions of Burgers� equation� as it
was sketched by Oelschl�ager �
���
� The initial conditions concerned are
bounded probability densities on R�

In the last section we generalize the previous existence and uniqueness
results to similar martingale problems with a Lipschitz continuous� bounded
and uniformly elliptic di�usion coe�cient�

Notations� Let � � C��	���
�Rd
 endowed with the topology of uniform
convergence on compact sets and with the corresponding Borel 	��eld� �T �
C��	� T ��Rd
 endowed with the topology of uniform convergence� X be the
canonical process� For a Borel space E� P�E
 is the space of probability
measures on E endowed with the topology of weak convergence� We also
de�ne the metric of total variation on P�E


V ��� ��
 � sup

�Z
� d� �

Z
� d�� � k�kL��E	 � 


�
�

If Z is a random variable with values in E let L�Z
 � P�E
 denote its law�
If P � P��
� �Pt
t�� is the set of time marginals of P �

�P��
 � fP � P��
� �t � 	� Pt is absolutely continuous

with respect to Lebesgue measureg�
If P � �P��
� there is a measurable function p�s� x
 on �	���
�Rd such that
for any s � 	� p�s� �
 is a density of Ps with respect to Lebesgue measure�
See for example Meyer �
���
 �pp� 
���
��
� Such a function is called a
measurable version of the densities�
For x � Rd� let jxj be the Euclidian norm of x�

For t � 	� Gt denotes the heat kernel on Rd� Gt�x
 � ��
t
�
d
� exp�� jxj�

�t 
�
The following estimate will be very useful�

for any 
 � i � d�

�����Gt

�xi

����
L�
� 
p

t
� �
�



�� The mean field martingale problem

��
� Existence and uniqueness

Let F be a measurable Rd valued function on �	���
 � Rd � P�Rd

bounded by MF which satis�es the following Lipschitz continuity property

�s � 	� �x � Rd� ��� �� � P�Rd
� jF �s� x� �
� F �s� x� ��
j � KFV ��� ��
�

Definition ���� Let m � P�Rd
� We say that P � P��
 with time
marginals �Pt
t�� solves the nonlinear martingale problem �MP

 starting
at m if P� � m and for any � � C�

b �R
d
�

��Xt
� ��X�
�
Z t

�

�



�
���Xs
 � F �s�Xs� Ps
�r��Xs


�
ds ���



is a P �martingale�

Theorem ���� For any m � P�Rd
� the nonlinear problem �MP�� starting
at m admits a unique solution�
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The following lemma gives an integral equation satis�ed by any measur�
able version of the densities of the solution of a linear martingale problem�
The proof of Theorem ��� which is based on this equation� is postponed
after the proof of the lemma�

Lemma ���� Let m � P�Rd
� g be a measurable Rd valued function on
�	���
�Rd bounded by Mg and P be the unique solution of the martingale
problem� P� � m and for any � � C�

b �R
d
�

��Xt
� ��X�
�
Z t

�

�



�
���Xs
 � g�s�Xs
�r��Xs


�
ds is a P �martingale�

Then P � �P ��
� Any measurable version of the densities p�s� x
 satis	es
the evolution equation�

�t � 	� p�t� x
 � Gt 
m�x
�
dX
i
�

Z t

�

�Gt�s
�xi


 ��pgi
�s� �

�x
ds a�e� ����


Moreover� if q is a measurable function on �	���
 � Rd which satis	es
�
�
� and

�T � 	� sup
t����T �

kq�t� �
kL� � ��

then q is a measurable version of the densities for P �

Proof� Existence and uniqueness for the martingale problem is a consequence
of Girsanov�s theorem� Let us prove that the solution P belongs to �P ��
�

Under P � by Paul Levy�s characterization� Xt � X� �
R t
� g�s�Xs
ds is a

Brownian motion� We introduce the exponential martingale

Zs � exp

�
�
Z s

�
g�r�Xr
�dXr �




�

Z s

�
jg�r�Xr
j�dr

�
�

Let t � 	� We set Q � Zt�P � By Girsanov�s theorem� ��s � Xs�X�
s����t�
is a Brownian motion under Q� Let f be a continuous function with compact
support in Rd�

E�jf�Xt
j
 � E
Q�




Zt
jf�Xt
j
 �

s
EQ

�



Z�
t

�q
EQ�f��Xt

� ����


E
Q�f��Xt

 �

Z
Rd

f��x
Gt 
m�x
dx � 


��
t

d
�

kfk�L� � ����





Z�
t

� exp

�Z t

�
�g�s�Xs
�d�s � 


�

Z t

�
j�g�s�Xs
j�ds�

Z t

�
jg�s�Xs
j�ds

�
�

The last equation implies

E
Q

�



Z�
t

�
� exp�M�

g t
� ����


With equations ����
� ����
 and ����
� we conclude

jE�f�Xt

j � E�jf�Xt
j
 � 


��
t

d
�

exp

	
M�

g t

�



kfkL� � ����


Hence Pt is absolutely continuous with respect to Lebesgue measure and
P � �P��
�
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Let p�s� x
 be a measurable version of the densities for P � 
 be a C�

function with compact support in Rd and t � 	� We set ��s� x
 � Gt�s

�x

for s � �	� t
 and ��t� x
 � 
�x
� The function � belongs to C���

b ��	� t��Rd

and satis�es

��s� x
 � �	� t��Rd�
��

�s
�s� x
 �




�
���s� x
 � 	� ����


Since Xt�X��
R t
� g�s�Xs
ds is a P �Brownian motion� It o�s formula implies

E ���t� Xt

 � E

�
��	� X�
 �

Z t

�

�
��

�s
�




�
��� g�r�

�
�s�Xs
ds

�
�

By ����
� we get rid of ��
�s �

�
���� Applying Fubini�s theorem� we obtainZ

Rd


�x
p�t� x
dx�

Z
Rd

Gt 
 
�x
m�dx


�

Z
���t��Rd

dX
i
�

Z
Rd

�Gt�s
�xi

�x� y

�y
dy�gip
�s� x
dxds

�

Z
Rd


�x
Gt 
m�x
dx

�
Z
Rd

dX
i
�

Z t

�

�Gt�s
�xi


 ��gip
�s� �

�y
ds 
�y
dy�

Hence p satis�es ����
�
To conclude the proof� we consider q satisfying ����
 and

�T � 	� sup
t����T �

kq�t� �
kL� � ���

kp�t� �
� q�t� �
kL� �
dX
i
�

Z t

�

�����Gt�s
�xi

����
L�
kgi�s� �
�p�s� �
� q�s� �

kL�ds

�Mg

p
d

Z t

�

kp�s� �
� q�s� �
kL�p
t� s

ds�

After an iteration� we get

kp�t� �
� q�t� �
kL� �M�
g d

Z t

�


p
t� s

Z s

�

kp�r� �
� q�r� �
kL�p
s� r

drds

�M�
g d

Z t

�
kp�r� �
� q�r� �
kL�

Z t

r


p
t � s

p
s � r

dsdr

� 
M�
gd

Z t

�
kp�r� �
� q�r� �
kL�dr�

Gronwall�s lemma implies �t � 	� kp�t� �
� q�t� �
kL� � 	 which proves that
q is a measurable version of the densities for P �

We are now ready to show Theorem ����

Proof� The key idea is the following� If �Q�t

t�� � C��	���
�P�Rd

� by
Girsanov�s theorem� the martingale problem in which the nonlinearity Ps
in ���

 is replaced by Q�s
 admits a unique solution PQ� We consider the
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correspondence between �Q�t

t�� and the time marginals �PQ
t 
t�� of the

solution� If P solves the nonlinear problem �MP

� then �Pt
t�� is a �xed�
point of this map� Conversely� if �Q�t

t�� is a �xed�point� then PQ solves
the nonlinear problem �MP

�
Let T � 	� We de�ne

Am�T � fQ � C��	� T ��P�Rd

� Q�	
 � m and �t � �	� T �� Q�t


is absolutely continuous with respect to Lebesgue measureg�
If Q � Am�T � let ��Q
 denote a measurable version of the densities for Q�
Am�T is complete for the metric

D�Q�Q�
 � sup
t����T �

V �Q�t
� Q��t

 � sup
t����T �

k��Q
�t
� ��Q�
�t
kL� �

Let t� � 	� ForQ � Am�T we de�ne �
t��m�Q
�t

t����T � as the time marginals
of the unique solution of the martingale problem���

��
P � P��T
� P� � m and �� � C�

b �R
d
�

��Xt
� ��X�
�
R t
�

�
�
����Xs
 � F �t� � s�Xs� Qs
�r��Xs


�
ds

is a P �martingale�

Lemma ��� implies that for any t � �	� T �� 
t��m�Q
�t
 is absolutely contin�
uous with respect to Lebesgue measure� Hence 
t��m�Q
 � Am�T � We are
going to prove that if T is small enough� 
t��m is a contraction on Am�T �
Using equation ����
 given by Lemma ���� we obtain for Q�Q� � Am�T and
t � �	� T ��

k��
t��m�Q

�t
� ��
t��m�Q
�

�t
kL�

�
dX
i
�

Z t

�

�����Gt�s
�xi

����
L�
k��
t��m�Q

�s
Fi�t� � s� �� Q�s



� ��
t��m�Q
�

�s
Fi�t� � s� �� Q��s

kL�ds

�
Z t

�

�
k��
t��m�Q

�s
kL�k

dX
i
�

jFi�t� � s� �� Q�s

� Fi�t� � s� �� Q��s

jkL�

� k��
t��m�Q

�s
� ��
t��m�Q
�

�s
kL� �

k
dX
i
�

jFi�t� � s� �� Q��s

jkL�
�

dsp
t� s

� �
p
dT �KFD�Q�Q�
 �MFD�
t��m�Q
� 
t��m�Q

�


�

Hence

�
� �
p
dTMF 
D�
t��m�Q
� 
t��m�Q�

 � �

p
dTKFD�Q�Q�
�

We set T � �
�d�MF��KF 	�

� Then D�
t��m�Q
� 
t��m�Q�

 � �
�D�Q�Q�
� Pi�

card�s �xed�point theorem implies that 
t��m admits a unique �xed�point in
Am�T �

Existence for the martingale problem �MP��� Let Q� denote the
�xed�point of 
��m in Am�T � If Q

n is constructed� let Qn�� be the �xed�point
of 
�n��	T�Qn�T 	 in AQn�T 	�T �
We set Q�t
 � Qn�t�nT 
 if t � �nT� �n�

T 
� Let P be the solution of the
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martingale problem in which the nonlinearity in ���

 is replaced by Q�s
�
For any � � C�

b �R
d
�

��XnT�t
� ��XnT 
�
Z t

�

�
F �nT � s�XnT�s� Q

n�s


�r��XnT�s


�



�
���XnT�s


�
ds is a P �martingale�

Hence� by induction� �n � N� �t � �	� T �� PnT�t � Qn�t
 � Q�nT � t
� And
P solves the problem �MP

�

Uniqueness for the martingale problem �MP��� If P is a solution�
Lemma ��� implies that for any t � 	� Pt is absolutely continuous with
respect to Lebesgue measure� For any n � N� �PnT�t
t����T � is the �xed�
point of 
nT�PnT in APnT �T � By induction� uniqueness for the �xed�points
implies uniqueness for the time marginals �Pt
t��� Since the nonlinearity in
the de�nition of �MP

 is limited to the dependence of the drift coe�cient
on the time marginals� uniqueness for this problem follows immediately�

���� Application

Theorem ��� implies existence and uniqueness for martingale problems
associated with a class of partial di�erential equations which includes Burg�
ers� equation�
We set q � 
� m � P�R
� Let f � �x� �
 � R�P�R
	 �R

R
H�x� y
��dy


�q
where H�x
 � 
fx��g� As f is the pointwise limit of the continuous functions

�x� �
	 �R
R
Hn�x� y
��dy


�q
with

Hn�x
 � n�x� 
�n

f���n�x��g � 
fx��g�

this function is measurable� Moreover� since f takes its values in �	� 
����f�x� �
� f�x� ��

�� � q

����
Z
R

H�x� y
��dy
�
Z
R

H�x� y
���dy

����

� qV ��� ��
�

By Theorem ���� the martingale problem �MP

 corresponding to the par�
ticular choice F �s� x� �
 � f�x� �
 admits a unique solution P starting at m�
Let V �t� x
 and v�x
 be the distribution functions of Pt and m�

Bossy et al �
���
 deal with the case q � 
� They prove that V is a weak
solution of Burgers� equation

�u

�t
�




�

��u

�x�
� 


�

��u�


�x
with initial condition v and obtain P as the propagation of chaos limit
of a sequence of weakly interacting particle systems� Indeed they de�ne
�X��n� � � � � Xn�n
 as the unique weak solution of the stochastic di�erential
equation

X i�n
t � X i�n

� � Bi�n
t �

Z t

�




n

nX
j
�

H�X i�n
s �Xj�n

s 
ds� 
 � i � n�

where L��X��n
� � � � � � Xn�n

� 

 � m�n and �B��n� � � � � Bn�n
 is aRn�valued Brow�
nian motion� They prove that for any k � N�� L��X��n� � � � � Xk�n

 converges
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weakly to P�k when n	 ���
We generalize their results to any q � 
 in Proposition ���� In fact� we fol�
low the idea of M�el�eard et al �
���
 and prove a trajectorial propagation of
chaos result� To obtain this result� we introduce a coupling between the par�
ticle systems and the limit processes with law P that we de�ne on the same
probability space� Let Bi� i � N

� be a sequence of independent R�valued
Brownian motions and X i

�� i � N
� be a sequence of random variables IID

with law m independent of the Brownian motions� According to Karatzas
et al �
���
 �Proposition ��
� p���

� the one�dimensional stochastic di�er�
ential equation

Y i
t � X i

� �Bi
t �

Z t

�
�H 
 Ps�Y i

s 


qds

admits a unique strong solution� Moreover� considering the linear martingale
problem associated with this equation� by the existence part of the proof of
Theorem ���� we obtain that the law of the solution is P � The process Yi
is nonlinear in the following sense� the drift coe�cient of the stochastic
di�erential equation that it satis�es depends on the time marginals of its
law�
Unlike in the one�dimensional case� to obtain a strong solution for a n�
dimensional stochastic di�erential equation with n � 
� it is necessary to
assume that the coe�cients are locally Lipschitz continuous� That is why
we replace H by Hn �Hn�x
 � n�x� 
�n

f���n�x��g � 
fx��g
 and de�ne
the weakly interacting particle system as the unique strong solution of the
stochastic di�erential equation

X
i�n
t � X i

� � Bi
t �

Z t

�

�



n

nX
j
�

Hn�X
i�n
s �Xj�n

s 


�q
ds� 
 � i � n�

Proposition ���� For any q � 
�
�i
 The function V is a weak solution of the generalized Burgers� equation

�u

�t
�




�

��u

�x�
� 


q � 


��uq��


�x
with initial condition v�

�ii
 If  P denotes the image of P by the mapping X � �	 �X�X
 � ��� for

any k � N�� L���X��n� Y �
� � � � � �Xk�n� Y k


 converges weakly to  P�k as n
goes to ���

To understand the trajectorial nature of the propagation of chaos re�
sult �ii
� remark for instance that� unlike the classical result� �k � N��
L��X��n� � � � � Xk�n

 converges weakly to P�k � it implies�

�T � 	� lim
n	�
 E�
 � sup

��t�T
j�X��n

t � � � � � Xk�n
t 
� �Y �

t � � � � � Y
n
t 
j
 � 	�

Proof� �i
 Our proof is a generalization of the one given by Bossy et al

�
���
� Under P � by Paul Levy�s characterization� Xt�X��
R t
� V

q�s�Xs
ds
is a Brownian motion� Let p be a measurable version of the densities for P
and � � D��	���
�R
� Applying It o�s formula and taking expectations�
we getZ �


�

Z
R

p�t� x


�
��

�t
�t� x
 �




�

���

�x�
�t� x
 �

��

�x
�t� x
V q�t� x


�
dxdt � 	�
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Hence p is a solution in D���	���
 � R
 of the equation �p
�t � �

�
��p
�x�

�
�
�x �pV

q
� Clearly� �V
�x � p in D���	���
� R
� Moreover� approximating

p�t� �
 in L��R
 by continuous functions� we obtain that the distribution
function of the bounded measure p�t� x
V q�t� x
dx is �

q��V
q���t� x
� Hence

�

�x

�
�V

�t
� 


�

��V

�x�
�




q � 


��V q��


�x

�
� 	�

The spatial derivative of the distribution �V
�t � �

�
��V
�x�

� �
q��

��V q��	
�x is zero�

which implies that the distribution is invariant by translation�
If � � D��	���
�R
 and z 	 ���Z
����
	�R

V �t� x� z


�
��

�t
�t� x
 �




�

���

�x�
�t� x
 �

V q�t� x� z


q � 


��

�x
�t� x


�
dxdt

goes to 	 by Lebesgue�s theorem� Therefore for any � � D��	���
�R
�Z
����
	�R

V �t� x


�
��

�t
�t� x
 �




�

���

�x�
�t� x
 �

V q�t� x


q � 


��

�x
�t� x


�
dxdt � 	�

����


We conclude by proving that the initial condition is v� By density� equation
����
 still holds if � is C��� with compact support in �	���
�R�
Let 
 be C��� with compact support in �	���
 � R� For n � N

�� we
introduce the C� functions

gn�s
 �

��

��
	 if s � �	� �

�n ��


�n��s� �
�n


� � 
�n��s� �
�n


� if s � � ��n �
�
n ��


 if s � �
n �

The function �n � gn
 is C��� with compact support in �	���
�R� Using
����
 for �n we getZ
����
	�R

�
�


�t
�




�

��


�x�
�

V q

q � 


�


�x

�
�t� x
V �t� x
dtdx

�

Z
��� �

n
��R

�
� gn�t



�
�


�t
�




�

��


�x�
�

V q

q � 


�


�x

�
�t� x
V �t� x
dtdx

�
Z
��� �

n
��R

dgn
dt

�t

�t� x
V �t� x
dtdx� ����


Since P � P��
� the map t 	 Pt is continuous and limt	� V �t� x
 � v�x

for any x such that v is continuous at x� Hence by Lebesgue�s theorem�

lim
t	�

Z
R


�t� x
V �t� x
dx �

Z
R


�	� x
v�x
dx�

When n	 �� in ����
� we getZ
����
	�R

�
�


�t
�




�

��


�x�
�

V q

q � 


�


�x

�
�t� x
V �t� x
dtdx

� �
Z
R


�	� x
v�x
dx�
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Therefore V is a weak solution of the generalized Burgers� equation with
initial condition v�

�ii
 We now prove the propagation of chaos result� In the sequel� � and
�X� Y 
 denote the canonical variables on P���
 and ��� We set !�r � ��X��

r �
The couples �X i�n� Y i
� 
 � i � n are exchangeable� Therefore the prop�
agation of chaos result is equivalent to the convergence in distribution of
the empirical measures �n � �

n

Pn
i
� ��Xi�n�Y i	 considered as P���
�valued

random variables to � �P �see Sznitman �
��

 and the references cited in it
�
Let 
n denote the law of �n�

According to Sznitman �
��

� since the variables �X i�n� Y i
 are exchange�
able� the tightness of the sequence �
n
n is equivalent to the tightness of
�L�X��n� Y �

n which is equivalent to the tightness of �L�X��n

n� These
probability measures are tight since for any T � 	 their images by the
canonical restriction from � to �T are tight �the drift coe�cient is bounded
by 
 uniformly in t and n
�

Let 

 denote the limit of a convergent subsequence of �
n
n that we
still index by n for simplicity� To prove that 

 � � �P � we set p � N��
	 � s� � s� � � � � � sp � s � t� � � C�

b �R
�
� g � Cb�R�p
� and de�ne G��


to be equal to

� ��

�
��Xt� Yt
� ��Xs� Ys
�

Z t

s




�

�
���

�x�
� �

���

�x�y
�
���

�y�

�
�Xr� Yr
dr

�
Z t

s

�
��

�x
�Xr� Yr
�H 
 !�r�Xr



q �
��

�y
�Xr� Yr
�H 
 Pr�Yr

q

�
dr

�
g�Xs�� Ys� � � � � � Xsp � Ysp
 � �

For k � N�� we de�ne Gk��
 like G with Hk replacing H in �H 
 !�r�Xr


q but

not in �H 
 Pr�Yr

q� If �n 	 � � the weak convergence of !�nr to !�r implies
that Hk 
 !�nr�x
 converges to Hk 
 !�r�x
 uniformly for x � R� Moreover�
for any r � 	� Pr is absolutely continuous with respect to Lebesgue measure
and y 	 H 
 Pr�y
 is continuous� Hence Gk is continuous�
We are going to prove that E�� �G���

 � 	� By the continuity and bound�
edness of Gk� we have

E
�� �G���

 � � lim sup

k	�


�
E
�� ��G�Gk


���

 � lim
n	�
 E�G

�
k��

n



�
� � lim sup

k	�

E
�� ��G� Gk


���

 � � lim sup
n	�


E�G�
n��

n



� � lim sup
k	�


lim sup
n	�


E��Gk � Gn

���n

� ���
	


Let us show that each term of the right�hand�side of ���
	
 is equal to 	�
For the �rst term� it is a consequence of the convergence of jH�Hkj
!�r�x


to 	 for any � � P���
� x � R and r � 	 as k 	 ��� Indeed� by the

boundedness of G� Gk� g and ��
�x and the Lipschitz continuity of x	 xq for

	 � x � 
� we have

E
�� ��G� Gk


���

 � CE�� jG��
�Gk��
j

� CE��
�
� ��

Z t

s
jH �Hk j 
 !�r�Xr
dr �

�
�
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The second term is easy to deal with� Applying It o�s formula� we get

Gn��
n
 �




n

nX
i
�

g�X i�n
s� � Y

i
s� � � � � � X

i�n
sp � Y

i
sp


Z t

s

�
��

�x
�
��

�y

�
�X i�n

r � Y i
r 
dB

i
r�

Hence E�G�
n��

n

 � C�n and we conclude limn	�
 E�G�
n��

n

 � 	�
The third term is the most ticklish� By a calculation similar to the one

carried out for the �rst term� we get

E��Gk �Gn

���n

 � CE

�
� �n�

Z t

s
jHn �Hkj 
 !�nr�Xr
dr �

�
�

Hence if �X� Y� Z�W 
 denotes the canonical variable on ���

E��Gk �Gn

���n

 � CE

�
� �n � �n�

Z t

s

fjXr�Zr j� �

n�k
gdr �

�
� ���




By the exchangeability of the couples �X i�n� Y i
� 
 � i � n�

lim sup
n	�


E

�
� �n � �n�

Z t

s

fjXr�Zrj� �

n�k
gdr �

�

� lim sup
n	�


E

�Z t

s

fjX��n

r �X��n
r j� �

n�k
gdr
�

� lim sup
n	�


E

�Z t

s

fjX��n

r �X��n
r j� �

k
g
fjX��n

r j�pkgdr
�

� lim sup
n	�


Z t

s
P �jX��n

r j �
p
k
dr� ���
�


Since P �jX��n
r j �

p
k
 � P �jB�

r j �
p
k�r
� 
 � P �jX�

� j �
p
k�r
� 
� the second

term of the right�hand�side of ���
�
 has a limit equal to 	 when k 	 ���
To prove that the same is true for the �rst term� we bound the L� norm of
the density of L��X��n

r � X��n
r 

 �r � 	
 uniformly in n� Like in the beginning

of the proof of Lemma ���� we obtain an estimate similar to ����
�

�f � L��R�
� �n � �� �r � 	� E�f�X��n
r � X��n

r 

 � 
p
�
r

exp�r
kfkL��

Hence �n � �� E
�R t

s 
fjX��n
r �X��n

r j� �

k
g
fjX��n

r j�pkgdr
�
� C

k
�
�

which implies

lim
k	�


lim sup
n	�


E

�Z t

s

fjX��n

r �X��n
r j� �

k
g
fjX��n

r j�
p
kgdr

�
� 	�

By ���


 and ���
�
 we get limk	�
 lim supn	�
 E��Gk �Gn
���n

 � 	�
As we have proved that each term of the right�hand�side of ���
	
 is equal

to 	� E�� �G���

 � 	� Restricting �� g� s�� � � � � sp� s� t to countable subsets
then taking limits by Lebesgue�s theorem� we obtain that 

 a�s�� � solves
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the martingale problem�������

�������

�� � m�m and �� � C�
b �R

�
�

��Xt� Yt
� ��X�� Y�
�
R t
�
�
�

�
���
�x� � � ���

�x�y �
���
�y�

�
�Xs� Ys
ds

� R t�
�
��
�x�Xs� Ys
�H 
 !�s�Xs



q � ��
�y �Xs� Ys
�H 
 Ps�Ys

q

�
ds

is a ��martingale�

Let us now suppose that � is a solution of this problem�
Choosing ��x� y
 � 
�x
 with 
 � C�

b �R
� we check that � � X�� solves
the nonlinear martingale problem starting at m� By uniqueness for this
problem� � �X�� � P and !�s � Ps� Moreover� it is easy to see that

��t � Xt�X��
Z t

�
�H 
Ps�Xs



qds and ��t � Yt�Y��
Z t

�
�H 
Ps�Ys

qds

are ��Brownian motions and next that �� � ��� As � a�s�� Y� � X�� by
trajectorial uniqueness for the stochastic di�erential equation satis�ed by
both X and Y � � a�s�� X � Y � Hence � �  P �

We conclude that 

 � � �P which puts an end to the proof�

�� The moderate martingale problem

��
� Existence and uniqueness

Let F be a measurable Rd valued function on �	���
�Rd�R bounded
by MF which satis�es the following Lipschitz continuity property

�s � 	� �x � Rd� �y� y� � R� jyF �s� x� y
� y�F �s� x� y�
j � KF jy � y�j�
Definition ���� Let m � P�Rd
� We say that P � �P��
 solves the non�
linear martingale problem �MP�
 starting at m if P� � m and for any
� � C�

b �R
d


��Xt
� ��X�
�
Z t

�

�



�
���Xs
 � F �s�Xs� p�s�Xs

�r��Xs


�
ds ���



is a P �martingale where p is a measurable version of the densities for P �

This de�nition does not depend on the choice of the measurable version�
Indeed� if p��s� x
 is another such version then P a�s�� �t � 	�Z t

�
F �s�Xs� p�s�Xs

�r��Xs
ds �

Z t

�
F �s�Xs� p

��s�Xs

�r��Xs
ds�

Theorem ���� For any m � P�Rd
� the nonlinear problem �MP
� admits
a unique solution P starting at m�

Proof� Uniqueness� It is an easy consequence of the Lipschitz continuity
assumption made on F � The proof was given by M�el�eard et al �
���
�
Let P and Q be two solutions of �MP�
 starting at m and p�s� x
� q�s� x

denote measurable versions of the densities for P and Q� Using equation
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�

����
 given by Lemma ���� inequality �
�

 and the Lipschitz continuity
property satis�ed by F � we get

kp�t� �
� q�t� �
kL� �
p
dKF

Z t

�

kp�s� �
� q�s� �
kL�p
t� s

ds� ����


By Gronwall�s lemma� we conclude that for any t � 	� kp�t� �
�q�t� �
kL� � 	�
Hence both P and Q solve the martingale problem in which the nonlinearity
in ���

 is replaced by q�s�Xs
� By uniqueness for this problem� P � Q�

Existence� In the sequel� if I is a real interval and v � C�I� L��Rd

 let
v�t� x
 denote a measurable function on I �Rd such that for any t � I the
class of v�t� �
 in L��Rd
 is v�t
�
Let T � 	 and AT � fv � C��	� T �� L��Rd

� supt����T � kv�t
kL� � ��g�
For the metric D�v� v�
 � supt����T � kv�t
� v��t
kL� � AT is complete�

Let m � P�Rd
� For v � AT � we set

�t � �	� T �� 
m�v
�t
 � Gt 
m�
dX
i
�

Z t

�

�Gt�s
�xi


 �v�s� �
Fi�s� �� v�s� �


ds�

By the continuity of the map t 	 Gt � L��Rd
� t 	 Gt 
m � L��Rd
 is
continuous for t � 	� Since

sup
s����T �

kv�s� �
Fi�s� �� v�s� �

kL� �
p
dMF sup

s����T �
kv�s� �
kL� � ���

it is quite easy to deduce that 
m�v
 � AT � Let us �nd T such that 
m is
a contraction� For v� v� � AT and t � �	� T �� we get an estimate similar to
����


k
m�v
�t
� 
m�v
�
�t
kL� �

p
dKF

Z t

�

kv�s
� v��s
kL�p
t � s

ds

� �KF

p
dtD�v� v�
�

Hence D�
m�v
� 
m�v
�

 � �KF

p
dTD�v� v�
� From now on� T � �

��dK�
F

� By

Picard�s �xed�point theorem� 
m admits a unique �xed�point in AT �
Let t� � 	 and f � L��Rd
� For v � C��	� T �� L��Rd

 we de�ne

�
t��f�v
�t
 � Gt 
 f �
dX
i
�

Z t

�

�Gt�s
�xi


 �v�s� �
Fi�t� � s� �� v�s� �


ds�

The same estimates as above imply that �
t��f admits a unique �xed�point

in C��	� T �� L��Rd

�
Let v� denote the �xed�point of 
m in AT � If v

n is constructed� let vn�� be
the �xed�point of �
�n��	T�vn�T 	 in C��	� T �� L��Rd

� We set v�t
 � vn�t�nT 

if t � �nT� �n�

T �� The map v belongs to C��	���
� L��Rd

 and satis�es

�t� � 	� sup
t����t��

kv�t
kL� � ��� ����
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Let t � �	� T �� We compute v�T � t
 thanks to Fubini�s theorem�

v�T � t
 � Gt 
 v�T 


�
dX
i
�

Z t

�

�Gt�s
�xi


 �v�T � s� �
Fi�T � s� �� v�T � s� �


ds

� Gt 

	
GT 
m�

dX
i
�

Z T

�

�GT�s
�xi


 �v�s� �
Fi�s� �� v�s� �


ds



�
dX
i
�

Z t

�

�Gt�s
�xi


 �v�T � s� �
Fi�T � s� �� v�T � s� �


ds

� GT�t 
m�
dX
i
�

Z T�t

�

�GT�t�s
�xi


 �v�s� �
Fi�s� �� v�s� �


ds�

By induction� we conclude that for any t � 	�

v�t� x
 � Gt 
m�x
�
dX
i
�

Z t

�

�Gt�s
�xi


 �v�s� �
Fi�s� �� v�s� �


�x
ds a�s�

����


Let P be the solution of the martingale problem in which the nonlinearity
in ���

 is replaced by v�s�Xs
� Equations ����
� ����
 and Lemma ��� imply
that v�s� x
 is a measurable version of the densities for P � Hence P solves
�MP�
�

���� Application

Theorem ��� allows us to associate a probabilistic representation with
some classical solutions of Burgers� equation� The initial conditions con�
cerned are not distribution functions like in Proposition ��� but bounded
probability densities�
We take up the approach of Oelschl�ager �
���
 �pp� �	���	�
� Let u� be
a probability density on R bounded by M � The Cole�Hopf transformation
�Cole �
��

� Hopf �
��	



u�	� x
 � u��x
 and u�t� x
 �

R
R
Gt�x� y
 exp

�
� R y�
 u��z
dz

�
u��y
dyR

R
Gt�x� y
 exp

�
� R y�
 u��z
dz

�
dy

provides a classical solution of Burgers� equation� u � C�����	���
 � R

and

�t � 	� �x � R� �u
�t

�t� x
 �



�

��u

�x�
�t� x
� u�t� x


�u

�x
�t� x
� ����


It is easy to check that �t � 	� �x � R� ju�t� x
j � M � This boundedness
property is essential for the sequel� We set f�y
 � �

��	 
 y �M
� The func�
tions f and y 	 yf�y
 are respectively bounded and Lipschitz continuous�
By Theorem ���� the martingale problem �MP�
 corresponding to the partic�
ular choice F �s� x� y
 � f�y
 admits a unique solution P starting at u��x
dx�
Let us prove that u is a measurable version of the densities for P � Since

ESAIM� P�S� November ����� Vol� �� pp� ���	�





DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT �
�

clearly �t � 	� ku�t� �
kL� � e� according to the proof of uniqueness for
�MP�
 �Theorem ���
� it is enough to establish

�t � 	� �x � R� u�t� x
 � Gt 
 u��x
�
Z t

�

�Gt�s
�x


 �u�s� �
f�u�s� �


�x
ds�
����


Let t � 	� � be a C��� function with compact support in �	� t� � R and

� � �	� t
� As �u
�s �

��u
�x�

and �
�x�uf�u

 � u�u�x are bounded on the intersection

of the support of � with ��� t� � R� using the integration by parts formula�
Fubini�s theorem and ����
 we getZ
R

u�t� x
��t� x
dx�

Z
R

u��� x
���� x
dx

�

Z
���t��R

u�s� x


�
��

�s
�




�

���

�x�
� f�u


��

�x

�
�s� x
dxds�

����


We have lims	� ku�s� �
�u�kL� � 	� Indeed for U�x
 � exp
�
�R x�
 u��z
dz

�
�

ku�s� �
� u�kL� �
���� 


Gs 
 U

����
L�

kGs 
 �Uu�
� �Gs 
U
u�kL�
� ekGs 
 �Uu�
� Uu�kL� � ek�Gs 
 U � U
u�kL� �

Since Uu� � L��R
� the �rst term of the right hand side converges to 	
when s	 	� The continuity and the boundedness of U imply that Gs 
U is
bounded uniformly in s and converges pointwise to U � Hence� by Lebesgue�s
theorem� the second term also goes to 	�
Thus lims	�

R
R
u�s� x
��s� x
dx �

R
R
u��x
��	� x
dx and taking the limit

�	 	 in ����
� we getZ
R

u�t� x
��t� x
dx �

Z
R

u��x
��	� x
dx

�

Z
���t��R

u�s� x


�
��

�s
�




�

���

�x�
� f�u


��

�x

�
�s� x
dxds�

By spatial truncation� this equation still holds if � � C���
b ��	� t��R
� For the

particular choice ��s� x
 � Gt�s

�x
 with 
 C� with compact support in R�
we conclude like in the proof of Lemma ��� that ����
 holds� Therefore u�t� x

is a measurable version of the densities for P and P provides a probabilistic
representation of u�

�� Extension of the results to martingale problems with

a non�constant diffusion coefficient

Let a be a Lipschitz continuous map on R
d with values in the set of

symmetric non�negative d� d matrices such that

�Ma � ma � 	� �x� y � Rd� majyj� � y�a�x
y �Majyj�

and L be the operator L��x
 � �
�

Pd
i�j
� ai�j�x


���
�xi�xj

�x
�

Let 	 denote the square�root of a� By the assumptions made on a� the map
x	 	�x
 is bounded and Lipschitz continuous�
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According to Friedman �
���
 �pp� 
���
�	
� there is a transition density
"s�x� y
� s � 	� x� y � Rd associated with the time�homogeneous stochastic
di�erential equation dXt � 	�Xt
dBt�
Moreover� for any t � 	 and any continuous function 
 with compact support
in R

d� the function ��s� x
 �
R
Rd

"t�s�x� y

�y
dy de�ned on �	� t
 � R
d

satis�es

�s � �	� t
� �x � Rd� L��s� x
 �
��

�s
�s� x
 � 	�

�x � R� lim
s�t

��s� x
 � 
�x
� ���



Lastly� for any M � Ma� there is a constant C�t
 such that�

�s � �	� t�� �x� y � Rd� "s�x� y
 � C�t


s
d
�

exp

�
� jx� yj�

�Ms

�
� ����


�s � �	� t�� �x� y � Rd� �
 � i � d�

�����"s�x� y
�xi

���� � C�t


s
d��
�

exp

�
� jx� yj�

�Ms

�
�

����


Integrating ����
� we obtain the following estimate

�t � 	� �K�t
 � 	� �s � �	� t�� �x � Rd� �
 � i � d�

�����"s�x� y
�xi

����
L�y

� K�t
p
s
�

����


Theorem ���� �m � P�Rd
� the martingale problem �MP�� �resp� �MP
��
in which �

����Xs
 is replaced by L��Xs
 in �
��� �resp� in ������ admits a
unique solution starting at m�

The proofs of Theorem ��� and Theorem ��� are based on Lemma ����
Therefore we explain how to adapt the conclusions and the proof of this
lemma� As 	 is Lipschitz continuous and bounded� for any m � P�Rd
� the
martingale problem� P� � m and

�� � C�
b �R

d
� ��Xt
� ��X�
�
Z t

�
L��Xs
ds is a P �martingale

admits a unique solution P � Moreover� by the existence of "� for t � 	�
Pt has a density equal to

R
Rd "t�x� y
m�dx
� For g like in Lemma ����

by Girsanov�s theorem� as 	��g is bounded� the martingale problem with
L��Xs
 � g�s�Xs
�r��Xs
 replacing L��Xs
 admits a unique solution and

this solution belongs to �P��
� Let p�s� x
 be a measurable version of the
densities for the solution� If 
 is a continuous function with compact sup�
port on Rd and ��s� x
 �

R
Rd

"t�s�x� y

�y
dy� by the uniform continuity of


 and ����
� the convergence of ��s� x
 to 
�x
 in ���

 is uniform in x � Rd�
By ����
� we upper�bound r��s� x
� These two remarks allow to transpose
the proof of ����
 and obtain that for any t � 	�

p�t� y
 �

Z
Rd

"t�x� y
m�dx
 �

Z t

�

Z
Rd

rx"t�s�x� y
�g�s� x
p�s� x
dxds a�s�

With this equation and ����
 instead of ����
 and �
�

� we easily adapt the
proofs of Theorem ��� and Theorem ����

ESAIM� P�S� November ����� Vol� �� pp� ���	�





DIFFUSIONS WITH A NONLINEAR IRREGULAR DRIFT COEFFICIENT �



Acknowledgments

I would like to thank Professor Sylvie M�el�eard for introducing me to this
topic and helping me in this work�

References

Bossy� M� and Talay� D� ������� Convergence Rate for the Approximation of the limit
law of weakly interacting particles� Application to the Burgers Equation� Ann�
Appl� Prob� � ��������

Cole� J� D� ������� On a quasi�linear parabolic equation occuring in aerodynamics� Quart�
Appl� Math� � ��������

Friedman� A� ���
��� Stochastic Di�erential Equations and Applications� Academic
Press�

Graham� C� ������� Nonlinear di	usions with jumps� Ann� Inst� Henri Poincar�e� ��
��������

Hopf� E� ������� The partial di	erential equation ut � uux � �uxx � Comm� Pure Appl�
Math� 	 ��������

Karatzas� I� and Shreve� S� E� ������� Brownian Motion and Stochastic Calculus�
Springer�Verlag�

M�el�eard� S� and Roelly�Coppoletta� S� ����
�� A propagation of chaos result for
a system of particles with moderate interaction� Stochastic Processes and their

Application� �� ��
�����
Meyer� P� A� ������� Probabilit�es et Potentiel� Hermann�
Oelschl�ager� K� ������� A law of large numbers for moderately interacting di	usion

processes� Z� Wahrsch� Verw� Geb� �� �
������
Sznitman� A� S� ������� Topics in propagation of chaos� �Ecole d
�et�e de probabilit�es de

Saint�Flour XIX � ����� Lect� Notes in Math� ����� Springer�Verlag�

CERMICS�ENPC� ��� avenue Blaise Pascal� Cit�e Descartes� Champs�sur�

Marne� 		
�� Marne la Vall�ee Cedex �� E�mail
 jourdain�cermics�enpc�fr

ESAIM� P�S� November ����� Vol� �� pp� ���	�





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


