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SPECTRAL GAP
FOR
AN UNRESTRICTED KAWASAKI TYPE DYNAMICS

GUSTAVO POSTA

ABSTRACT. We give an accurate asymptotic estimate for the gap of
the generator of a particular interacting particle system. The model
we consider may be informally described as follows. A certain number
of charged particles moves on the segment [1, L] N N according to a
Markovian law. If n, € Z is the charge at a site k¥ € [1,L] N N one
unitary charge, positive or negative, jumps to a neighboring site, k £ 1
at a rate which depends on the charge at site k and at site k= 1. The
total charge Ele 1, is preserved by the dynamics, in this sense our
dynamics is similar to the Kawasaki dynamics, but in our case there is
no restriction on the maximum charge allowed per site. The model is
equivalent to an interface dynamics connected with the stochastic Ising
model at very low temperature: the “unrestricted solid on solid model”.
Thus the results we obtain may be read as results for this model. We
give necessary and sufficient conditions to ensure that gap shrinks as
L=2, independently of the total charge. We follow the method outlined
in some papers by Yau (Lu, Yau (1993), Yau (1994)) where a similar
spectral gap is proved for the original Kawasaki dynamics.

1. INTRODUCTION

In this paper we will prove a sharp asymptotic estimate for the spectral gap
of a particular interacting particle system. The system we consider may
be informally described as follows. Fix L € N and consider the segment
[1,L]NZ in the one dimensional lattice Z. The points of this segment will
be called sites. The process we are going to study consists of a certain
number of charges moving on this segment according to a Markovian law.

Suppose that to every site k is attached an integer charge n, € Z. A
configuration of our system will be an integer valued vector n = (11, ...,71).
For fixed N € Z, 8 > 0 and J = (J;,J,) € (0,1] x (0, 1], the equilibrium of
the system is described by the probability measure

VI () = (g = e P LI IE S el
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Here ZZ’N is a normalization coefficient and 7 = 211;21 Ny stands for the total
charge of the configuration 5. The dynamics of the system is a reversible
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continuous time Markov chain with values in Z’ and ergodic measure VZ’N
The chain evolves in the following way. Suppose that the system is initially
in the state 7, then for every site k, with certain rates which depends only
on the charges at sites k and k£ 1, a unitary charge (positive or negative)
jumps from the site k£ to one of the neighboring site k—1 or k41. This means
that only transition of the type i — 1+ 0 F dx4+1 are allowed (J; stands for
the vector with all the components identically equal to zero except the kb
which is equal to one). This dynamics obviously preserves the total charge
7 of the system, and the jump rates may be chosen so that the generator of
the process is self adjoint in L2 (™).

This kind of processes, in which the total number of particles (charges
in our case) is preserved, have been studied by several authors. In par-
ticular we refer to Lu, Yau (1993), Yau (1994) and Landim, Sethuraman,
Varadhan (1995) where spectral gap for similar models are computed.

In Lu, Yau (1993), for the first time, the so called martingale approach
is used to prove the exact asymptotic convergence rate, i.e. L=2, of the gap
of the original Kawasaki dynamics for the Ising model in a finite cube of side
L in the one phase region. In this model only one particle per site is allowed.
New difficulties arise if one tries to extend the proof to the case in which
more than one particle per site is allowed. These difficulties are overcome in
Yau (1994). Here the exact asymptotic estimate on the logarithmic Sobolev
constant, and virtually on the gap, is computed for a model in which a fixed
number of particles, greater than one, per site is allowed.

In Landim, Sethuraman, Varadhan (1995) using the martingale ap-
proach, a similar spectral gap is proved for a class of dynamics, the so called
Zero-Range Processes. In this case a fixed number of particles moves on a
discrete segment (or cube) of side L and every particle jumps from a site to
another site at a rate which depend only on the number of particles at the
site that the particle is leaving. In this case there is not an upper bound to
the number of particles allowed for any site, but because the total number
of particles is fixed it is clear that the number of particles at a site can not
excess this total number.

In our model the maximum charge per site is not fixed. From a technical
point of view, this fact produces new difficulties in the use of the martingale
approach. Moreover the asymmetry of the measure I/Z’N forces us to use
heavily the large deviation apparatus.

The model we consider has the following physical motivation. Consider
the stochastic Ising model in the cylinder C = [1, LN N x Z with boundary
conditions &(z) = sign < n,z >, where n = (=N, L). A state o of this
system is an element of Q¢ = {1, —|—1}C and the equilibrium of the system
is described by the usual G'ibbs measure:

Here Z(C) is a normalization factor and
1 1
He =1 Y D-ol@e@l+y Y e[l - o).
|z —y|=1 |z —y|=1
z,y€eC z€C,y€CC
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SPECTRAL GAP FOR A KAWASAKI TYPE DYNAMICS 147

where 0.1] ( )
[ Jre(0,1] faz=(1,29),22 €%
T,y) = {J,, €(0,1] ifz=(L,xy),ay € Z.

The function J gives the interaction of the system with the border of the
cylinder.

A Glauber dynamics is an Q¢-valued Markov process with generator
defined on cylindrical functions as

(Gh)o) =) eala)[f(a”) = f(o)], (1.1)

zeC

self-adjoint in L?(u). Here 0% denotes the configuration obtained from o by
replacing the value of ¢ at & with its opposite.

Consider now the lattices Z? and (Z*)" = Z* + (4,3) as graphs em-
bedded in R2 It is possible to associate to every configuration o € Q¢
a polygonal in R? in the following way. Call bond every unitary segment
connecting two points of (Z2)* and site every point in Z*. Then we say
that two sites z and y in Z? are separated by the bond A if their Euclidean
distance from A is equal to 1. Given o € Q¢ we denote by P(0) C R? the
collection of all bonds separating sites @ and y in Z? where o(z) # o(y).
If moreover we use the convention that any pair of orthogonal bonds that
intersects in a given site 2* of the dual lattice (Z2)* are a linked pair of
bonds if they are both on the same side of the forty-five degrees line across
2*, then we immediately see that P(c) splits up in a unique way in a col-
lection of finite closed contours v1(o),...,v,(c¢), and a unique infinite open
contour or interface I'(c). The correspondence between configurations and
contours we obtain in this way is 1 — 1. An open contour I' is said to be
admissible if there exists o € Q¢ such that I' = I'(¢). It is possible to write
explicitly the probability to have a fixed admissible contour I' using the low
temperature cluster expansion (see Dobrushin, Kontecky, Shlosman (1992)),
if we assume for simplicity that J; = .J, = 1 (being the general case easy to
figure out) we have:

exp [=20|T| + W(5,1)]

70 (1.2)

plo :T(s) = T) =

Here |I'| is the length, i.e. the number of bonds, of I' and W (3, I') is a cluster
term. This cluster term becomes small for large values of 3.

The study of the evolution of I' under the Markovian dynamics (1.1) is
not an easy task. In order to attack the problem one can simplify the model
by supposing that:

i) I'is the graph of an integer valued function ®;

i1) there are no closed contours.
These are natural assumption in the limit 5 — 4+o00. The model we obtain is
the so called one dimensional solid on solid model. The equilibrium measure
of the model is defined on the set of all function ® : [1, L]N N — Z as:

1 ETOAT L@ (k1) =B (k) [+, [N =D (L
pIN (@) = Lo (ORI sk -t
Z77(B)

9
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while the dynamics of the system is a reversible continuous time Markov
chain with values in Z” and ergodic measure ,ui’N. The chain evolves in the
following way. Suppose that the system is initially in the state ®, then for
every k = 1,..., L, with certain rates which depends only on ®(k — 1) and
®(k + 1), the system evolves in one of the two configurations ® £ é;. The
transition rates are chosen so that the generator of the process is self adjoint
in L*(up ™).
Notice that for any ® = (®y,...,®1) € Z¥ we have

Viﬂ(mszherm:<I>2...,771+---+77L:<I>L):
=N =B =By — @y, =B — B ) = " ().

Moreover if we define for € ZX*! the random variable ®(n) = (1,11 +
N2y -yt +nr) € ZV it simple to check that ®(n£d, Fxpr1) = ®(n)£SL.
Thus our particles system with jumping charges is equivalent to the solid
on solid model, and the results we will obtain may be read as results about
this model.

The solid on solid model is a good approximation of the Ising model for
large values of 3. However in this paper we do not investigate the connection
between the solid on solid model and the Ising model.

2. NOTATION AND RESULTS

Our sample space is Q;, = Z” for fixed L € N. Sometimes it will be useful to
consider the infinite product space Q = Z". Configurations, i.e. , elements
of the sample space (27 or Q) will be denoted by greek letters, e.g. =
(my...,mr) € Qr. If fis a real function on Qf, are defined the following
discrete derivatives:

OF H)(n) = f(n+8:) — f(n)
07 ()= fn—38:) — f(n) ij=1,...,L
(05 F) () = fn+ i —&;) — f(n),

A function f : Q — Ris local in k € Nif f = f(n). For every U C N
and n € Q, or n € Q, ny stands for the restriction of n to U. The minimal
o-field for which are measurable the functions:

{neQmmezVucN, U] < +o0}.

is denoted by F. The restriction of F to Qr, will be denoted by Fr. Finally
if {g;:i€ I} is a family of function indexed on a set of finite cardinality
|], the symbol Av;c;g; stands for the arithmetic mean ﬁ > icr 9i of the
family.

Given N € Z, L € N, 5 > 0and J = (J;,J,) € (0,1] X (0, 1] one defines
the probability measure I/Z’N on (Qr, Fr) as:

1 _ L-1
VZ’N(U) = ~1(= N)e ﬁ(JzImHZkZ2 |77k|-I-Jr|77L|)7
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where .
2N = 3 1= N)e—ﬁ<Jl|771|+Zk:_2 |k 4+ )
neQ

It is elementary to check that this definition is correct, i.e. that ZZ’N < 400.
Expectation with respect to VZ’N is set as Ei’N(-)7 while variance is set
as Vari’N(-). Now we define our process. This is a Markov process with
infinitesimal generator G}f’N defined by its action on cylinder functions f

| GNP =S N O 7€) - Fn)
¢

where:

JN(n 5): (uLJ’N(g))E if I/i’N(U) >0 andf:nj:cskq:&k“

‘L v () forsome k=1,...,L—1
0 elsewhere.

It is a simple to verify that these rates are uniformly bounded in N and L and
that G}f’N is self-adjoint in L2(1/Z’N)7 it is negative definite and its largest
eigenvalue is 0. The process defined by the generator G}f’N is a reversible,

irreducible ergodic Markov chain with ergodic measure VZN The spectral
gap of the process is defined as the absolute value of the lar%\?s‘c negative

eigenvalue of the generator: Al(GiN) = —sup {A € Spec(@ tA <0},
The gap can be also characterized as:
J,N
MG = 9 1)) (2.1)

FeLz(vh ) Vari’N(f)

where QZ’N is the Dirichlet form associated with the generator G}f’N
We are now in a position to state the main results of this paper:

THEOREM 2.1. Suppose that § € (0,1) and define J = (8,1). Then there
exists K1(f,6) and Ky(3,0) > 0 such that:

K{L72 < \(GPY) < KyL™? (2.2)

for every L > 0 and N € Z.

Two corollaries follow from this theorem:

COROLLARY 2.2. Suppose that 0 < J; < J,. < 1 and define J = (J;,J,).
Then there exists K1(8,J;,J,) and Ky(8,J;,J,) such that:

K{L72 < \(GPY) < KyL™? (2.3)

for every L > 0 and N € Z.

COROLLARY 2.3. Suppose that § € (0,1) and define J = (§,6). Then for
every N € Z there exists K1(3,6, N) and K2 (53,6, N) such that:

KiL72 < M(GTY) < KoL 72, (2.4)
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150 GUSTAVO POSTA

for every L > 0.

REMARK 2.1. The approach we present here to prove a spectral gap estimate
is adapted from Lu and Yau’s method in Lu, Yau (1993) and Yau (1994).
The method works properly when the spectral gap is independent of the
number of particles N as in Corollary 2.2, but it does not when the gap
depend on the number of particles as in Corollary 2.3. Since the constants
in (2.4) are dependent on N and we will not study this dependence, this is
a very poor result. However this result still has a physical motivation; for
N =0 it gives the correct bound for the gap of the solid on solid model (see
Section 1) with horizontal interface.

It is interesting to understand physically why the symmetric case is so
different from the asymmetric one.

A way to understand this problem is to think to the configurations 7
which are “typical” for the measure I/Z’N. In order to determinate these
configurations, we have to minimize the energy J;|n:| + 25;21 |7k + Jr |01
under the constrain 7y 4+ ...+ nr = N. It is easy to check that the solution
to this problem in the case J; = J,. is given by the configurations » such
that np = N —m, m =0,...,N and n, =0 for k =2,..., L — 1. This says
us that the energy landscape has, in this case, a “plateau” in its minimum.
The cardinality of the plateau is proportional to N, this suggest that the
spectral gap of the process should depend on N. This fact does not happen
in the asymmetric case. In fact if for example J; < J,, then the minimum of
the energy J;|m1] ‘|‘Z£:_21 |nk| 4+ J-|nz| under the constrain my +...+ 15, = N
is attained only by the configuration n = (V,0,...,0). So in this case there
is no plateau and the gap does not depend on N.

The above discussion gives information about the solid on solid interface
®. In the symmetric case the “typical interface” is flat and stays over the
x axis at an height between 0 and N. In the asymmetric case the typical
interface is again flat, but it prefer to stay at height N over the 2z axis.

REMARK 2.2. The asymmetry introduced by 6 < 1 in Theorem 2.1 is
essential in proving a one site spectral gap of I/i’N which does not depend
on the total charge N, as we will see in Section 6. This uniform estimate
on the one site spectral gap is one of the basic technical tool to use the Lu
and Yau method (Lu, Yau (1993) and Yau (1994)), as it will be clear by
reading Section 3. In the symmetric case 6 = 1 the one site spectral gap
does depend on N.

The same problem, i.e. how to prove a one site spectral gap, is also in
Landim, Sethuraman, Varadhan (1995), but because in that case the model
is a finite state Markov chain, the solution is simpler.

3. PRELIMINARY RESULTS

The proof of the results stated in Section 2 unfortunately requires heavy
technical preliminaries. The aim of this section is to give a concise list of
this results in the hope that this will make more readable the next section in
which the main results are proved. The results stated in the present section
will be proved in sections 6, 7 and 8.
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We are particularly interested in the study of VZ’N for J = (4,1) and
d € (0,1]. In order to simplify the notation we will write I/i’N instead of

I/i’N. In the particular case of § = 1 we will omit the index 1: v = V}i’N.

The same index notation is used for mean variance etc.
The first result we present is a one site Poincaré inequality. This result
and others related to the one site marginal of I/Z’N will be proved in Section 6.

ProposITION 3.1 (ONE SITE SPECTRAL (GAP). Suppose that § € (0,1),
p>0and M € (0,4oc]. Then:
i) There exists K(f3,9,p) and L(3,9,p) > 0 such that:

Vars™ (flm| < M) < KyLESY [(0F £)2]Im| < M], (3.1)

for every L > L, N € Z with |N/L| < p and for every f € L2(1/2’N)
local in 1.
1) There exists Ky(3,0) > 0, such that:

Vary ™ (f) < Ko E7™[(9F 1)) (3.2)

forevery L >0, N €Z,k=2,...,L and for every f € L2(1/2’N) local in k.

The next two lemmas treat the large deviation of the one site marginal of
I/i’N

LEMMA 3.2. Suppose that 6 € (0,1). Then there exists p(3,0), K1(8,9)
and Ky(3,6) > 0 such that:

v (g < 0) < KV Le 528, (3.3)
for every L > 0 and N > pL, while:
I/i’N(Ul > 0) < le/fe_K?L

for every N < —pL.

LEMMA 3.3. Suppose that § € (0,1] and fix p > 0. Then for every M > p
there exists Ky(8,8) and K2 (3,0, p, M) > 0 such that:

vIN (| > ML) < K\VLe %2t

for every L > 0 and N € Z with |[N/L| < p.

The following proposition is of very technical nature. It is close to a similar
result obtained by Yau in Yau (1994), in the simpler context of bounded ran-
dom variables and it is one of the key ingredient in the proof of Theorem 2.1.
Define the quadratic form

L-1
ENUH =D BN Ok D)),
k=1

then:
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152 GUSTAVO POSTA

ProposiTION 3.4 (Two BLocK ESTIMATE). Suppose that 6 =1, p > 0
and define for a bounded real function h the random variable h; = h(n;) for
j=1,...,L. Then for every ¢ > 0 there exists K(f3,¢) and L(3,c,p) > 0
such that: -

EY (f;Av; hy)* S KEY(] )+ Varp(f) (3.4)

for every f € L*(vY), L > L and N € Z with |N/L| < p.

Here and later E%N(f7 g) denotes the covariance of f and h with respect to
V}i’N.

The following two proposition will be used in the next sections as a
starting point for an inductive procedure. The first one assure us that if
J = (4,1) with 6 € (0,1) the generator G}f’N exhibits a positive spectral gap
uniformly in N. The second proposition tell us only that if J = (1,1) the
spectral gap of the generator G}f’N is positive.

PropoSITION 3.5. Suppose § € (0,1). Then there exists K(3,6,L) > 0
such that:
Vard™(f) < KEYN (S, f), (3.5)

for every N € Z, I, > 0 and f € L2(1/2’N).
ProposITION 3.6. There exists K (3, N, L) > 0 such that:

Vary (f) < KEN(f, f), (3.6)

for every L > 0, N € Z and f € L*(v)).

4. PROOF OF MAIN REsSULTS: LOWER BOUND

In this section we will prove the first and more difficult inequality in (2.2).
The proof we present is adapted from the proof of a similar result proved in
Yau (1994).

It is important to understand the following obvious property of I/i’N

5N
vy €l ity o) =
5N gy — oo
:1(52‘2772‘7...75L277L)1/i’_]¥ 7 77L(€17”‘7€i_1)

for every ¢« > 1. This property will be used without any comment in the
sequel, especially in the form:

5N SN =15 — o —
E7 (I migrs-oonn) = B 77T Gl igens - 5me)] - (441)

The notation f(:|7:, %it1, ..., n) stresses the fact that 7, ..., nz should be
considered as parameters: the expectation in (4.1) is taken only on the
variables ny,...,7;_1. Remember that

L-1
ENU N =D B [(Orrr 1 f)s
k=1
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using the characterization (2.1), reversibility and the bounds on the rates it
is simple to prove that:

e S

5N
S < A (G < e nf & (L))
fer2(wy™y Vary (f)

- T rerrf™) VaryN(f)

where § € (0,1) and J = (§,1). We are going to use the first of these
inequalities to prove our lower bound on the gap. In order to make simpler
the notations in this section we suppose that 5 > 0 and § € (0,1) are fixed
constant. When we speak about constants in this section these constants
may depend on § and §. However if the constants depend on L or N this
fact is explicitly mentioned.
Define: .
Var; " (f)

sup - —F
fELQ(ui’N) gL (f7 f)

NEZ

for L > 0. By Proposition 3.5 V(L) < 4o0c. The aim of this section is to
show that

V(L) =

< +o0. (4.2)

This yields immediately (2.2).
The idea is to prove (4.2) recursively. This is done in the following
fundamental proposition:

PRroPOSITION 4.1. There exists a positive constant K such that:

V(2L) <2V(L) + KL? (4.3)
V(L +1) <2V(L)+ KL?, (4.4)

for every L > 0.
From this lemma the bound (4.2) follows easily. In fact, for n € N, define

V(L
W, = sup #,
Le[2n72n+1) L

and notice that (4.2) is equivalent to prove that the sequence {W,, : n € N}
is bounded above by a constant. Let L, € [27,2"71) N N be such that

W, = ViLa) Using Proposition 4.1 it is easy to check that:

L
L, 1 K -
Wit = V(L2 +1) SWat T SV + K <K
n+1

Proof of Proposition 4.1. We will prove (4.3), the proof of the other estimate
(4.4) being similar.

The general strategy of the proof is to show that for every ¢ € (0,1)
there exists C'() and L(g) > 0 such that for every L > L we have:

Varyy (f) S VIDEN (F, /) + CEL*EN(f, F) +eVary (), (4.5)
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taking € = 1/2 in the previous estimate we obtain:

Vari () oy 2
— 2L VW o +2C12,
&7 (f. ) )

i.e. (4.3). The proof of (4.5) is divided into several steps for purposes of
clarity.
Fix L € N and define the subsets {a; : j=L,...,2L + 1} of N as:

{1,...,2L} ifj=1L,
a; =3 {j,...,2L} ifL<j<2L+1,
0 if j =2L + 1.

STEP 1. Suppose that f € L2(V§’LN) and define f; = Egg(ﬂna]) Then:

2L
Vary () < VIDEN N+ Y BYY [Vary (filnay,)] . (46)
j=L+1

Proof of Step 1. A simple computation shows that:

Vary)" (f) =

2L
5N 5N 5N 5N (4.7)
=B [Vard (e )| + D0 B [ VardY (filna.)] -
j=L+1

8,N =T . .
Because Varg’]i\f(fmaul) = Var, for [f(-|Nay 4,)] this term is bounded

above by :
7N_77aL+1

V(L)(‘:L [f('|77aL+1)7f('|77aL+1)] =

L—-1
5N
=V(L) Z E,7 [(8k+17kf)2|770%+1] :
k=1
This implies:
5N 5N §,N
Y [Varsy (fla,,)| < VDN )
Now substituting this estimate into (4.7) we obtain (4.6). a
To obtain (4.5) we shall bound each term in the sum on the right hand
side of (4.6) with terms proportional to ES’LN(f, f) and terms proportional

to the variance of f. More precisely we would like to prove an inequality of
the form:

€
By |Varsy (Filia, )| < CEOLET (£ 1)+ 7 Vary[ (£, (45)
The next step is in this direction:
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STEP 2. Suppose that L +1 < j < 2L. Then there exists K and p > 0
such that if B; is the set defined by B; = {77 € Qor 1 [N =1y, < ,BL} the
following inequality holds:

B [VardY (filma,.)| € KEEGN(F, 1)+ (L) Varl Y (£)+ o)
+ KBS [1B) B (£, AVID gilna, )]

Here £(L) = o(L™Y) and g;(n) = I';(N, 0, )e=PUn=t=1n:D where I';(N, )
is a bounded positive function.

5N =i
Proof of Step 2. Recall that Varg’]f\f(fjmajﬂ) = Var, e (£ (1may40)] -
Because f; is a function of only 7,,, then for 7., fixed, f;(:|na,,,) is a
function of only 7;, i.e. is local in j > L. We can use the “one site spectral

gap” (3.2) to bound Vargiv(fﬂ??ajﬂ):

Vary, (filna,51) < CrESY [(0F )20y ] - (4.10)

Now we need to transform the Glauber type gradient on right hand side of
(4.10) in a Kawasaki type gradient. An elementary calculation shows that:

(O 1) () = = B (01,110, +6) + B3, (£ 9il1a,) (4.11)
for every t = 1,...,7 — 1. Here g¢; is defined as:

5N 5N
g(n) Uy (77_5i+5j|77a]-+1) Var, (77]'|770lj+1)
i\n) = Y Y .
Var, (77|770éj+1) Var, (77]|770éj+1 —I_(S])

It is simple to check that:

=T (N, n,. e~ B8(Im—=1]=Iml)
g1(n) 1(N,n ]) (4.12)
92(77) = FZ(N7 naj)e—ﬁ(|77i—1|—|77i|) i = 27 . '7j - 17
where I'; are bounded positive functions. Notice that the left hand side of
(4.11) does not depend on 7. Averaging over i = 2,...,j — 1 this expression
yields:

@F £1)(n) = — Byr (AVIZ) (85,if)|na, +8;) + By (FL AVIZ) gilna,). (4.13)

Define B; = {n € Qy1, : [N — ija,| < pL}, where p is a positive constant to
be fixed later. From (4.11), (4.13) and some simple estimates we obtain:

£§H@fm]s@{£§h@nV+Aﬁ3@mﬁ2+
+EN 1B EL (L ailna)?] + (4.14)
—+E$7{1u%>E$7u:Avﬁégﬁm”V}}
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The three terms on the right hand side of this expression correspond to the
three term on the right hand side of (4.9). The last one is exactly the same,
while the first two can be easily transformed. We start estimating the first
one. '

It is elementary to check that (9;,f) = Si_t (Jrr1 x f) (1), where
n®t = n— 8, + &;. This implies:

L-1
ESL [(05:0)Y] < 2L BN [Orgrnf) ()] <
(4.15)

S CSLEQ&LN(fv f)7
which gives the first term on the right hand side of (4.9).
For the second term on the right hand side of (4.14) we can use the

Schwarz inequality and (4.12) to prove that there exists a positive constant
C'y such that:

1(BY) BN (f, g1lma,)? <

< CHLBIAY (m < Lo, vy (m > Lo, ). o
By Lemma 3.2 we know there exists p > 0 such that

Vo (m < ey )27 (m > 1a;) = o(L7")
if [N —n4,| > pL. This fact and the estimate (4.16) imply that:

LB By (fognlna,)* < e(1) Varsy (£lna,).
where (L) = o(L™1). 0

The next step to obtain (4.8) is to bound the last term of (4.9). The
basic idea is to use on this term the “two block estimate” (3.4). Notice
that to apply this result we need identically distributed random variables
with bounded density p = %ZiL:I 7;. The naive way to obtain identically
distributed variables is to condition the covariance term on the left hand
side in (4.9) with respect to 7;. Before doing so, in order to have a bounded
density, we have to bound above |n].

STEP 3. There exists K and M(p) > 0 such that:

S [108) B3 (/, AVIZ) gilna, )?| < =) Varl)Y (£)+ o
+ KB [108) BYY (£,1(4) AVZ gilne,)?]

where e(L) = o(L™Y) and A= {n € Qap : |m| < ML}.
Proof of Step 3. A simple calculation shows that:

5 —
ESY (f, AVIZ) gilna,)? <
§,N — §,N 5N, 4c
< 2B (f, 1(A) AVIZy gilna,)? + 21|g]1% 0 Varsy (flna,)vsr (A°]0a,)-
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But by Lemma 3.3, we know that there exists M so that
5N _ -1
L(Bj)vyp, (A%la,) = o(L77).

This and a trivial estimate concludes the proof of (4.17). a

In the next step we will condition with respect to 7y the last term on
the right hand side of (4.17) and we will use the “two block estimate”. This
will produce some “good terms” (the first three term on the right hand side
of (4.18) and an “extra term” (the last term on the right hand side of (4.18))
which will be estimated later.

STEP 4. For every € > 0 there exists K (¢, p) > 0 such that:

B3 [1(8) B3 (. 1(4) AVIZ) gilna, )] <
< KLEN (1) + 7 Vary (1) + (L) VarlyY (/) + i
16 B {1087) Vard [ (Tl ) 4, | ¢ |
< Vargy B3 (g2l ma) | A |

where (L) = o(L71).
Proof of Step 4. 1t is elementary to check that:
By (/. 1(A) AviZ; gilna,) =
s, s, -
= B3 (B30 (£ 104) AVIZ) gilnn, e, e, | +
s, s, i—1 .5,
+Ej; {EZLN(f|771777aj)71(A) AviZ, E2L]V(9i|771777a]-)‘77a]} :

Because g; is a function of 7; and 7, only,

5N 5N
E,r (gi|7717 77aj) = E,J, (92|7717 77&]')

for every ¢ = 2,...,j — 1. Thus the term on the left hand side of (4.18) is
bounded above by

2E) [1(A N B By (fL AVIZ) gilm,ma,)* | +

2
+ 2B {18) B (B (s me), 104 B3 (el o)y | -
(4.19)
By Proposition 3.4 we know that for every ¢ > 0 if L is large enough,
|IN = 5o,| < pL and || < ML:

5 - N—n Tl . 2
EZiV(f? AVZ:ZI gi|7717 77a]-)2 = Ej—2 ' {f(|7717 Uaj)vAszgl gz} S

N_771 _ﬁa]‘

< 01(5)5]'_2 [f('|7717 77%-)7 T, 77%')] +

N_771 _ﬁa]‘

2e
+ T ().
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In conclusion the first term on the right hand side of (4.19) is bounded

above by QClgg’LN(f, H+ 4—5 Vargi\f(f) for every € > 0 and I large enough.
To bound the second term on the right hand side of (4.19) an elementary
estimate (see Lemma 9.1) shows that:

2
5N 5N 5N
Eyp {Eu (flmsma;), 1(A) By, (92|771777a]-)‘77a]} <
2
) ) )
S 8{ EZi\f {EZi\T(.ﬂnh770(]’)7E2i\7(92|7717770lj)“4777a]} ‘I’

5N/ ac 5N 5N
U913 oy (A%Ta,) Vardy (B (Pl may) e ] -

By Lemma 3.3 we know that I/S’LN(AC|77%_) = o(L™Y) for [N — 74,| < pL.
Thus by the Schwarz inequality the second term on the right hand side of
(4.19) is bounded above by:

8, 8, 8,
16E2L]V{1(Bj)var2L]V {E2LN(f|7717770éj)‘A777a]} X

% Vard ¥ B3 (021, 70) | As e, | |4 (0) Vard ¥ ()

where £(L) = o(L™!). This and the previous estimates concludes the proof
of (4.18). a

The first three terms on right hand side in (4.18) don’t need further
investigation. Last term contains a variance product. Because 7, is fixed

in the conditional expectation, Egg(ﬂm, Na;) and Egg(gﬂm, Na;) are local
functions in ;. We will use the Poincaré inequality (3.1) to bound this term.

STEP 5. There exists K(p) > 0 such that:
s, s, s,
E2LN{1(BJ')VM2LN {E2LN(f|771777aj)‘A777a]} X
s, s,
x Varyp' {Eziv(gzlmmaj)\flmaj} } < (4.20)

2
< wml (10408 (of B Ulnn) |

Proof of Step 5. By the one site spectral gap (3.1) there exists a positive
constant C(p) such that:

5N [6,N
Var,y, {E2L (f|771777a]-)‘A777a]} <

2
< ClLEgi\f |:(8il_ Egiv(.ﬂnlv 77&]‘)) ‘Av nozj:|

and
5N [86,N
VarZL {E2L (92|7717770zj)‘14777a]} <

2
< CLLES} [(W ngv(gzlmma,-)) ‘Avna]]
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if [N =14, < pL. Notice that Eg’]i\f(gﬂm, Na;) depends only on the density

N— —Na; . . . .
% because g, is local in 7;. From this it should be clear that:

8; Egiv(gﬂnlv 77&]') = O(L_1)7
this fact is formally proved in Lemma 9.2. In conclusion:
5N | @6, N 5N [ 6,N
1(8;) Vg B3 (Pl m,) [ A 1o, | Vardy (B3 (g2, m0,)[ A, 1o, | <

2
< B | (0 B ) [

Since VS}LN(AM%.) > 1/2 for large L and |N — n,,| < pL (see Lemma 3.3),
(4.20) is proved. 0

It remains to estimate the gradient term on the right hand side of (4.20).
We will use the same technique we used in Step 2.

STEP 6. For every ¢ > 0 there exist a positive constant K (s, p) such that:

2
Ep [1(AOB]’) (0F B3 (s ma)) ] < o
<KLEN(f, N+ % varl (f).

Proof of Step 6. An elementary calculation shows that:

5N 5N §,N

ail— E2L (f|7717 noz]-) = - E2L (81,if|771 + 17 nozj) + E2L (f7 gi|7717 770(j)7
for every : = 2,...,7 — 1. This expression and some trivial estimates yield:

2 .
E;; [1(AﬂBj) (31+ ngv(flmmaj)) ] < Cl{ngV {Asz_zl(al,ifV +
5 ) i
+ By {1(A N Bj) By (£ AVIZ, giln, %;-)2} }

(4.22)
for a positive constant ;. Now, the same argument used in Step 2 to prove

(4.15) can be used here to estimate the first term on the right hand side of
(4.22). We obtain:

Ey) |AVIZ(01:0)F| < CLLEN (S, ). (4.23)

It remains to estimate the second term on the right hand side of (4.22). Fix
e > 0,if L > 0 is large enough the two block estimate (3.4) says that:

5, — 5, = 5,
EZLN(f7 AV?:; gi|7717 77%‘)2 < 03(€)E2LN(f7 f|7717 77a]-) + z Var2LN(f|7717 77a]-)7

(4.24)
for [m| < ML and [N —17,,| < pL. From (4.22), (4.23) and (4.24) we obtain
(4.21). 0
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We are finally in a position to prove (4.5). By (4.9), (4.17), (4.18),
(4.20) and (4.21) for every ¢ > 0 there exists C'(¢) and L(g) > 0 such that
for any L > L the following inequality holds:

€
By |Varsy (fila,,)| < CELER (F.f) + 7 Varyy ():
From this estimate and (4.6) we have:

Vargy (f) S VID)EN(f, 1)+ Ce)L*EN(f, ) + e Varyy (f),

i.e. (4.5), which implies (4.3) for L > L. By adjusting the constant K and
recalling that by Proposition 3.5

5N
sup sup \?I];,Lim = K'(L) < +o0,
L<L N E ()

(4.3) is proved for every L > 0.

The same proof we used to prove (4.3) may be used to prove (4.4). We
only need to replace the index 2L with 2L 4+ 1. We will omit this tedious
repetition. This concludes the proof of Proposition 4.1. O

5. PrRooF oF MAIN RESULTS: UPPER BOUND & GENERALIZATIONS

In this section we complete the proof of Theorem 2.1 and we prove corol-
laries 2.2 and 2.3. The proofs of the corollaries are similar to the proof of
Theorem 2.1, so we will skip most of technicalities.

The next result gives the correct upper bound on the spectral gap of
G}f’N and concludes the proof of Theorem 2.1.
PrRoOPOSITION 5.1. Suppose that § € (0,1). Then there exists K1(3,0) > 0
such that: .
E (L) Ky

inf < — 5.1
rer2(i Ny VaryN(f) = L? 5-1)
for every L > 0 and N € Z.
Suppose that 6 = 1. Then there exists Ky() > 0 such that:
N K
o oS 2 (5.2)

rer2(v¥) Vary (f) — L*V N?

for every L > 0 and N € Z.
Proof. We will first prove (5.2). We will show that for every L > 0 and
N € Z there exists a function Fy, € L*(v)) such that:

EN(Fy, Fr) < C
Vary (Fr) — L*V N?’
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where C'(/3) is a positive constant. Direct calculation shows that for every
L € N there exists g(L) such that:

XL: (% - g(L)) (% - g(L)) = 0. (5.3)
i

Furthermore g(L) — 1/2 if L — +o0. If we define

L
k
run =" (5 - o0)) e
k=1
a straightforward calculation shows that (911,47 ) () = —F. This implies

that &Y (Fr, Fr) = 4. From property (5.3) and some simple estimates it
follows that:

L 2
k
Vary (Fr) = Vary (1) Z (f - g(L)) > C L Vary (1),
k=1

where C is a positive constant. To complete the proof of (5.2) it remains
to prove that Vary () > Cy (]E—j \Y% 1). This simple estimate is proved in
the appendix (Lemma 9.3).

We now turn to the case 6 € (0,1). We will use the same test function

Fr. Obviously Ei’N(FL, Fr) = %, so we need only to estimate the variance
of F. A simple estimate yields:

Vary™(Fp) > EYY | Vary™ (Filn) | -

Because VaréL’N(FLml) Vary /" (Fp,_y), (5.1) follows from (5.2). a
We conclude this section proving corollaries 2.2 and 2.3.
Proof of Corollary 2.2. YFor J = (J;,J,,) define the quadratic form

JN (f, f) ZEL 8k+1kf) ]

As we did in the proof of Theorem 2.1 we claim that to prove Corollary 2.2
it suffices to show that

Ky ENUL ) K
<1 Ngf W < 72 (5-4)

where K7(f,J) and Ky(f3,.J) are positive constants. We start proving the
first of these inequalities.

The variance of every f € L*(v]™)

may be written as:

Vart N () = BEY [VarlN ()] + Var Y [BEY ()] (59)
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Define J = (J;,1), then Vary™(flny) = Var}i’_]\;_“ [f(:|n)] so that by
Theorem 2.1 the first term on the right hand side of (5.5) can be estimated
as:

Er" |VarpY (flne) | < Cu(B, IE*EN (S, ) (5.6)

Now we may use the same technique used to prove (3.2) to prove the fol-
lowing Poincaré inequality:

VaryN(g) < Co(8, 1) EPN [(0F 9)7]

for every g local in 5. In particular:

2
Var ™ (B2 )| < o, 2 | (08 B2 (lan) ]
This relation and the analog of (4.11) give:

varf ™ (B2 (fln)| <

< (8, ) {BIY [O.000*] + BEY [BEN (00 a0m)?] }

for a bounded function g;,_; local in 57, _y. By the Schwarz inequality and
(5.6) we have:

Varf ™ BN (fln)| < Ca(8, N E2ELN (1 )

This estimate and (5.5) prove the first inequality in (5.4).

The proof of the second inequality in (5.4) is a repetition of the proof of
Proposition 5.1. O
Proof of Corollary 2.3. This corollary may be proved in the same way we
proved Corollary 2.2. The only difference is that in this case the constant
C'5 depends on N. O

6. ONE SITE MARGINAL

In this section we will study the one site marginal of the measure I/i’N with
d € (0,1). In particular we will prove Proposition 3.1. Our main tools are
the so called Cheeger inequality (see Lawler, Sokal (1988)) and the local limit
theorem (see Petrov (1975), Chapter VII, Theorem 13). To keep notation

simple we shall write pg(z) = V}i’N(nk =z).

We begin defining some auxiliary probability measures. For every real
number A with |[A| <  define on Z the probability measures:

e—Blnl+An \ e~ B8Inl+An e N

v; (n) = Z(5N) )
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where Z(3,A) = Zn e~Plnl+A1 5 1. Consider now the infinite product
measures on {2 given by

+ oo + oo
N — A ~ _ -0 0.
v =@}, v=0 o
i=1 i=2

it is clear that I/i’N(-) = v(:m 4+ -+ n = N). Expectation with respect
to v will be denoted by E*(-) while m()\) and o?()\) stands respectively
for the mean and the variance of 7; with respect to v*. For A = 0 we will
omit the superscript 0, e.g. E(-) = E°(+). The following lemma shows some
simple properties of v*; the elementary proof is left to the reader:

LEMMA 6.1. Define p} (x) = v (g + - -+ nr = x). Then:
1. for every L > 0 and « € Z we have pr(z) = pr(|z]);

2. pr(x) < prly) for z] > |yl;
3. for every fixed A € (0,3) and k € N we have:

sup E*(Jm|*) < +oc;
BYES)

4. m(A) is an increasing, odd, C*® function in A € (—f, ), moreover:

lim m(A) = +o0;
ATB

5. for every A € R with |A| < 8 and © € Z we have:

Z(ﬂ’o)r. (6.1)

P = o) | Z00

In what follows will be crucial the following result that can be proved by
direct computation:

LEMMA 6.2. Suppose that x € Z and § € (0,1). Then:
¢~ Pldsian(x)+1] < pi(z +1) < e—ﬁ[ésign(l’)—l]; (6.2)
pi ()
and fork=2,...,L:
¢~ Plsign(2)+6] < (e +1) < e~ Plsign(w) =] (6.3)
fir ()

Proof of Proposition 3.1. For k = 1,...,L define the generator Gy on
L2(Z, y) a5 (G f) () = 3, ex(@, p)[F(y) — F(x)], where:

W\? _
cr(z,y) = { (Z:—(i)) if [# —yl=1

0 otherwise.

The rates ci(z,y) are uniformly bounded. It is simple to check that G, is
a self-adjoint, negative definite Markov generator. Thus in order to prove
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Proposition 3.1 we have to give a lower bound for its spectral gap A;(Gy).
The estimates we will prove are based on the so called Cheeger inequality,
which in our case says (see Lawler, Sokal (1988), Theorem 2.5 and Remark 2

in that paper):
2

q
M (Gr) = Wi (6.4)
where:
b
g = sup inf Lm) A inf 7'[%( )
v€L 0<i‘k([1a?‘f°°)<1 'uk[a’—l_oo) 0<ukz()—<£,b]<1 ’uk(_oo’b]

and M = sup, {ci(z,2+ 1)+ cp(z,2 — 1)}. Because in our case M is a
bounded constant the proposition is proved if we can show that:

sup ( inf L@) A inf 'uli(b) >

a>z H1 [a7 —I_OO)

Elks

TEL 0<pyfa,+o0)<1 0<u1?—<o€,b]<1 ,ul(_OOJ)]
(6.5
and that:
b
sup ( inf L@) A inf 7'[%( ) ; > Ko,
v€L 0<i‘k([1a?f°°)<1 Mk[a7+oo) 0<ukz()—£ bl<1 ’uk( s ]
(6.6)

for k =2,..., L. The following “telescopic” representation is useful:

Mk( ) = Mk( )
pi (=00, b]
=14 6.8
fr (b ;bz s Z-l-1 (6:8)

By this representation we have immediately (6.6). In fact by (6.3) for k£ > 2
and z > 0 we know that % < e P0-9 <1 and Mg(kz(j_)l) < e PU=9) g
for z < 0. Using (6.7) and (6.8) it is simple to prove respectively that for

#(_ﬁ)oo) is bounded below by a positive constant and
pr (b)

that the same is true for every b > 0 for the ratio pRESOE
(6.6).
The proof of (6.5) is conceptually similar but the study of the ratio

%{'—)1) is not so simple. To understand why it is so, recall that by definition

every a > 0 the ratio

This proves

m+1) _ o—B5sign(2) pr—1(N —z-1)
p(2) pL_1(N —2)

For |z — N| < cost.v/IL by local limit theorem we have “;1(]\77_2_1) ~ 1.

pr—1(N—2)
pi(z+1) ~ p—Bsign(z)

Thus in this case i) This gives an “inward drift” as
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in the previous case. Problems arise when |z — N| > /L. Suppose that
0 < N —z < pL for a positive constant p. By the “Cramér trick” (6.1) we
have that:

H1 (Z + 1) o pi—l(N — &= 1)6—[35sign(z)-l—A

H1 (Z) B pi_1(N - Z)
for every A € (=4, ). Now let A, be such that m(\,) = %, such a A,
Az e
exists by Lemma 6.1. By local limit theorem % ~ 1 and in this
AR C
case LY ~ o=Bdsign(z)+A:  Thig equation implies that mGH) o for

w1(2) p1(z)
—Bédsign(z) + A, < 0. In particular if z > 0 we have —3§ + A, < 0 if and

only if z > N —m(B6)(L — 1). So we have to study A, carefully.
Define # = N — m(36)(L — 1). We claim that for every p > 0 there
exists K (8,0, p) and L(f,4,p) > 0 such that:

b K
inf IO A inf L)b > (6.9)
0<M01«[>a)l’+\/oo)<1 ,ul[a,—l—oo) 0<ub1(<_$o\:f)b]<1 ,ul(—oo, ] \/Z

for every L > L and N € Z such that |[N/L|] < p. This relation and (6.4)
gives (3.1). The proof of (6.9) is divided into several lemmas. Each lemma

bounds the ratio %&’1) in an interval where py has a different qualitative
aspect. Because V}i’N(nk = —z) = Vi’_N(nk = x) it is not restrictive to

suppose that N > 0.
LEMMA 6.3. Suppose that z > N > 0. Then:

p(z+1)

e <e P, (6.10)

Proof. By part 5 of Lemma 6.1, we know that:

M _ e—ﬁépL—l(N —z—1)
p(2) pr-1(N —z)

but since z > N, part 2 of the same lemma implies that 1 is an upper bound
pr—1(N—z—-1) 0
pr—1(N-z) °

LEMMA 6.4. Suppose that ¢ € (0, m(85)), p > 0 and N/L € [0,p]. Then
there exists Ky(f3,6,¢) and Ky(f3,6,p) > 0 such that:

pa(z+1) I K
b (B

for the ratio

for every z € Z satistying [z + (L — 1)]V0 < z < N.

Proof. Let A, € (=8, 3) be so that E* () = 2=2. Lemma 6.1 yields:

Az
pz+1) P (N —2— 1)6_55(|Z+1|—|z|)+xz‘
11 (2) P (N = 2)
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Because 0 < z < N < pL, the ratio ]}j:f is bounded above by 2p. This

implies that |A,] < m~™!(2p) < 3 and local limit theorem can be used:

pzz—l(N_Z_l) _ \/%—I_O(L_l) _ 1—|—O(L_1)
P (N = 2) ﬁ +O(L™1) ’

uniformly in N and z with |£=2| < 2p. Thus there exists C1(3,68,p) > 0
such that: c
1
M < (1 + _1) 6—55+Az7 (612)
pi(2) L
for0 <z < N < pL. Now because z > z+(L—1), the ratio ]}j:f is bounded
above by d=Z — ¢ = m(B3§) — c. This means that A, = m™! (%) <
m~! (m(B8) — ). This estimate together with (6.12) gives (6.11). a

LEMMA 6.5. Suppose that p > 0 and N/L € [0,p]. Then there exists
£(8,9,p) > 0 such that for every € € (0,£) it is possible to find K1(3,0,¢)
and K5(3,0,p) > 0 so that:

pi(z+1) ( K2) —Ky (522 )4o(L7Y)
— 2 < [1+ —= ) e P\T=1 6.13
p(2) L (613)

for every z € Z satisfying z V0 < z < [z +e(L — 1)] V0.
Proof. Let £ > 0 be small enough such that 0 < z < N. By (6.12) we may

write: ( 1) o
p(z + ( 1) — B354
—— < [1+—=]e z, 6.14

pi(2) L (614)

for a positive constant C1(8, 9, p). Because

J— N — 2 _ -l N—i_l_i—z
=T L-1/ L-1 L-1

and 7= € (—¢,0), for ¢ small enough we can expand A. in Taylor series.
This yields:

Tr—z
< _1
/\Z_ﬂ(s+02(—L_1)+O(L )

for a positive constant C'y (3,4, p). This estimate together with (6.14) com-

pletes the proof. O
The following three lemmas can be proved in the same way we proved

lemmas 6.3, 6.4 and 6.5 respectively. We omit the proof for brevity.

LEMMA 6.6. Suppose that z < 0. Then:

f1(2) < B
pa(z+1) =

LEMMA 6.7. Suppose that ¢ € (0, m(8d)), p > 0 and N/L € [0,p]. Then
there exists Ky(f3,6,¢) and Ky(f3,6,p) > 0 such that:

mlE) (1 4 ﬁ) K
pa(z+1) L
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for every z € Z satisfying 0 < z < [z — (L — 1)] V0.

LEMMA 6.8. Suppose that p > 0 and N/L € [0,p]. Then there exists
£(8,9,p) > 0 such that for every € € (0,£) it is possible to find K1(3,0,¢)
and K5(3,0,p) > 0 so that:

mx) (1 n ﬁ) o~ K1 (423 )+o(L7Y)
pa(z+1) =

for every z € Z satistying [z —e(L — 1)]V0 < z < Z V0.

We are now in a position to prove (6.5). Suppose that @ > N, then from
the estimate (6.10) it follows that:

-3
ZH’“Z“ e N (AT

r>a z=a r>a

Suppose that [z + (L —1)] V0 <a < N, asimple calculation gives:

zn“”l

r>a z=a
,u1 z—l—l ,u1 z—l—l ,u1 z—l—l
xza;—lzl_[a (Zl_[a ) );\7211\7

because of (6.15) the last sum in this expression is bounded above by a
positive constant so that:

N z—-1

ST con X T2

r>a z=a r=az=a

Now (6.11) can be used to bound the last term of this expression:

N z—-1 pl too
SIIMEE < (14F) oo <ann.
r=a z=a z=0

In conclusion:

> H R Z+ 2 < C5(8,0,2,p) (6.16)

r>a z=a

for every a such that [z +¢(L —1)]V0<a < N.
Suppose now that V0 < a < Z+¢(L —1) and define y =z +¢(L —1).
A simple calculation yields:

zn“”l

r>a z=a

Z Hu1z+1 (Znaulz+1 )ZHMZJFl

r=a+1z=a >y z2=7y
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By equation (6.16) the last sum in this expression is bounded above by a
positive constant and we have:

STIAEHY c oy B H% (6.17)

H1 (Z) r=a+1 z=a

r>a z=a

The estimate (6.13) may be used to bound last term in (6.17):

y x—-1 y xr—1
p(z+1) ( CS) ~Cr (522 ) +o(L7Y)
miET o) < 1422 emer(E= <
R ER T A
N Y 1 y R B
(1_|_%) eo(L_l)@Ze_% Zz:a( -1) SCQZe_% Z:a(z’—av)7
B B (6.18)

where C7(3,46,¢) and Cy(83, 0, p) are positive constants. A few calculations

show that Zf;i(z —z) > 3 [(x—a) - %]2 — & for every a € (Z,z). This

estimate and some elementary inequalities yield:

y + oo

C r—1 _ C 2
E e T 2o, 7T < 0102 e~ oey (#-3) <
r=a =0

+ oo 12
< Cll/ 6_2(511) (1’—5) dz < 012(ﬁ75757p)\/z‘
0

This inequality together with (6.17) and (6.18) shows that

3 ﬁ &;1) < CVL (6.19)

r>az=a ’ul(
for every a such that 2 < a < 2V 0+ ¢e(L — 1), where C13(3,6,¢,p) is a
positive constant.

By (6.7), (6.15), (6.16) and (6.19) we have:

inf _mle) O (6.20)
T 10 $09) T
for a positive constant C'(3,40,¢,p) and L large enough.
In order to complete the proof of (6.9) we need to prove that:
b
g O (6.21)

b<zvo g (—o00,b] T VL

0< pt1 (—o0,b]<1

The proof of this inequality is omitted since it follows closely the proof of
(6.20). This concludes the proof of Proposition 3.1. 0

The last part of this section is dedicated to the proofs of some large devi-
ation results for p1. More precisely we will prove Lemma 3.2 and Lemma 3.3.
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Proof of Lemma 3.2. Because I/i’N(
only (3.3).
Define p = N/L and A, such that m(A,) = p (see Lemma 6.1). A
simple calculation shows that:

m < 0)= vi’_N(m > 0), we will prove

2T i=N) & Z(58,0)(n=N)

BN [E(expn)]Lq

— B8z, Ao A, (N4z)

< E e pro (N +a)e™ <
pL—l(O) >0

€_ﬁ5 e(ﬁé_AP)NE(eApn)L_l

< e(B5=2,)N [E(eApn)]L—1 Ze-ﬁéx _ <
- pr-1(0) 20 L—emf pr-1(0) -

< C1(3,8)VIEP AN (o)t

where we used the trivial estimate o(m+---+n, = N) > 0(n = N)pr—1(0)
and the local limit theorem. In order to prove (3.3) we have to show that
there exists C;(3,6) and p(3,8) > 0 such that eP(?9=2) E(e*e?) < €71 for
p > p(B,9). Direct calculation yields:

1 e~ () L1 . _Gs(B)
(3,0) [1 —e~(B+N) 1 —eA=F] = [ —erF’

s N(?]l < 0) = Z 5(771 =z,n= N) 6_ﬁ5|x|pL—1(N B $)

E(cV) = -

for A € (0, 3) so that

eP(B5=2X,)

1— e F

We claim that the last factor in this estimate can be made smaller than

1 taking p large enough. In fact a simple calculation permits us to write
explicitly the “Cramér transform”:

ple? + e P) 4 \/p* (P —e=P)2 4
2(p+1)

and it is easy to check that 1 — e =% = O(p~1) for p — +oo. a
Proof of Lemma 3.3. Notice that I/}i’N(|771| > ML) = I/}i’N(m > ML)+
v N (ny > ML), so we need to estimate only v5"™ (g > ML).

An elementary calculation yields:

8, 5,
I/LN(m > ML) = Z I/LN(771 =ua)=

eP(P5=2,) E(eAM) < Cs(8)

A, =log

9

z>ML
1
== e P%p (N —2) <
=Mz 2 ¢ (Ve <

BN

—Béx
< € pr-1(N —2z) <
),

oSN
Z e < (B, 0)VL Z e P <

= 0
pr-1(0) e>ML e>ML

< Co(B, )VLePME=N) < €y (3, 8)/Lem PPN =IL,

where we used the trivial estimate: o(n +---n, = N) > 0(my = N)pr—1(0)
and the local limit theorem. a
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7. Two BLOCK ESTIMATE

In this section we will prove Proposition 3.4. This is a generalization of a
similar result obtained by H. T. Yau (see Yau (1994)) in the simpler context
of bounded random variables. Our main tool is again local limit theorem
(see Petrov (1975), Chapter VII, Theorem 13). Throughout this section we
will assume § = 1 and |[N/L| < p < +oo. We will use notation and results
from Section 6.

The proof of Proposition 3.4 requires some preliminary results. Let
k < L be a positive fixed integer. Consider the partition A = {041, ey aL/k}
of [1, L)NN, where a; = [1+ (i — 1)k, ek]N[1, L]NN. Let {ga},¢ 4 be a family
of random variables indexed on A, we denote by Av,, g, the arithmetic mean

of the family Av, g, = L f/f Ja;-

LEMMA 7.1. Suppose that F : R* — R is such that:

|F(xq,. ..,y |<1<1+ Z| (7.1)

for two constants Ky and Ky > 0. For any o € A define I',(n) = F'(1,) and
suppose that EY (F,) = 0. Then there exists 6(3, p, ') > 0 so that:

4
PI(AV Fo)’] < 5 log BT (7 4Ye =) (7.2)

0

for any 0| < 6.
Proof. A formal expansion of the exponential function yields:

02
Ep (¢" 7o) = 14+ - Ep [(Ava Fa)’] +0(6%) (7.3)

from which (7.2) follows for # small enough. Thus the lemma is proved if
we can show that the expansion (7.3) is correct. It is elementary to prove
that (7.3) is true if there exists a positive constant K (8, p, F') such that
EY (| Av, F,|") < K™nl. Because of condition (7.1) this is true if we can
show that

E} (Im|") < Cinl. (7.4)

We are going to prove this estimate.
Let A, be such that E*(n) = p = N/L (see Lemma 6.1). By part 5 in
Lemma 6.1 we can write:

Apx

AP
pro (N —a)e

EY (") = D lel"v(m = 2)

ol<yL Py (N)Z (B, \,)
e (¥ (7.5)
+ 2wy = a) .
|1’|§:\/Z 1 pzp (N)Z(ﬁ7 Ap)
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Ap
Local limit theorem may be invoked to claim that the ratio % is
L

bounded by a positive constant depending only on p for |z| < V/L. This

implies that the first term on the right hand side of (7.5) is bounded above
by C2(8,p) E(Im|"e*™).

Again local limit theorem can be used to claim that pz’) (N)=O(L~'/?),

thus there exists a positive constant Cs(f, p) such that the second term on

the right hand side of (7.5) is bounded above by:

CsV'L Z lz|"v (g = z)et® < Cg\/fe_t\/f Z |z|"v(m = x)e(AP"'t)x
|z|>VT |z|>VTL

where ¢ > 0 is such that [t + A, < § for any |p| < p. If L is large
enough the term on right hand side of this inequality is bounded above
by Ci(B, p) E[Jm|"ee+0m]. )

In conclusion EY (|m|™) < Cs E(|m|"e*™) for a fixed A € (=3,3). In
order to prove (7.4) we have to show that for any A € (=4, ) there exists
C(B,A) > 0 such that E(|n|"e*) < C(8,A)"n!. This fact may be proved
by direct calculation. O

Next lemma is useful to calculate some probabilistic quantities related
with the measure v¥. If f, g, h are random variables we define E*(f, g, h)
as

EMNf,9.h) =E[(f - BNf)) (g — EN9)) (b — EMNA))].

PROPOSITION 7.2. In the same setting as in Lemma 3.4, except that not
necessarily EY (F,) = 0, there exists 6(3, p, ') > 0 such that:

1 k
9 log Eg (eéAva Fa) =E" (Fa) + i3 [G1(Fa, p) +0G2(Fo, p)] + O(L_l)
_ (7.6)
for any |0] < 8. Here )\, is such that E* () = p= N/L and:
LB (o o 10) B (Foy o) B (o 10 Fo
Gr(Farp) = & (151 ;7)7 2( o) (77A T ) (7.7)
2 Var™” (74) Var™ (1)
EY (Fa,7a)’
Gy(Fy,p) == |EY (F?) - =—2 20 7.8
2( p) ( ) VarAp (f]a) ( )
Proof. Notice that there exists £(3, p, ') > 0 and v = y(g) such that:
E [, esFat(9)a
% I (7.9)

EAP [egFa +’7(5)77aj|
for any || < £. In fact (7.9) is equivalent to:
B [(7 — kp)esTet10emk] = g,
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by the implicit function theorem there exists £(3, p,
1 N
e

ists £(3, p, ') > 0 and a function
v € C*(—¢,8) satisfying (7.9). The same theorem implies that

E* (Fo,70)

0) =0, "0) = — . 7.10
50) v =Bl
Fix some |¢| < &(3,p, F) and define on Q the probability measure v*»¢ =
X, vo"®, where

o Fat ()
var e (na) =

EM [esFat(e)ia]’

With respect to this measure {7,},. 4 are independent identically distribu-

ted random variables with expected value E*»¢(7j,) = kp and variance
E [(1 — kp)lestata

2 (Ac) = (7o = kp) ]

E'
EAP (egFa‘I"Vﬁa) -

[(% — kp)2esTat(ia —kp)]

EY [esFa-I—w(ﬁa—kp)]
Define F =

=F,,+-+ FaL/k and notice that:

E} () = B [+161 = )

_ @ =N) o, e FH(-N)]
e R (e |
(A, )\/—‘|‘L‘]2PH (0) o(L™1)

= a2(\,, e \/__I_Eqsmok(

EAP |:65Fa+'7(77a_kp):|L/k
0) + o(L71)

9

where we used local limit theorem in the last line (g2 is a quadratic poly-
nomial defined in Petrov (1975), Chapter VII, Theorem 13). Substituting
€= %0 the previous formula may be rewritten as

1 kDo Bk -1
B (efAva Fay = 2(A,0) vz T 1D (0) +o(L77)
L = 9k 2,0,k _
o Mo ) A=+ 5677 0) 4oL (111
e [er B ()]
Taylor’s expansion, (7.10), and a few calculations yields
Ay, Bk _
=+ 10" (0) oL .
- PRSI = 1+o(L77)
=+ 16" (0)+o(L7)
EAP |:€9Avoz Fa+'y(%)(ﬁa_kp) L/k —
(7.12)
N, 6%k
= 1+0EY (Fy) + ——Ga(Fa, p) + o(L” 0
(X, 0)
9k

ok
——x =1+ G as
o2 (/\p77> + G (F. ,0) + of
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Now using (7.11) and (7.12), it is elementary to prove (7.6). a

As a consequence of Proposition 7.2 we have the following results that
can be read as “equivalence of ensembles”.

COROLLARY 7.3. In the same setting as in Proposition 7.2 we have:

EY(F,) =E" (F,) + %Gl(Fa, p)+o(L71). (7.13)

Proof. For every 0 € (0,6) the Jensen inequality yields
EY(F,) =EY(Av, F,) = % EY (loge? Ave Fay < %log EY (¢! AvaFa)y
and:
E} (F,) = —% EY (log e 0 Ava Fa) > _% log B (=7 Ave Fir).

These estimates and (7.6) give:

ko k
= 7 Ca(Fayp)+ o(L71) S BT (Fa) = BV (Fa) = G (Fasp) <

ko
< LG (Fup) 4ol L7).

Taking the limit for § | 0 we have (7.13). a
COROLLARY 7.4. In the same setting as in Proposition 7.2 we have:
N k - ~1
Vary, (Av, F,) < ZLEGQ(Fa7 p)+o(L™), (7.14)
where:
Ca(Frp) =  |var () = B (Fas 1)’
wy p) = = |Var (F,) - ————
BN Var' (1)

Proof. We can suppose EY (F,) = 0. Lemma 7.1 and Proposition 7.2 give:

4 7 Ay
E7 [(Ava Fo)?] < ngEg(egA o fe) =

= 4 Ao k é -1
- (6/2) {E (Foz)—l_L |:G1(Foz7p)+ QGQ(FOMp)]}—I_O(L )
But by Corollary 7.3 we know that E*» (F,) = —£G1(F,, p)+o(L™1), thus:
E} [(Av, F,)?] < 4%G2(Fa,p) +o(L71). (7.15)
Notice that
Ga(Fus p) = G (Fay p) = B (Fa)” + o(L7)
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and that E* (F,)” = o(L™1). This fact together with (7.15) implies (7.14).
O

We are finally in a position to prove Proposition 3.4.
Proof of Proposition 3.4. The proof is divided into several steps for purpose
of clarity.

STEP 1. For every ¢ > 0 there exists n(j3, p) and k(3,2,p, F) > 0 such that
for any k > k it is possible to find L(3,p,c, k) > 0 so that:

& _ _
Eg(fv Av; h]’) =7 VarL (f)+2 Eg [fs Avo 1(]7.] < nk) Avjea hj]2 )

_ (7.16)
for every L > L.
Proof of Step 1. A few calculations yields:
ED (f,Avihy)® < 2B [f,Ava 1(7a] < k) Avjea hi) + (7.17)
+ 2 Vary (f) Vary (Av, F,), '
where I, () = F'(n,) and
1
F(zq,...,2) =1(|ar + - -+ 2| > nk) E;h
Corollary 7.4 shows that:
4k
Vary (Av, F,) < _GQ( W p) +o(L7h). (7.18)

But G (F,, p) = o(k™") because:
|Ga (Fos p)| < Var™ (Fo) < 2[|h3 v (77a] > nk),

and Cramér’s theorem (see for example Varadhan (1984)) can be used to esti-

mate the last term. So there exists k(3, ¢, p, F)) > 0 such that 4£G,(F,, p) <
57 for every k > k. For every fixed k > k it is possible to find L(83, p, ¢, k) so

that for every L > L the last term in (7.18) is bounded from above by 5.

In conclusion, (7.18) becomes Var} (Av, F,) < £. Using (7.17) we obtain
(7.16). 0

STEP 2. Let n and k be fixed positive integer. Then there exists C'(3,n, k) >
0 such that: N )
Er [/ Ava 1(|7a] < k) Avjeq byl <

< CEN (1) + 2B () Ava b, (719)

where: .
ho = 1(|7a] < nk) Eg(Avan i)
Proof of Step 2. Jensen inequality yields:
E} [f,Ava 1(|7a] < 0k) Avjea hi]? <
_ _ _ 2
<2E} [f,Ava L(|7a] < 0k) Avjeo (hy — BY (hjl72))] "+ (7.20)
_ _ 12
+2 Eg [fv Ava L([7a] < k) Avjea Eg(hjma)]
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We have to estimate the first term on the left hand side of (7.20). Denote
by po the density 7,/k in the interval o and define

9o = AVjca (hy — BT (hjlha)
so that:

E} [/, Ava 1(|7a]
= Av, Eg [f, 1(|pa|

k) Avica (b — EY (hj]7a))] =

A simple computation shows that:

EL [f.1(|pal € 0)ga] = BT [L(lpal < 2) BT (f, galnac)] -

Using Jensen and Schwarz inequalities we obtain:

Eg [f7 Av, 1(|poz| < ﬁ)gaf <

- (7.21)

< QHhHioo Av, Eg [1(|pa| <n) Varg(fmac)] .
Now recall that Var} (f|nae) = Var?e[f(+|14)] where E7=(-) is the expected
value with respect to v(1,|7,). By Proposition 3.6 we know that there exists
a positive constant C1 (8, n, k) such that:

1(|pal < n) Vafg(flnac) = 1(|pal < 1) Varge[f(+nac)] <
< 1(pal < R)CLET (F(|Nac)s F(Nac)) =
=1(|pa| < Tl)Clt‘:é\f—ﬁac (fCmac), fF(-[nac))

This inequality and (7.21) give:

EY [/, Ava 1(|pal < 7)ga)® < Co (8,7, k, F)EN (S, f).

Using this estimate and (7.20) we have (7.19). O

STEP 3. For every ¢ > 0 there exists n(53, p) and k(3,2,p, F) > 0 such that
for any k > k it is possible to find L(3,p,c, k) > 0 so that:

EY (f,Ava ho)? < — Varl (f), (7.22)

for every L > L.
Proof of Step 3. Let a,b € R be two constant to be fixed later. Define
Fy=hy—a—0b(py—p) where p=N/L and p, = 7, /k. Obviously we have
that:

EY(f, Avy ho)? < Vary (f) Vary (Av, hy) = Vary (f) Vary (Av, F,),

and Corollary 7.4 may be used to estimate the last variance. A simple
calculation yields:

3 k 3
Vary (Av, hy) < 4f Var* (F,,) + o(L71). (7.23)
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We claim that we can choose a and b so that Var* (F,) = o(k~1). If this is
true by (7.23) we have immediately (7.22) because for any > 0 there exists

k(3,2,p, F) such that for every k > k we have k Var's(F,) < . For any

such k there exists L(/3, p, k) so that for every L > L(3, p, k) the o(L™1) in
(7.23) is bounded above by e/2L.
It remains to show that Var*s (F,) = o(k~"). We notice that

ho = 1(|7a] < 2k) EY (AVjea hiliia) = 1(|7a] < k) BT (hy)

and that by Corollary 7.3 for |7,| < nk, the latter expectation may be
rewritten as:

) 1
El (h1) = EMe (1) + 2Gi(ha, pa) + o(k™") = gilpa) + o(k71),
where:

1 |EYe (1,71, ) Var*s= (1) _ B (mym )
ok Var*ea () Var*es (1)

gr(pa) = Eve (hy)+

Clearly gi(pa) is a smooth function in the variable p, and:
Fo = 1(pal £ 1)gx(pa) — a = blpa — p) + o(k™").
Take a = gx(p), b = ¢}.(p) and fix & > 0. Then:
Vars(F,) < B (F2) =
=BV [F21(|pa — p| < )| + BV [F21(lpa — p| > )] =
=BV [F21(|pa — pl <&)] +o0(b7)

where in the last line we used Cramér’s theorem (see Varadhan (1984)). For
e" small enough and |p — p,| < &', we can expand gx(p,) in Taylor series:
95(pa) = 9x(p) + 91(p) (p = pa) + Ry where [Ry| < C(5,2)(p = pa)?. For &'

small enough and 7 > 2|p| we have:

B [F21(|po — pl < &)] =

=B [(g5(pa) 1(1pal <7) = a = bp— pa) + o(k™1)) " 1(|pa — p| < =')] =
=B [(9h(pa) = @ = blp = pa) + o(k™)" Llpa — pl < =')| =
=BV [(Ri+o(k™) 1(pa — pl <=)| < B [(Ry+o(k7))’] <
<EY [(Clo—pa)* +o(k™)’| <207 BN [(p = po)'] + o(k7) =
=o(k™Y)

This concludes the proof. O
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Now we can conclude the proof of Proposition 3.4. Fix ¢ > 0 and
f € L*(v})). By (7.16) there exists n(3,p) and k(3,e,p, F) > 0 such that
for every k > k it is possible to find L(f,p, k) > 0 so that:

&
EL (/,Av; hy)* < o Varp (/) + 2B [f, Ava 1|l < k) Avjea byl

for any L > L. Because of (7.19) the last term in this estimate is bounded
above by

2C (8,0, k)EL (f, f) + 4L (f, Avg ha)?.

Finally using (7.22) we obtain:
_ €
E} (f, Avj hj)* < 2C(8, 0, K)ER(f, f) + 7 Var (f)

fork=k+1and L > L. a

8. “A PRIORI” ESTIMATES

In this section we will prove Proposition 3.5 and 3.6. These are lower bounds
on the spectral gap of some processes. The estimates we will obtain are not
sharp, but this is not important for what they are used.

Proof of Proposition 3.5. We shall prove this proposition by induction on L.

Suppose L = 2, then n; = N — 15 almost surely. Define for every
f e L2 the local function fn(n2) = f(N — 12, 72), then Vard™(f) =
Var,™(fy), and the Poincaré inequality (3.5) follows in this case from
Proposition 3.1. Suppose now that (3.5) is true for a fixed L > 2. For
every f € L2(1/2’_|]_\71) conditional variance formula gives:

5, 5, 5, 5, 5,
VaI’Lﬁ(f) = EL-|]YI VafLiV1(f|77L+1)} + VafLﬁ {ELiV1(f|77L+1) . (8.)

The proposition is proved if we can show that any term in this expression is
bounded above by the form Ei’i\fl(f, f) multiplied by a factor independent
of N.

Recall that Vari’fl(meH) = Var%N_”L“ [f(-|72+1)] then induction as-
sumption yields:

Vary N TR ()] < K (8,8, DYEYN TR (nng), fClne)]-

This inequality, shows that the first term on the right hand side of (8.1) is
bounded above by K(8, 4, L)Ei’_{_\fl(f7 f). It remains to estimate the last term

n (8.1). We can apply Proposition 3.1 to the local function Ei’fl(meH)
to obtain:

Vary Y BV (flnne)| € CLB.O) BYN | 0F 1 EXY (flnzs))?] -

ESAIM: P&S, MARCH 1997, VoL. 1, pp. 145-181



178 GUSTAVO POSTA

Now (4.11) and a some simple estimates give:

SN [«6,N
Vary {EL+1(f|77L+1)} <

< (B, 9) {Eifl [(Or41..0)°] +EPD {Vaf%ﬁ(ﬂ??ul)} } :

Again induction assumption shows that the last term in this expression is

bounded above by K(8, 4, L)E}i’]\f(f7 f) so that:

Vary Yy [B23 (Flnesn)] < Co(8,0, LEEN (S 5.

This concludes the proof. O

In order to prove Proposition 3.6 we need a technical estimate on the
ratio EX(LE) .
VarJLV (f)"

LEMMA 8.1. Suppose f € L?(vY) and define fx(n) = f(m, .-, nn—1,mL +
N). Then:

—43N Vafg(f) 48N —28N giV(ﬁ f) 28N
T2 I 17 9 5 I

for any L > 0 and N € Z.
Proof. We can suppose N > 0. Define hy(z) = e #Ue+NI=1D) and notice
that

e N < hy(n) < PN (8.3)

This formula enable us to compare objects connected with v for different
values of N. For example:

7Y =Y 1= Ny B M = 310 = 0 )e P T

n n

and by (8.3) we know that eV < ZVN /79 < e#N. A similar calculation
shows that:

Z29\" 1

Vard () = (7 ) 3 S0 Ul = A € hov(andin €058 (A )
L 7€

from which follows the first one of the estimates (8.2). The second one can

be proved in a similar way. O

Proof of Proposition 3.6. Notice that the map f — fn is a bijection of

L*(v)) onto L?(19). Lemma 8.1 implies that:

N 0 0
inf Lj{’f) > e 8PN anf EL(({v f) > e~6B8PL  pf EL(Ofv f)‘
feL2(wl) Vary (f) feL2(v?) Vary (f) feL2(w9) Vary (f)
(8.4)
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so that we need only to estimate this last ratio. Define H(n) = Zle |7;]
and the jump rates:

. L if H(n™7) < H(n);
c(n—=n"") =< e if H(n") > H(n);
0 otherwise,

where 7/ = 5 — §; + ;. The Markov generator defined as:

(G = cln— 1) [f(n") = f(n)]

ij
is a bounded and self adjoint in L?(»?). Notice that:

i—1

F@5) = fn) = (Orgr kS (")

k=j

for every ¢, 7 with ¢z > j. This equation and an elementary calculation shows
that:

G, J) < CL(B, )L EL(S, )

for every f € L?(v?). Here G(/, f) stands for the Dirichlet form associated
with GG. This inequality together with (8.4) shows that to prove the propo-
sition we have to show that A;(G) > 0 for every L > 0. This fact is not
obvious in our case because the state space of the Markov chain associated
with G is not finite. The technique we used to prove this lower bound can be
found in Lawler, Sokal (1988). We consider a rooted graph (V, I/, 0) where
the vertex set V and the edges set F/ are defined as:

V={neQr:q1=0}
E={(n¢ €V xV:3i,j€Zsuch that £ =n"'}.

The root is the vertex 0 = (0,...,0) € V. For every n € V we can define a
geodetical path between 7 # 0 and 0 in the following way:
e Let 7; be the first index such that n;, > 0 and j; the first index such
that n;, < 0. Define e; = (1, 7'1/1) € F; ¢ is the first edge in our path.
If n*1+71 = 0 then the geodetic path is {e; } else we repeat the procedure
starting from the vertex 571,
It is easy to convince ourselves that this procedure leads up to the con-
struction of a geodetical path {ey, s, ..., ey, }. Notice that if n(h) € V is
the first vertex of the edge e, then H(n(h+ 1)) = H(n(h)) — 2 for every
h=1,...,k(n)— 1. This means that the geodetical distance of 7 from the
root is %H(n) We are in the setting of the random walk on a rooted graph
treated in Lawler, Sokal (1988). By Corollary 5.5 in that paper we have

that:
1

S TVECE)

where M < 2% and 2(283) < [Z(25,0)]". This concludes the proof. a
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9. APPENDIX

LEMMA 9.1. Let (Q,F, u) be a probability space. Suppose that f € L*(u)
and g € L* (u). Then for every A € F such that (A) > 0 we have:

E(f,1(A)g)* < 2E(f, 914)* + 8llgll3 copt(A°) Var(f). (9.1)

Proof. By the definition of covariance we have:

Bs.9) = [ [ dn@)dutuie e D1 e A) @) - £ o) - 9]+
+ [[ aut@ydnt) - 110 € A1 € ) @) - F)]l9() - 9(0)].

A simple calculation yields:

E(f,9)" < 2n(A) E(f, 914)" + 8llgll+ o0 Var(1(A%)) Var(f)
< 2E(/, 91 4)* + 8lgll+ccpt(A%) Var (/).

By replacing g with 1(A)g in this formula we have (9.1). a
LeMMA 9.2. Suppose g = g(m) € L (vd), with [N/L| < p < +oo. Then:

E} "(9) - E} (9) = O(L™).
Proof. Define p = % and p' = %, the by Corollary 7.3 we have that:

1

Ep " (9) —EL(9) = B (9) = E™(9) + 7 [Gi(g,0) = Gilg, p)] + o(L7H).

It is easy to check that the term in square bracket is bounded, so we need
only to show that E*'(g) — E**(g) = O(L™'). This fact is true because
an explicit computation shows that E*#(g) is a smooth function of p, and

p=p+1. 0
LeEMMA 9.3. There exists a positive constant K () such that:

N - N?
Vary (m) > K F\/l . (9.2)

Proof. We consider separately the two cases |[N/L| < cost. and |[N/L| > 1.
Fix p > 0, Corollary 7.3 gives:

Vary (1) = Var'e () + O(L7Y). (9.3)

for [N/L| < p. Here A, is such that E** () = p = N/L (see Lemma 6.1).
We claim that A = 0 minimizes o2(\) = Var* (7). If this is true, by (9.3),
there exists a constant Cq(8) > 0 so that Varg(m) > Cy for [N/L| < p.
The fact that A = 0 minimizes o*(A) is a trivial consequence of the fact
that 02()\) is a positive convex symmetric function, as easily checked by an
explicit calculation.
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The estimate Vary (1) > C1(3) > 0 is not a good estimate if |N/L]| is
large. We claim that in general there exists a positive constant Cy () such

that:
2

Vary (m) > CQF. (9.4)

The proof of (9.4) is by induction on L.
An explicit calculation shows that (9.4) holds for L = 2. Assume that
for a fixed L > 0 that (9.4) holds for every N € Z. We shall show that:

2
Varp (m) > 02—(L+ ek (9.5)

for every N € Z. A simple calculation shows that

Varip (m) > By [Var) ™ ()]

an by inductive hypothesis:

C' C'
Varii (m) > 75 Bl (N = m)’] = 25 Bl [m = N (9.6)

Last term in this estimate may be explicitly calculated:

NL \?
EX o [(m—N)*] = (L——|-1) + Vary 1 (m),

and finally by (9.6):

C CyN?

N 2 2

Varzq (m) (1 - ﬁ) > T+ (9.7)
This relation implies (9.5). a

1 would like to thank F. Martinelli who posed me this problem and helped
me with many constructive discussions. I would also like to thank H.T. Yau
Jor the enlightening discussion we had in Rome in the Spring of 199/.
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