
PUBLICATIONS MATHÉMATIQUES DE L’I.H.É.S.

IGOR R. ŠAFAREVIČ
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pAcnmpEHHa c SA^AHHLIMH TO^KAMH BETBJIEHIM
H. P. IIIAOAPEBHH

B 3TOH pa6oTe nccjienyiOTcn ajire6panHecKne pacmnpeHHu K/A nojin ajire-
6panqecKnx HHceji k c sanamibiMH TOwaMH BeTBjieHna. TaKan nocTaHOBKa Bonpoca
noacKasbiBaeTCH aHajiornen c Teopnen pHMaHOBbix noBepxHOCTeft. PacumpeHHH c
KOMMyraTHBHOH rpyiiiiOH Fajiya paccMaTpiiBaioTCH B TeopHH nojieft KjiaccoB. MH
paccMaTpHBaeM pacmnpeHHH, rpynnbi Fajiya KOTOpbix HBJIHIOTCH I—rpynnaMH, T. e.
HMeioT nopHnoK Buna /a3 rne /—HeKoropoe ^HKCHpOBaHHoe npocToe HHCJIO.

OHKCHpyeM KOHeHHOe MHO^eCTBO S npOCTbIX j];HBH30pOB nOJIH k H paCCMOTpHM

MaKCHMajibHoe /—pacmnpeHne Ks, pasBeTBjieHHoe TOjibKO B npocTbix HHBH3opax
peS. Fpynna Fajiya pacmnpeHHH Ks/A: o6o3HaHaeTCH qepes ®s. OHa HBjineTCH
/—rpynnoft KOHe^HOH HJIH TonojiornqecKoft. B § 1 onpenejineTCH MUHHMajibHoe
HHCJIO oGpaayioiHHx rpynnbi ©s. OCHOBHOH nejiblo HBjmeTCH onpenejieHne MHHH-
MajibHoro Hncjia cooTHomeHHH, CBH3biBaioiHHx 3TH oSpasyioiHHe. B § 2 BbincHHeTcn,
HTO 3TOT Bonpoc CBHsaH c ycjiOBHHMH paspemHMOCTH neKOTOpbix sanaH norpy^KeHHH
apH^MeTH^ecKoro xapaKTepa. B § 4 ttaeTCH oneHKa qiicjia cooTHomeHHft npn noMOinn
paCCMOTpeHHH apH(J|)MeTHHeCKHX HHBapHaHTOB, BBeneHHbIX B § 3. Ha OCHOBaHHH

3ToH oneHKH yaaeTCH B neKOTOpbix cjiyqanx HaiiTH B HBHOM BHae rpynny ®s-
ECJIH Bee npocTbie nnBH30pbi MHO?KecTBa S He HejiHT /, TO noKasbiBaeTCH, HTO

pasHOCTb Me?Kny HHCJIOM cooTHomeHHfi n HHCJIOM oSpasyioiniix rpynnbi (5s He npe-
BoexonHT ^Hcjia oSpasyioiHHx rpynnbi enHHun; nojin k. Bo BCHKOM cjiyqae, 3Ta pa3HOCTb
orpamiTOHa, ecjin paccMaTpHBaTb nojin orpaHHHeHHofi CTeneHH Han nojieM paiiHOHajib-
HHX Huceji R.

OqeHb HHTepecHbiM HBjineTCH aonpoc o KOHeHHOCTH rpynn ®s (ecjm npocTue
?i;HBH30pbi H3 S He nejiHT /). Ms TeopHH nojieft KjiaccoB cjienyeT, HTO $aKTOpbi pHna
KOMMyraHTOB rpynn ©s KOHe^Hbi. TaKHM o6pa30M, aonpoc o KOHeHHOCTH paBHO-
CHjieH Bonpocy 06 oSpbree aToro pwa, ECJIH MHOHtecTBO nycTO, TO BTOT Bonpoc
coBnanaeT c HSBecTHofi npo6jieMofi 6amHH nojieft KjiaccoB, a B o6ineM cjiyqae HB-
jineTCH ee ecTecTBeHHbiM o6o6meHneM. B CBHSH c pesyjibTaTaMH, o KOTOpux 6bijio
CKaaaHO Bbime, BTOT aonpoc npHBOji.HT K HOBbiM aonpocaM o KOHeHHbix I—rpynnax.
BTH Bonpocbi o6cy?Kj];aioTCH B § 6. Bo BCHKOM cjiynae, ynaeTCH noKasaTb, HTO njiHHa
pnna KOMMyTaHTOB rpynnbi ©s HeorpaHH^eHHO BoapacTaeT, ecjin HHCJIO oSpasyioiHHX
3TOH rpynnbi CTpeMHTCH K SecKOHeqHOCTH. B qacTHOCTH, qucjio aTamefi 6amHH nojieft
KjiaccoB nojin k HeorpaHHHeHHO pacTCT BMecTe c qiicjiOM o6pa3yioiHHx rpynnbi
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KJiaccoB nojin k, ecjin Mbi paccMaTpHBaeM nojin orpaHHHemioH creneim nan R.
B saKjiiOTeHHe H xony BbipasHTb CBOK) 6jiaroj];apHOCTb pe^epemy, KOTOpbiH

oneHb BHHMaTejibHO npoqHTaji pyKOimcb BTOH pa6oTbi H caejiaji pnn nojiesHbix saMe-
HaHHH.

§ 1. HHCJIO OBPA3yiOIH.HX

B 3TOM naparpa^e Mbi BbiBeneM (j|)opMyjiy ajin MHHHMajibHoro qncjia ofipasyio-
mnx flf(S) rpynnbi Fajiya ®s nojin Ks/^—MaKCHMajibHoro /—pacmnpeHnn nojin
ajire6panHecKHX Hnceji k, paaBeTBjieHHoro TOjibKo B npocTbix j];HBH30pax MHOwecTBa
S=={pi,...ps}.

Mbi 6yneM CHHTaTb, HTO MHomecTBo S He co,o;ep>KHT KOMnjieKCHux 6ecKOHeHHbix
npOCTHX j];HBH30pOB. 3TO HC HBJIHeTCH CylHeCTBeHHbIM OFpaHHHeHHeM, TBK KaK BCHKHfi

KOMnjieKCHbiH npocTon nHBH3op HepasBeTBjien.
CorjiacHO TeopeMe BepHcaiiaa ([!]), d(S) coBna^aeT c MHHHMajibHbiM qncjioM

o6pa3yioiHHx rpynnbi ©s/®^ ©^^^^(^s? ®s)- K nonrpynne Qf npHHaffjie^KHT
nonnojie Kg^cKg, KOTOpoe HBjineTCH, OHeBnnHO, MaKCHMajibHbiM a6ejieBbiM pacmH-
peHneM nepHoaa / nojin k, pasBeTBjieimbiM TOjibKo B npocTbix nnBHSOpax
peS. BBHay aToro, onpeji;ejieHne Hiicjia d(S) CBOJ];HTCH K aonpocy 06 a6ejieBbix
pacmnpeHHHx. BTOT Bonpoc MoweT SbiTb pemeH Ha ocHOBaHHH TeopHH nojien KJiaccoB
npn noMOiHH CTaHuapTHbix paccy?KneHmt.

Mbi 6yneM nojib30BaTbcn TeopHen nojien KJiaccoB B (jj)opMe, ncnojibsyiomeU
noHHTHe nnejieft [2].

BbinHineM ocHOBHbie o6o3HaqeHHH, KOTOpbiMH Mbi QyneM nojib30BaTbcn (OHH
n0 B03MOWHOCTH COrjiaCOBaHbI C o603HaHeHHHMH B [2]).

J (iijm Jfe) — rpynna Hffejien nojin k
dp—p-KOMnoHeHTa nnejiH a
h — rpynna rjiaBHbix nnejien H TaKme MyjibTHnjmKaTHBHaH rpynna nojin k
Up — rpynna enHHHU; p-anHHecKoro 3aMbiKaHHR kp nojin k

Us=={a\aqeUq, ap==i ajin peS}.

ECJIH MHO>KecTBO S nycTO, TO Us o6o3HaqaeTCH qepe3 ll—3TO rpynna enHHHq-
Hbix nnejieH.

Vs=={aeA;[ (a)=a^, ae^ JI.JIH peS}

(a)—rjiaBHbiH nHBH30p HHCJia a.
OHeBHJHIO, HTO Vs^UsJ^A:.

ECJIH MHOwecTBO S nycTO, TO Vs o6o3HaHaeTCH Hepe3 V—3TO rpynna CHH-
ryjinpHbix HMceji [3].

OHeBHHHO, ^TO VgD^ H Vg/^ HBJineTCH KOHe^HOH rpynnofi nepnona /, T. e.
KOHeHHOMepHHM BeKTOpHbiM npocTpaHCTBOM Haa nojieM Zi H3 / ajieMeHTOB; nojio^KHM

a(S)=dim^ (VsW,
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r—HHCJIO oSpasyioiHux SecKOHeqHoro nopHnKa rpynnbi ewmn nojin k:
r== ri + rg— i rne ri — HHCJIO BeinecTBeHHbix H 72 — KOMiuieKCHbix 6ecKOHeqHux

IIpOCTblX nHBH30pOB IIOJIH /;.

Y — paHr /-KOMnoHeHTbi rpynnbi KJiaccoa juiBH30pOB nojin k.
^ — nepBOo6pa3Hbin KOpeHb cTeneHH / us i.
TeopeMa 1. Vucjio o6pa3yioinux d{S) zpynnu ®s onpeQejiHemcn (popMyjiou:

d{S) == t{S) + X(S) + (r(S) -r—S, (i)

z9e t(S) — uuc^o mex npocmux Queusopoe peS, QJIH Komopbix ^ekp^
X(S)= S <p), 7z(p)=[Ap:R,], p|^

P|?,P£S

u 8 nojiazaemcH paenbiM o, ec^u ^A: u i, ec^zu ^eA:.
.HoKasaTejibCTBO. riycTb K—a6ejieBO pacumpeHne nojin k H B—cooTBeTCTByio-

inaR eMy noarpynna rpynnbi J. IIpocTOH nnBH30p p Toraa n TOjibKO Toraa Hepasae-
TBjieH B K, Koraa UpCB ([2] TeopeMa 3 HI. 8). OTciona jierKO cjienyeT, HTO nojzio
K^ cooTBeTCTByeT noarpynna UsJ^ H

rf(S)-dimzJ/lIs.J^.
IIOJIO^KHM

H^-J/US.J.A;

H ecjiH MHO?KecTBO S nycTO, TO o6o3HaHHM rpynny Hs Hepes H.
PaccMOTpHM nocjie^OBaTejibHOCTb rpynn H roMOMOp$n3MOB:

(i) -> Vslk1 -^ VIk1 ̂  U/UsW -̂  Hs ̂  H -> (i). (2)

roMOMOp(jt)H3Mbi fi (?=i, 2, 3, 4) onpeflejiHioTCH cjienyioiHHM o6pa30M:
^—ecTecTBeHHoe OTo6pa}KeHne rpynnbi Ha (j|)aKTOprpynny
H=Hs/(U.JM/UsJ^)
/2(a)-aUsJA:,aelI
^4——eCTeCTBCHHOe BJIO^eHHe, TBK KBK OqeBHnHO, HTO VsCV.

J].JIH onpenejieHHH roMOMOp$n3Ma j^ 3aMeTHM, HTO qncjio a npHHaffjie?KHT Vs
Toraa H TOjibKO Torna, Koraa cyinecTByeT TaKon naejib a, HTO aa'^ell IIOJIOTKHM

/3(a)=aa-^sW

ajiH jiio6oro BbiSopa TaKoro HaejiH a. OT 3Toro Bbi6opa^(a) He 3aBHcnT, TBK KBK ecjin

aaf^ell, TO aaf^aa-4, rne {=(01/0)^11^

Mbi npoaepHM ceiiHac, HTO nocjienoBaTejibHOCTb (2) — TOTOa.
j].eficTBHTejibHO, Imfi=H H T. K. H^J/JU^A:, TO

Ker/, = U J^/Us J^ = Im/2
Ker/2={iU3W|tell, i-a^sa, aej, 6seUs, aeA}

^7
10
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H T. K. OTCiona cjieffyer, wo aeV, TO

Ker^-Im/s
HaKOHen,

Ker/3 = {a | a e V, a ej Us} = Im/4

Ker/4=i

Us TOHHOCTH nocjieffOBaTejibHOCTH (2) cjienyer, HTO

dimz^H—dimz,Hs + dimz,U/UsW—dim^V/^ + dimz,Vs/^ =o. (3)

IIpH 3TOM no onpenejieHHio

dimz,H=y, dimz,Hs==rf(S), dimz,Vs/^=(r(S). (4)

KpOMe Toro,

dimz,U/UsW=dimz, n Up/U^= 5: dim^UylU1.
P6S pGS

KaK H3BecTHO, (CM., HanpHMep, [4] TeopeMa 11.3).

o, ecjiH p t i , ̂ kp,
,. ^ .^ i, ecjin pU^eky,
d,^U,/U.,= .(rt;^H^:^*;; te>

n(p)+ i, ecjin p i / , ^eA:p.

OTCiona cnenyeT, HTO

HaKOHen

Sdimz,Up/^==^(S)+X(S).pes

dimz,V/^==Y+^+8- (6)

J3,eftcTBHTejibHO, JI.JIH oceV no ycjiOBHio (0)==^ H OTo6pa?KeHne 91:0-^0
onpeffejineT n30MOp(||)H3M rpynnbi V na rpynny Hi, cocTORinyK) H3 ajieMeHTOB nepnona /
B rpynne KjiaccoB nHBH30pOB nojin k. OWBHHHO, HTO dimz^Hi=dimz^H. Mu HMeeM
TOHHyK) nocjie^OBaTejibHOCTb:

(i) -^E/E^V/^^H^(i) ,

rne E—rpynna ewmn nojin k n njin (e)eE, 92(2) ̂ e^.
TaK KBK dim^E/E^=r+8, TO OTCiona n cjieayeT (6).
noncTaBjiHH (4) — (6) B (3), Mbi nojiynaeM, mo

rf(S)=Y+^(S)+X(S)—(Y+r+8)+(T(S)=^(S)+^(S)+a(S)—r—8.

TeopeMa 1 noKasaHa.
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§ 2. HHCJIO COOTHOfflEHHB H 3AHAHA IIOrpySKEHHfl

B 3TOM naparpa^e Mbi paccMOTpHM nponsBOjibHoe nojie k H ero (KOHeTOoe HJIH
6ecKOHCTHoe) /—pacumpeime K. TaKHM o6pa30M, Kfk cenapa6ejibHO H HOpMajibHO,
n ero rpynna Fajiya ® HBjineTCH /—rpynnofi —'KOHCTHOH HJIH TonojioraqecKOH.
MM H3JIO?KHM o6lHHfi npHeM J];JIH IIOffCTOTa MHHHMajIbHOrO HHCJia COOTHOmeHHft B

rpynne ®, CBOJI;HU.(HH ary sanaqy K HeKOTOpon sanaqe norpyweHUH. B HacTHOM
cjiynae, Korna k—nojiep—ajmHecKiix HHceji, ^ek n K—MaKCHMajibHoe p—pacumpe-
Hne nojiH A, aHajiorHHHbift npneM 6biji npHMeneH B pa6oTe [5]. Paccy?KneHHH aToro
naparpa$a HBJIHIOTCH o6o6ineHHHMH paccy^KffeHHH 3Toft pa6oTH.

IIycTb ®—KOHeHHan HJIH TonojiorHHecKan HyjibMepHan 6HKOMnaKTHan /—rpyn-
na. TaKHM o6pa30M, ® HBjineTCH npoeKTHBHbiM npenejiOM KOHe^Hbix /—rpynn:

®==limGa. (7)

06o3HaqHM Hepea gr CBo6onHyio TonojiorHHecKylo /—rpynny, roMOMOp^HbiM
o6pa30M KOTOpoft HBjineTCR rpynna ®:

®=5/^. (8)

Mbi 6yneM npennojiaraTb, HTO MHHHMajibHaH cncTeMa oSpasyioinnx 3r OTo6pa-
maeTCH B MHHHMajibHyK) CHCTeMy oSpasyioiHHx ®. CorjiacHO yme HHTHpOBaHHOfi
TeopeMe BepHcaflna, BTO osHanaeT, HTO npOHCTeKmnfi H3 npencTaBjieHHH (8) FOMO-
MOp$H3M g->® onpeaejineT H30MOp$H3M rpynn S/^i? H ®/®i, rne 51=^(^35)?
©i^®^®?®). HHaqe roBOpn, aro 3HaqHT, HTO SRcgri.

MnHHMajibHoe HHCJIO cooTHomeHHfi rpynnbi © paBHO MHHHMajibHOMy Hncjiy
o6pa3yioiHHX HOpMajibnoro aejiHTejiH 9^ KBK 3r—onepaTOpHoti rpynnbi. 3TO no-
cjieffHee HHCJIO paBHO MHHHMajibHOMy Hncjiy o6pa3yioiHHx a6ejieBofi (He oneparop-
Hofl) rpynnbi 9l/(9l, g)W — noKa3aTejibCTBO aToro $aKTa HOCJIOBHO noBTOpneT
HOKasaTejibCTBO TeopeMu BepHcaitffa. TaKHM o6pa30M, ecjiH r(®) — MHHHMajibHoe
HHCJIO cooTHomeHHft B rpynne ®, TO

r(©)=dimz^/(9t,8?)W.

Mbi noHHMaeM 3aecb pa3MepHOCTb, KBK MOinHocTb 6a3nca TonojiornqecKoro
aeKTOpHoro npocTpaHCTBa, onHaKo BO Bcex HHTepecHbix cjiyqanx BTO HHCJIO 6yneT
KOHeHHbIM.

06o3HaHHM Hepe3 E((5) rpynny (KOTOpyic 6ojiee no.o;po6HO o6o3HaI^aIOT qepe3
Ext(©, Zj) CM., HanpHMep [6] rji. XI) Bcex pacmnpeHHfi rpynnbi ® npn noMOinn
Zi. KoneHHO, E(®)=H2(®, Z?), HO B najibHeHmeM ara rpynna 6y.o;eT HBM BCTpe-
qaTbCH HMeHHO KaK rpynna pacmnpeHHfi, a He KBK rpynna roMOjiorHft. PaccMOTpHM
rpynny

^(X^TW-Hom^/^ g)^ Z,).
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OWBHHHO, HTO IIOCJieffOBaTejIbHOCTb

(i) -> 9l/(9l, 3r)W -^ g/9t, g)^ -^ ® -^ (i)

onpeaejmeT HeKOTOpoe paciimpeHne © rpynnbi ® npn noMomn 9l/(?l, g)W,
T. e. ajieMCHT

QeExt(®,9l/(9l,g)^).

roMOMOp$H3M 9eHom(9t/(9t, g)W, Z/) nepeBoj];nT BTOT ajieMeHT B
90eE((5).

TaKHM nyreM onpenejineTCH OToSpaweHHe

S :gi7(e^TW ̂  E(©), S(9)=9©. (9)

JIerKO npoaepHTb, HTO BTO OToSpa^eHHe HBjineTCH HSOMOP^HSMOM (a TepMHHax
rpynn roMOjiornH DTO cjieayeT H3 « BTOpon penyKHHOHHOfi TeopeMu » [7]).

TaKHM o6pa30M,
r(®)=dimz,E(®).

Bocnojib3yeMCH npencTaBjieHneM (7) rpynnbi ®. Ka?KaoMy roMOMOp$n3My
9a,3 : Ga -> Gp

COOTBeTCTByeT rOMOMOp$H3M

E(9a,p):E(Gp)->E(G,)
H

E(®)=limE(G,).

Kamffan rpynna Ga HBJineTCH roMOMOp(j|)HbiM o6pa30M rpynnu ® n roMOMOp(j|)H3My
9a:®->Ga

COOTBeTCTByeT rOMOMOp$H3M

^=E(9,):E(Ga)^E(®).

rpynna E(®) HBjineTCH oS-benHHeHneM cneKTpa CBOHX nonrpynn ipaE(Ga) n noaTOMy
r(®) == Sup dimz^aE(Ga).

ECJIH MM nOJIOTKHM
Ker^=E(Ga)°,

TO nojiyqiiM, HTO
r(©)=Sup dimz,E(Ga)/E(Ga)°.

BbmcHHM, KaKOB CMHCJI Toro, HTO ajieMeHT 6eE(Ga) conepHurrcH B E(Ga)°. ^.JIH
DToro saMeTHM, HTO ecjiH 9ta=K.er9a9 TO nocjienoBaTejibHOCTb

(I) -^ ̂ /(9la, ®)9tL ̂  ®/(^a, ®)^ -> Ga -̂  (l)

onpenejineT ajieMCHT ©eExt(Ga, 9ta/(9ta3 ©)%)• BCHKHH roMOMOp$H3M

^^a/lCT^^-Hom^a/^a, ®)9l^ ZQ

3^
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onpeaejineT ajieMeHT
9©eExt(Ga,Z;)=E(Ga).

riojiyqeHHbiti ajieMeHT 9® conep^KHTCH B E(Ga)°. BTO jierKO npOBepHTb, HJIH
HBHO CTpon 3TOT ajieMCHT, HJIH HciiojibsyH TOTOyic roMojiornqecKyK) nocjieaoBaTejib-
HOCTb c HeKOMMyraTHBHbiM K03(j|)(||)HimeHTOM. Bojiee Toro, TaK we npocTO npoae-
pneTCH, HTO

E(G,)o=ImS,^9)=?©.

(3TO yTBep^KneHHe HBjineTcn HenocpencTBeHHbiM o6o6ineHneM yTBepH<neHHH 06
H30Mop(j|)HOM xapaKTepe OTo6pa?KeHHH S B (9), TBK KaK B TOM cjiyHae E(Ga)°=o,
n6oE(g)=o).

PaccMOTpHM nojuiojie Ka nojin K, npHHanjiewaiHee nonrpynne Ga rpynnbi ®.
ECJIH 6—ajieMeHT rpynnbi E(Ga), conep^KainHficH B E(Ga)°, TO no CKasaimoMy Bbime

6=S(9),y^a/(C7®)^a.

06o3HaHHM Hepes ^e npoo6pa3 rpynnbi Ker 9 npn roMOMOp(j|)H3Me

9la^9la/(^a,®X

H Hepes Ke—cooTBeTCTByioinee eH nonnojie nojin K. OqeBHffHO, HTO
AcKaCKeCK.

ECJIH Ge—rpynna Fajiya nojin Ke/A:, a 3—nojin Ke/Ka, TO Mbi HMeeM Toq-
Hyio nocjieffOBaTejibHOCTb

( i)-^3->Ge^Ga->(i)

H 9 onpenejineT Bjio^eHHe 3 B Z?. TaKHM o6pa30M, Ge onpenejifleT ajieMCHT rpynnbi
E(Ga), npHqeM 9 nepeBonHT BTOT ajieMCHT B 6.

Boo6m[e, nycTb 6eE(G), rne G—rpynna rajiya HeKOTOporo HOpMajibHoro
pacniHpeHHH K/A.

SanaqeH norpy^KeHHa, cooTBeTCTByioineH 6, HaabiBaeTCH aonpoc o cymecTBO-
BaHHH TaKoro HOpMajibHoro pacmnpeHHH K

kcKcK

H TaKoro Bjio^KeHHH 9 rpynnbi Fajiya G(K/K) B Z?, HTO

6=96,

rue 6—TOT ajieMeHT us E(G), KOTOpbin cooTBeTCTByer ecTecTBeHHofl TO^HOH no-
cjienoBaTejibHocTH

(i) -> G(K/K) ̂  G(K/A) -> G ̂  (i).

Mbi 6yaeM roBOpHTb o K—sa^ane norpyweHHH, ecjin ^HKcnpOBaHO pacmn-
peHne Kfk H TpeSyeTcn HaHTH K KaK noanojie nojin K.
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Bee npejuiiecTByioiinie paccyTKffeHHH npHBonnT K TaKOMy pesyjibTary:
TeopeMa 2. ECJIU (5—zpynna rajiya neKomopozo I—pacuiupeHim K nojin k, mo

r(®)=Supdim^E(Ga)/E(Ga)°,

z9e Ga npo6ezaem ece KoneuHbie cpaKmopzpynnbi epynnbi (5, a zpynna E(Ga)°—cocmoum
U3 9jieMenmo6 zpynnbi E(G ), coomeerncmeyioinaH KomopbiM K—saQema nozpy^ceHUR
paspeuiUMa.

OTOBHJHIO, m0 dim^E(Ga)/E(Ga)° MOHmOHHTepnpeTHpOBaTbKaKHHCJIOyCJIOBHH,

KOTOpue nojiTKHbi BbinojiHHTbCH HTo6bi sa^ana norpyH<eHHH 6bijia pa3pemnMa.

§ 3. HEKOTOPbIE APH^METHHECKHE HHBAPHAHTbI PACfflHPEHHB

Mbi BbiHCHHM Tenepb, B TOM saKjiioqaioTCH ycjiOBna paapemHMOCTH Toft sanaHH
norpyweHHH, KOTOpan 6bijia c$opMyjiHpOBaHa B npeamecTByioineM naparpa$e B
cjiyqae, Korna k—nojie ajire6panHecKHx Hnceji.

PaccMOTpHM BceB03MO?KHbie pacmHpeHHH K npon3BOjibHoro nojiH K, HMeioinne
HaH K rpynny Fajiya, H30MOp$Hyio Zi HJIH i. Mbi 6y,o;eM BKjiio^aTb B TepMHH « pacmn-
peHHH » HecKOjibKO Sojiee o6HjibHyio CTpyKTypy, TOM oSbnmo, paccMaTpHBan napy,
cocTonmylo us nojin K n H30MOp$Horo Bjio^KeHHH ero rpynnbi Fajiya Han K B Z^
HHaTO roBOpH, MO>KHO CHHTaTb, HTO Mbi $HKCHpyeM none K H ajieMeHT rpynnbi
Hom(G(K/K), Zi). BTOT ajieMeHT MOTKHO paccMaTpHBaTb H KaK DjieMeHT rpynnbi
Hom(aK5 Z^), rne OK—rpynna Fajiya MaKCHMajibHoro aSejieaa pacmHpeHHfl nojiH K.
Hao6opOT, KaTKffbift 3jieMeHT / rpynnbi SK=Hom(aK, Z^) onpenejineT neKOTOpoe
nojie — TO, KOTOpoe cooTBeTCTByeT noarpynne Ker ^ rpynnbi OK H roMOMOp$H3M
rpynnbi Fajiya 3Toro nojin B Z;. TaKiiM o6pa30M, « pacmnpeHHH », B CMbicjie 3TOfi
HOBOII cTpyKTypbi, coananaioT c ajieMeHTaMH rpynnbi $K=Hom(aK5 Z^). TaKan
TpaKTOBKa HMeeTcn, nanpHMep, eine B pa6oTe [8]. HaM Ba^KHO cefiqac, HTO rpynnoBan
onepannH nepeHOCHTcn, TBKHM o6pa30M, c rpynnbi ciK==Hom(aK, Z^) na MHOwecTBO
pacmHpeHHH nojiH K c rpynnofi n30MOp(j|)HOn Z; HJIH i. Pe3yjibTaT npHMeHeHHH
3TOH onepanHH K pacmnpeHHHM K H K Mbi 6yffeM o6o3HaI^aTb TOpe3 K o K.

npennojiowHM Tenepb, HTO nojie K HOpMajibHO Haji; HeKOTOpbiM nojieM k H HMeeT
Haa HHM rpynny rajiya G.

Fpynna Fajiya Kan^noro pacmnpenHH K nojin K HOpMajibHoro Han A, onpene-
jineT ajieMeHT ^eE(G). BUHCHHM njiH cjiynaH HncjioBbix nojiefi, Koraa Hao6opOT,
njin ajieMeHTa ^eE(G) cyinecTByeT cooTBeTCTByioinee pacmnpeHHe K HJIH, npyrHMH
cjiOBaMH, Koraa sana^a norpyn<eHHH, cooTBeTCTByioinaH DjieMeHTy S H nojno K pa-
3pemnMa. Mbi 6yo;eM najibme HasbiBaTb ee sanaTOH norpy?KeHHH (K, ^).

J3,jin jiio6oro npocToro flHBH30pa p nojiH k o6o3HaHHM qepes Kp ajire6py
K®Ap== 11 K<p. 3Ta ajire6pa HMeeT Han nojieM kp rpynny Fajiya G. HMeeT MecTO

^ I P
cjienyioiHHft pesyjibTaT:
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Banana norpymeHHH (K, ^) paspeumMa Torna n TOjibKo Toraa, Korna ajm jiio6oro
npocToro nHBH30pa p nojin k paspeumMa saffaqa norpy^KeimH (Kp, ^). IIpH BTOM,
ecjiH ^ek, TO H3 paapemHMOCTH sanaqH norpyHteHHH ffjin Bcex p, KpOMe ojmoro,
cjienyeT ee paapeuiHMOCTb HJIH aroro ojmoro p (CM. [9] HJIH [10]).

no noBony paspeuiHMOc™ Sana™ norpy?KeHHH BJIH ajire6p Kp H3BecTHO cjie-
ayioinee:

1. ECJIH ajire6pa Kp HepasBeTBjiena Han Ap (T. e. Bee nojin K<p/A:p,^|p
HepasBeTBjieHu), TO aanana norpy^eHHH Bceraa paspemnMa, npn^eM wme HMeeT
pemeHHe Sp, HBjiHioineecn HepasBeTBjieHHOfi ajire6pofi [9].

2. ECJIH ^Ap, TO Banana norpymeHHH Bceraa paapeiunMa. HanoMHHM, HTO
MH CHHTaeM G, KBK H B §§ 1-2, /—rpynnoii. J];JIH pU BTO cjienyeT us Toro, HTO npn
cnejiaHHHX npennojio?KeHHHX Kp HepasBeTBjieHO. IIpH p j / yTBep^neHHe noKa-
3aHO B [11].

3. ECJIH ^ekp, TO eyinecTByeT TaKOti ajieMeHT ^ rpynnbi Hom(E(G), Z^) qTO
paaeHCTBO 5c(^)=i Heo6xoaHMO H nocTaTO^Ho ffjiH paspemnMocTH sanaHH no-
rpyweHHH ([12] H [4]).

IIpeanojiOTKHM, Tenepb, HTO K/A pasBeTBjieHO TOjibKo B npocTux nHBH30pax
$HKCHpOBaHHoro MHomecTBa S. 06o3HaHHM Hepea E(G) nonrpynny rex ajieMCHTOB
rpynnu E(G), cooTBeTCTByioinne KOTOpuM sanaqH norpy^KeHHH paapemHMbi. Ha
c^opMyjiHpOBaHHbix peayjibTaTOB BHTeKaeT:

TeopeMa 3. Cyuiecmeyiom mamie m=t{S)—8 3JieMeHmoe ^i? • • • ^ X m zpynnbi
Hom(E(G), Z?), nmo ^eE(G) moz9a u mojibKO moz9a, nozQa ^i(^)==i, . . . ,7m(S)=i.
39ecb, KdK if e § 1, t{S) o6o3Hcmaem HUCJIO maniix peS, urno ^ekp, a 8=0, ccjzu
^k u 8=1, ecjzu ^eA:. ECJIU 8=1 u 8=0, Ha9o nojiojfcumb m==o.

BbmcHHM Tenepb, Korna pemeime sanaHH norpyn<eHHH MO^KHO BbiSpaTb B Bane
pacmnpeHUH K/A:, pasBeTBjieHHoro TOjibKo B npocTbix ,o;HBH30pax MHOHtecTBa S.

HJIH 3Toro HanoMHHM, KBK Bbipa^KaioTCH Bee pemeHHH sanaqH norpyweHHu
Hepes OJI.HO H3 HHX. 06o3HaHHM HCpes k npOH3BOjibHoe pacmnpeHHe nojiH k c rpynnofi
Fajiya, H30MOp$HOH Zi HJIH i. PacmnpeHHe Ko=K.i nojin Mbi 6yneM Ha3biBaTb
TpHBHajibHbiM. HMeeT MecTo cjieayioiHHfi pe3yjibTaT:

4. ECJIH^K—onHO pemeHHe 3affaI^H norpy^KeHHH, TO jiio6oe npyroe pemeHHe
HMeeT BHH K=KoKo, rae Ko—TpHBnajibHoe pacmnpeHHe ([9] H [10]).

riycTb p TaKOH npocTofi nnBH30p HOJIH A, HTO ajire6pa Kp Hepa3BeTBjieHa.
Torna 3aJ^aT^a norpy^KeHHH (Kp, ^) iiMeeT Hepa3BeTBjieHHoe pemeHHe (yTBepn^eHHe 1).
06o3HaHHM ero qepe3 2p. riycTb K—HeKOTOpoe pemeHHe 3aaaqn norpy^KeHHH
(K,^). Toraa Kp=SpoKo rne Ko=Kp.^p—TpHBnajibHoe pacmnpeHne, a kplkp—
pacmnpeHHe c rpynnon Fajiya, H30MOp(j|)HOfi Zi HJIH i (yTBepHWHHe 4). KaK BCHKoe
pacmnpeHHe nojin kp,~kp cooTBeTCTByeT ajieMeirry 9 rpynnai Horn (OK , Z;). CorjiacHO
jiOKajibHOft TeopHH nojien KjiaccoB Horn (OK , Z?)==Hom(A:p, Z^)=Ap. IIoaTOMy, Mbi
MOweM cqHTaTb, ^TO 90 kp. C npyrofi CTOpoHbi, caMO Hepa3BeTBjieHHoe pacumpeHne
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onpeaejieHO iieojmosiiaqHO, a (corjiacHO yTBepn^eHHio 4) c ToqHocTbK) no 3aMeHbi
Sp-^SpoSo, roe So==Kp.x, ax/A:?—HepasBeTBjieimoe pacmnpeHHe nojin A;p, rpynna
Fajiya KOTOporo H30MOp(|j)Ha Zj HJIH i. TaKOMy pacumpeHmo cooTBeTCTByeT ajieMCHT
^oekp, o6jianaiomHH CBOHCTBOM cpolir =!•

Mbi BHffHM, mo 9 onpeaejieH c TOHHOcTbic no MHonmTejm TaKoro Tnna. HHMMH
cjiOBaMH, ojmosHaqHO onpenejieH xapaKTep ^e Horn (Up, Z?)=Up. Mbi nojiyqnjin
cjienyioinufi peayjibTar.

JIeMMa. Ka^fcQoMy pernemiio K saQanu nozpyjfceHUfi (K, i;) u Hepaseeme^ieHHOMy
e K npocmoMy 9ueii30py p no^z^ A; coomeemcrneyem 3jieM.eHm ^ zpynnbi Up. PaeeHcmeo
^ = i Heo6xo9iiMO u QocmamoHHO QJIR mozo, mno6bi p fibzjzo HepaseemejieHO u e K.

nycTb K pasBeTBjieHO TOjibKO B npocTbix nnBH30pax MHO?KecTBa S, p^S H
K—neKOTOpoe pemeime saaaqn norpymeHHH. EMy cooTBeTCTByeT ajieMeirr 4'eUp,
KOTOpbIH Mbi o603HaHHM TOpeS ^p. TBK KBK K HMeeT TOJIbKO KOHCHHOe HHCJIO TOqeK

BeTBjieHHH, TO ^p = i JI.JIR noqTH BCCX p. Ha6op Bcex (pp MO?KHO, cjieffOBaTejibHO,
paccMaTpHBaTb KBK ajieMeHT ^ rpynnbi U Up = Us. JIio6oe ffpyroe pemeHne TOU

p^s
we saaaqn norpy^KeHHH HMeeT BH.H KoKo, rne Ko==K.^, a i//:—HUKjmqecKoe
pacmnpeHHe nojin k, T. e. cooTBeTCTByeT, corjiacHO Teopun nojieii KjiaccoB ejieMCHTy
rpynnbi Hom(J/A:, Zi)==fjk. ECJIH ^eJ/A, TO cooTBeTCTByiounie ^peUp nojiyqaiOTCfl,
OHeBHHHO, H3 BjioweHHH Up->J/A. Mbi HMeeM, TaKHM o6pa30M, CTaHflapTHbie
rOMOMOp(J|)H3MbI.

Us-^J/^ jlk^Us.

Ka^noMy pemeHHK) saaaHH norpyweHHH K cooTBeTCTByeT ajieMCHT ^eUs u MOTKHO
Toraa H TOjibKO Toraa Bbi6paTb pemeHiie, pasBeTBjieHHoe TOjibKO B npocTbix HHBH-
sopax MHOTKecTBa S, Koraa ^elm$. OneBHnHO, HTO ajieMCHT ^ . Imy rpynnu
Us/Ini ? == Coker y saBHCHT TOjibKO OT sana™ norpyn<eHHR (K, y H He OT Bbi6paHHoro
pemeHHR K.

TaKHM o6pa30M, HMeeT MecTO cjieayiomnfi pesyjibTaT.
TeopeMa 4. KajfcQoMy ajieMeHmy S zpynnbi E(G) coomeemcmeyem a^eMenm

^(^)eUs/Ini ? == Coker 9, Komopbiu paeeH i moz9a u mojibKo moz9a, KozQa cyunecmeyem
pemeHue saQanu nozpy^ceHUR, paseemejieHHoe mojibno e npocmbix 9ueu30pax MHo^ce-
cmea S. 0yH^u^ ^ onpeQejmem ejio^cenue zpynnbi b^G)/(E)° e Coker 9.

§ 4. qHCJIO COOTHOfflEHHB

Mbi 6yneM onnTb nojib30BaTbcn oSosHaHeHHHMH, BBeneHHbiMH B § 1.
TeopeMa 5. HJIR MUHUMajibHOzo nucjia coomHomeHuu r(S) e zpynne ®s ebinojineHO

HepaeeHcmeo
r(S)^^(S)+(T(S)—S,
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ecjiu. S=(=0 ujiii ^^k u
r(S)^G(S)

ecjiu 8=0, ^e^;.
.HoKasaTejibCTBO. CorjiacHO TeopeMe 2.

r(S)= Sup dim^E(Ga)/E(G,)o.

PaccMOTpHM rpynny E(Ga), BBeneHHyH) B § 3.
Tan KBK

E(Ga)°cE(G.)cE(Ga),
TO

dim^E(Ga)/E(G,)o==dimz,E(Goc)/E(Ga)+dim^E^)/E(G,)o. (n)

CoroacHO TeopeMe 3 cymecTByer t{S)—8 roMOMOp$H3MOB rpynnbi E(Ga) B Z^,
nepeceqeHHe Hffep KOTOpbix coBnanaeT c E(Ga). OTCiona cjienyeT, wo

dimz^E(Ga)/E^) ^^(S)—8, (12)

ecjiH S+0 HJIH ̂ k. ECJIH S==0,^ek, TO

E(Ga)==E^Ga). (I2-)

H3 TeopeMu 4 cjienyeT, HTO cymecTByeT BjiOH<eHne rpynnbi E^Ga)/E(Ga)° B
Coker $. rioaTOMy

dim^E?G^)/E(Ga)0^ dimz, Coker $. (13)

OcTaeTCH BbiHHCjiHTb dimz, Coker 9. FOMOMOP^HSM 9 HBjineTCH conpHTKeHHbiM B
CMbICJie CnapHBaHHH CO 3HaHeHHHMH B Zi K rOMOMOp$H3My

9:Us->J/^.

TOT me rOMOMOp(J|)H3M HBJIHeTCH COnpH?KeHHbIM K rOMOMOp(J|)H3My

^••Us/U^J/J^

TBK HTO y==9^. Ho, ̂  H 9^ HBJIHIOTCH yme roMOMop(j|)n3MaMH BeKTOpHbix npocTpancTB
Haa Z(. H3 o6biHHbix cooSpa^KeHHft ,o;BoficTBeHHOCTn cjienyeT, HTO

dimz, Goker 9; = dimz^ Ker 9?. (14)

PaccMOTpHM nocjieaoBaTejibHOCTb

(i)-^Vs^^Us/U^J/J^ (15)

B KOTOpofi roMOMOp$n3M / onpeneneH $opMyjioii:

/(a)==iWg, rne a=ia^ iells, aej.

CylnecTBOBaHne TaKoro pa3jio?KemiH HJIH aeVs cnenyeT H3 TOFO, HTO Vs =1(8^0 A:.
JIerKO npOBepHTb, wo/(a) He 3aBHCHT OT BbiSopa iinejiH a B BTOM pa3jio}KeHHH.
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IIpOBepHM, HTO nocjienoBaTejibHOCTb (15) — TOHHan. ECJIH iellg H <^(i)=i,
TO ieUgnJ^, T. e. i^c^a, aej, aeA:.

OTCioffa cjienyeT, HTO oceVg H i=/(a). ECJIH H^e /(a)==i, TO B paeeHCTBe 0=!^
Hnejib iellg, T. e. aej7, a 3HaHHT, aeA:1.

H3 Toro, HTO nocjienoBaTejibHOCTb (15) TOHHan, MH nojiynaeM, HTO
dimz^ Ker 9? == dimz^Vg/^ == cr(S). (16)

(DopMyjibi (10) — (16) noKaabiBaiOT, HTO
r(S)^^(S)—S+(r(S),

ecjin S 4= 0 HJIH ^ A; H
r(S)^a(S)

ecjin S==0, ̂ ek.
TeopeMa noKaaaHa.
PaccMOTpHM neKOTOpbie nacTHbie cjiyqan.
1. IIpennOJIO^KHM, HTO ^ek, HHCJIO KJiaCCOB nHBH30pOB nOJIH k He ffejIHTCH

Ha 1^2 H / nejIHTCH B k TOJIbKO Ha OHHH HpOCTOH ,0;HBH30p: 1==^. FlpHMepOM TaKOFO

nojin HBjiHeTcn nojie nejieHHH Kpyra na /n qacTeH R(^n), ecjin I—peryjiRpHoe
npocToe HUCJIO. 3a S B03bMeM MHOTKecTBO, cocTOHinee HS oaHoro npocToro nnBH30pa I.

B 3TOM cjiynae ^ ( S ) = = i , 8 = = i IIoKa^KeM, ^TO <j(S)=o. ^eficTBHTejibHO, ecjiH
aeVg, TO k (Va) HepasBeTBjieHO Han k, HTO BOSMO^KHO, BBnny ycjiOBHH, najio-
H^eHHoro na HHCJIO KJIBCCOB nojin k TOjibKO npn ae k1,

TaKHM o6pa30M, B BTOM cjiynae TeopeMa 5 noKasbiBaeT, HTO
r(S)-o,

T. e. ©s HBjineTCH CBo6oji;HOH rpynnoft. j],jin HHC.na ee oSpasyiomnx rf(S) MIJ HMeeM
corjiacHO TeopeMe 1.

rf(S)-[A:R]—r.

2. npeanojiowHM, HTO Z=2 , HHCJIO KJiaccoB HHBH30pOB nojin k HeneTHO, 2 ne-
JIHTCH B k TOJIbKO Ha 0;0;HH npOCTOfi HHBH30p: 2 == I6 H k HMeeT TOJIbKO OHHH 6eCKO-

HeTObiH BeinecTBeHHbift npocTcH j];HBH30p, KOTOpbin Mbi o6o3HaHHM qepe3 poo.
IIpHMepoM TaKoro nojin HBjineTCH nojie panHOHajibHbix qnceji R. Bo3bMeM 3a S
MHOWeCTBO, COCTOHinee H3 HByX npOCTbIX nHBH30pOB: I H poo.

B 3TOM cjiyqae /(S) = = 2 , 8 = 1 H TBK we, KBK n B cjiyqae 1 cr(S) = o. M3 TeopeMbi 5
Tenepb cjienyeT, ^TO

r(S)^i.

C npyrofi CTOpOHbi, npocToe paccMOTpeHHe MaKCHMajibHoro aSejieaa nonnojin
nojin Kg noKa3biBaeT, HTO ywe rpynna ®g/(©g, ©g) He HBjineTCH CBo6o,n;Hoft a6ejieBon
rpynnoH.

rioaTOMy r(S)4=o, T. e.
r(S)-i,

T. e. rpynna ®g onpenejineTCH enHHCTBeimbiM cooTHomeHneM.
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J],JIR Toro, wo6bi ero HaHTH, o6o3HanHM Hepes o- H30Mop(j|)H3M nojin k B nojie
BeinecTBeHHbix Hiiceji, cooTBeTCTByioinnn jpiBH30py poo. 06o3HaqnM TOH me 6yKBOH a
H30Mop$H3M IIOJIH Bcex ajire6paHHecKnx qnceji B nojie Bcex KOMnjieKCHbix TOCCJI C,
IIpOnOJITKaiOIHHH 3TOT H30MOp(J|)H3M IIOJIH k. HaKOHeU;, Hepe3 T o603HaHHM aBTOMOp-

$H3M IIOJIH C, nepeBonninHfi jiioQoe HHCJIO B KOMnjieKCHO conpRH<eHHoe. TaK KBK
nojie Kg HOpMajibHO, TO nojie Kg HHBapnaHTHO OTHOcHTejibHO T. TaKHM o6pa30M,
.§r=0•-lTC^ HBJIHeTCH aBTOMOp(J|)H3MOM IIOJIH KS . TaK KBK T2^!, TO H g2 == I.

H3 TeopeMbi BepHcafiaa jierKO cjienyeT, HTO ajieMeHT ^ MOTKeT Sbirb BKjiioneH
B HeKOTOpyK) cucTeMy o6pa3yioiHnx rpynnbi ©s : g, gi, ..., g d - i ' TaKHM o6pa30M, njin
3TOfi CHCTeMbI o6pa3yiOIT[HX BbinOJIHHeTCH COOTHOineHHe

g^i (17)

JierKO npOBepHTb, HTO STO cooTHomeHne Mon<eT 6biTb BKjiiOHeHO B MHHHMajibHyio
cucTeMy cooTHomeHHfi. Toquee, ecjin ®s===5/9l—ecTb npencTaBjieHne (Sg B BHae
(j|)aKTOprpynnbi CBo6onHOH rpynnbi c d o6pa3yioinnMH, TO ^e^l, g2^^, 8r)9t2. BTO
cjieayeT H3 TOFO, HTO ^^(S? 8)3 T. K. 52=^ flBjmeTcn, KBK JierKO BnaeTb, onpeae-
jimoiHHM cooTHomeHHeM rpynnbi (5s/(©s, ®s). Ii3 TOFO, HTO r(S)==i Mbi MO}KeM
3aKJIIOT^HTb Tenepb, HTO rpynna ©g onpenejineTCH eanHCTBeHHbiM cooTHomeHHeM (17).
J],JIH HHCjia ee o6pa3yioiHHX d{S) Mbi HMeeM, corjiacHO TeopeMe 1:

d{S)=[k :R]+i—r.

TaKHM o6pa30M, rpynna ©s HBjineTCH 2—a.o;HHecKHM noiiojiHeimeM CBo6onHoro
npOH3BeneHHH rpynnbi Z^ H CBo6onHOH rpynnbi c [k : R]—r o6pa3yioinnMH. B nacT-
HOCTH, npH A = R

®g= Z2*Z

STOT pe3yjibTaT 6biji nojiyqeH paHbine npyrHM nyTCM r. H. MapKinanTHCOM [13].
3. npennojiomHM, HTO Bee npocTbie ,o;nBH30pbi H3 MHO?KecTBa S B3anMHO npocTbi

c /. Mbi 6yneM o6o3HaHaTb BTO TaK: (S , / )==i .
TeopeMa 6. ECJIU (S , / )==i , mo

r(S)^rf(S)+r, (18)

ec^iu 8+0 ujiu ^ek u
r(S)^rf(S)+i, (18')

ecjiu. S= 0 u ^ek.
JI,eficTBHTejibHO, Torna B (j|)opMyjie (1) X(S)=o H

^S)—rf(S)^^(S)+CT(S)—8—(^S)+(T(S)—r—8)=r,

ecjiH S=t=0 HJIH ^^k. OopMyjia (18') fl;OKa3biBaeTCH aHajiornHHO.
TaKHM o6pa30M, HJIH Bcex nojieii 3aji;aHHofi CTeneHH Haji; R H jiio6bix MHOH^ecTB S

B HHX, HJIH KOTOpbix (S,/) == i pa3HOCTb r(S)—rf(S) orpaHHqcHa caepxy.
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B HacTHOCTH, ecjin nojie k coBiianaeT c R HJIH HBjineTcn KBanpaTHTObiM MHH-
MUM nojieM, TO H3 TeopeMbi 6 cjienyer, mo

r(S)^(S),

sa HCKJiiOHeHHeM cjiyqan S=0, /=2 .
C ffpyroft CTOpOHbi, H3 TeopHH nojien KjiaccoB cjieayeT, T. K. (S, /) == i, HTO rpynna

®s/(®s5 ®s) KOHeTOa. OTcioaa BbiTenaeT, HTO

r(S)^(S)(i) (19)

T. K. B npOTHBHOM cjiyqae aSejieaa rpynna ®s/(®s,®s) onpeffejiHjiacb 6bi MeHb-
mHM HHCJIOM COOTHOmeHHH, TOM 66 TOCJIO o6pa3yiOIHHX H, CJieffOBaTejIbHO, He MOrjia
6bi 6bITb KOHeHHOfi.

HJIH jiioSoU rpynnbi G nocTpOHM yQbiBaioiHHfi pnn KOMMyTaHTOB

GW : GW == G, G^+1) = (G^), G^)).

06o3HanHM qepe3 A(G) Kjiacc pa3pemHMOCTH rpynnbi G, T. e. HaHMeHbmee
3HaqeHHe m, HJIH KOTOporo G^+^=e (ecjin Bee G^^e, TO A(G)=oo). H3TeopeMbi6
H TeopeTHKO-rpynnoBoii jieMMbi, noKa3aTejibCTBO KOTOpoti MM OTJIOH^HM no cjienyio-
inero naparpa(jj)a, cjienyeT.

TeopeMa 7. HJIR noMu (puKcupoeaHHou cmeneHU Ha9 R u QJIR maKux MHowecme S,
nmo (S,/)=i Mbi uMeeM

A(©s) -^ oo? ^c^u rf(S) -> oo,

,Q.OKa3aTejibCTBO. ripennojio^KiiM, HTO 3TO He TBK u qTO njin HeKOTOpon nocnejio-
BaTejibHocTH nojiefi ki H MHomecTB 8, B HHX h{(S^)<h. Mbi yme Bnaejin, HTO
rpynnbi ©s/®^ KOHe^Hbi. TaK we j];OKa3biBaeTcn, ^TO (Sg^/®^4'^, a cjieaoBaTejibHO
(ecjin h((5^)<h) u ®s^ KOHeI^Ha.BcJIeJ^y^OI^eM^apa^pa$e6yffeT^OKa3aHO cymecTBO-
BaHHe TaKofi KOHCTaHTbi a>o, HTO JI.JIH Bcex Kone^Hbix Z—rpynn G, njin KOTOpbix
A(G) ̂ h

r(G)>a^(G)2.
TeM caMUM

r(S,)>arf(S<)2,

HTO, oaHaKO, npn d{Si)->oo npOTHBOpeHHT HepaaeHCTBy (18).

Mbi MOweM, B qacTHOCTH, Bbi6paTb MHOwecTBO S nycTbiM. Torna rf(S)=Y H nojie
Kg—MaKCHMajibHoe Hepa3BeTBjieHHoe I—pacumpeHne nojin k. ECJIH, JIJIH nojiefi k
3a.o;aHHOn CTeneHH Han R, y^00) To A((5s)->oo, a DTO oSoaHaqaeT, qTO Kjiacc pa3-

(i) ECJIH k—KBanpaTHHHoe MHHMoe none, S=0 H /=2, TO H3 npeamecTByiomnx paccy-
>KaeHHfl cjie^yer, qro r(S)=a?(S)+i HJIH ^(S)==</(S)^ Ooa cjiyqan aencTBHTejibiio MoryT Bcrpe-
THTbcn. riepBUH HBHHXHMeerMecTonpH k=R{\/—2i)(®g=Z^xZ3), aBTOponnpH A:==R(\/—65)
(®g—rpynna, aaaaHHan cooTHOiiieHHRMH (31) c 1=2, n===2, k==rn== i).
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peuiHMocTH MaKCHMajibHoro pa3pemnMoro Hepa3BeTBjieHHoro pacumpeHHH nojin k
CTpeMHTCH K SeCKOHCTHOCTH. HHbIMH CJIOBBMH, eCJIH MbI o603HaTOM TOpe3 ^4.1

rnjib6epTOBO nojie KjiaccoB nan k^k^=k TO ^+i+^ njiH acex w<A(©s).
IIocjieffOBaTejibHOCTb nojieii k^ Ha3biBaeTcn 6auiHen nojien KjiaccoB, OT^ejibHbie
nojm — ee 3Ta?KaMn, a HHCJIO pa3jmTObix nojiefi-qucjiOM Brazen. MH noKa3ajm,
TaKHM o6pa30M.

CjieflCTBHe. ECJIU QJIR nocjieOoeamejibHocmu nojieu ozpaHimeHHoQ. cmeneHU HCK) R
HUCJIO o6pa3yioufux zpynnbi KJiaccoe Queusopoe HeozpammeHHo eoapacmaem, mo HUCJIO
amcDiceQ. 6auiHU nojieu KJICLCCOQ Ha9 amuMU nojiRMu man^ce HeozpciHuneHHo eospacmaem.

3aMeTHM, HTO npHMepbi nojien orpaHHHeHHOH CTeneHH, HJIH KOTOpux Y CKOjib
yroffHO BejiHKO, CTponTCH oqeHb jierKO. HanpHMep, npn 1=2 TaKHMH nojiHMH 6ynyT
nojin R(\/^), rae Q CBo6oj];HO OT KBanpaTOB H nejiHTCH Ha Bee 6ojibinee HUCJIO
npocTbix HHceji (corjiacHO OCHOBHOH TeopeMe o ponax). HJIH npon3BojibHoro / B03b-
MCM t TaKHX npocTbix qiiceji j&i, . . . ,A , wo pi =1 (mod 1) o6o3HaHHM TOpe3 ki nojmojie
CTeneHH / B p,—KpyroBOM none H qepe3 k nojniojie nojin Ai , . . . , kt, He coaepTKameecn
HH B KaKOM KOMno3HTe MeHbmero HHCjia nojien A:i, ..., ̂  n TaKoe, HTO [k: R]==/.
J],JIH A, KBK jierKO BnneTb, Y ^ ^ — i . BTO cjienyeT n3 TOFO, HTO Bee nojin k i k / k
Hepa3BeTBjieHbi.

§ 5. rpynnoBAH JIEMMA

JIeMMa. HJIR jiio6ozo nejiozo micjia h cyutecmeyem maKan KOHcmaHma a>o, nmo
QJIH ecex noHemiux I—zpynn G, QJIH Komopbix h{G)^h

r(G)^arf(G)2 (20)

QJIR ecex QocmamouHO 6ojibmux d{G) (m.e. QJIR d(G) >Q, z9e Q saeucum mojibno om h).
,n;OKa3aTejibCTBO. riycTb G—rpynna, ynoBjieTBOpHioinan ycjiOBHHM jieMMbi.

riojio^KHM d{G)==d, r(G)=r. riycTb F CBoSonHaa /-rpynna c d o6pa3yioiHHMn H
G=F/N

npeflCTaBjieHHe G B BHffe $aKTOprpynnbi F. no ycjiOBHio N HMeeT r onepaTOpHbix
o6pa3yiomnx (yi , . . . ,^ , ecjin paccMaTpHBaTb N KBK F—onepaTOpHyio rpynny.

J],JIR npOH3BOjibHofi rpynnu G nojiomnM G»4.i=(G», G)G^ Gi=G.
H3 Toro, HTO d—MHHHMajibHoe HHCJIO o6pa3yioinnx cjieayeT, HTO NcFg. ,Q,eH-

CTBHTejIbHO, eCJIH 6bl 3TO SbIJIO He TBK, TO rOMOMOp$H3M F/Fa -> G/G2 He 6bIJI 6bl

n30MOp(jj)H3MOM. SHaqHT o6pa3bi o6pa3yioiHHx Xi, ...,^ rpynnbi F B rpynne G He
6bijiH 6bi He3aBHCHMbi no Monyjuo G2, a Torj];a H3 TeopeMbi BepHcanna cjienoBajio
6bl, HTO B rpynne G MO^KHO HaftTH CHCTeMy o6pa3yioiHnx, cocTOHinyio Menee Hem H3 d
ajieMeHTOB. H3 TOFO, HTO G^=e cjienyeT, HTO NDF^). nojiowHM c==2h. Torna
TCM 6ojiee NFc+iDF^. IIOJIO^KHM

F/F^^g, NF^i/F^-91.
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^.jiHHa /—neirrpajibHoro pHffa rpynnbi ^ paBHa c, T. e. 3^4.1=^. IIpH DTOM
9lD^) (21)

H no-npewHeMy 91 o6jiaaaeT CHCTeMOH H3 r onepaTOpHBix oGpasyiounix (KBK ^—onepa-
TOpHan rpynna), KOTOpbie Mbi o6o3HaHHM nepes Si, ...38,..

Fpynna g^i HMeeT nepnon /c. .HeHCTBirrejibHO, T. K. g^c^+i, TO g^c^,,
B HaCTHOCTH ^^gfcgrc+l^^

j],OKa3aTejibCTBO cooTHomeHHH (20) ocHOBbiBaeTCH Ha TOM, wo oneHHBaeTCH
c ojmoH CTOpOHbi nopnaoK [91] rpynnbi 91, a c ffpyron — nopaffOK [gW] rpynnbi gw
H noTOM ncnojibayeTCH HepaaeHCTBO

[91] ^[gW] (22)
cjienyioinee H3 (21).

1. OneHKa [91]. OnpeaejiHM pan nonrpynn W91 rpynnbi 91:
W9l=9l, (^ ̂ 91= (^91,5).

Mbi noKa?KeM cjienyioinne CBOHCTBa rpynn
A. (^c^+i.
B. (^y^4"^—aSejieaa rpynna, HHCJIO o6pa3yioinnx KOTOpoft ^rd16-1.
A. noKa3biBaeTCH no HHflyKi^HH. J],JIH k==i yTBep^neHHe cnenyeT H3 TOFO,

qTO 9tc^5 T. K. NcF2. ECJIH ywe ffOKa3aHO, HTO ^Sic^+i, TO
?+1)^ ((̂  ̂ c(%+i, g)C%^.

J],JIH ffOKa3aTejibCTBa CBoticTBa B. npoaepHM CHanajia, wo KOMMyraTOpbi
Si,/i , . . . , /fc_i=(Si, ̂ , ..., ^_^), z= i , ..., r;^^!...? rf

cocTaBjinioT CHCTeMy onepaTOpHbix o6pa3yiomnx rpynnbi 9̂1, ecjin ee paccMaTpH-
BaTb KBK y—onepaTOpHyio rpynny. STO CBOHCTBO onnTb npOBepneTCH no HHnyK-
HHH. HencTBHTejibHO, njiR k == i OHO conepmHTCH B onpeaejieHHH CHCTeMy Si, ..., S^.
IIycTb OHO noKa3aHO JI.JIH k. OqeBHjmo Torffa, qTO ajin k+ i CHCTeMofi onepaTOpHbix
o6pa3yioii(nx 6ynyT KOMMyTaTOpbi

(S^/1,•••,^-13 ̂ 5

a 3TO H ecTb ajieMeHTbi Si, /^, . . . , /^.
Tenepb HCHO, mo ajieMeHTbi S^,/^...,/^fc+ l)9l cocTaBjinioT CHCTeMy o6pa3yioiHnx

rpynnbi (^/^•^W. BTO qacTHbin cjiy^afi H3BecTHoro (j[)aKTa: ajieMeHTbi ^i, ...,^
HOpMajibHoro nejiHTejiH ̂  HeKOTOpon /—rpynnbi ̂  Torna H TOjibKO Toraa nopownaiOT ̂
KBK /—onepaTOpHyio rpynny, Kor^a ^(§, g), ..., ̂ (§, g) nopo?KnaioT §/($, 3?)
(o6o6ineHne TeopeMbi BepHcafiffa). TaK KBK HHCJIO ajieMeHTOB S(,/^.. . ,^_^ paBHO r^-1,
TO 3THM CBOHCTBO B HOKasaHO.

Ha Toro, HTO nepHoa rpynnbi ^ paBen 1° cneayeT, HTO nepnon rpynnbi (̂ 91
He 6ojibme. Ha B TorHa BbiTeKaeT, HTO

rlk-1(W91: ^+i)9l) ^ r" . (23)
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Ms A cjienyeT (npn k==c), wo W ===e. no3TOMy
c-l

[91] = 11 ((&)9l:^+ l)9^).
fc= i

OTCiona H H3 (23) BLireKaeT HepaaeHCTBO

[9i] ̂ rt^4--^"2). (24)
n. OneHKa [Sr^]. Mbi HOKaweM, wo

[8̂  A (25)

J];JIH 3Toro paccMOTpHM jno6yio cncTeMy HHneKCOB i ^ h<i^<... <im < d (m = y, p ̂  h)
H COCTaBHM KOMMyTaTOp ^... ^5 nOJIO?KHB n0 HHffyKHHH

S»x==^ {npum=i)

'̂1 • • • ^m ::= ( '̂1 • • • ̂  ̂ m+l' - • ̂ J-
TaKHM o6pa30M,

^ - (^x, ̂ ), ̂ w^ = ((^, xi,), (^, ̂ )) H T . a.
Mu noKa^KeM, wo ajieMeHTu ^... ̂  conep^KarcH B gw H wo ace (^ TaKnx ajieMeHTOB,
cooTBeTCTByioinne aceM (^) nocjienoBaTejibHOCTHM i ̂ h<i^<.. .<ic^d, HesaBHCHMbi
B 3TOH rpynne. OTCiona, OHeBHnHO, cjienyeT (25).

J],JIR noKasaTejibCTBa BOcnojibsyeMCH npeflCTaBjieimeM Marnyca KOMMyTaTOpOB
B CBOSOffHOM KOJIbHe JiH [14]. PaCCMOTpHM KOJIbHO HeKOMMyTaTHBHHX CTeneHHbIX

pHffOB OT d nepeMeHHbix jyi, ...3^ c nejibiMH K03$$HHHeHTaMH: Z{^i, ...,^d} H
paccMOTpHM OTo6pa?KeHne (JL rpynnbi F B Z{^i, ..., ̂ } :

^=i+^,, ^^1=I—J^+J^—^+...

HeTpynHO ffOKasaTb, HTO y ajieMeirroB ^5 S^Src Bee Koa$(j|)HHHeHTbi npn qjienax
CTeneHH A; ,o<A;^^ OTHOCHTejibHO y^.. .̂  aejiHTCH Ha / (CM., HanpHMep, pa6oTy
[15]). IIoaTOMy

^4.1=l(/,(j/l, ...,^)c+l).

C .npyrofi CTOpoHbi jierKO npoaepHTb, mo

^... i^ i + ̂ ... ̂  ((^i, . . . , ̂ c+l),

rae KOMMyTaTOpbi T]^ . . . ̂ , m == ̂  onpenejinioTCH TCMH me (j[)opMyjiaMH

^-A

^ll • • • hm ==: [73ll • • • lm' ^m+1 • • • U'

HTO H ^ . . . ̂ , HO TOJIbKO B KOJIbHe Z{j/i, . . . 3 J/^}.

TaKHM o6pa30M, ecjin 6bi eyinecTBOBajia aaBHCHMOCTb Me?Kffy ajieMeHTaMH Si ... ̂
no Monyjno gc+i ;

n^1;:'.;: - î),
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TO eyinecTBOBajia 6bi saBHcuMocTb c TCMH we Koa^HHHeirraMH

S ̂ ... ̂ 7]^... ̂  = o (mod Z) (26)

Me^ny ojmopojmbiMH MHoroHjieHaMH 7]^... ̂  CTeneHH c OT nepeMeHHbix j/i, ..., j^.
TaKaH SaBHCHMOCTb HeB03MOHma, T. K. BCe $OpMbI 7]^ .. . ̂  SaBHCHT OT pa3HbIX CHCTeM

nepeMeHHbix. Tomiee roBOpn, nojiaran B TO^necTBe (26) Bce^==o KpOMe yj , .. .,jy ,
Mbi o6paTHM B o Bee HjieHbi KpOMe T]/^ ... ̂  H nojiyqHM, HTO aj ... / so (mod /).

TaKHM o6pa30M, HepaaeHCTBO (25) ffOKasaHO. CoennHHH ero c HepaBencTBOM (24)
H (22), Mbi nojiyqHM, mo

S2,̂  ̂  (rf) = d{d-i)..^d-c+i)^
^ / c\

T. e.
d(d—i)...(d—c+i)

^^!)(i+rf+...4-^-2)-r^

OqeBnji;HO, HTO njiH jiio6oro a<-,-,r BbipameHHe B npaBOfi HacTH >arf2 npn ffocTaTO^HO
C[C.)

Sojibmnx d. BTHM jieMMa aoKasaHa. Mbi BHnnM, HTO sa a MOH<HO B3HTb jiio6oe qHcno,
yttOBjieTBOpHioinee HepaaeHCTBy

a<——1——
2^)!

§ 6. HEKOTOPbIE 3AMEHAHHH

B HacTOHinee BpeMH HensBecTHO, 6ynyT JIH rpynnbi ®s KOHe^Hbi HJIH HCT, ecjin
(S, /)==!. B cjiyqae, Korna MHO^KecTBO S nycTO, 3TOT Bonpoc coBnanaeT c TBK Hasbi-
BaeMOH npo6jieMOH /—6amHH nojiefi KJiaccoB. ECJIH 6bi rpynnbi ®s 6biJin KOHe^Hbi,
TO corjiacHO TeopeMe 6 § 4 eyinecTBOBajia 6bi nocjienoBaTejibHOCTb KOHeqHbix
I—rpynn G c HeorpaHHqeHHO pacTyinHM HHCJIOM o6pa3yioiHnx fl?(G»), HJIH KOTOpbix
pa3HOCTb r(G»)—d{Gi) 6bijia 6bi orpaHHHeHa. B CBHSH c 3THM Mbi npHxo.o;HM K
cjieayioineMy Bonpocy

1. OnpeaejiHM (j)yHKHHio p(rf) ycjiOBneM:

^-S^'
rne r(G)—MHHHMajibHoe HHCJIO cooTHomeHHH KOHeHHOfi I—rpynnbi G, a MHHM-
MyM 6epeTCH no BCCM KOHenHbiM I—rpynnaM G, MHHHMajibHoe HHCJIO o6pa3yioiHHx
KOTOpbix paBHO d. BepHO JIH, wo

p(f l f )—d -> oo npH </->oo? (27)

IIpocTeHiime HSBecTHbie /—rpynnbi o6jia,o;aiOT oneHb 6ojibmnM HHCJIOM COOT-
HomeHHfi r(G) cpaBHHTejibHO c HHCJIOM o6pa3yioinnx d.
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Tan, HJIH KOMMyraTHBHOft rpynnbi
^d^

J],JIH rpynn F/F^ (B o6o3HaqeHHHX § 5) HJIH CHJIOBCKHX / noarpynn cuMMe-
TpnqecKHx rpynn TOCJIO r(G) eine 6ojibme. ECJIH 6bi yTBepwneHHe (27) BbinojiHH-
jiocb, TO H3 aToro cjienoBajio 6bi, HTO njiH jiio6oro IIOJIH ajire6panqecKHx qnceji,
y KOTOpbix HHCJIO o6pa3yiouj[Hx rpynnbi KjiaccoB nocTaTOHHO BejiHKO cpaBHHTejibHO
co CTeneHbic Haa R, 6amHH nojieft KjiaccoB He o6pbiBaeTcn (1).

B CBH3H c cooTHomeHneM (19) § 4, KOTOpoe HMeeT MGCTO, Koraa nojie k coBna-
naeT c R HJIH HBjineTCH KBanpaTH^HbiM MHHMbiM nojieM, HHTepecHO HccjienoBaTb
KOHe^Hbie /—rpynnbi G, .O.JIH KOTOpbix

r(G)=rf(G). (28)

rpynnbi noffoSnoro poffa paccMaTpHBaji M. IIlyp [16] B CBH3H c r^yqeHHeM
MyjibTHnjiHKaTOpOB, T. e. rpynn H^G, T), me T=R/Z—rpynna Bcex KopHen
H3 1. CBH3b c ycjiOBiieM (28) 3aKjiK)HaeTca B cjie^ioineM. H3 TOHHOH nocneffOBaTejib-
HOCTH

(i)-^Z^T^T^(i)

jierKO BbiBOHHTCH TOHHaa nocjieffOBaTejibHOCTb
o -> H^G, ^//H^G, T) -> H2(G, Z,) -> H^G, T), -> o,

rae H2(G, T)i—rpynna ajieMeirroB nepnona / B H^G,!").
JierKO BHffeTb, HTO dim^H^G, T); coBnanaeT c HHCJIOM o6pa3yioiHHx m(G)

MyjibTHnnHKaTOpa H2(G, T), a
dim^H^G, ^//H^G, T)==rf(G).

TaKHM o6pa30M,
r(G)-rf(G)=m(G),

r(G)=dimz,H2(G,ZO.

B ^acTHOCTH, rpynnbi, yaoBjieTBOpHioinne ycjiOBHio (28) coBnaaaioT c rpyn-
naMH, MyjibTHnjiHKaTOp KOTOpbix paBen o. IIlyp Ha3biBaeT TaKne rpynnbi 3aMKHyTbi-
MH.

B pa6oTe [16] IIlyp npHBOjprr HecKOjibKO cepHH 3aMKHyTbix rpynn. 3™ cepHii
HMeioT onHy HJIH nBe o6pa3yioiHHe (OHH BbinncaHbi Hnwe). B pa6oTe [17] (2) npHBeaeH
npHMep 3aMKHyTOn rpynnbi c TpeMH o6pa3yioii(HMH. B CBH3H c DTHM B03HHKaeT
cjienyioiHHH Bonpoc:

II. CyniecTByiOT JIH 3aMKHyTbie rpynnbi co CKOjib yroaHO 6ojibmHM qHCjiOM o6pa-

(1) Jlpyroe aoKasaTejibCTBo aToro yTBep^KaeHHH o CBH3H Meway mnoTesoH (27) H npo6jie-
MOH 6amHH nojien KjiaccoB, onnpaiomeecn Ha peayjibTaTbi pa6oTbi [23] CM B [22].

(2) Ha 3Ty pa6oTy BHHMaHHe aBTOpa o6paTHJi J.-P. Serre.
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ayioiHHx? B HacraocTH, eyinecTByioT JIH aaMKHyTbie rpynnbi 6ojiee, TOM c TpeMH
oSpaayioiHHMH?

3aMKHy™Mn rpynnaMH HBJIHIOTCH, KOHCHHO, HUKjinqecKne rpynnbi
Zz", n^i

rpynnbi o6o6ineHHbix KBaTepHHOHOB
G={a,b}

b2===a2n~\b-lab===a-l,n^2
H rpynnbi

G=[a,b}

b2=a<in~\b-lab==a-l+2n~\n>2

(nocjiejumH rpynna onpeffejineTCH BTHMH cooTHomeHHHMH TOjibKO KaK 2—rpynna, T. e.
KBK ^aKTOprpynna CBo6oji;HOn 2—rpynnbi, T. K. us cooTHomeHHH cjienyeT, qTO
a2'1^1-2^"'2) == i OTKyna TOjibKO B 2—rpynne cjienyeT, HTO a^^i, 3Ty rpynny MO^KHO
onpenejmTb ffByMH cooTHomeHHHMH H KBK nncKpeTHylo rpynny, CM [24] (1)).

HTo6bi Hairm npHMepbi saMKHyTbix /—rpynn c d(G)=2 H l>2 saimmeM
cooTHomeHHH B Bune

a^^(^^&)P(^&,^...=i
(29)

b^^a, bY (a, b, by (a, b, ay ... -1

ripennojio^KHM, HTO oaHO H3 HHceji a HJIH a', nanpHMep a He nejinTcn Ha /. Toraa
corjiacHO TeopeMe, noKasaHHOft C. n. j],eMymKHHbiM [18], MO^KHO nyTeM saMeHu
o6pa3yioiHHx npHBecTH nepaoe cooTHomeHHe K Bnny

a^^b)^! (30)

B rpynne, onpeaejieHHofi cooTHomeHneM (30), BCRKHH ajieMeHT MOTKHO saniicaTb
B Bnne a^b^. B qacTHOCTH, B TaKOM Bnne MOH<HO sanHcaTb H BTOpoe us COOTHO-
meHHii. IIocjie oqeBn.o;Hbix npeo6pa30BaHHft Mbi CMO^KCM sanncaTb CHCTeMy COOTHO-
meHHH B Bnae:

bab-^ a1^, ^-a^ (3i)

m^k^n.

PasjiHqHbie TpofiKH (m, n, k), CBHsaHHbie ycjiOBneM m^n^k, naioT pa3Hbie
rpynnbi, T. K. JXJIH rpynnbi, onpenejieHHofi cooTHomeHneM (31),

(G, G)^Zi^ G/(G, G)^Z^xZ/n.

HsBecTHbi H HeKOTOpbie npyrne (CM: nanpHMep, pa6oTy [19] (2)) npHMepbi saM-
KHyTbix rpynn. HHTepecHO 6bijio 6bi 3HaTb, KaKOBbi saMKHyTbie rpynnu c HByMH
oSpasyioiHHMH, npyrnMH cjioaaMH.

(1) 3Ty pa6oTy aBTOpy yKasaji J. Browkin.
(2) 3Ty pa00Ty yKaaaji aBTOpy A. M. KocTpHKHH.
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III. Korna 6yneT KOHCTHOH /—rpynna, onpenejieiman cooTHomeHHHMH (29),
ecjiH a=a '=o(mod/)?

3aMe™M, HTO CHTyau;HR nocjienHero Bonpoca MO^KGT peajinsoBaTbCH B rpynnax (5g.
CoroacHO pa6oTe Opojmxa [20] TBK 6yneT o6cTOHTb aejio, ecjin k == R, /> 2, S == {p^ p^}

pi—1=^1, p2—i ==^2 5 ( / ,mim2)==i ,

npnqeM^i H^2 HBJIHIOTCH BbraeTaMH CTeneHH / npyr OTHOcirrejibHO apyra, T. e. cpa-
BHeHHH

pi=EX[{modp^

p2=X!,{modpi)

paspemHMbi. HanpHMep, /= 3, p^ == 79, p^ == 97. rio-BnaHMOMy, BTO npocTenmnft
cjiyHan, B KOTOPOM HensBecTHO, KOHe^HO JIH nojie Kg.

B cjiyqae, Koraa MHOTKecTBO S nycTO, T. e. B cjiynae 6amHH /—nojiefi KjiaccoB,
H3BeCTHO OqeHb MajIO npHMepOB, B KOTOpbIX yffajIOCb 6bl yCTaHOBHTb KOHe^HOCTb

6amHH. Bo acex BTHX cjiyHanx npn l>2 rpynnbi OKasbiBaioTCH onHoro us TunoB,
aanaBaeMux $opMyjiaMn (31). KoHequocTb, oqeBHnHO, Bcerna HMeeT MecTO, Koraa
rpynna KjiaccoB nnBH30pOB nojin k HHKjiHTOCKaH. KpOMe aToro cjiyqan IIIojibn
H TayecKan B pa6oTe [19] noKaaajin KOHCTHOCTb 6amHH 3-nojien KjiaccoB HJIH nojiefi
R(V—4027) II R(A/—3299)- rpynnbi ®s(S—nycToe MHOwecTBo) sanaiOTCH B STOM
cjiyqae cooTHomeHHHMH (31) c m=n=k==i B nepBOM cjiyqae H m==k==i, n=2 BO
BTOpOM.
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