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THE STRUCTURE OF A UNITARY FACTOR GROUP

By G.E. WALL

Introduction

Let D be a division ring, V a right vector space of finite dimension n over D. A
linear transformation, X, on V'is called a transvection if it has the form x—x4ap(x),
where a is a fixed vector and p (x) a linear form on ¥V such that p(a) =0 (in other
words, X =1+ N, where I is the identity and /N a nilpotent linear transformation of
rank 1). The group of all non-singular linear transformations on V (full linear group)
is denoted by GL (n,D), and the invariant subgroup generated by all transvections
(special linear group) by SL(n,D).

The structure of the factor group GL/SL was elucidated by J. Dieudonné ([1]).
Let A denote the multiplicative group formed by the non-zero elements of D, A, the
commutator group of A. Choose a fixed basis ¢,, .. ¢, of V, and let X&GL. Using the
technique of ‘elementary transformations’ familiar in matrix theory, Dieudonné proved
that X=A (mod SL) for some ‘diagonal’ linear transformation A of the form

Ao, =e,(1<i<n—1), Ae,=¢,E(EEA);

he proved furthermore that £ is unique modulo A, and that the mapping X (SL)—£A,
is an isomorphism of GL/SL onto A/A;. The coset £ A, is the ‘noncommutative deter-
minant’ of X.

The object of this paper is to prove a similar structure theorem for a class of unitary
groups. In order to define unitary groups, we require that D have an involutory anti-
automorphism 7:A—A. As fundamental form we take a function f= (x,), which
is defined for all x, y&V, has values (¥,y) ED, and satisfies the conditions:

(1) f is a sesquilinear form with respect to ¥, i.e.,
(%010 + 22 0s) = (%,91) M+ (%, 92) Ay

(xl A+ %, 7\2,)’) = 5\_1 (xb)’) +'7;z (xm)’),
Jor all x,%,9, 9, €V and NED;
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(2) f is non-degenerate, i.e., if (x,) =0 for all yEV then x =0;
(8) f is skew-Hermitian, i.e., (y,x)=—(x,9) for all x,yEV.

The unitary group, U (f), of f consists of the linear transformations X which leave f
invariant: (Xx, Xy) = (%,) for all x, y&€V. (We remark that, unless 7 is the identity,
there is no loss of generality in taking f skew-Hermitian rather than Hermitian ([2], p. 12);
thus, our discussion covers the ‘properly’ unitary, and symplectic, groups but not the
orthogonal groups.)

Two subsets M, N of V are orthogonal if (x, y) =0 for all x&M and y=N; by (8)
the relation of orthogonality is symmetric. If M is a subspace of V, the vectors x&V
which are orthogonal to M form the orthogonal space, ML, of M. By (2) and (3), we have
(ML)L =M and dim M + dim ML =n.

It is easy to show that a transvection which belongs to U(f) has the from
x—>x—ao(a,x), where o is a symmetric element of A (i.e., ® =) and a an isotropic
vector in V (i.e., (a,a) =0). Bearing in mind the situation for GL, we make the addi-
tional assumption:

(4) V contains non-zero isotropic vectors.

The invariant subgroup of U (f) generated by all unitary transvections is denoted
by T(f).

By (8), the value (x,x) is skew ((x,x) =—(x,x)) for every x&V. Our final
assumption is:

(5) fis trace-valued, i.e., (x,x) has the form \—X(NED) for every xE V.

Notice that (5) is automatically satisfied when characteristic D=£2: (x,x) = A—A,
where A=} (x,x).

A plane (i.e. 2-dimensional subspace of V) is called kyperbolic when it has a basis of
two isotropic vectors e¢,, ¢, such that (e, ;) = 1. Condition (5) ensures that (z) every
isotropic vector can be embedded in a hyperbolic plane and (i) any two hyperbolic
planes are equivalent under U (f). From (i) and (i) can be deduced an analogue of
Witt’s theorem on quadratic forms, viz., that the number of members in a maximal set of
mutually orthogonal hyperbolic planes is always the same (cf. [2], ch. I, § 11). This
number, denoted by v, is the Witt index of f; by (i) and (4), v=1.

Let X denote the subgroup of A generated by the non-zero symmetric elements of D,
and Q the subgroup generated by the A& A such that A—2A= (x,x) for some vector
x&V which is orthogonal to a hyperbolic plane. Taking x =0, we see that ZSQ.
It is not difficult to show that X, Q are invariant subgroups of A. With these notations,
our main result is as follows. '
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TuroreM 1. If f satisfies the conditions (1) - (5), and iof (V) U(f) £Us(F.), then

(6) UN)IT (f) =AIZ[A, Q],
where [ A, Q] ts the subgroup of A generated by the commutators & '3 ' w3 (wEQ, JEA).

It is well known that SL (n,D) is projectively a simple, non-cyclic group, unless
n=2and D=F,or F;. It follows from the isomorphism GL/SL=~A/A,, that SL is,
except in these two cases, the commutator group of GL. The situation for unitary groups
is analogous, but more complicated. Except in some half-dozen cases which we entirely
exclude from the discussion, 7 (f) is projectively a simple, non-cyclic group (2), so that
T (f) is the commutator group of U (f) if, and only if, U/ T is abelian, i.e., by theorem 1,
if, and only if]

(7) 2[A, Q]2A,.

Most of the known results on this problem follow fairly easily from (7). We mention
only the two results of Dieudonné ([2], ch. II, § 5) that (a) 7 is the commutator group
of U whenever v>2, and that (b) T s not the commutator group of U when D is the
algebra of real quaternions under the usual ‘complex conjugate’ anti-automorphism
and n=2. The result which we shall prove is as follows.

THEOREM 2. Suppose that the conditions of theorem 1 hold and that T (f) is projectively a
simple group. If n=8 and D has finite dimension m? over its centre Z, then T (f) is the commutator
group of U(f).

It is perhaps unlikely that theorem 2 remains valid whenever D has infinite
dimension over its centre, but I have not been able to construct a counterexample.

I am indebted to Professor J. Dieudonné for his helpful comments on this paper.

1. Proof of Theorem 2.

In this section we shall deduce theorem 2 from theorem 1. We assume that 7 is
not the identity, for otherwise A =2 and so, by theorem 1, U= 7. It follows from this
assumption that there exist anisotropic vectors orthogonal to a given hyperbolic plane H;
for otherwise the (non-degenerate) restriction of f to HL would be a symplectic form,
and this would imply that 7 was the identity. Let a be such an anisotropic vector and A
a fixed element of A such that A— A = (@,a). Let .S denote the set of symmetric elements
of D. We consider three cases according to the ‘type’ of the anti-automorphism

F (cf. [2], ch. II, § 5).

(1) Fy denotes the Galois field with g elements. There is essentially only one properly unitary group over F,
(¢ a square) for each dimension m, and it is denoted by Un (Fy).

(3) In order to establish (7) rigorously, we actually need the slightly stronger result that every proper
invariant subgroup of 7T is contained in the centre of 7.
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Type I. (f leaves every element of { invariant and S is a vector space over £ of
dimension 4m (m-+1)). This case was considered by Dieudonné ([8], p. 879), whose
argument () shows that A=2X and therefore U= T.

Tyee II. (f leaves every element of < invariant and § is a vector space over £
of dimension 3m (m—1); this type occurs only when characteristic D=42). We shall
prove that U/T is an abelian group by showing that each of its elements has order < 2.
Since characteristic D22, the vector space 4 over < formed by the skew elements of D
is complementary to § and has dimension 4m (m +1). Let K denote the vector space
over £ of dimension 1+ 4m (m—1) formed by the elements {(A+ o) ((EL, cES).
Since (A + 6)— (A + o) = (a,a), every non-zero element of K is in Q.

Now let wEA; it is required to show that p:eEX[A, Q]. Since the sum of the
dimensions of the vector spaces w K and 4 over £ is 1 4 m?, these spaces have a non-zero
element in common, say pk; as we remarked above, #=Q. Then we have
wk=—(uk) =—ku, and so

(1.1) (K pkp™) pr=—(k71k) (@ y).

Again, the sum of the dimensions of the vector spaces £ 4 and 4 over £ is m? +m, so
that there exists a non-zero skew element « such that £ « is skew. Thus, ko = —ak = k.
Hence

(1. 2) K k=k1a1ka.

(1. 1) and (1. 2) together show that p2eEX[A, Q], as we had to prove.

Tyee III. (¥ does not leave invariant every element of £; S, D are vector spaces of
respective dimensions m?2, 2 m? over the subfield <, formed by symmetric elements of ).
Let K, denote the vector space over <, of dimension 1+ m? formed by the elements
Co(A+0) (CoEL0oES). As with type II, every non-zero element of K, is in Q.
Let uEA. Since the sum of the dimensions of the vector spaces w X, and K, over <,
is 2m? + 2, there exist non-zero elements %y, k£, of K, such that wk, =#%,. Hence pEQ
and so A= Q. It now follows from theorem 1 that U/T is abelian, as required.

2. Two Preliminary Lemmas.

The remainder of the paper is devoted to the proof of theorem 1. We begin with
two lemmas on sesquilinear forms (cf. (1)).

(*) Dieudonné’s argument actually applies only when characteristic D =2, However, only a slight modification
is needed when characteristic D = 2.
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LemmA 1. Let W be an m -dimensional right vector space over D, ® (x,y) any sesquilinear

Jorm on W (with respect to §) and suppose that J is not the identity. Then there exists a basis
1y s bm Of W such that @ (e,e;) =0 (1 <i<j<<m).

Proor. If ® is not identically zero, then by a familiar argument (using the fact
that 7 is not the identity) there exists an ¢, EW such that ® (¢,,e,)5%0. The x such
that ® (¢;,,x) =0 form an (m-—1) -dimensional subspace for which (by induction on
the dimension) we can choose a basis é,..,¢, such that @ (e,¢) =0(2<i<j<m).
Then ey,. ., ¢, satisfy the requirements of the lemma. Q .E.D.

LemMa 2. Suppose that the conditions of lemma 1 hold and that in addition ® (x,y) is non-
degenerate. Let Y (x,y) be a second sesquilinear (*) form on W which is not identically zero.
Then, if m>2 when D=F,, there exists an x&EW such that both ® (x,x) and ¥ (x,x)
are non-zero.

Proor. Choose a basis e,..,¢, of W as in lemma 1. As ¥ is not identically
zero on W it is not identically zero on every one of the planes j¢,e;!. It therefore suffices
to prove the lemma in two cases: (i) D=F,,m=38; (ii) D=F,,m=2.

As the first case can be settled by a direct calculation we consider the second only.
Suppose that it is not possible to choose x as required by the lemma. Then the matrices
of ® and ¥ with respect to the basis ¢;,e, must have the forms

(o) (3%)
o w')> \B0)>
where o,’ w,’ 540 and not both «’, B’ are 0. Moreover, for every A& D, at least one of
O(e;h+ e h+6) =Ao, A+’ A+ 0’ =0
Y(e;h+enesh+6) =R A+Aa'=0

must hold. By the symmetry of the second equation in «’, ', we may assume without
loss of generality that 8’540, and on putting p.= 3'A and slightly modifying «,’, etc.,
these equations become

and

(21) porptpp+ =0,
(2.2) u+ pa=0,
with ©; w,50.

If we regard D as a vector space over the field F formed by the symmetric elements
in its centre, then it is clear that the solutions of (2.2), and the symmetric elements of D,
form subspaces K and § respectively. Itis easy to see that either K= S or KnS=0{.
In particular (since it is assumed that D£S), Kz~£D.

(1) ‘Sesquilinear’ means ‘sesquilinear with respect to 7 unless otherwise stated.
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Now every element of D not in K satisfies (2.1). Hence (2.1) has a solution
such that yu o is also a solution for every o (3%40) in F. Each such o satisfies the qua-
dratic equation

(porp)o?+ (pu) o+ @, =0
and therefore F=F, or F..

(a) (F=F;). D contains at least 3 additive cosets of K (including K itself), and
at least 9 cosets of K if K'=0/. Itis therefore possible to choose w,v so that u,p+v,
w—v are 3 distinct solutions of (2.1). Putting these in (2.1) we deduce that ve,v=0
and so w; =0, a contradiction.

(b) (F=1F,). Thecentre of D is For a quadratic extension of F'; and by assumption
D=F, Hence D is non-commutative, and so, by a result of Dieudonné ([3], lemma 1),
not every two elements of § commute. In particular, the dimension of §>38. Let
7, 06,7 be any 8 linearly independent elements of S. Since S=K or SnK =0/,
there exists a w& D such that every element of w4 §, with the possible exception of p
itself, satisfies (2.1). Putting p.+=m, pu+ 6, .+ -+ 6 in (2.1) we deduce that

T, 0+ 60,T=pLo, L+ 0+ oW
Similarly,
TW; 6+ 0w T= oL+ 0+ pu,

(r4 1) 0,06+ co)l(n—i—*c):iicolu-{—wzfl—PPv,

whence
(2.8) Tw, 6 =00,

(2.8) clearly holds for any two symmetric elements ©, 6. For o =1, we get o, = o;n
and so (2.8) becomes (mo—omn)w,=0. This is a contradiction because on the
one hand not every two symmetric elements commute and on the other ®,7%0. This
proves the lemma.

3. Cayley Parametrization.

In this section we shall obtain a parametrization (without exceptions) for the elements
of U. Similar considerations for orthogonal groups lead to a generalization of the ordi-
nary Cayley parametrization.

Let PEU, and write P=1—Q, where I is the identity transformation. The
space QV will be called the space of P, and denoted by V,. If dim V,=r, P is called
an r-dimensional element of U.

Since P U, we have

(3'1) (xy Q.,.y) + (Q,x,_))) = (Q.x3 Q,.y)

for all x, yV. This equation obviously shows that the value of (Qx,y) depends only
on the values of Q x and Q . We may therefore write (Q %, )=[Qx, Q y]. Thisdefines
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for all u,vEV,, a function [4,0]. We denote this function by f, and call it the

Sorm of P.

It is easily verified that f, is a non-degenerate sesquilinear form on V, (with respect
to ¥), and that (by (3.1))

(3'2) [ua v] ""[ﬁ] = (u,v)
for all u,vEV,.

Let now e,,..,¢ be a basis of V, and set o;=[e,¢], (w;)™" = (®,). For each
x&V, we have Q x =37 ¢;2, where the A, (€D) depend on x; we shall now determine
the 2; explicitly. Using the equation (Qx,y) = [Qx, Q y], we have

(e,x) = [, Zf e N]=Z] 0N,
and so

A=21D;(e,x) (1<i<r).
This gives the formula

(8.8) Px=x—2%6,D;(e;,x).

The following converse of the above holds and justifies the description of (3.3) as a
parametrization for U: if W is any subspace of V and [u,v]’ any non-degenerate sesquilinear
form on W (with respect to J) satisfying (8.2), then there exists one, and only one, P'&U such
that Vo =W and fp =[u,v]'. The straightforward proof will be omitted.

We consider now some properties of the parametrization.

(1) Conjugate Elements. If REU, it is easy to see that
RPR'x=x—2,;(Re;) ®,;(Re;,x).

Hence Vipr— =RV, and the forms f, and frs— are equivalent ().

(ii) One-dimensional Elements. 1If V,= jel, we have

Px=x—c¢o(ex),
where

CP—I—“:D_I = (e,¢)
We denote this element by (e;¢).

(iii) Factorizations of P. Let W, be a subspace of V, such that the restriction (f;),
of f» to W, is non-degenerate. Let W, be the subspace of V, formed by the u such that
[u,0] =0 for all v=W,. Then V,=W,+W, (direct sum) and (f»)ws, is non-dege-
nerate. Let P,(i=1,2) be the elements of U such that V, =W, fo, = (fe)w. Then
we have P= P, P,.

To prove this, let ay,. ., a, and b,,. ., b, be bases of W, and W, respectively. The
matrix of f, with respect to the basis a,.., @, by,.., b, of V, has the form

(%) It can be proved that the converse is also true: elements Py, P, of U are conjugate in U if, and only if, their
forms fp, and fp, are equivalent.
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(05)
0B/’
where A4 refers to the a4, B to the 6. By (3.2), the element in the ¢ -th row and j -th
column of C is (a,b;). Hence if 471 = (), B! = (B;), we have
Pix=x—2Xau;(a,x),
Pox=x—2b,B,(b,x),
Px:x—“Zai“ii(abx)—Zbipii(bi)x) + Za;ay (6, b) By (bys%),
and direct calculation gives P= P, P,, as required.

Essentially the same calculation shows that, conversely, if R,, R, are elements of
U such that P=R,R, and V,=V, +V,, (direct sum), then f, is the restriction of
Jfr to Vi and [u,0] =0 for all u€V,, vEV,,.

DerINtTION.  We call
(3.4) P=R,R,..R,(REU)

a direct factorization of P of length s if, firstly, no R, is the identity I and, secondly, Vp is the direct
sum of the V. Any factor occurring in such a direct factorization is called a direct factor of P.
A direct factorization is called complete if each factor is a one-dimensional element.

By the above, R&U is a direct factor of P if, and only if, |0{5£V,EV, and
Je=(f2) v, We remark also if R =R, is the ¢ -th factor in some direct factorization
(8.4) of length s, then, for any j such that 1 <j<Cs, there exists a direct factorization of
length s in which R is the j -th factor. If i<j, for example, it is easy to prove that

P=R,..R_,(RR..R).. (RRRR*)RR,....R,

is such a direct factorization.

Lemma 3. If P(#I)E U and ¥ is not the identity, then P has a complete direct facto-

rization. Moreover, the space of the first factor can be taken as any line \a!EV, such that
[a, a] 0.

Proor. By lemma 1, V, has a basis ¢;,..,¢, such that [e,e]=0(1<j<i<r);
and by the proof of lemma 1, l¢,! may be taken as any line in V, satisfying [e;,€;]5£0.
Then, if ¢;7'=[e,e],

P=(e;;91).. (e59.)

is a complete direct factorization. Q.E.D.

4. A ’Spinor Norm’ in U.

Throughout this section, a stands for a fixed element of V chosen (quite arbitrarily)
in advance. We shall associate with a a ‘spinor norm’ which has properties similar
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to the spinor norm in orthogonal groups. We shall assume that 7 is not the identity
because our construction becomes trivial in the case of symplectic groups. It is not
necessary to assume that v>1 or that f be trace-valued.

Let Q, denote the subgroup of A generated by the w& A such that
(4.1) o—o=(b,b)

for some b (V) orthogonal to a. Write I',=2XZ[A, Q,], where [A, Q,] is the subgroup
of A generated by the commutators A ' o Ao (AEA, 0EQ,).

LemMmA 4. XZ,Q, and T, are invariant subgroups of A such that 2CST,CQ,.

Proor. If ¢ is symmetric and pEA, then pop and pp are symmetric so that
pop=pop(pp)'EX. Hence X is invariant in A. Taking 6=0 in (4.1) we
see that every non-zero symmetric element is in Q, and so X€Q,. Let o satisfy (4.1)

and pEA. Then ppe3C€Q, and pop—(pop)=(bp,bp), so that popEQ,.
Hence p o pEQ, and therefore Q, is an invariant subgroup of A. It is now evident
that T, is invariant in A and Z€TI',€Q,. This completes the proof.

LemMAa 5. Let P be an r -dimensional element of U (r>0), and
P=P,..P=P' .. P’
two complete direct factorizations of P. Let
P=(a;0;),P'=(a’; 0, ),

the a; and a;’ being chosen so that each value (a,a;) and (a,a,’) is either 0 or 1 (1<i<r).
Then the cosets w, ;.. , T, and o’ o,".. o, T, are equal.

Proor. The lemma is easily proved when D is commutative. For in this case

0...0=[A"e, ..o =B

where A4, B are the matrices of f, with respect to the bases 4y, ..,q4, and a,’,..,a,’ of
Vs. Since |4| and |B| differ by a factor of the form Ax, we have o,..0, I, =
®, ..o I, as required.

Suppose now that D is non-commutative. It will be convenient to use the following
notations: when o, (EA) satisfy « I', =8 I', we write «~ 8, and when two factori-

zations P,.... P, and P,’.... P, give rise to the same coset
0.)1....(0,.1-‘“=‘J.)1,..o (’)r'l—‘a
we write P;..... P~P' . .. .. P,’. Notice that, since [A, Q,]€T,, we have aw~wa

whenever «aEA, wEQ,. We prove the lemma by induction on r, considering
separately the cases r=1, r=2 and r> 2.
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(i) (r=1). In this case, V,=a,!=a,’!, so that a,"=a, 27! and ©,’ = A w, A for some
reA. Thus,

(4.2) orte; = (e A e, A7) (AA).
If ja} is not orthogonal to V,, then, by the choice of @, and a,’, we have

(a,a,) = (a,a,") =1.
Therefore A =1 and so o, = w,’. If, on the other hand, )a! is orthogonal to V,, then
0, EQ, and therefore »,~ w,’ by (4.2).
(ii) (r=2). In this case,
a,' =a; A+ as )
a,’ = a, p + a, o)

where A, u, o, 6 € D, and the matrices of f, with respect to the bases a,, a, and a,’, a,’
are respectively
<601_1 (ai, az)) <(’01'__1 (a,', azl)>
0 oyt )’ 0 W, ! ’
Hence

o TP =AeT N F poytp A (0, a) 1)
6 =portpt G arto + p(aya) o

(4.4) O=pwi*A+cw; u—+p(a,a) p.

If one of p, w is zero, then by (4.4) so is the other, and therefore |a,/=a,"! (1=1,2);
hence P,P,~P,'P,’ by the case r=1. We suppose therefore that ou>%0. Then,
by (4.4),

(4.3)

—pwlAuTt=cw '+ p (a,a)
—p lowtu=ow A+ (a,a,) va

and on substituting these values in (4.3) we get

o Tt=(1—AplopT) pwytp

(4"5) wzl—lzgml—lp(l_p—l}\“—l O‘) :

Suppose firstly that P has a one-dimensional direct factor whose space is orthogonal
to ja.. We may suppose without loss of generality that P, is such a factor, so that
(a,a,) =0. Then (a,a,’)=(a,a,) and (a,a,’) = (a,a,)p. By the definition of
the a; and ¢, (and since p7#0), we have p=1 and A=0 or 1 when (g,4,) =1. We
may also suppose that p=1 and A=0 or 1 when (a,a,) =0; for, by the case r=1,
o,  w,’ I', is unaltered when a,’,a,’ are replaced by multiples of themselves. With
these values of A, p, the element (1—Ap 'ou™!) (1—p 'Ap~'c) is symmetric and
therefore, by (4.5), ;' @'~ p 10 271 0~ 0 0y, SiNCE W, E Q,.

Suppose secondly that P has no one-dimensional direct factor whose space is ortho-
gonal to lal. Then (a,a,) = (a,a,') =1 (i=1,2), and so

(4.6) Atupu=p+o=1
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Further, since (a,a,—a,) =0,P cannot have a direct factor with space ja;,—a,.
Hence [a,— as,a,—a,]=0, i.e.,

(4.7) o+ oyt = (a5, a).
By (4.4), (4.6) and (4.7), —p wi!'= w3'y, and therefore, by (4.5),
0, l=1—p—p)or! and &, =01 (1—p—u),

whence o,’ 0"~ w; w,, as required.

(iii) (r>2). We assume that the lemma holds for elements of U of dimension <7.
Consider the subspaces 4 =a,,.., ¢, B=la,’,..,a,’'_,l. Suppose first that the
form [u,v] (uEA,vEB) on the pair of spaces 4, B is degenerate. Then there exists
an x(#0)EA4 such that [x,6]=0 for all b=B. Since [4',0]=0 for all =B
we have jx/=1q,’!. Hence P,’is a direct factor of P,....P,_, and so, by the induction
hypothesis, P,....P,_,P,~P,'R,..R,_,P, for certain R, Again, by a double
application of the induction hypothesis, P,’....P,’~P,"P,’S;.... S,~P,'T,.... T,,
for certain S, 7;. But T,....7T,~R,....R,_,P, by the induction hypothesis, so that
Py,....P,~P,".... P/, as required.

Suppose secondly that the form [«,v] on the pair 4, B is non-degenerate. Then the
equations
[u,b] = [u*,b] (for all bEB)

define a one-to-one linear mapping u—u* of 4 onto B. We may define a (non-dege-
nerate) form [u,v], on B by the equations

[x,0] = [¥*0*]: (.0 E4).

Then, by lemma 2, there is a & B such that [§,0]5£0 and [b,5],70. Since [u,v]
is non-degenerate on B and ¥ is not the identity, there exists a vector d& B such that
[6,d] =0 and [d,d]0. Then, ifeis the vectorin 4 such that e* =5, we have [¢,¢] 70,
[e,d] = 0,[d,d]=0.

Now let R, S be respectively the direct factors of P with spaces |e|, }d!. By the induc-
tion hypothesis, we have, with certain R,, S, 7,

P P ~88....85_ 4,
Py..... P_,~RR,....R_,,
SR~ RT.

Also, since P=S8(S;....S8,,P,’) is a direct factorization and [e¢,d] =0, ¢ belongs
to the space of S,....S,_;P,’; therefore, by the induction hypothesis,
See oo . S,y P/ ~RT,..... T,, for certain T,
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Hence
P’ ....P'~88....5_,P
~SRT,.... T,
~RTT,.... T,
~RR,....R, P, (induction hypothéses)
~P,....P,.

This completes the proof of the lemma.

DEFINITION.  The coset ,..w, I, appearing in lemma 5 is called the spinor norm of P with
respect to a and is denoted by N, (P); N,(I) is defined to be T,.

LemMa 6. (N, (P))"1= N, (P-1) (PEU).

Proor. If P=P;.... P, is a complete direct factorization of P, then P~'=
P ... Pt is evidently a complete direct factorization for P~1. Let P,= (a; »;),
where (a,a,) =0 or 1 (1<i<r). Then P7'= (a;—»,;), and so N,(P)= ;.. o, T,
and N, (P7) =o,..0, I',= (7. .o, [,)" L

Since ort....o; = (0; 0;) T o; () ... (0,0,)7 0, ~ 0..... ®,, we have
the lemma.

Lemva 7. No(P)No(Q) =N (PQ) (P, QEU).

Proor. We write N for N,. By lemma 6 and the definition of ¥, it is sufficient
to prove the following statement:

(4.8) if Py,....,P, are one-dimensional elements such that Py....P, =1, then
N(P)....N(P,)=T,.

The proof of (4.8) is by induction on r. Write Q,=P;....P, V.=V,
dim V,=d,(1<s<r). Notice that s=d,, with equality if, and only if, the factorization

(4.9) Q,=P,....P,
is direct. Similarly, since V, is also the space of
(4.10) Qr=P,,....P,

we have r—s>d,, with equality if, and only if, the factorization (4.10) is direct.
Suppose firstly that for some s (where 1 <s<r), we have

(4.11) d,<d, ,d,<d, ;.
Then neither (4.9) nor (4.10) can be direct, so that s>t r—s>t(t=d,). Let
R,..... R, be a complete direct factorization for Q. Then

P.....P.R....Ri=1]

Ri....RP.y.... P.=I\
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and since s+ ¢<7 and r—s -+ ¢<r, we have by the induction hypothesis and lemma 6,

N(P)..... N(P)=N(R).... N(R)
N(R,)....N(R)N(P,,)...N(P)=T,\

Hence N (P,).... N(P,) =T, as required.

Suppose secondly that (4.11) does not hold for any s. Then it is easy to see that
r=2u and P,..... P,P,,,....P, are complete direct factorizations of Q,, Q' respec-
tively. Hence N(P,).. N(P,)=T, by lemmas 5 and 6. This completes the proof.

5. Proof of Theorem 1.

We shall now assume that the conditions of theorem 1 hold. The theorem being
well known for symplectic groups, we shall assume that 7 is not the identity.

Let ¢ be any fixed non-zero isotropic vector in V, and write N=WN,,Q=Q, '=T..
Then the Q so defined is the same as the one in the enunciation of theorem 1, and we are
required to prove that

(5.1) U/T=AT.

Consider the homomorphism 6:P— N (P), of U into A/I'. We shall prove (5.1) by
showing that (i) 6 (U) = A/T, and (ii) 61 (I") = T.

Proor oF (i). Let A&A. Since fis tracevalued, there exists an isotropic vector
e, such that (e,e,) =1. Then, if ¢,=¢,—eX™!, we have (e,6)=A"1—2r"1 and
(e,e;) =1, so that N((e;30))=AaT. Hence 0 (U)=A[l', as required.

Proor orF (ii). It is easy to see that N (P)=TI for every transvection P; hence
T€6-(I'). It remains to prove that if N(P)=TI then PET. We first consider
the case n =2, where V itself is a hyperbolic plane. Let ¢, be as in the last paragraph,
so that ¢, ¢, form a basis of V. We note that in the present case Q=X =TI and that
therefore NV (P) is an element of A/X.

If Q= U, we have Q¢e=ca+e;, B, Qey=ev+ 6,8 (a,8,7,8D). We show that

(a) those coefficients out of «, B, v, 3 which are not zero all lie in the same coset
of Z; this coset will be denoted by M (Q );

(b) M(Q.)M(Qo) =M(Q:Q:) (21, Q.EU);

(c) M(Q)=N(Q) when Q is a one-dimensional element;

(d) if M(Q )=2X, then Q= T.

It is clear that (a) - (c) prove that M=/ and that then (d) proves the required

result (ii). We shall give only the proofs of (a) and (d), those of (b) and (c) being
straightforward verifications.
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Proor oF (a). We remark that ¢+ ¢, ¢ is isotropic if, and only if, ¢ is symmetric.
Hence Qe=¢, A or (¢+e¢,6) 2 where A5£0,6=05. Since (¢;,—e) = (e-}+e,0,¢,) =1,
we have either

Q¢=¢, 2 |
(5.2) Qe =—(e4e,6) %1V
or
(5.3) Qe=(e-+e,0) A )’

Qe = (6,4 (e+e,6)t)x 1|

where 6, v are symmetric. (a) now follows by direct inspection.

Proor oF (d). We note that

_{(e50+2) (e—ei31) Qs [in (5.2)],

5.4 = .
(5.4) Q (e+e6;—1)(er;6) Qs [in (5.8)].
where
Qe =e |
Qrer=e,n 1)
If now N(Q ) =2Z, then A=o,.... s, where each o, is symmetric, and so
(5.5) Qy=0Qo,.. Qo
Finally, when s (3£0) is symmetric,
(5.6) Q.= (er;5) (e55) (ers5 1) (e35—1) (e,—1) (¢,;,—1).

We now have Q= T, by (5.4) - (5.6). This proves (ii) when n=2.

We suppose finally that n>>2. Our proof is an adaptation of the argument used
by Dieudonné to prove that T is the commutator group of U when the Witt index > 2
([8], § 16;[4], §18). The isotropic vector ¢, is chosen as before and the hyperbolic plane
6, e, 1s denoted by H. Let f; and P, (for P & U) denote the restrictions of f and P
to H. Itis easy to see that the P& U such that V,€ H form a subgroup U* of U, and
that P— P, (P U*) is an isomorphism of U* onto the unitary group U(fy) of fa.
When P=U*, we write N* (P)=N,(P;); then N*(P)e=A/X and it is clear that
N(P)=N*(P)T.

We shall prove that

(a) if H, is any hyperbolic plane in V, there exists a PET such that PH, = H
(U=Us(F.));

(B) if A=T, there exists an element Q& Tn U* such that N*(Q ) =X,
Before proving («) and (B), we show that (ii) follows from them. Suppose then that
(), (B) hold, and let R be an element of U such that N (R) =T; it is required to show
that R=7T. Let R,.... R, be a complete direct factorization of R, and let V, = ja;

(1<i<r). Since g lies in some hyperbolic plane, there exists, by (o), an element
P,e=T such that P, H and therefore PR, PT'eU*(1<i<r). Hence RT = ST,
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where S=(P,R,P;*)..(P,R,P;)eU*. Since N(R)=N(S)=T,N*¥(§)=2r%,
where A&T. With Q asin (B), we have N* (§Q71) =N*(S)N*(Q ) 1=%E, and so,
by the case n =2, ST= QT = T. Hence RET, as required.

Proor oF («). Let H,=la, a,/, where a, a, are isotropic and (a,a,) =1. Since
T permutes the isotropic lines of V transitively, there is no loss of generality in supposing
thata =e. With this assumption, a, has the form ep. + ¢, + b, where (b,¢) = (b,e,) =0
and u—p = (b,b); and we may also suppose that 520, since otherwise («) is proved.
Let P be the element of U such that V,= ¢, b} and f, = [u,v] has matrix

(&
1 —
with respect to the basis ¢,6. It is easily verified that Pe=e¢, Pa, =e¢,, and we shall

complete the proof of («) by showing that PE T except when U=U,(F,).

If b is isotropic, take any complete direct factorization P = P, P, of P; since je, b\
is totally isotropic, P, and P, are transvections and so P& T, as required.

Suppose now that (4,6) 0. Firstlet D>#F,. Under this assumption, D contains
a symmetric element s distinct from 0 and — 1. Write c=eAu X +¢, 4 b2, where
A=(1—p tp)ts; then (¢,¢c) =0, (¢,c) =1, so that le,¢| is a hyperbolic plane.
Let R be the element of U such that V= l¢,¢| and f = <u,v> has matrix

(0 s—l—l)
s 0
with respect to the basis e¢,c. Then (¢,e) =<e,—es™'> and (c,¢) =<¢,—es 1>,
so that Re=e¢(1+s51). By the case n=2,RE7T. Further, (¢,b)=<e,—ep>

and (¢,0) =<c¢,—ep>, so that Rb=b—+ep.
Now the matrix of f, with respect to the basis 6 e, b is

()

0 —p

50 that P=(b+epu) (b;—u)
= (bt e — ) (b — )
= R (b;— ) R (b — )

since RE T, it follows that also PE T, as required.

Finally, let D =F,n>4. As v>2, we can find isotropic vectors d, d, orthogonal
to both e,¢, and such that (d,d,) =1,d—d, u=05. Then (d;—1)(e+d;1)b=0b—+ep,
and so, by the argument of the last paragraph, P& 7. This completes the proof of («).
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Proor oF (B). By the multiplicative property of N*, it is sufficient to prove (8)
when A has the form pp u=p™1, where pE A and p— = (a,a) for some non-isotropic
vector a orthogonal to both ¢ and e,.

For any «EA, set bo=¢a '+ e, ap, and let uo,ve be the vectors such that
a=ua~+vap and ba=uoe+vap. It is easily verified that ja,be!=lua,va| is a
hyperbolic plane and that u«,vs are isotropic vectors such that (ua,va)=1.

Let now Rou= (bas; ) (a;pn') and Q=Ro Ri'= (bo;p™ ) (by; p71)~ . Then,
in the expression for Rxv« as a linear combination of ux and v«, the coefficient of v «
is —1, so that, by the case n = 2, Ra&ET. Hence Q& TnU*. Finally, in the expression
for (bp;p"')e as a linear combination of e,e,, the coefficient of ¢, is pup, so that
N*¥(Q)=ppop tZ=pup tpu *Z. This completes the proof of () and theorem 1.

Sydney University, New South Wales.
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