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VORTICITY 
AND THE 

THERM0DYNÀM1C STATE 
IN A GAS FLOW 

By G. TRUESDELL 
Applied Mathematics Branch, Mechanics Division, 

U. S. Naval Research Laboratory 
and DepaTtment of Mathematics, University of Maryland*.* 

1* Introduction (1) . — The vorticity 

(l.i) w = curlv 

in a gas flow whose velocity is v is closely connected with the thermo-
dynamic variables — the entropy YJ, the pressure p and the stagna
tion pressure p0, the température 6 and the stagnation tempéra
ture 0o, the enthalpy h and the stagnation enthalpy or total 
head A0, the density p and the stagnation density p0, and finally 
the ultimate speed P0. Apparently the discipline of gas dynamics 
is the only realm of mathematical physics where thermodynamics 
and mechanics truly cooperate : while the large and fairly rapid 
déformations experienced by a streaming gas require a genuinely 
dynamical treatment, forcing complète abandonnant of the fictitious 
and paradoxical "quasi-static process" of classical thermodynamics, 
yet locally the mnterial is sufficiently near to thermodynamic equili-

(*) Now Professor at the Graduate Institute for Applied Mathematics, Indiana 
University, Bloomington, Ind., \J. S. A. 

(1) This work was commenced in collaboration with Dr Prim under the Office 
of Naval Research Contract 53 47; [19,47, 3] is a prelimmary report. I am obliged 
to Dr Neményi for criticism, and to Miss Charlotte Brudno for préparation of 
»he MS. 



2 C TRUESDELL. 

brium that thermodynamical methods based upon the existence of 
an équation of state for the local state variables remain applicable. 
Of this fascinaling border domain there exists no complète and sys-
tematic survey.and in the literature the various quantitative relations 
are often stated loosely or subject to unnecessary restrictions, and 
are sometimes deduced by intuitive arguments which serve at best 
to suggcst the plausibility, but fail to eslablish the truthof the propo
sitions. 

In this memoir our interest centers about the vorticity. Our gêne
rai objective is two-fold : to characterize irrotational gas flows in 
thermodynamical terms, and in rotational gas flows tosearchout 
the relations which bind the vorticity to the thermodynamic 
variables. We attempt to give clear, full, and correct statements, 
substantiated by simple formai proofs, of some known theorems or 
generalizations of them, to deduce some new theorems, and in parli-
cular to présent a fundamental simplification of ail problems concern-
ing certain types of gases in steady flow which may be thought of 
as originating in a réservoir at uniform pressure (th. 20). Perhaps 
more important than any individual theorem, however, is the orderly 
line of march, in which each new question is naturally suggested by 
the preceding resuit. 

On the whole, our séquence of présentation is frora the gênerai to 
the particular as far as the physical propertiesof they/utrfareconcer-
ned, adding new assumptions one by one as necessary to draw 
increasingly spécifie conclusions. 

2. Some définitions and preliminaxy lemmas of vector analysis 
and kinematics» — A vector field b such that 
(2.i) b = - g r a d x > or equivalently, curlb = o, 

is a laminar field. More generally, any field locally endowed with 
normal surfaces % = const., i. e. 

(2.2) b = — ugradx, 

is a complex-laminar field, a laminar field const i tu ting a spécial case. 
In introducing thèse terms Kelvin (2) proved 

(a) [ I85I , § 75]. Kelvin's term is «« complex-lamellar "; the term " doubly-laminar" 
is found in the literature. 
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LEMMA 1. — A continuous/y différenciât le field b is complex-
laminar if and only if 

(2.3) b.curlb = o. 

A field b such that 

(2.4) b x curlb = o, curlb ^ o, 

raay be called a Beltrami field, since Beltrami (3) first exhibited 
hydrodynamical flows whose velocity vector is of this type. To 
Neményi we owe the realization of the importance of thèse fields in 
gas dynamics, as well as some of the results concerning them which 
will be developed in this memoir. Notice that as defined hère Bel
trami fields do not contain laminar fields as a spécial case ( 4 ) . The 
expression of a Beltrami field in terms of scalar functions, analogous 
to (2 .2 ) , is élabora te, and not required in this memoir. On the 
other hand, the relation between b and cur lb deserves a nearer 
analysis. Equivalent to (2 .4 ) is cur lb = Xb, X ^ o. Now let cr be 
a scalar function such that (5) divcb = o. Then 

(2.5) o = divdb = divf-cur lb] = grad^ .cur lb = Xb.gradr^ > 

so that ^ is constant upon each vector line, but X = -—r—U and 

hence we obtain a theorem of Beltrami, as reformulated by Neményi 

and Prim (6) : 

LEMMA 2. — For a twice continuously differentiable Beltrami 
field b , let Œ be a scalar function such that 

(2.6) div<rb = o; 

then 
/o *\ i curlb! 
(2-7) -! = const. 

a o 
along each vector-line of b. 

(3) [1889]. Such fields occurred earlier in the literature, but only in passîng 
références. Correction added in proof : most of Bcltrami's results had heen 
obtained previously by Gromeka [1881, gl. 2, § 9]. 

(*) This distinction is adopted for later convenience in the statement of theorems. 
(5) For any continuously differentiable field b, an infinité number of such scalar 

functions exist, as was noted by Appell [1897, § Dl* 
(6) [1949, 4, th. i ] . 
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Let v be the velocity field of a motion. Then the continuity of 
motion is expressed in part by Euler's équation. 

( 2 . 8 ) _L _+- divpv = o, 

where p is the density and t is the time. More specifically, in this 
memoir the term continuous flow is to be understood as denoting a 
flow in a région where v is single valued aud twice continuously 
differentiable with respect to time and the space variables. Some of 
our theorems actually hold under less slringent requirements, which 
we shall not trouble to state except in thé few cases when they may 
be relaxed sufficienlly to admit régions of flow in which there arc 
shock waves. 

A motion is steady if 
do àv 

The vorticity w is given by 

( 2 . 9 ) W S E C U T I V ; 

it is a measure of the local and instanlaneous rate of rotation of the 
médium (7) . 

A motion whose velocity field v is laminar, so that 

(2.io) w = o, 

is an irrotational motion. An irrotalional motion is characterized 
by the existence of a velocity-potential $> : 

(2.11) v = — grad<£>. 

A motion in which w ^ o i s rotationaL 
A motion whose velocity field is complex-laminar is a complex-

laminar motion. By lemma 1 il follows that in continuous complex-
laminar rota tional motions, and only in such motions, the vorticity 
and velocity are perpcndicular : 

(9-i2) w . v = o, w-^ o. 

Ail plane and rolationally-symmetric motions are complex-laminar;, 

(7) The several kinematical interprétations of w are developed in détail in ("1952, 1], 
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since many properties of plane and rota tionally-s^mme trie motions 
are shared by complex-laminar motions in gênerai, in this memoir 
we shall rest content in most instances to note the specially simple 
forms our theorems assume for complex-laminar motions, without 
furlher specialization. 

A motion whose velocity field is a Beltrami field is a Beltrami 
motion. In Beltrami motions, and only in such motions, the 
vorticity and velocity are parallel : 

(2 .T3) W x v = o, w ^ o, 

and the particles rotate about their paths. Complex-laminar motions 
and Beltrami motions as hère defined are mutually exclusive catégo
ries, irrotational motions being included in the former but not in the 
latter. From Euler's continuity équation (2 .8 ) and lemma 2 follows 
immediately a resuit of Beltrami (8) : 

LEMMA 3. — In any steady continuous Beltrami motion, upon 
each stream-line the vorticity is proportional to the mermentum p v : 

( 2 . U ) — = const. 
ov 

Let a be the accélération. Then it is easj to dérive the accéléra
tion formula of Lagrange ( 9 ) , 

(2.i5) a = -T- + w x v + grad-p', 

which is the real starting point of our investigation of vorticity. 

By forming the circulation (T)'v. dv about an arbitrary closed cir
cuit C and by calculating its material derivative we obtain Beltrami's 
formula ( , 0) 

(2.i6) £ < ^ v . r f r = < £ a . d r . 

Hence follows 

(8) [1889]. 
(9) [1783, § 14]. 

(l0) [1871,112]. The material derivative isgnenby ^L-l =tLJ + v . graaV'>). 
*)t dt . ? ) 
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LBMMA 4. — A continuous motion is circulation-preserving if 
and only if 

(2.17) curla = o, 

or, equivalently, if and only if there exist an accélération-
potential A : 

(2* 18) a = — gradA. 

The distribution of vorticity, and indeed the whole dynamics of a 
circulation-preserving motion, is completely determined by the clas-
sical Helmholtz theorems. 

By putting (2 .11) into Lagrange's formula ( 2 . i 5 ) we conclude 
a resuit ofVessiot (11) : 

LE w M A 5. — In any continuous irrotational motion \there exists 
an accélérâtion-potential A : 

(2.19) A = [5-J(g«d*)']. 

Beltrami motions, as we shall see, are not circulation-preserving 
except in the spécial case when the vorticity is steady : 

(2.20) 
àw 
~àt = o. 

We require first a resuit of Masotti ( , 2 ) : 

LEMMA 6. — The vorticity of a continuous motion is steady if 
and only if the velocity be the sum of a laminar field and a 
steady field : 

(2.2i) v(r, 0 = gradry*U(r, *)ofcl+u(r). 

In particular, in an irrotational motion the vorticity iszero and hence 
steady a fortiori) comparison of (2.11 ) and (2.21 ) yields 

(fl) [1911, §4]. This évident resuit may be proved in many other ways. 
(12) L1927, § 2]. 

file:///there
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LEMMA 7. — A continuous irrotational motion satisfies (2*ai) 
with 

(2.22) U = - * H - F ( 0 , u = o,. 

and the formula (2 .19) becomes 

(2.23) A = - ( U •+• ± v>) -h F(«). 

Now from (2.21 ) follows 

(2.24) 5 = g r a d [ U - F ( 0 ] , 

and hence if we put Masotti's resuit and (2 . i3) into Lagrange's for
mula (2 . i5) , by lemma i we obtain a generalization of a theorem of 
Beltrami (••») : 

LEMMA 8. — A continuous Beltrami motion is circulation-
preserving if and only if it be a motion with steady vorticity; 
the acceleration-potential is then 

(2.25) A=— ( u + ^ ' j + FlO. 

In particular, any steady continuous Beltrami motion is circula
tion-preserving. 

The combined resuit of lemmas 7 and 8 is the spatial Bernoulli 
theorem : 

LEMMA 9. — In a continuous irrotational motion, or in a conti
nuous Beltrami motion with steady vorticity, we hâve 

(2.26) u + - ^ + A = F(0; 

In a steady motion, 

(2.27) V + A = C. 

(13) [«8 
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More generally, by putting (2 .21) and (2 . i5) into (2 .18) we obtaîn 

(2.28) v x w = g r a d / u - * - - ^ -*-A^, 

and hence follows LamVs superficial Bernouïli theorem (14) : 

LEMMA 10. — In a continuous circulation-preserving motion 
with steady vorticity there exist surfaces S which are simulta-
neously stream-surfaces and vortex-surfaces, and 

(2.29) u + ip« + A = F (S ,0 ; 

In a steady motion, 

(2.3o) -«;*-+-A = F(S) . 

Conversely, if in a continuous circulation-preserving motion there 
exist a scalar function U such that (2 .28) holds {and thus a for
tiori ther-e exist surfaces S which are simultaneously stream-
sur faces and vor tex-surfaces), then the motion is a motion with 
steady vorticity, and if further U = const., then the motion 
is steady. 

The surfaces 2> are called Bernoullian surfaces. 
By forming the curl of Lagrange's équation (2 . i5) we obtain the 

kinematical vorticity équation of Lagrange and Beltrami (13) : 

(2-3l) ê(7) = p - c u r l a + 7-^dv. 

In application to motions of fluids the term flow may replace 
motion in the foregoing définitions and lemmas. 

3. — Inviscid fluids. Kelvin's criterion. — In this memoir we 
shall deal only with perfect or inviscid fluids, which may be defined 

(u) The* theorem actually stated by Lamb [1878] concerns steady motion only, and 
is phrased in dynamical terms. 

(15) The spécial case when curl a = 0 is given in [1762, chap. XLII]; the still 
more spécial case when also div v = o is often called " Heimholtz's équation " . 
The gênerai formula is given in [1871, § 6]. 
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as continuous média satisfying Euler's dynamical équation : 

(3.i) a = grad/>-»-f, 

where p is the pressure and f is the extraneous force per unit mass. 
When the extraneous force is laminar, 

(3.2) f = — gradu, 

it is said to be conservative ( l 6 ) . 
For a fluid subject to conservative extraneous force we hâve then 

(3.3) curla = grad/> x grad — 

By lemma 4 of § 2 we now conclude that in order for a continuous 
motion to be circulation-preserving it is necessary and sufficient that 
there be a relation of the form 

(3.4) /(/>, P, 0 = o; 

that is, either 

(3.5) P=-P(t), 

in which case the flow is instantaneously isobaric, or 

(3.6) P = p(0, 

in which case the flow is instantaneously isostatic, or else 

(3.7) P=P(P,*)> P = P(/>, 0> 

i . e . at each instant the surfaces p == const. coïncide with the surfaces 
p = const., in which case the flow is instantaneously barotropic. 
Flows not satisfying any of the three conditions (3 .5 ) , (3 .6 ) , (3 .7) 
are baroclinic. 

(lî) In mass point dynamics it is customary to require that a force system be 
steady as well as laminar before the, term " conservative " is applied to it. The 
weaker requirement (3.2) is sufficient for the validity of the curvilinear energy 

theorems of gas dynamics, although-r-= o is necessary for the conservation of 

total energy in barotropic or isochoric motions 



IO C. TRUESDELL. 

If ( 3 . 5 ) reduce to 

(3.8) p = const., 

the flow is isobaric ; if (3 .6 ) reduce to 

(3.9) p = const., 

the flow is isostatic ( i 7 ) î and if (3 .7) reduce to 

(3.io) P=p(p), P = p(/>), 

the flow is barotropic ( l 8 ) . Expressing our conclusion (3-4) û* the 
terminology just introduced, we hâve Kelvin's criterion (19) : a 
continuous flow of an inviscid fluidsubject to conservative extran
eous force is circulation-preserving if and only if it be locally 
instantaneously isostatic, isobaric^ or barotropic flow. 

By applying lemmas 5 and 8 of § 2, from Kelvin's criterion we 
conclude that for an inviscid fluid subject to conservative extraneous 
force a continuous irrotational flow7 or a Beltrami flow with steady 
vorticity must be locally instantaneously isochoric, isostatic, or 
barotropic. From (3 . 1 ), ( 3 .2 ) and (2 . 18) follows 

(3.H) A = r ^ + u , 

and this expression may be put into lemma 9. Thèse results are 
summarized in (20) 

THEOREM 1. — (Basic theorem on irrotational and Beltrami flows.) 
— If a continuous flow of an inviscid fluid subject to conservative 

(") Instantaneously isostatic flows are to be distinguished from isochoric flows, 
in which p = const. for each particle, i .e . =-j- = o. An isostatic flow is also iso
choric, but the converse is false. A flow of an inhomogeneous incompressible fluid 
is always isochoric, but generally not isostatic nor instantaneously isostatic. A 
spherically symmetrical oscillation of a gas may be instantaneously isostatic but 
not isochoric. 

(") [ i 9 33 , p. 84 86]. 
( 1 9 ) The actual statement of Kelvin [1869, § 59 (d) l is confined to the sufficiency 

of (3.9) or (3 . io) . 
(20) The portion of this theorem concerning irrotational flows is common 

knowledge. A spécial case of the portion concerning Beltrami flows is given by 
Neményi and Prim [i949> 4, § 4]-
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extraneous force be an irrotational flow or a Beltrami flow with 
steady vorticity, then it is locally and instantaneously isobaric, 
isostatic, or barotropic flow, and the spatial Bernouilli theorem 

(3.12) U - h - ^ - h T -^-+- u = F(0 

is valid, where (3 .4 ) is to be used incarryingout the quadrature. 
Ail the theorems of this memoir are merely local, and we make no 
attempt to characterize flows in the large : in the présent instance, 
for example, the flow may well be isobaric in one portion, isostatic 
in another, and barotropic in a third. 

The case of steady motion subject to no extraneous force deserves 
spécial attention. Bernoulli's theorem (3.12) now becomes 

(3.i3> v*. r'* = c. 
2 J0 P 

For an isobaric flow dp—o and ( 3 . i 3 ) shows that the speed v is 
constant throughout the isobaric région. Neményi and Prim (21) hâve 
shown that a laminar or Beltrami field of constant magnitude is 
necessarily a field whose vector-lines are straight. Suppose next 
that the motion be isostatic or barotropic, and in the case of baro-

tropic motion assume that the function p =p (p)be such that J~ ^ o, 

a natural requirement suggested by the physics of the situation. 
Then ( 3 . i 3 ) demonstrates the existence of a maximum possible 
speed or ultimate speed v0 and a definite stagnation pressure pQ 

attained (if at ail) at a stagnation point (v = o). Both thèse quanti
tés are constants of the motion ; they are related by 

(3. I4) i,+ r4-i„.f4. 

Summarizing thèse results, we hâve 

THEOREM 2. — In a steady continuous irrotational or Beltrami 
flow of an inviscid fluid subject to no extraneous force, one of the 
following two conditions prevails locally : 

(w)[i949, 4, th. 2]. 
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a. The flow is isobaric, the stream-lines are slraight, and the 
speed is uniform. 

b. The flow is isostatic or barotropic, and is possessed of a defin-
ite ultimate speed v0 and stagnation pressure p0, thèse quantities 
being related by BernoullVs theorem (3 . i4) . 

Flows not satisfying the conditions of theorem 2 are not generally 
possessed of an ultimate speed and a stagnation pressure in this sensé. 
Later (§7) we shall see that in an important spécial case such quan
tities do indeed exist for a class of rotational flows, but are no longer 
constants of the flow, being liable to différent values upon the différ
ent stream-lines. 

In any case, we may put (3 .3) into the Lagrange-Beltrami équa
tion (2 .3 i ), obtaining the dynamical vorticity équation ofSilber-
stein (22) : 

( 3 . 1 5 ) Si (j) = ffradp x ^ a d^ + y *g™dv, 

whence a portion of theorem 1 is again apparent. 
The results of this section are purely dynamical, and are the only 

such results in this memoir. Without the aid of thermodynamics 
we can make no further progress in our subject. 

A. Thermodynamical assumptions. Classification of fluids. — The 
basicpostulate ofGibbs's (23) theory ofequilibriumis the existence of 
an équation of state 

(4.i) « = / ( 1 » , « , ^ , C, ..., G,), 

where C is the total internai energy, HJ is the volume, i ) is the 
entropy, and C,- is the concentration of the substance i. This 
postulate is intended to describe only Systems in which at each in
stant ail conditions are the same at every point. Gas dynamics is 
characterized by introducing local thermodynamic variables — the 
spécifie internai energy s, the spécifie entropy n, and the spécifie 

<»JIi8 96] . 
(2 3)[ i875, p. 63]. 
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concentration Ci of the substance i, which arc assumed to be connect-
ed by a local équation of state 

( 4 . 2 ) « = / ( ? > "0> Ci, 02, ..., ck); 

whose form is unaffected by whatever motion may take place. 
The local variables are relatcd to the System variables by 

but in gênerai no system équation of state (4 . i ) exists. Underlying 
the first basic assumption of our subject is then the premise that in 
principle the spécifie internai energy at a point can be determi-
ned by accumulating a certain amount of statical information, 
regardless of the state of motion or déformation; in particular, 
that the internai energy is completely determined by the relative 
amount of each substance présent and one new parameter YÎ, called 
the spécifie entropy. The substances i are simply any components 
of the fluid which it seems désirable to distinguish in a particular 
problem; they may be différent phases of the same chemical com-
pound, ions in solution, atoms excited at différent energy levels, etc. 

If but one substance be présent, so that 

(4.3) S = / ( P , - n , ) , 

the fluid is homogeneous. If 

(4.4) ^ s = / ( ï j ) , p = const., 

the fluid is homogeneous and incompressible (2 4) . If 

p = p ( C l , C2, , . . , Ck), 

the fluid is simply incompressible. . Fluids which are not incom
pressible are compressible. 

For the basic postulale (4 .2) there is no direct expérimental 
évidence. Like most of the " laws " of mathematical physics it is a 

(24) An incompressible fluid must not be confused with an isochoric or isostatic 
flow'{%Z) An incompressible fluid is inïusceptible of a change in density, and 
Ihxisevery possible flow is isochoric; if it be homogeneous as well, every possible 
flow is isostatic. A highly compressible fluid, however, may happen to expérience 
an isochoric flow, as in a simple vortex or Couette or Poiseuille flow. 

MÉMORIAL DES SC. MATH. — N« 1 1 9 . 2 



14 C TRUESDELL. 

pure hypothesis of a mathematical nature, very difficult, nay in the 
nature of things near to impossible of direct and independent expéri
mental test, but clear enough for the imagination and sufficient 
(along with other assumptions) to predict with fair accuracy a large 
class of physicai phenomena. The strongest realistic statement to 
be made in favor of (4 .2) is that an assumption équivalent to a 
spécial case of it is always made in gas dymamics, and that from 
this discipline has never yet been derived a resuit in contradiction 
with physicai expérience in a situation to which it could reasonably 
be applied. 

Since "V Ci = i, one of the concentrations, say c*» may be elimi-
nated, and (4 .2) represents a k -f- i -dimensional energy surface 
in the k -+- 2 - dimensional space of the variables e, p, YJ, C4, 
C2J • • ., C/t_i. The basic postula te (4 .2 ) may thus be expressed in 
geometrical form : the path of any " particle" P in the mean 
motion of a given fluid in the physicai space is mapped by the 
équations 

e = e(P,0,. -n=ï i (P,0 ct = ct(P,t) 

onto some curve on the energy sur face for that fluid. 
The température 0, the thermodynamic pressure rc, and the 

potential p,- of the substance i are defined by 

( 4 . 5 ) 6 = = - - , 7Z== - — 5 JX/ = -—-. 
^ < j / I \ âCi 

In the case of an incompressible substance, the energy surface dégé
nérâtes by at least one dimension and the above définition of TT 
becomes meaningless. Now the static pressure p has appeared 
already in Euler's équation (3 .1 ) . Characteristic of the discipline 
of gas dynamics is the further postulate that the thermodynamic 
pressure is equal to the static pressure (2 5) . 

(4.6) K=p. 

(3') That (4.6) is indeed an independent postulate (though rarely mentioned) 
follows from the différence of the two concepts which p and TT represent. The 
former quantity is a scalar field such that for any imagined closed boundary sur
face S within the fluid, whatever thè state of motion, the surface intégrais 

(f) dsp and (f) ds x rp. 
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In virtue of this postulate the separate symbol Trneed not be retained 
and p alone is employed henceforth. 

Now in gênerai from (4 .5 ) 2 for a compressible fluid we obtain. 

( 4 . 7 ) P=P{?,^ ci, c2, . . . , ck). 

The spécial case in which - ^ = 0 , - ^ - ^ 0 , so that 

( 4 . 8 ) P = P(?, ci, c2, . . . , ck), 

is called a piezotropic fluid (2 6) . By Kelvin's criterion (§ 3), ail 
continuous flows of homogeneous inviscid incompressible or piezo
tropic fluids subject to conservative extraneous force are circulation-
preserving. Since such flows form the subject of classical hydrody-
namics, in this memoir we hâve no interest in them per se, and thus 
in gênerai we shall not draw attention to the usually trivial consé
quences of our theorems which resuit for fluids ail of whose possible 
flows are circulation-preserving. Rather, we shall be interested in 
characterizing thermodynamically those circulation-preserving flows, 
especially irrotational flows, which can occurin fluids whose motions 
in gênerai are not circulation-preserving, as well as in investigating 
the distribution of vorticity in gas flows in gênerai. We tarry only 
to notice that for a piezotropic fluid 

/ 1 x âP ^ £ 

(4-9) £ = T7T = ° ' 

and hence 
= £/ ) (^ , c , , f*, en)-h £ p ( p , Ci, c s , . . . , Ck), 

(4.10) )p=~Yn^' *T' aï 
are mechanically équivalent respectively to the résultant force and résultant moment 
exerted upon the fluid inside S by ail the fluid outside 3>. The latter quantity is 
the slope of the curve of intersection of the energy surface of the fluid with a 
— p-1 = const. plane, taken at a point on the energy surface where p, ^, and the ct 

hâve appropriate values. This matter is discussed from a more gênerai standpoint 
in [i952, 2, § 30, § 61, § 61 A]. 

(26) [ig33, p. 84-861. A piezotropic fluid is not to be confused with a barotropic 
flow (§ 3). Piezotropy is a physicai property of a substance, while barotropy is a 
geometrical property of a particular motion. While indeed every flow of a homo
geneous piezotropic fluid is barotropic, the converse statement is false, and also 
usually a flow of a heterogeneous piezotropic fluid fails to be barotropic, and în 
gênerai the two concepts are unrelated. 
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that is, the energy e may be decomposed into two portions, a thermal 
energy eT| depending only upon the entropy and the concentrations, 
and a volumetric energy ep depending only upon the density and the 
concentrations. 

If except possibly at certain singular points or curves on the energy 

surface we hâve 

/ / x àp ' dp ^ c>ô _̂  <*6 ^ n 

< 4 " M ) Si*0' £*°> o\*°> d?*°> 
we shall call the fluid tri-variate ( 2 7 ) . Tn accordance with the 
remarks of the precedingparagraph, this memoir trcats almost exclu-
sively of tri-variate fluids. For a homogeneous tri-variate fluid we 
hâve non-degenerate équations of state Connecting any three (28) of 
the thermodynamic variables YJ, 8, p, p : 

(4.12) / > = / K P , - n ) , *i = *!(/>> 8)> * = HP>V), 

as well as many others. 
For any compressible fluid, by diflerentiating (4 .2 ) along any 

curve on the energy surface we obtain 

(4. i3) de = 0 dt\ —p d(-\ -+- Sji' dct; 

in particular, if this curve be the image of the actual motion of some 

particle P in the physicai space, we hâve 

If throughout a particular motion 

De-
(4 . i5) W = ° ( ' = h2' "*' k^ 

(21) Only three of thèse conditions are independent, in view of the reciprocity 

relation -^ = r-r-r» which follows from (4.5). 

(28) Some of our theorems on tri-variate fluids require only ̂ > =3/>(p,7\) with ~ ?£ ox 

but we adopt the stronger restrictions ( 4 . n ) because theylead to somewhat more 
definite results in some cases and are satisfied by ali équations of state proposed 
for gases. 
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ihen the fluid behaves in that motion as an inert mixture, the 
concentrations at each material point remaining constant as that point 
is carried through the motion. Molecular diffusion, chemical 
changes, phase changes, etc., do not take place. Mixtures ot sea 
water and fresh water or of air and water vapor in many oceanograph-
ical and meteorological investigations are regarded as inert in this 
sensé. A number of theorems of this memoir concern heterogeneous 
fluids in motion as inert mixtures, but there is no attempt to treat 
more gênerai types of heterogeneity. 

For a homogeneous fluid we hâve 

(4.16) de = $dri—pd(l-\ 

for any path on the energy surface; hence, in particular, 

(4.17) grads = ôgrad-ri— /?grad- • 

For a heterogeneous fluid in motion as an inert mixture, neither (4.16 )« 
nor (4 . 17) is generally valid, but nevertheless by (4 . i4) and (4. ID) 
we hâve 

The enthalpy h is defîned by (29) 

<4. i 9 ) £ = £+£- . 

Then it is a conséquence of (4.17) that for homogeneous fluids 
hâve 
(4.20) 6 gradrj = grad/i — - grad/>. 

5. Homogeneous tri-variate fluids. The Crocco-Vazsonyi relation, 
By eliminaling grad/? between (4.20) and Euler's dynamical équa
tion (3.1 ) we obtain 
(5.1) Ograd-n ==gradA + a — f; 

(39) For incompressible fluids the thermodynamic pressure is not defîned, as we 
havenoted already. The enthalpy h is still to be defîned by (4.io), however, with/> 
to be taken as the static pressure which appears in Euler's dynamical équation (3.i). 
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hence, f being supposed conservative, 

(5.2) curla = grade x gradïi. 

By Beltrami's criterion (2.17) we now conclude that in order for the 
motion to be circulation-preserving it is necessary and sufficient that 
there be a relation of the form 

(5.3) / ( B , Ï I , 0 = O, 

as indeed follows equalLy well from Kelvin's criterion (§3) and the 
various équations of state. The spécial case 

(5.4) 6 = 6(0 

is instantaneously isothermal flowr, while the spécial case 

(5.5) i» = i!<0 

is instantaneously isentropic flow. If (0 .4) reduce to 

(5.6) 0 = const. 

the flow is isothermal, while if (5 .5 ) reduce to 

(5.7) /j = const. 

the flow is isentropic (ao). For a homogeneous fluid any flow in 
which (5.3) holds is necessarily an isobnric, isostatic, or barotropic 
flow, and hence is circulation-preserving, and conversely, and thus 
we hâve a complementary resuit concerning the entropy and tempér
ature which is analogous to theorem 1. 

Now for a homogeneous incompressible or piezotropic fluid this 
last resuit and that of theorem 1 are mère trivialities. For a tri-
variate fluid, however, most motions are baroclinic, and the analysis 
yields a thermodynamical characterization of irrotational and Beltrami 
flows. Recalling that we hâve équations of state of ail the types 

(30) Current usage of this term varies. In this memoir it is applied only to 
flows of uniform entropy, for which the value of r\ is constant throughout a three-
dimensional région, not merely upon a curve or surface. The term adiabatic 
should not be given a local sigmficance, but should be retained in its original sensé 
as applicable to a process taking place withm boundaries through which there ia no 
flux of energy. 
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(4.12) at our disposai, we may consider in turn each possible combi
na tion of types of relations 

f(P>P,t) = o and ^(6,71,0 = 0. 

i° Suppose p=p(t); thenby (4 .12) if 8 = 8(£) it follows that 
n = w(t), and conversely ; 

20 Hp=p{t), it is possible that 6 = 6(73, t)^§{t). Then by 
(4.12) weobtainp=:p(y3, t)^ép(t); 

3° If any one of p, 8, rj be a function of time only, while the other 
two be not functions of time only, a parallel argument yields a func-
tional relation Connecting the other two and further functional rela
tions Connecting either of thèse with p ; 

4° Pinally, the motion can be barotropic, and simultaneously 

6 = 9(71,0 5*6(0. 

Summarizing thèse results, weobtain 

THEOREM 3. — / / a continuous flow of a homogeneous inviscid 
tri-variate fluid subject to conservative extraneous force be an 
irrotational fiow or a Beltrami flow with steady vorticity, then 
locally the four state variables p, p, 6, YJ are connected in one of 
the following ways : 

a. Ail four are functions of time only, or; 
b. One is a function of time only, and the surfaces upon which 

the other throe are constant Goincideat each instant, or ; 
c. At each instant the surfaces of constant density coincide with 

the surfaces of constant pressure {instantaneously barotropic flow), 
and the surfaces of constant température coincide with the surfaces 
of constant entropy. 

Returning to the considération of rotational flows in gênerai, we 
may put (5.2) into ( 2 . 3 i ) , obtaining the vorticity équation of 
Vazsonyi (3I) ; 

( 5 , 8 ) m\f)= ^& r a d 6 x& r a d r l -+- j • gradv, 

whence a portion of theorem 3 is again immediately apparent. 

( « ) [i945, 1, eq. (5.2)]. 
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W e now introduce the total enthalpy ht 

2 p 2 

a variable of particular significance in gas dynamics. From the 
accélération formula ( 2 . i 5 ) of Lagrange wemay then put the dynam
ical équation (5.1 ) into the form 

(3.10) — -+- w x v = 6 grad-n — grad/^-+- f. 

Hence follows 

THEOREM 4. — In any steady continuous flow of a homogeneous 
inviscid fluid subject to no extraneous force, the vorticity and the 
thermodynamic variables are connected by the Crocco-Vazsonyi(a 2) 
relation 

(3.11) w x v = 0gradr) — gradA,. 

Theorem 4 shows that in gênerai an isentropic flow fails to ne a 
Beltrami flow or an irrotational flow. W e havc, however, 

THEORKM 5. — A steady continuous flow of a homogeneous 
inviscid fluid subject to no extraneous force which is both isentropic 
a/irfo/constant total enthalpy is necessarily either a Beltrami flow or 
an irrotational flow. In particular, a complex-laminar flow sati-
sfying tnese conditionsisalways an irrolationalyZow. Conversely, 
in a steady continuous irrotational or Beltrami flow of a homo
geneous inviscid fluid subject to no extraneous force 

(j .12) 6 gradïi = g r a d ^ . 

In particular, a steady continuous irrotational or Be l trami /2W of 
a homogeneous inviscid fluid subject to no extraneous force which 

is isentropic is also a flow of constant total enthalpy, and conversely. 

(33) Crocco [1936, eq. (1)] gave the spécial case ht— const for perfect gases. A 
shorter proof was given by Tollmien [1942] and the restriction to perfect gases was 
removed by Oswatitsch [1943]. The -gênerai resuit is due to Vazsonyi [1945, 4, « q ; 

( C i ) ] , who notes also a generalization to arbitrary homogeneous fluids [eq. (M".)}. 



VORTICITY AND THE THERMODYNAMIC STATE. 21 

6. The energy équation of C. Neumann, and its conséquences for 
flows of perfect fluids devoid of heat flux. — For any homogeneous 
continuous médium, or for a heterogeneous médium in motion as an 
inert mixture, the conservation of energy ( J 3) is expressed by the 
équation of G. Neumann (34). 

(6.1) P g = T : À - d i v q , 

where T is ihe symmetric stress dyadic, A is the rate of déformation 
( 2 À = = g r a d v + ( g r a d v ) c ) , a n d q i s the heat flux vector. From 
(4.17) it follows that 

(6.2) P 0 ^ = W : A - d i v q , 

where W is the stress in excess of the pressure : 

W=/>I-+-T. 

Euler's dynamical équation ( 3 . i ) is équivalent to the statement that 
W = o for inviscid fluids, and thus the appropriate energy équation 
is 

(6.3) p e - ^ = - d i v q . 

In this memoir we shall not hâve occasion to specialize the form 
of q, noting simply that if the heat flux arise solely from thermal 
conduction then Fourier's law gives q = — x g r a d ô . In most pro-

(33) For the simple média in equilibrium which aie considered in classical ther
modynamics, this equalion reduces to a form équivalent to (4 . i ) . In a médium 
suffering déformation, however, (4 . i ) is notvalid and the two équations (6 . i ) and 
(4 i3) express différent and independent assumptions : the former, that mecha-
niêal and thermal energy are inlerconvertible; the latter, the existence of an 
energy surface characterizing the fluid. The misleading terminology ("First law", 
" second law " etc.) of thermodynamics is avoided in this memoir. 

(3*) [i8i4 § 41. For the spécial case of an inviscid incompressible fluid the 
«nergy équation" was given by Fourier [i833, eq. (3)1; for small motions of a 
viscous idéal gas, by Kirchhoff [»868, § 1]. Several authors hâve proposed exten
sions of the energy équation to heterogeneous média, but their results are not m 
agreement; it seems évident, however, that for an inert mixture the energy equa-
tton should not be différent in form than for a homogeneous fluid, cf. [1940, 
eq. (19)]. 
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blems of gas dynamics it is assumed that q = o, so that (6.3) 
reduces to 

(6.4) g = 0> 

and hence we hâve 

THEOREM 6. (Basic energy theorem). — / / an inviscid fluid be 
in continuous motion as an inert mixture devoid of heat flux, then 
the entropy of each particle remains constant. In particular, if 
the motion be steady, then the entropy is constant along each stream-
line. 

The condition (6 .4) is to be contrasled with (5 .6) : in gênerai, 
thèse motions are not isentropic. The isentropic possibility is 
expressed in the évident 

THEOREM 7. — In an inviscid fluid in condtinuous motion as an 
inert mixture devoid of heat flux, if there exist a certain isentropic 
surface ( i 5 ) which is touched by every particle at some time, then 
the flow is isentropic. In particular, if in a steady flow under 
thèse hypothèses there exist one isentropic surface which is touched 
by every stream-line, then the flow is isentropic. 

The principal condition of the theorem is typically illustrated bya 
flow which may be regarded as originating in a « réservoir » at infin-
ity in which the entropy is uniform. Notice also the requirement 
of continuity : if a surface of constant entropy of the type specified 
may be found, it follows (subject, of course, to the remaining condi
tions of the theorem) that the flow is isentropic up to the first shock 
front encountered by the particles, after which it may well failof the 
isentropic property. 

In the spécial case of irrotational or Beltrami flows we may obtain 
further information about the thermodynamic state, as expressed in 

THEOREM 8. (Gharacterization of irrotational and Beltrami flow) 
— If an inviscid tri-variate fluid be in continuous irrotational flow 
or Beltrami flow with steady vorticity, and if the flow be that of 

(3*) This isentropic surface i\ = r10 need not be a steady surface, but T,„ must not 
vary with time. 
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an inert mixture devoid of heat flux, then locally either the flow 
enjoys one or both of the foliowing properties : 

a. Ail state variables are constant for each particle : 

/a n\ D Y I PP Dp D6 
( 6 ' 5 ) m = 0 ' D 7 = 0 > D 7 = 0 ' D J ^ 0 ' • • • ' 

6. The entropy at any point is a function of the concentrations 
alone : 

(6.6) f] = '(\{cu c2, . . . , et), 

or else 

c. The flow is instantaneously isobaric, instantaneously isostatic, 

or instantaneously barotropic, but not isobaric, isostatic. nor baro

tropic ( i . e., a relation of type ( 3 - 4 ) with -u ^ o holds). 

Proof. — By theorem 1, we hâve a relation of the form f (p. p, t) = o. 

\{J-^éo, case c of the présent theorem follows. Suppose hence-

forth that ~ ^= o, so that the flow is isobaric, isoslalic, or barotropic. 

For a tri-variate fluid we hâve 

(6.7) p = / ? ( P , -n, c,, c,, . . . , ck\ 

and -f ^ o, ~ ^ o except possibly for certain isolated values of the 

variables. W h e n the motion is that of an inert mixture (§ 4 ) , wre 

hâve -Jl1 — o, and when there is no heat flux we obtain ~- = o by 

theorem 6. Differentiating ( 6 . 7 ) yields then 

ta Q\ 5 ^ - d-E 5 P _L_ ÔJL 5 5 -L. V ÉE 5£i! _ âP 5 f 
V*'*> \}t ~~ à? \H àt\ Dt JuôCi Dt à? Dt' 

For an isobaric flow, (6 .7 ) yields ^ | = o, and hence by the tri-

variate character of the fluid case a of the theorem we are proving 

then follows; similarly, an isostatic motion also yields case a. Tf the 

motion be barotropic, we hâve p =p(p) ^é const., and hence if 
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^ = o case a follows again. Finally, suppose ~ ^ o. From the* 

tri-variate character of the fluid we hâve 

(6-9) -n = 'l(/>, p, c^ c2, ..., et) 

as an équation of state, and hence in the présent motion 

(6-10) 'i = "n[p(p)5 p, et, c,, . . . , ck], 

whence 

tf-iobis) H = / ( P < Cl, Cl, . . - , c*). 

Hence 

(6.U) 5 5 = 1 ^ 5 P . 
; D* <>p D* 

By theorem 6, the left side of this équation is zéro, and by hypo-

thesis =^ ^é. o; heuce 

and thus (6. 10 bis) reduces to 

( 6 . i 3 ) r\ = g(clfci, . . . , Ck), 

which is case b of the theorem to be proved. Q.E.D. Notice that 
in steady flow case c is impossible. 

Writing (6.11 ) in terms of the équation of state (6. io) we obtain 

<•••« $ $ * $ — 

where -j is to be calculated from the barotropic relation p=p(p) 

which holds in the particular motion. Hence 

(6.15) * s * = _ £ = / £ ) 
dp ehi \dp /i\, ci, Ci, . . . , ck' 

dp 

that is, the « speed of sound » c for the inert mixture in irrotational 
flow devoid of heat flux is given by the ordinary formula valid for a 
homogeneous fluid in the same circumstances. 
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The spécial case of theorem 8 resulting when the fluid is homo
geneous is important enough to be written out as 

THEOREM 9 (Gharacterization of irrotational and Beltrami flow of 
homogeneous fluids). — If a homogeneous inviscid tri-variate fluid 
be in continuous irrotational jlow or Beltrami flow with steady vor
ticity, and if the flow be devoid of heat flux, then locally eitherthe 
flow enjoys one or both of the following properties : 

a. Ail state variables are constant for each particle, or 
b. The flow is isentropic, 

or else 
c. The flow is instantaneously isobaric, instantaneously isostatic, 

or instantaneously barotropic, but not isobaric, isostatic, or baro
tropic. 

The conclusions of theorems 8 and 9 no longer hold in flows when 
there is thermal flux, and then indeed it becomes difficult to charac-
terize even irrotational flows in thermodynamic terms. Tn particular, 
the relation (6 . i5) is no longer satisfied, as is revealed by the follo
wing generalization of an analysis of Hicks ( 3 0 ) . ïn a barotropic 
flow let c2 be given by (G. i5)i , so that c is the local speed of propa
gation of discontinuities in the velocity gradient, irrespective of the 
thermodynamical properties of the médium ( 3 7) . Let c\ be defîned 

by 

(6.iG) «* = ( ¥ ) 
v ' ' \àp /T„ c^ c2, ..., Ck 

Then for barotropic flow as an inert mixture the energy équation (6.3) 
yields 

or 

(6..8) p , ( g ) I c . _ e 3 ] g , _ d W , . 

(.«) [i948f 3, § 4J. 
(") The proof of this fact given by Hugoniot [i8S5], [i88S] is valid in any motion 

of an inviscid fluid such that p =? F(JP), where the functional form of F may vary 
from one particle toanother. C/. [ÏQ5I, 2]. 
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Let S be the field of unit tangents to the stream-lines : S = *• Then 
in a steady flow (6 .18) becomes 

(6.19) [c 9—c^s. gradlogp = Q, 

where 

(6.20) - d i v q 

Now for steady flow Euler's continuity équation (2 .8) may be put 
into the form 

(6.21) — divs = s.(grad!og*'-f- gradlogp). 

For steady irrotational or Beltrami flow Euler's dynamical équation 
(3.1). becomes 

(6.22) grad-o2 = —c2 gradlogp 4-f, 

whence from (6.21 ) follows 

(6.23) _ d i v s = s. U i — ^ j gradlogp-+-—J. 

We may nowT eliminate S .gradlogp betwen (6 . 19) and (6.23), 
obtaining a resuit which when expressed in terms of the local Mach 
number (:i8) M, 

(6.24) MES — = 
cTl 

V \àp 1 i\, Ci, c,, . . . 

(6 .25) cs = cfi I n N̂  / 1 
H M2^divs-+-s.f-QJ 

Ck 

becomes 

(38) Only for the case q = o is this Mach number — the ratio of the flow speed 

to the speed of sound, which in a barotropic motion is given rather by V • The 

advantage of this définition of Mach number lies in the fact that c exists in any 

motion, and — can be shown to be a similarity parameter, while a defioite speed 

of propagation for waves bearing discontinuitîes in the velocity gradient exists only 
for barotropic motions. Cf. [IQ5I, 2J. 
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This relation holds for an inviscid fluid in any steady continuous 
irrotational orBeItramiy2W as an inert mixture. As observed by 
Hicks (39) in his analysis of a spécial case, it shows that whatever 
form the heat flux q may take (so long as Q be finite), at M = i we 
shall hâve c = c^, and hence by (6 .24) v = c^ = c, so that M = i is 
truly sonic speed even under thèse ratber gênerai circumstances. 

7. Conséquences of the energy équation in steady flow of fluids 
devoids of heat flux. — From (8 .7 ) and (6 .2 ) it ts easy to dérive 
Vazsonyi's form of the energy équation (40) : 

(7 . i ) p?^ ' = W : A — divq-+-v . ( f -hd ivW)-+-^ . 

For inviscid fluids W = o; when there is no heat flux, divq = o ; 
dp 
dt thus if also V.f = o and -£• = o the right side vanishes, and we obtain 

THEOREM 10. — In an inviscid fluid in continuous motion as an 
inert mixture devoid ofheat flux, «y the extraneous force be zéro or 
normal to the velocity, and if the pressure field be steady, then 
bolh the entropy and total enthalpy of each particle remain constant. 
In particular, for steady flow under thèse conditions, both entropy 
and total enthalpy are constant along each stream-line. 

In gênerai the value of the total enlahalpy ht differs from one stream-
line to ano ther. The possibility of uniform total enthalpy is expressed 
by the évident 

THEOREM 11. — In an inviscid fluid in continuous motion as an 
inert mixture devoid of heat flux, if the extraneous force be zéro or 
normal to the velocity, if the pressure field be steady, and if 
moreover there exist a certain {possibly moving, possibly steady) 
surface of constant total enthalpy which is touched by every particle 
at some time, then the flow is a flowoî uniform total enthalpy. In 
particular, if in a steady flow under thèse circumstances there 
exist one surface of constant total enthalpy which is touched by every 
stream-line, then the flow is a flow of uniform total enthalpy. 

(»9) Loc. cit. 
(«•) [r945, eq. (M-)]. 
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In any case, for steady flow we hâve ht = const. on each stream-

line; that is, 

(7.2) hl=±v*+h = C, 

where the constant C generally has a différent value for each stream-
line. This statement is the curvilinear Bernoulli theorem ( 4 i ) 
(cf. the spatial and superficial Bernoulli theorems in section 2) . 
For homogeneous fluids it has twro important conséquences. 

First, there exists a défini te stagnation enthalpy h0 for each 
stream-line, a unique value which h necessarily assumes al, any stag
nation point upon that steani-Jine. Since p = p (h, ri) and y is con
stant a long each stream-line, there is a dcfinile value p0 of p given by 
p0= p (h0, ri), the stagnation density, for each stream-line. Simi-
larly there exists a stagnation pressure (*2) p0 = p(p0, n) and a 
stagnation température 6 0 = 0 (p0, ri) for each stream-line. 

Now h= £ + -< It is a tacit requirement of thermodynamics that 

ail substances are assumed to hâve energy surfaces such that e, 

p= — r , and 6 = — hâve finite lower bounds; by an affine 

"(F) A 

transformation of the energy surface (43) we may then choose to 
measure s, p, and 8 in such a way that s 1^ o, p ^ o, 6 ^ . o. From 
the hypothesis of continuily of motion it follows that p ^ o . Hence 
h ^ o. From (7 .2) then follows as a second conséquence that there 
exists a finite least upper bound v0 for the speed, altained (ifat ail) 
when h = o. Thus the Bernoulli équation (7 .2) becomes 

(7.3) A-4- - ^ = A0= -^8 , -^= h0 = -
2 2 

(41) From (7.i) it is plain that if f = — pgrad u then in a steady motion 
Aj-f-u =r const. upon each stream line. This more gênerai Bernoulli équation does 
not appear to lend itself to further developments in gas dynamics. 

(42) For a steady barotropic flow subject to no extraneous force the existence of 
a definite stagnation pressure for each Bernoullian surface is immédiate, irrespective 
of the présence or absence of heat flux (cf. § 2). 

(4S) Only affine invariants of the energy surface can hâve physicai (i. e. dimen 
sionless) interprétations. 
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or 

(-4) , - 4 = 1-

This ultimate speed is analogue to that which exists in a steady irro
tational or Beltrami motion (§ 2), extept that now-it generally has 
différent values upon the différent stream-lines. In theorems 10 and 
11 the words ultimate speed may be substituted for stagnation 
enthalpy in each portion referring to steady flow, and it is in this 
form that we shall use thèse results hence forth. 

Now by définition h = h (TQ, p). If both ri and p be constant upon 
each stream-line, so also is A, and thusby (7 .3) soalso is the speed v. 
Thus for a steady irrotational flow satisfying the conditions of 
theorem 9 and subject to no extraneous force, each région in 
which the flow is not isentropic is a région in which the speed is 
constant on each stream-line. Now it was shown by Caldonazzo (4*) 
that in any steady continuous circulation-preserving complex-
laminar flow ( §2 ) such that the speed is constant upon each 
stream-line, the normal surfaces are minimal surfaces. By 
lemma 5 of section 2 follows a fortiori that the equipotential 
surfaces are minimal surfaces in any non-isentropic région of a 
steady irrolational flow subject to the présent assumptions. Hamel 
(45) has proved that consequently any steady irrotational motion in 
which the speed is constant on each stream-line is locally either a 
uniform parallel flow, a simple vortex, or a helicoidal flow ob-
tained by superposing upon an irrotational vortex a uniform parallel 
flow in a direction pependicular to its plane. This class of flows we 
may call Hamel flows. Gombining the results of this analysis with 
theorems 9, 10, and 5 we obtain 

THEOREM 12 (Characterization of steady irrotational flows). — 
In a steady continuous irrotational flow of a homogeneous inviscid 
tri-variate fluid devoid of heat flux and subject to no extraneous 
force, one or both of the following conditions holds locally : 

(*4) [1924, § 6]. Cf. [r947> 4]. A flhorter proof may be feund in [1948, 2, §3], 
[i949 , 5, chap. V, sect. B]. 

(") 11937]-
MEMORIAL DBS SQ. MATH. — N« 1 1 9 . 3 
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a. The flow is a Hamel flow, upon each stream-line of which 
ail the state variables and the speed are constant. 

b. The flow is isentropic and ail the stagnation quantities v0, A0, 
j&o? poj Û0

 a r e uniform. 

That a Hamel flow need not be isentropic is illustrated by the évi
dent case of the irrotational vortex, in which the entropy may be 
arbitrarily distributed from one circular stream-line to another, and 
some one stagnation quantity such as A0 may also be assigned arbi
trarily. 

Gilbarg (46) has taken up the difficuit question of characterizing 
irrotational flows in the large, and has succeded in proving that sub
ject to certain specified exceptions a steady plane or rotationally-
symmetric flow of a perfect gas under the conditions of theorem 12 if 
not an isentropic flow in the large is a simple vortex or a parallel flow 
in the large. 

Contrasting theorem 12 and theorem 4, we may say broadly that 
under the circumstances considered an irrotational flow is isentropic 
(the Hamel flows constituling a ralher degenerate exception), but an 
isentropic flow will not generally be an irrotational or Beltrami flow 
unless it be also a flow of uniform total enthalpy. In fact we hâve a 
partial converse to theorem 12 in 

THEOREM 13. — Let a steady continuous flow of a homogeneous 
inviscid tri-variate fluid devoid of heat flux and subject to no extra
neous force satisfy the following conditions : 

a. Every stream-line touches a certain surface of constant entropy, 
and 

b. Every stream-line touches a certain suface of constant ultimate 
speed, 
then the flow is an isentropic flow in which ail stagnation quantities 
are uniform, and further it is either an irrotational or a Beltrami 
flow. In particular, any complex-laminar flow satisfying the 
conditions of this theorem is irrotational. 

Proof. — By hypolhesis a and theorem 7 follows the isentropic 
property. By hypothesis b and theorem 11 follows the unïformity 

(") [i949, 2]. 
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of A0. By the tri-variate character of the fluid, ail stagnation quan
tities then are uniform. From theorem 4 follows W x V = o. 

In particular, the foregoing theorem-shows that a steady flow satis
fying the requirements of the theorem and of such a nature that it 
may be considered as originating in a réservoir of uniform entropy 
and stagnation enthalpy is always an irrotational or Beltrami flow (47) 
at least up the the first shock front. 

8. The Crocco vector, and generalized Beltrami flows. — In the 
foregoing section a definite ultima-te speed v0, constant upon each 
stream-line, was showu to exist in certain types of flow of inviscid 
fluids. In this section we consider independently the conséquences 
of the existence of this quantity, developing certain preliminary 
results which will be put to important applications in section 10. 

In reality our results hère are purely kinematical : vQ need not 

(47) For barotropic flows of inviscid fluids subject to conservative extraneous 
force Lamb's superficial Bernoulli theorem (lemma 9 of § 2) holds. Lecornu [1919] 
attributed to Beltrami the remark that if 

-e2-+- / -£ -h u = const. 
2 J p 

over a three-dimensional région of steady barotropic flow, the motion is necessarily 
an irrotational or Beltrami motion in that région. While theorem 13 is valid also 
for barotropic flows, it is not really relevant, and should be replaced by the follow-
ing sharper statement : in a steady continuous barotropic flow of an inviscid fluid 
subject to no extraneous force, if it be possible to find a curve along which both 
density and speed are constant and which touches every Bernoullian surface at least 
once, then the flow is an irrotational or a Beltrami flow. Thus in particular, as 

noted by Lecornu, ail flows of this class which originate in a quiet réservoir at uni
form pressure are necessarily irrotational or Beltrami flows. Now the Lagrange-
Gauchy velocity-potential theorem states that under thèse same circumstances a 
finite material portion of fluid once in irrotational flow remains ever in irrotational 
flow. Gonsequently, a flow of this type starting from rest in a finite vessel remains 
always irrotational. Not so, however, with a flow such that lim v = o, lim w = o 

at 00, for by lemma 3 of section 2 we hâve — = const. on each stream-line, so 

that for thèse flows it is quite possible that the particles may start from rest in a 

flow irrotational at 00 yet acquire rotation, thconly condition being that lim — sball 
ç>v 

exist and hâve a value other than zéro. Thus a flow from a quiet infinité réservoir 
at uniform pressure may well be a Beltrami flow rather than an irrotational flow. 
This point was noted by Lecornu, though his discussion was not altogether 
convincing. 
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actually be au ultimate speed, but may be merely any quantity 
satisfying the conditions 

I I. v.gradt>0=o; 

11. It w x v = o and — = o, then p0= const* 

at 
The former is a statement that v0 is constant on each stream-line. 
The latter is required for the proof of lemma 2 only; that indeed a 
uniform ultimate speed v0 exists in any steady irrotational or Beltrami 
flow of an inviscid fluid subject to no extraneous force follows from 
theorem 2. Our results hère are put in terms of an ultimate speed 
ralher than simply an arbitrary function satisfying (8 . i) only in view 
of their applications in section 10. 

Il is convenient to introduce the Crocco (48) vector v c 

(8.2) v c ^ — 

The Crocco vector is thus a dimensionless vector tangent to the 
stream-line at the point in question and of magnitude never exceed-
ing i. Let w c be the curl of the Crocco (48) vector : 

(8-3) w t s c u r l v c , 

Then 

(8-4) w = curlf0vc= PoWc-+-grad p0x v«. 

From (8 .2 ) and (8 .3 ) follows 

(8.5) vc .wc= PJV.W, 

and hence by lemma 1 of section 2 weobtain 

LEMMA 1. — The Crocco vector of a continuous motion is complex-
laminar if and only if the flow be complex-laminar. 

Note. — The conditions (8 . i ) are not used in the proof of this 
resuit, which holds for any continuously differentiable scalar v0. 

(") Crocco [1936] considered only the case when v0 is uniform. Hicks [1949, 3] 
analyses the properties of a gênerai class of dimensionless vector variables of which 
the Crocco vector is one. A still more gênerai (and purely kinematical) scheme is 
employed in [1951, i ] . 
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The researches of Neményi and Prim (49) hâve drawn attention to 
flows such that 

(8 .6 ) Vc X Wc = o, 

the possibility W c = o not being excluded. Thèse flows they call 
generalized Beltrami flows; their dynamical significance will 
appear in theorem 20 below. The remainder of this section 
présents some of Neményi and Prim's results in a somewhat broader 
form ( s o ) . 

We fîrst establish some connections between generalized Beltrami 
flows and irrotational or ordinary Beltrami flows. Now by Condi
tion II of (8 . i ), for a steady irrotational or Beltrami flow the ultimate 
speed v0 is uniform g r a d v0 = o. Hence for thèse flows (8-4) yields 
W = *>0wc, so that if w = o then w c = o , while if "W ̂ é o but 
V x w = o then W c ^ o but v c x W c = o . Thèse results are 
expressed in 

LEMMA 2. — In a steady irrotational flow the Crocco vector is 
laminar : 

(8-7) wc = o, 

while a steady Beltrami flow is also a generalized Beltrami jlow 
whose Crocco vector is not laminar : 

(8.8) v c x w c = o, w c ^ o . 

The converse of lemma 2 does not hold, however, for by (8 .4 ) , 
(8 .2) , and (8 .1) follows 

(8.9) v x w = f§v c x wCH-P2gradlogp0, 

and hence 

LEMMA 3. — In a flow possessed of a definite ultimate speed, 
constant on each stream-line, a generalized Beltrami flow is a 
Beltrami or irrotational flow if and only if the ultimate speed be 
uniform. Similarly, a flow whose Crocco vector is laminar (51) 

(49) [1948, 1, § 5], [i949, 4], [i949, 5]. 
(*o) [1949| 4, th. 7 and § 7 8]. 
(51) Hicks L1948, 3, § 5] discusses flow of this type for a perfect gas in which there 

is thermal conduction according to Fourier's law. 
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is always itself a complex-laminar flow, and is furthermore an 
irrotational flow if and only if the ultimate speed be constant on 
each of the normal surfaces. 

The resuit of this lemma can be' generalized as follows. If 
v c x w c = o , the two summands in (8.4)2 are perpendicular, so 
that 

(8.10) w2= ï>;«>c-t-(gradlogPoX v)2. 

Simultaneously (8 .9) becomes 

(8 .u) v x w = e2gradlogt>0; 

hence grad log v0 is perpendicular to V, so that (8 .10) becomes 

(8 .12 ) w>2= p g i v ï + l g r a d l o g P o l * ^ . 

The angle ^ between the stream-line and the vortex-line at each point 
is given by 

çw ^ o ^ c - H g r a d l o g P o p P 2 

( 8 . l 3 ) COSY = : r = —, 3-5 i * 
v J A | v x w | t>21 grad log v01 

Hence follows an élégant resuit of Neményi and Prim : 

LEMMA 4. — If a rotational flow possessed of a de finite ultimate 
speed, constant on each stream-line, be a generalized Beltrami 
flow, then the angle x between the stream-line and the vortex-line 
is given by 

(8 .14 ) t g x = ^ - | g r a d l o g P 0 | . 

In particular, at a stagnation point where wc^é o the stream-line and 
vortex-line are tangent. 

From (8.11 ) follows immediately 

LEMMA 5. — If a flow possessed of a definite ultimate speed, 
constant on each stream-line, be a generalized Beltrami flow 
which is neither an irrotational nor a Beltrami flow (i. e., 
W c x v c = o, W x v ^ o), then the surfaces of constant ultimate 
speed are Bernoullian surfaces (cj. § 2) . 
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In a steady generalized Beltrami flow it follows from (8.21) and 
Lagrange's formula (2 . i5) that the accélération a is given by 

a = — t>2grad log v0 -+- grad - v2, 
(8.i5) ' 2 

= - P ô g r a d ^ , 

and hence follows 

LEMMA 6. — If a flow possessed of a definite ultimate speed, 
constant on each stream-line, be a steady generalized Beltrami 
flow, then the accélération is complex-laminar, its normal 
surfaces being the surfaces of constant magnitude of the Crocco 
vector. 

This lemma casts a certain expectation of the dynamical simplicity 
of a generalized Beltrami flow. The defining characteristic of the 
theory of barotropic or isochoric flows of perfect fluids subject to 
conservative extraneous force, whence arise Kelvin's circulation 
theorem (§3 ) , the Helmholtz and Bernoulli theorems (lemma 9 of 
§ 2), and ail the main results of classical hydrodynamics, is that the 
accélération is laminar (lemma 4 of § 2) . The case of complex-
laminar accélération may be expected therefore to be next inorderof 
simplicity, and to be distinguished by spécial dynamical properties. 
That such is indeed the fact for a certain type of gas will appear in 
section 10. 

We may complète the présent kinematicel analysis of generalized 
Beltrami flows by characterizing the spécial case when the circulation-
preserving property holds. From (8. i5) we hâve 

(8.16) curla = - grad v\ x grad s>l, 

and henqe by lemma 4 of section 2 follows 

LEMMA 7. — / / a flow possessed of a definite ultimate speed, 
constant on each stream-line, be a steady generalized Beltrami 
flow, then it is circulation-preserving if and only if one or more 
of the following three conditions be satisfied locally : 
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a. The ultimate speed is uniform (and hence by lemma 3 the 
flow is actually an irrotational or Beltrami flow) ; 

b. The magnitude of the Crocco vector is uniform; or 
c. Bernoullian surfaces exist and the accélération is normal to 

them. 

The possibilités a and b follow at once from (8.16). The third 
possibility is that the surfaces v0= const. coincide with the surfaces 
vc= const.; by lemma 6, the accélération is normal to the former, 
while by lemma 5 thèse are Bernoullian surfaces, so that the condi
tion c follows. 

9. Prim gases (5 2) . — For steady flow of an inviscid fluid Euler's 
équations of continuity (2 .8 ) and motion (3 . i ) become 

(9.i) divpv = o, 

(9-2) v.gradv-h igrad/? = f. 

By inspection of this system we conclude the invariance theorem : 

THEOREM 14. — Let p, p, v be the pressure, density, and velocity 

fields of a steady continuous flow of an inviscid fluid. subject to 

the extraneous force f. Then if m be any non-vanishing diffé

rentiable function which is constant upon each stream-line of this 

flow ( v . g r a d m = o), the velocity field ^ and the density field 

m2p yield another flow having the same stream-lines and the same 

pressure/?, subject to the extraneous force field —. 

In gênerai the new flows so obtained will be flows of a différent 
fluid. Starting, for example, with a flow of a homogeneous incom
pressible fluid of density p0, the invariance theorem yields similar 
flows of an inhomogeneous incompressible fluid of density m2p0, 
where m may be assigned arbitrarily on each stream-line; indeed, the 
only usefulness of the invariance theorem for incompressible fluids is 
to show conversely that given a flow of an inhomogeneous incompres-

(") The analysis in this and the .succeeding section is a modification of that given 
by Prim [1949, i ] . 
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sible fluid, there exists a flow of a homogeneous incompressible fluid 
with the same stream-lines and the same pressure field. 

In one important spécial case, however, the class of invariant flows 
are possible flows for the same fluid. Plainly it is necessary to this 
end that some state variable be constant on each stream-line. When 
there is no heat flux, it follows from theorem 6 that the entropy ri is 
such a variable, and cousequently we may seek to adjust the entropy 
of the flow whose density is m2p in such a way that it too is an admis
sible flow for the original fluid. That is, if an équation of state be 

(9.3) P =/(/>,*!), 

then we shall wish to find an ri such that 

(9.4) "*2P =/(/>, V); 

hence 

(9.5) ,,,. = 4 ^ . 

Now m'2, being simply any function constant on the stream-lines, is 
independent of p, and hence can be a function of r/ only, say k(rif). 
From (9 .5) it follows then that / (p, Y/) = f (p, n) k (nr). 
Conversely, for an équation of state of this form, viz. 

( 9 . 6 ) P = P ( / ? ) H ( T l ) , H ' ( ^ ) ^ o , 

any similar flow yielded by the invariance theorem is a possible flow 
of the same fluid. The fluids characterized by this type of invariance, 
and hence satisfying (9 .6) , we may call Prim gases. Since a Prim 
gas is a homogeneous tri-variate fluid, the majority of our previously 
deduced theorems remain valid a fortiori for Prim gases. Note that 
the requirement H ' ^ o excludes homogeneous incompressible and 
piezotropic fluids (3J). Expressing the resuit of the foregoing analysis 
we (54) obtain the substitutionprinciple : 

(53) A number of the theorems in the sequel are deduced without using the requi
rement H'^fo, and hence remain valid in classical hydrodynamics also, where, 
however, much stronger theorems are available, so we shall not tarry to point out 
thèse spécial cases. 

(" ) That this theorem holds for perfect gases (sec below) is indicated by Munk 
and Prim [1947, 11-
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THEOREM 15. — Let p, p, v be the pressure, density, and velocity 

fields of a steady continuous flow of a homogeneous inviscid fluid 

devoid of heat flux and subject to the extraneous force f. Then 

if m be any non-vanishing differentiab le function which is cons

tant upon each stream-line of this flow ( V . g r a d m = o), the velo

city field— and the density field m2p yield another flow o / th i s 

same fluid having the same stream-lines and the same pressure 

field p, subject to the extraneous force field —-j if and only if the 

fluid be a Prim gas. 

Now in gênerai for any homogeneous fluid it is easy to show from 
(4.17) and (4 .9) that 

<àh\ m 

\âPJ^ 
(9.7) I = ( J= \ 

Hence from (9 .6) follows (55) 

(9.8) ^ ^ ^ « . 

where 1 1 ( / 7 ) = = ^ ^ , or 

(9-9) P(P)= l 

n'(/>) 

Thus the Bernoulli équation (7 .3 ) , valid when the extraneous force 
vanishes, assumes the form 

<••'•> ^ S W ) + F^ = TC)) + F^ 
or simply 

{3'ïl) 2V + H(-n) ° ~ HTn) " 5 °' 

where A0 = A0 -h F (n) is constant upon each stream-line. In terms 
of ihe Crocco vector (8 .2 ) the Bernoulli équation becomes 

(5S) Notice that for homogeneous incompressible or piezotropic fluids the enthalpy 
is of the form h = U (/?)-+• H (r\), so that the Prim gas is their multiplicative 
analogue. 
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Gomparison of this resuit with (7.4) reveals a characterizing property 
of Prim gases : a tri-variate Jluid is a Prim gas if and only if the 
Crocco speed vc in any steady flow devoid of heat flux and subject 
to no extraneous force be a function of pressure and of stagnation 
pressure only. For the local Mach number (6.24) we hâve by 
(9 .6) and (9.11) 

( 9 , l 3 ) " M 2 = 7 ^ = ^ p , ( / ? ) H ( ^ ) = 2 P'(/>)[n(/?o)--n( jp)]. 

Thus for a Prim gas in thèse circumstances the Mach number is 
a function only of the local pressure and of the stagnation pres
sure for the stream-line, and consequently is not changed in any 
substitution which leaves the pressure field invariant; hence we hâve 

THEOREM 16. — Under the conditions of theorem 15 if there be 
no extraneous force then ail substitute flows hâve the same Mach 
number field as the original flow. 

As an immédiate corollary of the substitution principle follows : 

THEOREM 17. — Corresponding to any steady flow of a Prim gas 
devoid of heat flux and subject to no extraneous force there exists 
another flow of the same Prim gas having the same stream-lines, the 
same pressure field, and the same Mach number field, but which is 
furthermore a flow of uniform ultimate speed. 

Notice that in view of the Rankine-Hugoniot conditions the ultimate 
speed is continuous across a shock front, so that the validity of 
theorem 17 is unaffected by the présence of shocks. As a second 
corollary of the substitution principle we hâve 

THEOREM 18. — Corresponding to any steady continuous flow of 
a Prim gas devoid of heat flux and subject to no extraneous force. 
there exists another flow of the same Prim gas, having the same 
stream-lines, the same pressure field, and the same Mach number 
field, but which is furthermore an isentropic flow. 

This theorem cannot be fully extended to flows with shocks, since 
thèse commonly are the bearers of discontinuities in the entropy. 
Although an isentropic flow with the same stream-lines and pressure 
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field can^ always be found, this flow will generally fail to satisfy the 
Rankine-Hugoniot conditions at the shock fronts; in other words, if 
the similar flow is to satisfy the Rankine-Hugoniot conditions, while 
indeed it can be made isentropic in any one région bounded by 
shocks, in gênerai it cannot be isentropic outside this région. 

A Prim gas for which 

( 9 . 1 4 ) n(p)=:p T , H ( 7 ) ) = Ce CP , 

where y, cp, G, and ri0 are constants, is called a perfect or idéal gas 
with constant spécifie heats. The constant cp may be shown to be 
the spécifie heat at constant pressure, while the spécifie heat at 

constant density cv is given by cv = ~ For a perfect gas (9 .6 ) 

becomes 

and hence 

l *! — r ' Q 

(T)-r)o) 

P 

so that by (4 .5) i we hâve e = c„8. Putting REEEC,— ct., we then 

obtain^j- = R p , and hence 

(9.i6) A = cpe = - I - £ , 
y — i P 

so that the Bernoulli équation (7 .3 ) becomes 

i />o ( 9 . i 7 ) - , ^ ^ 0 = 0 , 6 0 = ^ - = - ^ . 

10. Vorticity and the thermodynamic state in the steady flow of 
a Prim gas devoid of heat flux and subject to no extraneous force. — 
The substitution principle (theorem 15) suggests that the introduction 
of jà. modified velocity vector which is invariant under the group of 

substitutions V ^>—? pop, pom-p, where m i sany differentiable 

function constant upan each stream-line, may serve to élimina te the 
density and entropy from the équations governing the dynamics of 
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Prim gases. The most convenient choice for this purpose is the 
Crocco vector v c , given by (8 .2 ) . Now for a Prim gas 
pV=zP(p)H(Y})p0v c . Since there is no heat flux, by theorem 9 we 
hâve v .gradrj = o and v.gradt>0 = o; hence the pontinuity équa
tion (9.1 ) becomes 

(10.i) div[P(jp)vc] = 6. 

Similarly, by using (9:12) we may put the dynamical équation (9 .2) 
into the form 

(10.2) vc.gradvc-r- -(1 — vl)gra.&\ogn.(p) = o. 

Thèse basic équations, which for the case of a perfect gas were first 
given by Hicks, Guenther, and Wasserman (5b), présent in a partic-
ularly lucid form the whole dynamics of the steady motion of Prim 
gases when there is neither extraneous force nor heat flux. They 
constilute a determinate System for the pressure and the Crocco 
vector, whence theorem 17 is again apparent. By putting (9.11) 
into (10.2) and using the identity 

b.gradb = curl b x b + grad - 62 

we obtain the central theorem of Hicks, Guenther, and 
Wasserman (5 7 ) : 

THEOREM 19. — In a steady continuous flow of a Prim gas devoid 
of heat flux and subject to no extraneous force we hâve 

(10.3) v c x w c = i( i— <^)gradlogn(/>o). 

This theorem shows that a knowledge of the Crocco vector at once 
yields the distribution of the stagnation pressure p0 upon the stream-
lines and hence by the Bernoulli theorem (9.12) the local pressure 
may be calculated. By formulating a condition of integrability 
for (10.3) we see that a vector field v c may serve as the Crocco 

(56) [1947, 2, eq. (4.4), (4.2)]. For a perfect gas of uniform stagnation enthalpy 
(10.i) had been given earlier by Crocco [1936, eq. (6)]. 

(M) The case of this theorem valid for a perfect gas is given in [1947, 2, eq. (4-2)1. 
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vector of a steady flow of a Prim gas devoid of heat flux and 
subiect to no extraneous force if and only if 

(10.4) c u r l ( Z ^ - j £ ) = 0 ; 

in particular, any Beltrami field yields an infinité number of 
dynamically possible flows. 

By comparing (10.3) with (8 .6) we obtain : 

THEOREM 20. — A steady continuous flow of a Prim gas devoid of 
heat flux and subject to no extraneous force is a flow of uniform 
stagnation pressure if and only if it be a generalized Beltrami flow. 

Any flow which may be regarded as originating from a container 
at uniform pressure must therefore be a generalized Beltrami flow. 
The seven kinematical lemmas of section 8 on generalized 
Beltrami flows now assume a definite physicai interest. 

By applying theorem 20 to a complex-'laminar flow and employing 
lemma 1 of section 8 we obtain. 

THEOREM 21. — A steady continuous complex-laminar flow of 
a Prim gas devoid of heat flux and subject to no extraneous force is 
a flow of uniform stagnation pressure if and only if its Crocco 
vector be laminar ( w c = o). 

From theorem 20, (10. i), and lemma 2 of section 2 follows at 
once the élégant pressure theorem of Neményi and Prim (58) : 

THEOREM 22. —In a steady continuous flow of a Prim gas devoid 
of heat flux and subject to no extraneous force, if the stagnation 
pressure be uniform then 

(10.5) p / \ = const. 
v J P(^)?c 

upon each stream-line; equivalently 

(10.6) p , , . WC , = const. 

r(p)mpo)-n{p) 

(M ) A spécial case is given in [1949, 4, th . 6 ] . 
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The formula ( 1 0 . 6 ) giving the Crocco vorticity magnitude as an 
explicit function 08 pressure has a counterpart in the case of a com
plex-laminar flow, as the following analysis demonstrates. By vec-
torial transformations it is easy to shows that 

(10.7) c u r l [ ^ - p ] = v c . e r a d 7 ^ 
P.1 

Wc . Wc ,. ,. wc : j .gradvc H 5 divvc — vc div ; 

Hence by ( 1 0 . i) and ( 1 0 . 4 ) follows 

(10-8) h m[p^Z-oh)]- p(/»T--^) ,gradvc 

H- •=——- d iv Ô • 
p(/>) 1 —"C 

Let the dot product of this équation by - ^ — - ^ =- be formed; in 

the case of a complex-laminar flow it follows by application of 
lemma 1 of section 8 that the resulling expression becomes 

i D [ "Wc I - wc 

<10-»> 5 5 R I P < , » ( I — a > ] = P(/»(.-^)-gradYc' 
W c 

P ( / > ) ( i - * c ) 

Let # w be a co-ordinate along the vortex-line, and let xK and x% be 

any other co-ordinates such that a triply orthogonal System is 

obtained : 

(10.10) ds*=h* dx\,+-h\ dx\ -f- h\ dx\. 

Then ( 1 0 . 9 ) expressed in this System becomes 

<10-"> * m l o gp ( i>) ( . - ,g) = -8^r* 

where vw is the component of v in the direction of the vortex-line, 

and the symbol ^— dénotes the physicai component of the intrinsic 

(covariant) derivative in the direction of the vortex-line. Thus 

(\c\ \ L — 1 Wc = I \ "« / . pi àh v2 àh 
( 1 U ' I 2 J Ço D* S P ( / 0 ( I — P C ) h àx™ hhi<>° àxx hh2v0 àx%' 



44 C. TRUESDELL. 

Since the flow is complex-laminar, vw= o. Since 

, . > «s , T)X\ , Dx* ,ftxw 

(10.13) " . - A i - ô f . " ' = ^ D F ' ^ = ^ - ^ 7 - = 0, 

(10.12) assumes the form 

< i0- l4) D« 1 O «UP(I» (»—8) ]"° -

Hence the quantity in brackets .is constant on each stream-line. 
By (9.12) and (9 .9) we thus obtain the generalized Crocco pres
sure theorem (59) : 

THEOREM 23. — In a steady continuous complex-laminar flow of 
a Prim gas devoid of heat flux and subject to no extraneous force. 
let the stream-surfaces x(v= const. andxw-{-dxw= const. normal 
to the vortex-lines be distant hdxiV from one another, i. e. let h be 
defined by the élément of arc-length 

(10.i5) ds*-=h*dx*, + ..., 

where xw is a co-ordinate along the vortex-line. Then 

upon each stream-line. 

Note that h = 1 in a plane flow, h = r in a rolationally-symetric 

flow, and —°°d C£P~* f°r a perfect gas (6 0) . 

Returning to the analysis of rotational Prim gas flows in gênerai, by 
combining theorem 4 and theorem 19 with (8 .9) we obtain 

(59) This resuit is derived as a spécial ca9e of a gênerai thecftem of pute kine-
matics in [ig5i, 1]. 

(M) Thèse spécial cases were first given in [1949, 5, eq. (65), (194)] (for a Prim gas) 
and in [1948, 4] (for a perfect gas). The original theorems of Crocco [ig36] are 
deduced subject to the restrictive assumption v0= const., whose necessity for 
Crocco's formulation was noticed later by Emmons [ig44. App. I] and Vazsonyi 
[1945, § 8, 10]. Dérivations of the original Crocco theorems are given by Tollmièn 
[ig4a] and Oswatitsch [194¾]. 
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THEOREM 24 . —In a steady continuous flow of a Prim gas devoid 
of heat flux and subject to no extraneous force, we hâve 

(10.17) ^o(i -p c ) [gradlogA 0—gradlogD(/?o)] = 8 grad^. 

Finally, we eliminate V c x W c between ( 1 0 . 3 ) and ( 8 . 9 ) , 
obtaining 

THEOREM 25. — I n a steady continuous flow of a Prim gas devoid 
of heat flux and subject to no extraneous force, we hâve 

(10.18) • x w = % ï f ( i - p j ) gradIogn( / io )+f2 g r a d l o g p ] ; 

hence 

A. the relation 

(10.19) v x w = -t>2 grad logp 

holds if and only if the stagnation pressure be uniform, while 

B. the relation 

(10.20) v x w = %5( i -pg)gradlogD( /> 0 ) 

holds if and only if the ultimate speed be uniform. Thus in a 
flow of uniform stagnation pressure which is neither an irrota
tional nor a Beltrami flow, Bernoullian surfaces exist and are 
surfaces of constant ultimate speed; while in a flow of uniform ulti
mate speed which is neither an irrotational nor a Beltrami flow, 
Bernoullian surfaces exist and are surfaces of constant stagnation 
pressure. Finally\ in order that the flow be either an irrotational 
or a Beltrami flow it is necessary and sufficient that 

(40.2i) (1 — vl) grad \ogU(p0) = — v£ grad Jog^. 

In the spécial case of a perfect gas, by ( 9 . 1 7 ) we may put ( 1 0 . 1 9 ) 
into the form 

(IO.22) jrxvr==cp(% — 6) grad logA0, 

a resuit given by Vazsonyi ( 61) . 

(«») [i945, eq. (7.5), (7.5')]. 
MÉMORIAL DES SC. MATH. — N* 1 1 9 . 
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Suppose now tfie stagnation pressure be uniform and ail the other 
conditions of theorem 25 be satisfied, so that part À of that theorem 
follows. By theorem 18 we may always find a substitute flow in 
which v0 is constant. This substitute flow has the same pressure 
field, and thus a fortiori will again be a flow of uniform stagnation 
pressure, so that again (10.19) holds, now yielding v x W = o. 
Thus we hâve 

THEOREM 26. — Given a steady continuous flow of a Prim gas 
devoid of heat flux and subject to no extraneous force, if the stagna
tion pressure be uniform, then there exists another possible flow of 
the same Prim gas satisfying the above conditions, having the same 
stream-lines, the same pressure field, and the same local Mach 
number field, but which is moreover either a Beltrami flow or an 
irrotational flow. In particular, if the original flow be complex-
laminar, the substitute flow is always irrotational. 

Notice that if there be shocks in the flow then in gênerai only one 
région bounded by shocks can be a région of uniform stagnation 
présure, since the stagnation pressure is not continuous across a 
shock, and hence the conditions of the foregoing theorem in gênerai 
will be satisfied only in this one région. 
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