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THE EULER CHARACTERISTIC OF VECTOR FIELDS
ON BANACH MANIFOLDS AND THE PROBLEM OF PLATEAU

par Antony TROMBA

In this note we outline a theory of chargcteristics for vector fields on Banach
manifolds, and then give an application to simply connected minimal surfaces. The
theory provides a framework to study the question of how the number of simply con-
nected minimal surfaces spanning a simple closed curve I' C R3 changes as the curve

changes.

I. THE THEORY.

Let M be a smooth Banach manifold and K : TZM + TM a connection map [3]. In [13]

the author defines a smooth vector field X : M -+ TM to be Fredholm with respect to
K if for each p € M the covariant derivative of X with respect to K, VX(p), which
is a linear map of TPM to itself is linear Fredholm [9 ]. By the Zndex of X we mean
the dim ker VX(p) - dim coker VX(p). If M is connected this index does not depend
on p. If M est not connected, the index is constant on components and we shall re-
quire it to be the same for all components. A Fredholm vector field is Palais-Smale
if VX(p) is of the form I+C, where C is a compact linear map. Palais-Smale vector

fields have index zero.

Let X be a Palais—Smale vector field on M with finitely many isolated zeros in the
interior of M. Then using the degree theory developed in [4] one can define the de-
gree of X at a zero p, which we denote by (deg X)(p). The Euler characteristic X (X)

is defined to be

X(X) = z (deg X) (p).
p € zeros(X)
If X has no zeros, then X(X) = O. By using elementary transversality techniques the
Euler characteristic can be defined for Palais-Smale vector fields with a compact

set of zeros in the interior of M.

DEFINITION. - Suppose M is a smooth Banach manifold with X : M » TM a smooth vector
field. A zero m € M is non-degenerate If the Frechet derivative X, (m) : TM e i8 an
teomorphism. (At a zero the Frechet derivative agrees with the covariant derivative

of X with respect to any connection on M).

* . .
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As a trivial consequence of this definition it follows that non-degenerate zeros

are isolated.

Recall form [4] that the Lie subgroup GLC(E) of the general linear group GL(E)
for a Banach space E is defined as the set of invertible linear maps on E of the
form I+C, C.compact. In [4] it is shown that GLC(E) has two components GLZ(E) and
GLC(E). Using these ideas we can give a particularly simple description of the Eu-

ler-characteristic of a vector field X with non-degenerate zeros. At a zero p of X,

define
+1 if VX(p) € GLZ(T M)
sgn VX(p) = P
-1 if VX(p) € GLC(TPM).
Then
(1) XxX) = z sgn VX(p)

p € zeros(X)

DEFINITION. - Let LIS M ~ [0,1] be a smooth fibre bundle over the unit interval
with n;](t) = n%t a smooth Banach manifold. Suppose there is a family of maps K,
with each K a connection for uﬁk. Two smooth Palais—Smale vector fields

X, M~ TJ%; and X, M > M, are equivalent (Xo ~ X)) if there is a smooth vec-—
tor field X : M ~ T such that

Z) X =X| M+ M > TM, i.c., X is avertical family on M ;

i7) Xt 1s Palais-Smale w.r.t. Kt 3

1i7) the zeros of X are compact in the interior of M.

THEOREM 1. (Euler-Hopf Theorem). - If X0 ~ X. then X(Xo) and X(X]) are both defi-

1
ned and equal.

Proof (A Sketch). - Using transversality theorems which go back to Thom and Abraham
we can assume

(a) XO and X, have non-degenerate zeros ;

1

and (b) X 1is transverse to the zero section of the vertical subbundle
v(TM) = U Tﬂt.
meEM

Conditions (a) and (b) imply that X(A#) N M is a compact one-dimensional submani-
fold of the interior of ./ with boundary the union of the zeros of Xo and the zeros
of X;. Then X(M) N M establishes a cobordism between the set {p],...,pk} and
{ql,...,qm}. One then shows that if p; and pj (similarly qa and qj) bound the same
component of X(#) N #, then sgn vx(pi) = - sgn VX(pj) (similarly
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VX(qi) = - sgn VX(qj)). If P and qj bound the same component, then
sgn VX(pi) = sgn VX(qj). Using these facts along with formula (1) and pairing off
the {p.} and the {qj} we see immediately that X(Xo) = X(Xl)'

i

By applying the Morse theory as developed in [14], [17], one can show that if X
and Y are two vector fields on a manifold M, with 3M = ¢, X ~ Y, Y a gradient-like
vector field, then the Euler characteristic of M is defined and X(X) = x(M). If
oM # ¢ and both X and Y point outward alo&g oM the same result holds.

There are conditions which insure that the zeros of a family of vector fields pa-

rametrized by some manifold will be generically isolated.

Let &/ be a smooth Hilbert manifold, m : # -+ &/ a smooth Banach Fibre bundle
over &/ (the fibre ﬂ-](a) = #? is a smooth Banach manifold). Let X : # ~ T™ be a
smooth vector field such that X° = X]ﬁ?a is a Fredholm vector field on ME with
respect to a connection K_ where {Ka}a cof is a family of connections. We shall
say that such an X represents a vertical family of Fredholm vector fields, with
respect to the family {Ka}.

For each zero m € .# of X the Frechet derivative X*(m) can be viewed as a map of

2n4% into itself. It follows that if m(m) = a, then X*(m) € I;ﬁﬂa.

We shall say that a vertical family of Fredholm vector fields X is vertiecally
transverse to the zero section of T/ if X*(m) : TmJW -> Tmﬂ?a is surjective for
each zero m of X. In this case, we write X mvz(Tnﬁ). We can interpret this geometri=-
cally as meaning that X(#) is transverse to the zero section of the vertical sub-

bundle of T./.

Assume now that Y is a vector field on a Banach Finsler manifold M. Therefore we
have a norm | "m P T M + R on each fibre of TM which varies continuously over M
[e.g., see [13]]. We shall say that a vector field Y on a Banach Finsler manifold
is proper, or satisfies condition (CV), if whenever "Y(pi)ﬂ converges to zero, then

{pi}‘has a convergent subsequence.

Suppose m : M + & is a fibre bundle as above with | | : v(T.#) > R is a Finsler
on the vertical subbundle of T.#. A vertical family X is proper if whenever HX(pi)H

converges to zero and ﬂ(pi) converges, then {pi} has a convergent subsequence.

THEOREM 2. - Suppose X ¢52(Tn?), where X represents a proper vertical family of
index zero vector fields. Then there exists an open dense set ¥ C of with the pro-

perty that for a€ ¥, X : ME > TM® has only non-degenerate zeros.
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II. APPLICATIONS TO THE PLATEAU PROBLEM.

Since its formulation by PLATEAU in the '19th century, little (see [2], [10]) has
been known about the number of simply connected minimal surfaces spanning a simple
closed curve T C R°. Existence was proved in the thirties by J. DOUGLAS [ 1] and
T. RADO [11], and most contemporary research has been directed toward regularity

results for such minimal surfaces.

Examples of T' are known which seem to indicate that it is possible to have as
many simply connected minimal surfaces spanning a curve (including infinitely many)
as one would like. Nothing was known about how the number changed as the curve
changed. In the paragraphs below we state theorems which partially answer these
questions in terms of our topological theory. They follow from modified versions of

Theorem 1 and 2 in Section 1.

Let Hr+2(Sl,Rn) be the Sobelev Hilbert space of Hr+2 maps of the unit circle S1
into R", with r > 5. Let & = Emb (S],R3)‘be the open submanifold of Hr+2(SI,R3)
which consists of embeddings of S] into R3. Let T be the image of such an embedding
a e . Set nu to be the component of HZ(SI,P) {the c’ Hilbert manifold of H2 maps
from S] to T} defermined by the embedding o. Let #% be the open submanifold of n®
consisting of the diffeomorphisms. For every u € HZ(SI,F) - HZ(S],R3) we can ex-—
tend u = (u’,...,un) harmonically to the disc 2. Define the smooth Dirichlet energy

functional Ea s na -+ R by

1 3 3ui 2 8ui 2
(2) Ea(u) =3 'E J (a—x— + (sy—) dxdy.
i=1 7]
We can write the Dirichlet functional as an integral over Sl 99 as follows.

Let 6 » ——(e) represent the partial derlvatlve with respect to the polar coordinate

r of the harmonic extension of u to & evaluated at r=l. This agrees with the normal
. . 1 . . .

derivative on S  of the harmonic extension. Let < , > denote the R3 inner product.

Then applying Green's theorem to (2) we find that

_ 1 3u
Ea(u) —ij . <31” u>d9.
S

Denote by #" the closure of A% in n%.
J. DOUGLAS showed in his pioneering work [1] that the harmonic extensions of the
critical points of E in ./ are the simply connected minimal surfaces spanning T.

For a somewhat simpler proof see [16].
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THEOREM 3. - There exists a smooth connection R on the second tangent bundle Tzn“

and a smooth vector field ¥ :n® » Tn® which is Palais-Smale with respect to the

connection K and whose zeros are precisely all the critical points of E . Moreover,
o o
X (Ea) = dEa(u) (X7 (u)) = 0.

Proof (A Sketch). - Let h, k € Tu n®. Define the weak Riemannian structure
< ,> :+ ™" x Tn® > R by setting

«< h,k>>=J <% > a.
1
S

By definition n* c HZ(S],R3) = H is a submanifold. For each u € n®
3 He=Tn® @ (1%
u "

where (Tuna)l is the weak orthogonal complement of Tunu in H. In a standard way,

one can use the splitting (3) to define the connection Ka on n%.

The vector field X* is the "gradient" of Ea with respect to < , >>, It is neces-
sary to check that this weak gradient gives a smooth vector field on n® and we use
regularity theorems from the theory of elliptic partial differential equations to
accomplish this. The connection Ka and the vector field X* are both defined natural-
ly in terms of the weak Riemannian structure. By a direct computation we show that

x* is Palais-Smale with respect to K.

DEFINITION. - Let u € n% be a minimal surface. A branch point p € @ of u is a point
where the map u : @ - &> fails to be an immersion. An embedding o € o/ 18 fine If

all minimal surfaces spanning I = oc(Sl) are free of branch points.

In [10] RADO showed that if o is not "too complicated", then o is fine. In parti-

3

cular, he showed that o is fine if there existed no point q € R such that every

hyperplane through q intersected I' in at least four points.

THEOREM 4. -~ Let .# C o4 be the set of fine embeddings. Then .# is open in o, and
hence open in Hr+2(SI,R3).

Conjecture. — .# is dense in &, or perhaps the open set of curves which admit only

minimal surfaces without boundary branch points is dense in &.

Let G be the three dimensional non-compact Lie group of bijective holomorphic
maps of the disc onto itself. The functional Eq and the vector field X* of Theorem
3 will be equivariant with respect to the action of G. Therefore, there is no hope

that the critical points of Ea in /- will be isolated or non-degenerate in the
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sense described earlier since the orbits of any critical point will consist of cri-
tical points. Let u € 7 be a zero of Xq, and let @G(u) denote the orbit of u un-
der G. Then Gh(u) is an immersed three-dimensional submanifold of na consisting of
critical points of Ea. We call QG(u) a critical submanifold of n%. The covariant
defivative of X* at u induces a homomorphism of the normal bundle of @G(u) into
itself. A critical point u, or more precisely @G(u), is non-degenerate if this in-

duced homomorphism is an isomorphism.

Applying a modified version of Theorem 2 and some regularity theorems of HILDE-

BRANDT [5] and NITSCHE [7] and others we obtain

THEOREM 5. - For an open dense set of embeddings ¥~ C ¥ the zeros of %, ae ¥,
in M% ave non-degenerate (and therefore isolated) three—dimensioaal submani folds
of n%. Moreover, for such o € ¥ there are only finitely many such critical subma-
nifolds.

In general minimal surfaces on the same orbit are identified. Doing this we obtain

THEOREM 6. - If a € ¥ and Y € ¥, Y = o+p, Ts sufficiently close to o, then the

minimal surfaces spanning Y are smooth functioms of the parameter o.

COROLLARY. - If o € ¥ and v € ¥ <s sufficitently close to a then the geometric
number of minimal surfaces spanning Y is equal to the number spanning o.

Let T = a(Sl), a € &/, be a plane curve. The Riemann-Osgood mapping theorem im-
plies that there is a unique minimal surface 'spanning I'. This will be the conformal

map of the disc onto the bounded component of C determined by T.

THEOREM 7. ~ If T Zs a plane curve, then the unique minimal surface which spans it

18 non-degenerate.

COROLLARY. - Any curve sufficiently close to a plane curve has a unique minimal sur-

face spanning <t.

Let y belong to #. We can define the Euler characteristic of the corresponding
vector field X%, and we take this to be the definition of the algebraic number of

minimal surfaces spanning the image y(S]).
We conclude with an application of a modified version of Theorem I.

THEOREM 8. - Let Yo and Yy be fine embeddings. Suppose further that Y, 18 isotopic
to v, through a family Y O <t <1 of fine embeddings. Then the algebraic number

surfaces spanning Yo 18 equal to the number spanning 1
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