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A CONVERGENCE RESULT FOR FINITE VOLUME SCHEMES
ON RIEMANNIAN MANIFOLDS

JAN GIESSELMANN!

Abstract. This paper studies a family of finite volume schemes for the hyperbolic scalar conservation
law us + Vg - f(z,u) = 0 on a closed Riemannian manifold M. For an initial value in BV (M) we will
show that these schemes converge with a hi convergence rate towards the entropy solution. When M
is 1-dimensional the schemes are TVD and we will show that this improves the convergence rate to he.
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1. INTRODUCTION

Hyperbolic partial differential equations on curved manifolds occur in many applications. These include shal-
low water models for the atmosphere or ocean [4,12,17], the propagation of sound waves on curved surfaces [22]
and passive tracer advection in the atmosphere. Further examples are the propagation of magneto-gravity waves
in the solar tachocline [5,9,21] and relativistic matter flows near compact objects like black holes [8,15].

For the numerics of these problems finite difference [8], finite volume [15], discontinuous Galerkin [11] and
wave propagation methods [20] have been used. Except for the work of Amorim et al. in [1] there is, up to the
knowledge of the author, no convergence analysis in all of these cases. For convergence analysis of finite volume
schemes, we will consider the following scalar model problem for non-linear hyperbolic conservation laws:

U+ Vg fz,u) =0in M x Ry (1.1)
u(z,0) = ug(z) on M. (1.2)

Here (M, g) is a closed oriented Riemannian manifold and g is a fixed Riemannian metric on M. By V- we
denote the divergence operator on M induced by g. The aim of this paper is to prove a convergence rate for
finite volume schemes for this model problem.

For this problem one has the notion of entropy solution, analogous to the Kruzkov definition in Euclidean
space.
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Definition 1.1. A function u € L™ (M x R, ) is called an entropy solution of (1.1), (1.2) if

[ llu= o+ ) (7o) = 00, V) oy
M xRy
+/ lug — klp(-,0)dvy >0 Vi eR, Vo e C5°(M xRy, Ry), (1.3)
M

where ul x and u Tk denotes the minimum and maximum of u and k respectively.

The well-posedness of this problem was investigated by Ben-Artzi and LeFloch in [2]. They show that
given ug € L®(M) N L*(M) and a geometry compatible flux, i.e. V, - f(-,u) = 0, for every @ € R the
problem (1.1), (1.2) has a unique entropy solution u. Furthermore for ug € L (M)NBV(M) the total variation
of the entropy solution is bounded for every time ¢ > 0 in the sense that there exists C; > 0 depending only on
luo|| L= (ary and the geometry of M such that

TV s (u(- 1) < (14 TVas(ug)) for all t > 0.

In [1] it is shown that for a geometry compatible flux f and every vector-field X with [X, f,,(-,@)] = 0 for every
u € R, we have

TVx (u(-, 1)) < TVx (uo),

where
TVx(u) = sup / uVy - (¢X) dvg(x).
peC=(M):||¢llLe J M

This implies that for d = 1 the entropy solution is total variation diminishing, i.e. TV s (u(-,t)) < TVas(uo).
Furthermore they prove convergence for a class of finite volume schemes for the Cauchy-problem (1.1), (1.2).
This relies on an entropy dissipation inequality for smooth entropies. We will prove a similar result for Kruzkov
entropies in Lemma 5.5. In this paper we will prove convergence rates for these schemes. The general convergence
framework by Eymard et al. in [7] for the proof of convergence rates for finite volume schemes in Euclidean space
works but requires substantial extensions to the differential geometric framework. Particularly new problems
arise in the construction and properties of cut-off functions and due to the fact that on a Riemannian manifold
we cannot — in general — parallel-transport one vector to the whole manifold and get a smooth vector-field
(¢f. the proofs of Lems. 5.6 and 5.7). As in the Euclidean case we are able to prove convergence of order 3 in
one space dimension and convergence of order i in higher space dimensions.

We refer to [19,20] for a treatment of the wave propagation method on curved manifolds.

We use a quite generic finite volume method. For the convergence analysis we need grids with the property
that the curvature of the faces is uniformly bounded under mesh refinement and such that every point on the
manifold lies only in a certain number of convex hulls of elements. In [3] different approaches to construct grids
on spheres are treated and we refer to [10,18] for geodesic grids on a sphere, which are an important class of
examples where these results hold.

We make the following hypotheses on the data:

ug € L*(M)NBV(M), U, Uy € R: Uy, <up < Uy ace.,
f € CYM xR, TM) such that f(z,u) € T, M for every z € M, u € R,
Vg f(-,u) =0 for every u € R, (1.4)
there is a constant C' > 0 such that
IV f(z,a) = Vf(z,a)|, < Clu—u| for every u,a" € [Un,Un] and x € M.

Here ||-||4 denotes the operator-norm induced by g, ¢f. Section 2.1, V f(z,u) denotes the covariant derivative with
respect to the first variable and V- f(z, @) denotes the divergence which is the trace of the covariant derivative.
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The hypothesis divgf(-,@) = 0 is used to ensure the well-posedness of the problem and to avoid technical
problems. Like in the Euclidean case it should not be necessary for the convergence rate.

The outline of this paper is as follows: in Section 2 we will recall some helpful definitions and notations from
differential geometry and give some results, which are necessary for the proof of the main theorem, Theorem 5.8.
In Sections 3 and 4 we will present the notion of triangulation and the construction of finite volume schemes on
Riemannian manifolds respectively. In Section 5 we will state the main theorem and prove it.

2. DIFFERENTIAL GEOMETRY

2.1. Notation and definitions

We will consider a connected, closed, oriented d-dimensional Riemannian manifold (M, g), i.e. M is a compact,
smooth, oriented manifold without boundary and g is a fixed Riemannian metric on M. This means g(x) is
an inner product, and hence defines a norm || - ||4, on the tangent space T, M of M at x. In local coordinates
(27)1<j<a the partial derivatives 9; = % form a basis of the tangent space T, M and we have the metric tensor
gij(z) == g(x)(0;, 0;) with inverse g". This enables us to define the divergence operator V- by

1 i(g
Vo @) = s 0 (V@I @)

where [g(x)| := |det(g;j(x))|, for every smooth vector-field f on M with local representation f = f79; using
the Einstein summation convention. The covariant derivative of f is given by

Vf:T(TM) — T'(TM)
Vyio, [ = [YIT50, +YI0;(f*)0k,

where

1
F?i =35 (9594 + 0igi; — O1g:) g™*

and I'(T'M) denotes the smooth vector-fields on M, i.e. the smooth sections of the tangent bundle T'M. For
every ¢ € M we have

Vi) : TuM — T,M

and by providing a norm on 7T, M the Riemannian metric defines an operator norm for such maps. The covariant
derivative is compatible with the Riemannian metric, i.e. for vector-fields X, Y, Z we have

XY, 2)=9(VxY,Z)+g(Y,VxZ). (2.1)

These definitions of divergence and covariant derivative are only well-defined in the local coordinate system,
but the definitions are independent of the choice of local coordinates and so divergence and covariant derivative
are well-defined all over M. Similarly for every smooth function v on M the gradient of w is defined by

. Ou
Vou P =g —

( g ) g O

The Riemannian metric also defines a volume form dv, on the manifold, a volume form dvy on every subman-
ifold N and a metric d, on M. Spaces of functions of bounded variation are defined similar to the definition in
Euclidean space.
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Definition 2.1.

TV (u) == sup / uVy - X dog,
XeN(TM):|| X<t J M
BV(M) := {u € L'(M): TV (u) < oo}

Throughout this paper we will use the following lemma, whose proof can be found in [6] for example.

Lemma 2.2. Because M is compact there exists a constant R > 0 such that for every x € M the map exp, '
is a chart on Byg(x).

Finally for manifolds M, N, a smooth map h: M — N and x € M we will use the tangential map
Thx . TQL.M — Th(m)N7

which is defined by
Thy(v)(u) :=v(howu) for every v € T, M and u € C°N,R

for more details confer [6] for example.

Definition 2.3. For a set U C M the convex hull conv U of U is the set of all points z € M such that there
are two points y,y’ € M and a length minimizing geodesic 7y, : [0, 1] — M with 7y, (0) = y, 74, (1) = ¢ and
Yy (t) = x for some ¢ in [0, 1].

This definition is needed to define one of the properties of the grid in Definition 3.1.

2.2. Parallel transport

In the proof of Lemma 5.7 we will have to use parallel transport to extend vectors to local vector-fields. For
z,y € M with 0 < dy(z,y) < R there exists a unique minimizing geodesic v, from z to y parametrized by
arc-length. So we get a well-defined mapping

Py :ToM — T,M

defined by parallel transport along this geodesic. By definition of geodesic we know that Py, (v, (0)) =
Yy (dg (2, y)). Obviously we have for 0 < dy(z,y) < R the identities

vg,a:dg(xvy) = *’Y;y(o) and Vg,ydg(ma y) = ’y;y(dg(:ﬂ, Y))- (2.2)

Let v be a smooth vector-field on M then

90ty (1)) (Pry ) (0(2)), 2 (1)) =0

and therefore
9(x) (v(2), Vg,udg(2,9)) = —g(y) (Poy(v(2)), Vg,ydg(2,y)) - (2.3)

2.3. Cut-off functions

These are necessary for a doubling of variables argument in the proof of Lemma 5.7. Let ¢ : R — R, be a
smooth function with supp vy C [—1,0] such that

/Rq/)(m)d:c =1.
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Let . (z) := 1 (%) . Let x : R — Ry be a smooth function with support in [—1, 1], which is even, decreasing

T e

on [0,1] and fulfils
[ xtlaly =1 (2.4)
Rd
We define

Xe : M xM—TR, (z,y)+— gidx (M) . (2.5)

For ¢ sufficiently small we have for every o € M using the exponential map exp,,

/M el y) dv, (x) :/ Ly (%) | det(T exp=)a| da. (2.6)

B.(0) & <

The map

{(ﬂ% y) € M2: dg(ma y) < 2R} I R (337 y) = det(T expajl)exp;l(y)
is smooth and equals 1 for x = y. Hence we have

‘det(T eXp;l)engl(y) — 1‘ < Cdgy(z,y) (2.7)
for dy(z,y) < R. Inserting this in (2.6) we get
24 1 (llallg 1
Xe(x,y)dvy(y) — 1| < —x | — ) |det(T'exp, *)a — 1| da < Ce. (2.8)
M B.(0) € <

Furthermore when v, denotes the length minimizing geodesic from = to y parametrized by arc-length, we
have using (2.2)

VoyXe(T,y) = gdlﬂx’ (dg(”:’ y)) Voy(dg(2,))- (2.9)

The following technical lemma will be very helpful for the proof of Theorem 5.8. Its proof will be given in
the appendix.

Lemma 2.4. There is a constant C > 0 depending only on M and g such that for every x,y € M with
dg(z,y) < R and v e T, M

0¥ (T XD, ) ) (V)] < Clvllly(2.9), (2.10)

|@ D)y @) < Cllel (2.11)
There is another C' > 0 such that for every x,y € M, v € T,M and e < R
C
(T exD,)epr ) (¥) = Py (0): Ve (0,9) )| < 5 lolls Ly <y (2.12)
Here we have (T'exp, ), ,-1,(v) € T, M for every y € Br(z) and hence

y— (T eXPm)expgl(y) (v)

defines a vector-field on Bg(x).
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FIGURE 1. Part of a triangulation of the sphere.

3. TRIANGULATION

Definition 3.1. A curved polyhedron K is a closed subset of M, such that the boundary of K is the union
of finitely many hypersurfaces with boundary e of M, which are called the faces of K, satisfying e; Nes is empty
or a submanifold of M with dimension at most d — 2. Furthermore we impose K° = K to rule out some forms
of degeneracy of K. A triangulation on (M, g) is a set 7 of curved polyhedra K on M, such that M = U7 K.
We impose K1 N K5 is a common face of K1, K5 or a submanifold of dimension < d — 2.

The set of the faces e of a polyhedron K is denoted by 0K and the unique polyhedron sharing the face e with
K is denoted by K.. By nk(x) € T, M we denote the unit outer normal to a polyhedron K in a point z € e.
These definitions are illustrated in Figure 1. Finally |K|, |e| denote the d- and (d — 1)-dimensional Hausdorff
measures of K and e respectively.

We will need the following assumption on the triangulation: There exist C, R, 3, h > 0 and k, N, € N such
that for every K € 7 and e € 9K the following conditions are fulfilled

Bt < |K], (3.1)

le|] < Chdt (3.2)

#OK < k, (3.3)

d(K) < h, (3.4)

sup (e)(@)] < R, (3.5)

sup #{K: x7€ conv K} < N, (3.6)

zeM

where §(K) = sup{d,y(z,y): z,y € K} and # denotes the number of elements of a certain set. Furthermore
Ai(e)(z) denotes the ith principal curvature of the face e in the point = € e.

Note. The condition (3.6) should be fulfilled for all computational meshes and is needed for the approximation
of the initial data in Lemma 3.2 which will be stated below and whose proof can be found in the appendix. Under
mesh refinement condition (3.5) is satisfied for example by geodesic grids and the combined grid composed of a
latitude-longitude grid away from the poles and a stereographic grid at the two polar caps which can be found
in [14]. It is not satisfied by the latitude-longitude grid on the sphere which also has some other numerical
drawbacks. In particular strongly differing cell sizes impose hard CFL conditions on the timestep (¢f. [3]). The
grids proposed in [3] also do not satisfy this condition.

Lemma 3.2. For h small enough and every uw € BV (M) there is a constant C > 0 depending on M and N,
such that

lu — | g1 (ary < Ch,
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where
a(x) = |K|/ x)dvg(x) forz € K,
so u is well-defined almost everywhere on the manifold.

4. THE SCHEME

For every polyhedron K € 7 and face e € 0K we consider a numerical flux function fx . : R x R — R such
that the following properties are satisfied:

Conservation: fr e(a,b) = —fk, (b, a), (4.1)
1
Consistency: fk.(a,a) = H/f(x,a)n;(,e(ac)dve(x), (4.2)
&
Monotonicity: fr.e is nondecreasing in the first and (4.3)

nonincreasing in the second variable.

Furthermore we impose that the fx . are uniformly locally Lipschitz continuous. We will consider the following
semi-discrete scheme:

(o) = == 3 lel ficelule i) (4.4)
| | ecOK

Wi0) = 7 [ w(@)avy @) (45)

ul(z,t) = ul(t) for z € K. (4.6)

5. PROOF OF CONVERGENCE RATES

We first show that a solution of (4.4)—(4.6) exists and that it is bounded.
Lemma 5.1. Assume the local existence of a solution of (4.4)—(4.6) and let uo(x) € [Up, Unr] for almost every
x € M, then uli(t) € [Upm, Unt] for everyt >0 and K € T.

Proof. 1t is obvious that ul(0) € [Upn, U] for every K. First observe that for fixed K and u} < uf for all
e € 0K we have

1
(uf)s = K] Z le| frce (ulfe, ulk,)
ecOK

monotonicity 1
—er D lelfre(ule ul)

B K] 5

con51stency
——Z/fqunKedvg()—O O

e€OK

As an immediate consequence of Lemma 5.1 and the local Lipschitz continuity of the numerical fluxes we
have:

Corollary 5.2. There exists a global solution of the system (4.4)—(4.6).

The next step is to prove a TVD estimate in the d = 1 case and a weak BV-estimate in the d > 2 case. For
brevity we introduce the following notation: for real numbers a, b we define

C(a,b) := {(c,d) € [aLb,aTb]*: (b —a)(d —c) > 0},
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where aTh and alb denote the maximum and minimum of a and b respectively. For every t > 0 we define

E(t):={(K,e): K €T, e € 0K, ul(t) > ul_(t)}-

Lemma 5.3 (TVD property). Let M be 1-dimensional then the scheme (4.4)~(4.6) is TVD, i.e.

TV (u" () < TVas(uo) for all t > 0.

This implies that for every T' > 0 there exists a C' > 0 depending only on f, wo, M, fx., T such that

/ D0 D el (e d) -

0 KeTecok

fK,e(C, C)| dt < C.

Proof. We will consider times ¢ where < |ufy — uly | exists for all K € T and e € OK. These derivatives exist
for almost every ¢t > 0 and we have

SV () = 3 S Shl(t) (1)

dt
KeT eeaK

Now we fix one K € 7 and observe that K has exactly two neighbours K7, K.
h )¢ occurs exactly twice with different

o If ul (t) < uh(t) < ul, (t) or ul (t) < uh(t) < ufy, (t) then (ul
signs in the sum and therefore vanishes.
o If ul(t) > uly (t), uf (t) the term
le| le|
(uhe)e(t) = = K] e (Wl (), ule, (1) < = Y e e (i (), ui (8) = 0
ecOK eCOK

occurs twice in the sum.

o If ul(t) < uly (t),ul, (t) the term

(ot = X e fotuk 0.k, 0) < a0, () =0
ecOK

ecOK

occurs twice in the sum.
So we know TV r(u"(-,)) is nonincreasing in time. For every K € T there exist 2, yx € K such that

ug(rx) > up(0) > uo(yx)-

Let K1, K2 be the neighboring elements for some K € 7, then we define

. oh h ok
Cx = TR U > Uy Uk,
YK - else.

We have

2TV (u"(0)) = > > |ulk(0) — vl (0)]

KeT ecOK

< D0 D luwo(Cr) —uo(C.) < 2TVar(uo).

KeT ecOK
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This proves the TVD property. For (¢,d) € C(ul, u}}(e) we have
|[fre(e;d) = frele,c)l < Lle —d| < Lluj — k|,
where L is the uniform Lipschitz constant for all fx . on [Uy,, Un]. Using |e] = 2 we get
T T
/ SN e max |fxele,d) = frele, o) dt < / 2L Y > |ule —uf | dt
0 KeTeecor (ODEC(uR ik, 0 KET c€0K
T
< 4L/ TV (u (-, 1)) dt <ALT TVar(up). O
0
In the higher-dimensional case there is no TVD estimate, but we can prove a weak BV estimate which will
play a similar role in the convergence proof.

Lemma 5.4 (weak BV-estimate). Let d > 2 be the dimension of M. For every T > 0 there exists C > 0
depending only on f, uo, M, B, {fr.e}, T, k such that

T

C
e max frele,d) — frelc,c)| dt < —=-
X D, Weded) = ficdeol at< O
Proof. We have
g h (, h I h\2
S IKluulede = 5 [ IR (), e
0 ket 0 KeT
1
= DK ((uh)*(T) = (uf)?(0)) (5.1)
KeT

Y

5 3 1Kl 0)

KeT

1 1
= —5 0" ) Beqan) =~ lol3zan

Now we multiply (4.4) by |K|u%(t) and sum over all K € T

T T
/0 S Kl dt = - / S5 Jel e (it

KeT KeT ecOK

T
4.2)(1.4
LD TS el el — Srcalu )

KeT ecOK

T
- / S el [(Free e, wle) — Frce(ul ) i (5.2)
(K,e)€E(t)

+ (mee(u}IL(eau}Il(e) - fKe,e(u}IL(eau}Il()) U}Il(e] di

T
@D /O Do lel [(relufe uf) = freelule,ul,)) ul

(K,e)€E(t)

- (fK,e(u}IL(eau}Il(e) - fK,e(u}Il(’ uffl(e)) uf}l{e} dt.
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Now we define Fi (a) := fk.(a,a) and let @ be a primitive of a — aFf (a) satisfying ®x .(0) = 0. Let

a= u}}(, b= u}}(e then every single summand has the form

lel [a(Fi.e(a) = fi.e(a,0)) = b(Fk e (b) — fK.e(a,b))] .

Integration by parts yields
b
Pre(b) — P e(a) = / uFl’(ye(u) du
a

b
= 0(Fi,e(b) = fK.e(a;b)) — a(Fk.e(a) = fk.e(a; b)) — / (Fi.e(u) = fx.e(a,b))du.

Due to the conservation property (4.1) of the numerical fluxes we have Fx . = —Fk, . and therefore ®x . =
—®, .. Because the flux is geometry compatible (1.4) we have

> lelfrela,a) =0= > |e|Fi.(a) =0= Y |e|Pxc(a) =0

ecOK ecOK e€cOK

for every K € 7 and a € R. Thus we have

Z le] ((I)K e(uK) Px e(“}IL( )) = Z le] (q)K e(UK) + Pk, e(ufil( ))

(K,e)€E(t) (K,e)€E(t)

= Y el (@xelul) + B, o(ulk))

(K,e)eE(t)

D el (Pxe(u)

((K.epul=ule, )

0
= > > lel®x.c(uf) = 0.

KeT ecOK

Using this in (5.2) implies

I3 et

0 ker

/ Z Z |e|fKe U’K7U’K ’U,Kdt

KeT ecOK

/0 Z @|/ (Fre(u,u) — fre(ule, ul ) dudt (5.3)

(K,e)eE(t)

/ Z |e|/UK fKe u, u) fKe(uK,uK )) du dt.

(K,e)eE(t)

For u}}(e < ¢ < d < uf we have due to (4.3)

u;'( d
/ (fK,e(u}}l(;u}Il(e) - fK,e(uau)) du Z / (fK,e(u}IL(au}IL(e) - fK,e(uau)) du

h
Ke

>0

d
> [ (fkeldic) = () du
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For a monotonic Lipschitz continuous function g : R — R, with Lipschitz constant G > 0 we have

> L (g(d) — 9(0))?, Ve,d € R

d
| (o) =gt | > 5

which can be seen by the substitution v = g(u) — g(c). A similar estimate is used in [7].
Thus (4.3) and the Lipschitz continuity of the fx . imply

d d
/ (Ficeld, ) — ficolusu)) du > / (Fice(ds €) — Frco(d, ) du

2 % (fK,e(d; C) - fK,e(da d))2

) and ]
/ (Free(ds ) — frce(u,u) du > / (Free(ds0) — Free(u, ¢)) du
Z %(fK,e(d;C)_fK,e(c7c))2a

where L is the uniform Lipschitz constant of the fx . on [Up,, Ur]. Multiplying both inequalities with 3 and
adding them yields with (5.1) and (5.3)

ol Zagany > / 3 el e ) o)

(K,e)EE(t) ule

T
2/0 Z %( max  (fr.e(d,¢) — fr.o(d,d))’
(K,e)eE(t)

I , I
uf(e <c<d<uj

+ max (frelde) = frelc, c))2> dt (5.4)
Wi <c<d<uh
max |fr.ele,d) — frelc, ) dt.
/0 KeT eeaK 2L (ed)€C (ul uk,)

Now by Cauchy Schwartz inequality we get

/ Z Z le] maXu |fr.ele,d) — frelc, c)|dt

0 KeTecok (c,d)€C (ul ,ul Ke)
1 1
2 2
( / 2 D NP max (e, d) — freele o)l dt) -(Z > 1)
Ker ecak d)eC (uf ul ) KeT ecOK

< CL2||’LL0||L2 M)h h_§6_k2

the last line follows from (5.4) and the assumptions on the grid (3.1)—(3.3). O

Next we prove a weak discrete entropy inequality for the approximate solution, which is an auxiliary result
to prove a continuous entropy inequality for the approximate solution. This continuous entropy inequality is
important for the main convergence proof and has a similar importance for the proof like the entropy inequality
for the exact solution.
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Lemma 5.5 (weak discrete entropy inequality). For every & € [Up,Up], every polyhedron K € T and every
test function ¢ € C§°(Ry,Ry) the following inequality holds

[ 1 e6) = lgn e+ 1K1[ue(0) — Kl(0)

Ry

- Z le] (fK,e(u}}(T/i,u}}(eTn) - nye(u}}(J_/i,u}}(eJ_n)) pdt > 0.
Rt ccok

Proof. Let B = sup{t > 0: ¢(t) # 0}. Consider disjoint intervals {I; = (a;,b;): j € J}, where J is some
countable index set, such that
A= U I; = {t € (0, B): uli(t) > r}-
JjeT
For all b; we have u”(bj) = r or ¢(b;) = 0. For all but at most one a; we have u’%(a;) = x. If there is an
a. € {a;: j € J} with u”(a.) # k we have a, = 0. To make the proof shorter we nevertheless denote one a;
by a. satisfying a, = 0 or u}}((a*) = k. Using this notation we have

K [ @ Trgedt = KIS / o dt + |K| / ripr dt
R, Al Ry \A

— 1KY / (uly — R)pudt + K] / ripr dt
Al R,

1KY l(u}}( = K)(b)(by) — (ufe — r)(a;)p(az) /‘(U’}()tso dt] — rp(0)

j I
= —|Kuf(a.)p(ax) + &K |(p(ax) — ¢(0)) — /A |K| (ul)ep dt
> (e O)TRIOIK| = [ Kl
For t € A we have by (4.3) and (4.4)

[K|(ufo)ep = = Y lel frce(ule Troul, o
ecOK

- Z |e|fK,e(u}IL(T”a U}IL(STK)SD
ecOK

IN

while for t € R\ A we have by (1.4), (4.2) and (4.3)

0= 2 Z |e|fK,e(u}Il(T”a ’i)
ecOK

_ Z le| e (ul Tr, ule Tr)e.
e€OK

IN

Thus we get

K| (U’}cTK)%dH(u?«(O)TK)w(O)IKI—/ Y lelfreul Tr,ule, Tr)pdt > 0.
Ry Rt ccokx
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In a similar way we can prove

K| [ (ul Lk)g, dt 4 (uf(0) Lr)p(0)| K| — > lelfxe(uf Li,uf Lr)pdt < 0.
Ry Ri ceok
The lemma follows from |ul%(t) — k| = (u(t) Tk) — (ul(t) Lk). O

We observe that because M is compact (1.4) implies that the norms || f||s and ||V f]|, are bounded
by a constant Cy. This means particularly for every unit vector ¢ tangent to M the following estimate for the
covariant derivative in direction ¢ holds: ||V f|ly < C2 on M x [Up, Un].

Lemma 5.6 (continuous entropy inequality). Provided the assumptions (3.1)—(3.4) on the grid with h small
enough and (4.1)—(4.3) on the numerical fluzes, there is a constant C' > 0 such that for every ¢ € C§°(M x
R4, Ry) and k € [Up, Unm| we have

T
[ [ 1t = slgrtat) dvgle)dt + [ Jun(o) = sl(z,0) dvy(a)
0 M M
X Uh o K) — X Uh o K . i Vol
+/O /M(f( () Th) — f(ul (2, 0) LR)) - Vgl t) dvy(e)dt
- / [P (2,0) — uo() o (z,0) dvy ()

-2 ; Kz: Z le| [ d)egl(i)h(,uh )|fK,e(c, d) — frelc,c)| + CO(K)| rxe(t)dt
€7 ecOK K1 7Ke
with

1 dg(a:,y)
ricelt) ':W L L 19stm6).01, asdv ) av, ). (5.5)

Proof. We start by using ¥(t) := T K‘ Ji p(x,t) dvg(z) as test function in the weak discrete entropy inequality

(Lem. 5.5) and summing over all K € 7. Using that f is geometry compatible (1.4) and the consistency property
of the numerical fluxes (4.2) we get Th + T» < 0 with

/ZWK —ﬁ|</Kso($t)dvg )dt

KeT

_ / / i (2, 8) — Klpr( ) dvy(a)dt — / it (2,0) — sl 0) dvy(x)
M
KGTeE@K

Ty = /O
— [k, e(“K(t)T'i UK(t)TK) Ik, e(UK(t)i“ “K (t)Lk)

+ Ficelule () L)1) [ plat) dv, (o).

Z|uK —I€|/ (x,0) dvg(x)

KeT
|K| L (e 0T, e, (1)T)
Now let

T
= — u(z,t) — Kl (x vg(x)dt — ug(x) — klp(x vy (x
Tho = /O/M| (2,) — wlie(2,1) dvy(x)dt /M|o<> (i, 0) dvy(x)

Ty = 7/0 /M (f(z,u(z,)Tk) — f(z,u"(2,t) LK) Vyp(z,t) dvy(z)dt.
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We are going to estimate |71 — Tio| and |Ty — Tao|. Obviously we have
T} — Thol < / [ (2,0) — k| — uo(x) — &]| o(x, 0) dvy(a)
M
< / |uh(x,0) —ug(x)|p(x,0) dvy(x).
M

Due to the geometry compatibility of the numerical fluxes (1.4) we have

Ty = — / / @, ule () Tr) — fz,ulk () L)) ga(:c,t)} dv,(2)
0 ket
- / / (e, e ()TR) = e (0) L)) i o (@)l ) dve (@)
0 KeTecodk
/ SN Jel (e (e (6) Tl (0 T)
KeT ecOK

_ fK,e(u}}((t)J_n,u}}(e (t)J_n)) H /cp(:c,t) dve(z)dt

because the last summand is zero due to the fact that each face e is a face of exactly two polyhedra and the
conservation property (4.1) of the numerical fluxes. Therefore we get

T — T </ Z Z/ (y, uc () Tr) = f(y, uj(t) LK)

KeT ecOK
X ng.e(y) ((p y,t) — |K|/ x,t) dvg(z )) dve(y)
+ el (fr.e(ule ()T, ule () Tr) = free(uf(t) L, uf (1) Lk))

y (ﬁ/}( (@.1) dy(o) — 7 |/ oy, 1) dve( )) a. (5.6)

To estimate this further we need an estimate for
|f(:c,u}}((t)"l'/i) ‘ni.e(T) — fK,e(u}}(T/i,u}}(Tn”

for every = € e. The fact that f - ng . is continuous with respect to the space variable implies due to (4.2)

1
nye(U}}(TH,U}}(TIi) = ﬂ /f(ac,u?((t)'l'n)nl(,e(x) dve(z)
€ e
= f&ul (W) Tr)nK,e(€)
for some £ € e. Due to the bound R for the principal curvatures of the faces we have

Hf (z, (ufe () Tr)), nke(2))g = (Vif (@, (Wi () Tr)) nie(2)g + (f (2, (Wi () Tk)), Vink o (2))g
< Oy +dR)| floo-

Thus we have

|f (@, (ufe ()T w))nk (@) = frce(uf Tr,ule TR)| = | f(x, (uh () TR)nK.e(x) = f(E (ul () Tr))nx.e(€)]
< d(e) (C2 + dR| fllsc) < 6(K) (C2 + dR|f]l) -
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Using a similar estimate for the L case we get from (5.6)

T — To| < / > [|€| | fre (ule () T, ufe (1) Tr)

KeT ecOK
+ [k, e(“K(t)l'i “K(t)i“)
+ fKe Wi () Tr ulfe, (O Tk) = fe(ulk(t)Le, uf (t)Lk)|

e||K| // lp(@,t) — @y, t)] dve(y) dvy(z)

+amc/¢@@ﬁaﬁyu@mwmdw@]

€
For h small enough, v € K and y € e € 0K let v,y denote the unique minimizing geodesic from z to y
parametrized by arc length. Then we have

Vg (Vay(5), 1), %luy (8))gds|dvg(z) dve(y)

1

1 dg (z,y)
liLA 1900120 (6), ), 40 dv.(y) vy ().

This finally yields

[Ty — Tool </ >y |e|“7fKe ul () T, ulte () Tk)

KeT ecOK
+ fre(ufe () Lo, ul () LK) + fre(ule () Tr,ul, () TK)
— Freo(ule (8) Lis, ul (£) Lk)| + C3( )}TK@ (5.7)

with 7 . given in (5.5).
Now we want to estimate the right hand side of the above inequality (5.7). Due to the monotonicity (4.3) of
the numerical fluxes we observe for uf > uf

0 < —fre(uTrulTr) + fK@(u}}(T/@,u}}(ET/@)
S max (*fK,e(da d) +fK,e(da C))

h , h
uge <c<d<ujp

= max |fK,e(cad)*fK,e(CaC)|
(c, d)EC(uK,uK )

h h
and for vy < ug,
0

fK,e(u}IL(T’iv U}IL(TH) - fK,e(u}Il(Tma U}II(ETK)
max (+fK,e(cac) 7fK,e(Cad))

I ) I
u chdgulze

= max |fK,e(Cvd) _fK,e(C;C)|-
(e, d)eC (ul ul,

<
<
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There are similar estimates for 1 instead of T which show that

Do D el [ freluk ) T, ufe () Tr) = fre(ule (8) Tryuf, ()T )

KeT ec0K
— fK7e(u}}((t)l/@,u}}}(t)L/@) + fKe(u}}((t)Lﬁ,u}}(e (t)l/-@)| + C(S(K)]

<230 D el

KeT ecOK

max . |fK,e(Cad)7fK,e(C;C)|+C(S(K)

(e,d)eC (ul ul,

This implies together with (5.7)

T
Ty — Tho g/ 25 > el L max )|fK,e(c,d)ffK,e(c,c)|+05(K) ric.e(t)
0 K

KeT ecoK c,d)eC (ult u .

which implies the lemma. O

The next lemma is a very important step in the convergence proof. There will be different estimates for
d =1 and d > 2. This is due to the fact that while we have the TVD property (Lem. 5.3) in the d = 1 case, we
only have the weak BV estimate (Lem. 5.4) in the d > 2 case. The proof will be done for d > 2 only. The proof
for d = 1 follows from the same arguments using Lemma 5.3 instead of Lemma 5.4.

Lemma 5.7. Provided the assumptions from Lemma 5.6 there exists a constant C' > 0 depending only on M,
g, uo, {fx.e}, [, B, k, R, Nc such that for small enough h and every test function o € C§°(M x Ry, Ry) the
following inequality holds

/ [u" (2, 1) — u(z, t)|oy (z,t) dv,(z) dt
M xR
+ / [ (e, ) Tul (2, 1)) — f(a, ule, t) Lu (2, £))] - Vgalz, ) dvy(x) dt
MX]R+

B fCh?:d
| =Ch1 : d

=1
> 2.

Proof. The proof is based on a doubling of variables argument. We recall the entropy inequality (1.3) fulfilled
by the entropy solution w of (1.1), (1.2)

/M u(y, 5) — Kloa(y, 8) + [ (0, u(y, 5)TR) — £ u(y, ) L)] - Vop(y, 8) dvy(y)ds

+ /M luo(y) — Kle(y,0) dvy(y) >0

forallk € Rand ¢ € C5°(M xR, R). In (1.3) we set k = u"(x,t) and p(y, s) = a(z,t)xe(z, y)Y-(t—s), where
Xe and 1. are cut-off functions as defined in Section 2.3. Now we integrate this equation with respect to z and ¢.
In the continuous entropy inequality from Lemma 5.6 we set k = u(y, s) and ¢(x,t) = a(z, t)x:(x, y)(t — s)
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and integrate with respect to y and s. Adding both equations yields
[ ) = g lante. Oxe (o)t = 5) dvy ) dv ()
M2 xR3

+/M2X]Ri [£(y uly, s)Tu" (2, 1) = f(y, uly, s)Lu"(2,1)]

X (@, 1)V gy Xe (2, y) e (t — 5) dvy(2) dvg(y)dt ds

+/MMR2+ [f (2, u(y, ) Tu(@,1) — f(z,uly, s) Lu"(z,1))]

X Vga(, t)xe (2, y) e (t — 5) dvy(z) dvy(y)dt ds

JF/MMRi [f(a,uly, s) Tu"(2,1)) — fz,u(y, s) Lu"(z,1))]

X a(z, 1)V g e Xe (2, y)0e (t — 5) dvy(z) dvy(y)dt ds (5.8)
+ /M2><]R+ |uo(z) — u(y, s)|a(x, 0)xe(, y)1he(—s) dvg(z) dvg(y)ds

> —/ [u" (2,0) — uo(x)|e(z, 0)xe (2, y)he(—s) ds dv, (y) dvy(z)
M2 xRy
/MXR+/0 Ié;e;;('e'l( d)EC(u " |fKe(C d) — fx.(c,c)l

+CH(K) |k (t)dtdsdvy(y).

We will start with the most difficult summand. Let Es be the sum of the second and fourth summand, i.e.
Brim [ {10t T 0) = f i 5) 200000 - Tyne(on)
M ><]RJr

1o uly ) T, 6) = o 3) L0 0, 0)] - Voo o0
X oz, ) (t — s) dvg(z) dvy(y)dt ds.
We also define

B = | {[f<y,u<m,t>w<x,t>> — Pl ule, ) L (2,8)] - Vxe(ay)
M2><]Ri

+ [f(x, u(x, t)Tuh(x, t)) — f(z,u(x, t)Luh(x, t))} - Vg.oXe(z, y)} alx, t)e(t — s)dvg(x) dvy(y)dt ds.

For ease of notation we will from now on omit the |-terms for the estimate for F5. Adding zero we get

2.3),(2.9
E2b ( ):( : / f(y,u(x,t)"l'uh(:n,t))a(x,t)Vg,yxe(CE,y)l/fs(t B S)
M?2xR2

- (T expz)expgl(y) (f(xv u(x, t)Tuh(:c, t)))a(:c, t)vg,yXE (:L'a y)ws (t - S)

+ ((T epr)eXPu?l(y) (f(x’ u(x’ t)Tuh(x’ t))) - Pl‘y (f(x’ u(x’ t)Tuh(x, t))))
X VgyXe(@,y)o(z, )t (t — ) dvg(z) dvg(y)dt ds.
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Now using integration by parts w.r.t. y the first summand vanishes because f(-,s) is divergence free for fixed
s € R (1.4), the absolute value of the second summand is smaller or equal Ce which can be seen after integration
by parts w.r.t. y by (2.10). To get an estimate for the third summand, denoted I5, we observe that for every
xr € M and € < 2R

/ dvy(y) = / |det(T exp,),| dv < C sup  |det (T exp,),|e?. (5.9)
Be(x) B:(0)

zEM,|lvlly<e

This yields due to (2.7) and (2.12)
/
< [ Claeen (e 00— ) dvyla) dvy)aeds
M2 xR2 €

< / C sup |det(Texp,),|lca(z,t)dvy(x)dt
MxRy  zeM,|v|y,<e

< Ce.

So finally |Eas| < Ce, and it remains to show |Ey — E9| < Ce. Introducing the following notation omitting the
dependence on t and s:

h(z,y,T) :

I
Wy, 1) = f(
D($,y) = h(I, Y, dg(x’y)) - h(x,y, O) - h(x’ya dg(I, y)) + h(I, Y, O)a

we have due to (2.2) and the definition of x. in (2.5)

Vay(T), uly, S)Tuh(:ﬂ, t) - ’Y;cy(T)a

1 dy(x,
|Ey — Egp| < / D(z,y)a(z, t) =5 X ( o y)) Ve (t — ) dvy(z) dv,(y)dt ds (5.10)
M2 xR3 € €
dg(:v,y) d -
|D| < /0 E (h(I,y,T) —h($,y,T)) dr
dg(z,y) A A ,
= /0 <V’y;y (f(/U/(y, S)TU ($,t)) - f(a U($, t)TU’ ($,t))) 7’7;Cy> dr
(1.4)
=< C |U(y7 S) - u(l‘, t)| dg(ma y)
Inserting this in (5.10) and using the boundedness of x’ we have
1
(B> — Exs| < © /W 2 = ) 0|5 T, <yl = 9) vy o) by () s,
xRy
Now we cover M with finitely many geodesic balls B,.(z1),..., By(zn), where » < R and R is the constant

from Lemma 2.2. We furthermore restrict to the € < r case. Because the derivative of exp;i1 is bounded there
exists a constant C; > 0 such that

dg(exp,,(a),exp,. (b)) > Cilla — by, Ya € B,(0), b € Ba.(0) (5.11)

which implies
Ldy(exp,, (a),exp,, ()<} < Lfjp-al,<s3-
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Hence we have by

|Ey — Eg| < CZ/ / / |u(exp,,(a),t) — u(exp,,(b), s)|
7 /R JB,.(0) J B2 (0)

X 57dﬂ{|\b7a||g<cii}ﬂsupp O/ng(t — S) dadbdtds
< Ck,

because each u o exp,. has bounded variation. Finally we have
|E2| < Ce.

Let

B = / |uh(x, t) — u(y, s)|ou(z, t)xe (@, Y)e (t — s) dvgy(z) dvy(y)dt ds,
M2><]Ri

Euy = / il (2, £) — ula, £)] s, 1) dv, () dt.
M xRy

Due to (2.8) we have
By = Bl < [ (o8 a9 O ()6t — ) dvy ) dvy o) deds + O,

M ><]RJr

To estimate the first part of the right hand side we again cover M with balls B,.(z;) like in the estimate for Es.
From the definition of x. in (2.5) we know that x is nonincreasing for positive x, this yields the following
inequality

BBl <X [ [ [ jutexn, (@).0) - utexp,, 4).5)
. JR3 JB,.(0) /B, (0)

1 b —
X |04t(eXPmi(a),t)|€—dX (M) e (t — s)dadbdtds + Ce

< Ce,

because the L'-norms of the 6% X (%) are uniformly bounded with respect to €. The constants C; were

chosen like in (5.11).
Let

By = /MW [ uly, ) Tu(2,0)) — f(z, uly, 5) Lu" (2. ))]
X Vgala, xe (. y)e(t — ) dvy (@) dvy(y) di ds
By = / [f (2, ule, ) Tu" (2, 1)) — f(z,u(z, ) Lu" (2,1))] - Voa(z,t) dvy(z)dt.
Then we have
B — | < C (. ) — (e )] [V g, Ol xe (. y)is (¢ — 8) dvy (@) dv, (y) dt ds + Ce

M?2 ><]Ri
< Ck,
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like in the estimate for Fj. To estimate the fifth summand on the left hand side of (5.8), denoted Ej,, we consider
the entropy inequality (1.3) fulfilled by w. For fixed € M we define

p(o.y.5) = e, Oxeloy) [ vn(-r)dr
and k = up(z). Then integration with respect to x yields
[ Tulys) — vl O)xe () (-5) dy () vy () ds
M?2xRy
+ /M2 . (f(y,uly, s)Tuo(x)) — f(y, u(y, s)Lug(x))) - Vg uXe(x,y)a(z,0) (/ e (— dr) dvg(x)dvy(y)ds
+ /M2 luo(y) — wo(x)|a(z, 0)xe (2, y) </0 wg(—r)dr) dvy(x)dvg(y) > 0.

We note that the first summand here is exactly —FEy, thus we denote the summands by —FEjy, Es5, Eg respectively.
To estimate E5 we define Fs; by

B [ [0 Tua) = ) L) - Viyxslo e 01 (-7 dr ds vy o) vy o)

From now on we will omit the L-terms for convenience again, they are estimated in exactly the same way as
the T-terms. Using integration by parts we have by (2.3)

g = — /MZXR / " Py (0, 05, 5) To®)) - Vgaxe(, y)ax(a, 0)a(~7) dr ds dvy(z) dv, (y)

/MMR /oo (Texpy)expgl(l-)(f(y;U(y75)TUO(y))) — Py (f(y,u(y,s)TuO(y)))>
X VgaXe(®,y)o(@,0)¢: (—7) dr ds dvg(z) dve(y)
/M2><]R / TeXpy expy (z)(f(yau(y; s)Tuo(y))) - Vgaxe(x,y)o(z,0)e (—7) dr ds dvg(z) dvy(y).

Now we get using (2.12) for the first and integration by parts for the second summand
e 1
|Esp| < ‘/ / Clid, @) <e} 5= 1f locax(2, 0)he (=7) d7 ds dvy(z) dvy(y)
M2xRy Js €

L T 00, o ) )
M2><]R+ s

X Xe(x,y)a(x,0). (—7) dr ds dvg(x) dvg(y)‘

(o]

+ ‘ / / (T expy)expgl(x) (f(y7 U(y, S)TUO(y)))
M?2xRy Js

V500 Oz ) () 7 ds vy ) v, (o)

The first summand is smaller than Ce because of (5.9). The second summand is smaller than Ce due to (2.10)
and the third summand has this property because, due to (2.11), the integrand is bounded and the support
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with respect to s lies in [0,¢]. Finally we have |Es,| < Ce. Furthermore

|E5 — Esp| < C / [uo (@) —uo(y)] [[Vg,yxe (@, )l Ye(=T)dT ds dvy(y) dvy(x).
M2 xRy

Integrating with respect to 7 and s yields

|E5 — Esp| < C/ uo(@) = uo @) IVgyxe(z,9)ll & dvy(y) dvy (@)
M
because the integral over 7 is bounded by 1 and the support with respect to s lies in [0, €]. Then we use the fact

€ ||Vg,yXe(937 y)”g < Cgidﬂ{dg(x,y)<a}~

We cover M with balls like in the estimate for Fo again and a similar argument yields

|E5 — E5b| < Ce.
Another version of this argument implies
|E6| § Ce.
So we finally have
|E4| < Ce.

Now we have to find an estimate for the right hand side of (5.8): Keeping in mind the weak BV-estimate (5.4),
the essential part of this estimate is an estimate for

‘ / rice(t) dsdvy(y)|
M xR

where 7 . was defined in (5.5). Because the test function ¢ in the definition of rx . now has the form

cp(:c,t) - a(mat)XE(xay)we(t - S)

B ﬁ / / ] /dg‘“’||vga<%z<e>,t>||g

X Xe(Vaz(0), y)e(t — 5)d0 dve(z) dvg(x) ds dvy(y)

|K|Ie|/ /R+/ //d . IVixe(V22(0),9)llg

5 a(Yas (0), )e (t — $)dO dve(2) dvy(z) ds dv,y(y). (5.12)

we have

/ T e(t) dvg(x)ds
M xRy

Now integration over s,y yields that the first summand in (5.12) can be estimated by

dg(x,z)
—|KC||6|/K//O IV (= (0), 1)l g (1 + Ce)db dve(2) dvy(z) < C(1 + )5(K).

<IVgadlpee(arn

To estimate the second summand in (5.12) we observe

IVixe(Ya=(0), 9)llg < Ce™ 4 Mg, (v, (0).)<e}-
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Due to (5.9) integration over s and y yields that the second summand in (5.12) is smaller than

C dg(z,y) . 5(K)
[K]le] /K/e/o Ce™ dfdve(z)dvy(z) < C :

€
So we have due to the weak BV estimate Lemma 5.4

T
/MXR+/0 Z Z l o )|€||vae(Cv d) — frelc,o)|| rredvg(x)dt ds < % (ﬁ Tha hs)

KeT ecor [(oDEC e, <
1
=CcVh (E +1+4 5> .
(5.13)

We observe that due to (3.1)—(3.4) we have

T

> ) Co(K)|e| < 3CB k.

0 KeTecok

Now it remains to estimate
/ [u" (2,0) — uo(x) |z, 0) e (x, y) e (—s) ds dv,(y) dvy(z).
M?2xRy
Integrating with respect to y, s yields that this term is smaller than
ca+ cg)/ (" (2,0) — o ()| dvy(z) < C(1 + )k
M
for €, h small enough by Lemma 3.2. This finally implies
/ (2, £) — u(a, £)]as (@, ) dv, () dt
M xRy
+/ [f (2, u(a, ) Tu (2, 1)) = (2, u(z, t) Lu"(2,1))] - Voa(z,t) dvy(z) dt
MXR+
h
>-C <€+Ch+h€+g+\/ﬁ+2\/ﬁs+he>
= —C (¥ +h+nt 4 hF 0t htnd)

where we set £ = h7 for the last equality. O

Now we can state the main theorem which specifies the convergence rate. This result is more general with
respect to the grids than the work of Amorim et al. [1] because they impose the lines joining the vertices of the
polyhedra to be geodesic. Nevertheless we believe the techniques of their proof also work for the more general
grids considered here.

Now the convergence proof is quite easy and only consists of choosing a sensible test function « in Lemma 5.7.

Theorem 5.8. Provided the assumptions of Lemma 5.7 hold, then we have for every time T > 0 a constant
C > 0 depending only on f, uwo, M, g, T, {fr.e}, B, k, Ne, R such that

T 1
Ch2z : d=1
|t — e plavy @ < { Ca=t
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Proof. For t > 0 we define

p(t) 1{(1t)eXp<t2 1) 1t <1

0 t>1
and pr(t p (55) - We have pr(t) € [0, €] and there exists € > 0 such that p/(t) < —e V¢ € [0, 3] and therefore
pir(t) < ;TE Vt € [0, T]. Now we define a(z,t) = pr(t), then we have o € C§°(M x Ry, Ry ) and V a = 0 which
implies
/ / [u (2,t) — u(w,t)| dvy(z) dt > / / gz, t)|u (z,t) — u(x,t)] dvy(z) dt

- % cd=1

~ | -Ch7 : d>2,
which proves the theorem. O

6. APPENDIX

6.1. Proof of Lemma 2.4

Let {Ua}aca and {V,}aeca be finite coverings of M with U, C V,, such that there is an orthonormal basis
{X#}iz1,...n of vector-fields over V,. Let R be the constant from Lemma 2.2, then we define for every «

= {(z,y) € M*: x € U,,dy(z,y) < R}, (6.1)
= {(x, ) € M?: x € V,,dy(z,y) < 2R},

and observe that each K, is compact. Furthermore we define for a € A,i=1,...,n

he Ky —TM (2,y) — (y (Texpl.)exp;l(y)(Xf(x))) ,

which is smooth as a function of (z,y). Hence its norm is bounded on K, which proves (2.11) because there are
only finitely many a € A. For fixed « € V,, the map h{(z,-) is a vector-field on Bag(x) and hence VA (z,y),
the covariant derivative with respect to y, is well-defined and smooth on K. Furthermore

Vyhi(z,2) =0 VeV, (6.3)

(cf. [13]), which implies
divy yhi(z,z) =0,

because the divergence is the trace of the covariant derivative. For every «, 4, j, k
(:L'a y) = <vXj(y)hia(ma y)an(y»
is smooth on K, and vanishes for z = y due to (6.3). Its gradient is bounded on K, and we have

IV R (z, )]y < d? sup|(VXJ & Xk < d? Ci.adg(z,y) (6.4)

gk

for (z,y) € K, where || - ||; denotes the operator norm with respect to g. This obviously implies

|divg ki (z,y)| < a3 Ciadg(z,y).
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Now let € M, y € Br(z) and v € T, M then there is some o € A such that z € U, and we have
v=Y (X2 (x),0) X ().
i
Hence

(T XD 1) (¥) = (75D, )y <Z<Xf“’“>Xi“ )

%

= Z (X{(z Tesz)exp;l(y) (X{*(2))

7ZX°‘ v)h (z,y)

BN dng,y(TeXpm)engl(y)(’U } = (X (), v)divg b (z,y)

< Z (X8 (), v)d> Oy 0dy (2, y)
< I\vllngg(x,y),

where C' = d* > .o Cisa- So we proved (2.10) and next we will show (2.12). Due to the continuity of x" we have

¢ (e

- )‘ < Cl{dg(z,y)<s} (65)

and define
BE) = (T XD o1 ) (0) = Py (0 (0): ey ()

We recall (2.9), hence to prove (2.12) we need an estimate for 5(dy(x,y)). We have 5(0) = 0 and

C0) = oy D) (T2 12,0 () ~ Prrenn () 7oy (1))
= <V’Y.::y (t) (T expx)expll (Yay (1)) (U)7 ,y;cy (t)>

because V., vy, = Vi, Py, (v) = 0. Hence we have for some a € A

d N (6.4)
55(75)‘ <Y e I3V g @ p)llgllvlly < Cdg(,y)][0llg-

Hence we have |3(d,(z,y))| < C(dy(z,y))?|v||, and using (2.9) and (6.5)

1
‘<(Texpz)exp;1(y) (’U) - bey(v)ﬂ v97ng(ﬂf,y)>’ < gdﬁcl{dg(lvy)<5}|ﬂ(dg(z’y))|

1
= Ed71Cl{dg(r,y)@}||U||g-
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6.2. Proof of Lemma 3.2
Proof. Miranda et al. showed in [16] that there exists a sequence (f;); € C°° (M) such that

1 .
Il fi —ullpiry < = and  lim / IVgfillgdvg(z) = TVa(u) < . (6.6)
J J=0 J M

For every j we have

lu—allzrary < llu—= filloraan + 115 = Filleran + 1f5 = @llzian
1f5 = allzrany = D IF5 =l < D5 = ulliw) = 15— ullran
K K

= llu—allpany < 2llw— filloan + 1f5 = filloan-

Furthermore we have for every K € 7

A

1
@) - o [ 1) dvg<y>\ dv ()

16— Fllue < [
1
< 1 o 5@ = L)l v, ) dv, ),

When the diameter of all elements is smaller than R, then for every pair of points x,y € K there is a unique
minimizing geodesic from x to y. It can be written as

y:[0,1] — M 0~ {expy((l —0) exp, ' (x)) for (_1)

exp, (0 exp, 1 (y)) for
This implies

_ 1 3
1f5 = Fillercry < m/}(/o \vgfj(eXpy(a —0) exp, (2)))

x (T"expy) (;_g) engl(g;)(eXpy_l(x))’ dfdvy(x)dvy(y)
1 1 )
+ m/}(?/% ‘ngj(expm(ﬁexpwl(y)))

X (T eXPy)g expe () (exp;l(y))‘ d0 dv,y(2) dvy(y). (6.7)
Due to (2.11) we have

(T exDy) 1 gy xpt oy (©xDy  (@)llg < Cllexp, (@)l < CO(K). (6.8)
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Inserting (6.8) in (6.7) implies

N

165 = Flso < g E/’b/ 19, f5(ex0, (1= 6) expy (), 40 dvy (@) dv,(y)

|]((| / / Vo fi(exp, (0 expy (1))l A0 dvy(z) dvy(y)

- |K| // /1 Do () IVyf;(exp, (w ))”g( gya | 4et(T expy)u] d dw dve(y)

|K| // /eexp, ) IV fj(exp, (v ))Ilg9d|det(Tepr) |6 dv dv,y(z)

where the determinants are computed with respect to orthonormal bases of the respective tangent spaces. The
determinant of (T"exp, ), is continuous and positive on the compact set K := {(z,v) € TM: ||v||; < R} so there
exists C' > 0 such that

1
¢ < |det(T exp,)o] < C V(z,v) € K. (6.9)

We have
15— Tl < ml//LMMWNMwmmmMMpmmawmu

L L L o [Tl (T s ) v, o)

By definition of convex hull (Def. 2.3) we get

exp, ((1 79)exp;1(K)) CconvK for0<f#<landz,ye K
exp, (B exp, (K)) C convK for 0 <0 <1and z,y € K.

This implies by (6.9) due to

7 Cé(K
155 = Fillorer < & m 2L vas@ldn@am G [ 19l v
) |V f]”Ll(coan)

| /\

Finally we have due to (6.6) and our assumption on the triangulation
[ — @l 1 ary < jhg;o 2\lu— fillpran + jlggo 15 = Fill Loy
= lim > If5 = filleo
J—00
K
< Ch Jim 3 [V fjle cony 10
K

< ChNTViy(u). O
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