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Abstract. We derive a posteriori error estimates for singularly perturbed reaction—diffusion problems
which yield a guaranteed upper bound on the discretization error and are fully and easily computable.
Moreover, they are also locally efficient and robust in the sense that they represent local lower bounds
for the actual error, up to a generic constant independent in particular of the reaction coefficient. We
present our results in the framework of the vertex-centered finite volume method but their nature
is general for any conforming method, like the piecewise linear finite element one. Our estimates
are based on a H(div)-conforming reconstruction of the diffusive flux in the lowest-order Raviart—
Thomas—Nédélec space linked with mesh dual to the original simplicial one, previously introduced by
the last author in the pure diffusion case. They also rely on elaborated Poincaré, Friedrichs, and
trace inequalities-based auxiliary estimates designed to cope optimally with the reaction dominance.
In order to bring down the ratio of the estimated and actual overall energy error as close as possible
to the optimal value of one, independently of the size of the reaction coefficient, we finally develop the
ideas of local minimizations of the estimators by local modifications of the reconstructed diffusive flux.
The numerical experiments presented confirm the guaranteed upper bound, robustness, and excellent
efficiency of the derived estimates.
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1. INTRODUCTION

We consider in this paper the model reaction—diffusion problem

—Ap+rp = [ in Q, (1.1a)
p = 0 on 09, (1.1b)

where Q C R?, d = 2,3, is a polygonal (polyhedral) domain (open, bounded, and connected set), r € L*(£),
r > 0, is a reaction coefficient, and f € L?(Q2) is a source term. We denote respectively by ¢, s and C,. g the best
nonnegative constants such that ¢, s < r < C, g a.e. on a given subdomain S of 2. Our purpose is to derive
optimal a posteriori error estimates for vertex-centered finite volume approximations of problem (1.1a)—(1.1b),
with extensions to other conforming methods like the piecewise linear finite element one.

Averaging a posteriori error estimates like the Zienkiewicz—Zhu [28] one are quite popular for the purpose of
adaptive mesh refinement in boundary value problems simulations but actually do not give a guaranteed upper
bound on the error made in a numerical approximation. Here and throughout the text, an estimator 1 represents
a guaranteed upper bound of the error e if e < n. More severely, for problem (1.1a)—(1.1b) in particular, they
are not robust in the sense that the ratio of the estimated to the true energy error blows up for high values of r.
The improvement of the equilibrated residual method to singularly perturbed reaction—diffusion problems by
Ainsworth and Babuska [1] does not have this drawback and yields robust estimates. It also gives a guaranteed
upper bound but this bound is actually not computable, since it is based on a solution of an infinite-dimensional
local problem on each mesh element. Approximations to these problems have to be used in practice, which
rises the question of preservation of the guaranteed upper bound and even of the robustness. This question,
along with a robust extension to anisotropic meshes, is treated by Grosman in [9]. By introducing suitable
finite-dimensional approximations of the local infinite-dimensional problems, Grosman proves the robustness
of the final practical estimate. Moreover, he also shows that these approximations yield an estimate which is
equivalent with the original infinite-dimensional one up to an unknown constant, independent of the mesh size h
and the reaction parameter . He thus ensures the reliability of the final discrete version of the equilibrated
residual method, the presented numerical results are excellent, but there can still by slight violations of the
guaranteed upper bound, as one can notice it in [9], Table 1. Moreover, this approach seems rather complicated
and computationally quite expensive, although the evaluation cost, i.e., the number of operations necessary to
compute the estimate, remains linear in the number of unknowns.

Verfiirth in [21] derived robust residual a posteriori error estimates for singularly perturbed reaction—diffusion
problems which are explicitly and easily computable. Unfortunately, these estimates are not guaranteed in the
sense that they contain various undetermined constants; they are suitable for adaptive mesh refinement but
not for the actual error control. An extension of this result to anisotropic meshes is then given by Kunert [12].
Recently, Repin and Sauter [17] or Korotov [11] presented estimates which do give a guaranteed upper bound
also for problem (1.1a)—(1.1b). However, for accurate error control, computational amount comparable to that
necessary to the computation of the approximation itself is required and it is quite likely that this amount will
grow for growing coefficient r, which does not match with the term robustness. Coincidently, no (local) efficiency
in the sense that the estimate also represents a (local) lower bound for the actual error, up to a generic constant,
is proved in these references. Guaranteed and locally computable estimators for problem (1.1a)-(1.1b) are also
arrived at by Vejchodsky [20], but, once again, no lower bound is proved and the estimate is not expected to
be robust.

A new family of estimates was established recently for various numerical methods in [7,24-26]. These esti-
mates are explicitly and easily computable and yield a guaranteed upper bound together with local efficiency;
the estimates of [25] for the pure diffusion case are moreover completely robust with respect to an inhomoge-
neous diffusion coefficient. In the conforming case, these estimates develop ideas going back to the Prager—Synge
equality [16], c¢f. also [13].

The purpose of this paper is to extend the estimates of [25] to the singularly perturbed reaction—diffusion
problem (1.1a)—(1.1b). We first in Section 3, after giving the necessary preliminaries in Section 2, present
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an abstract a posteriori error estimate for conforming (contained in H§(£2)) approximations to problem (1.1a)—
(1.1b). This estimate is shown to be optimal, i.e., equivalent to the energy error, and gives the basic framework
for the further study. We start in Section 4 by presenting the ideas of the diffusive flux reconstruction in the
lowest-order Raviart—Thomas-Nédélec space linked with the mesh dual to the original simplicial one and prove
some important Poincaré, Friedrichs, and trace inequalities-based auxiliary estimates designed to cope optimally
with the reaction dominance. Then the first main result, an a posteriori error estimate which is explicitly and
easily computable and which gives a guaranteed upper bound on the overall energy error, is stated and proved.
We present all these results in a quite general setting of conforming approximations and detail their application
to the vertex-centered finite volume method. We finally in Section 5 present our second main result, the local
efficiency and robustness, with respect to reaction dominance and also with respect to spatial variation of r
under the condition that r is piecewise constant on the dual mesh, of the derived a posteriori error estimates.
We there actually show that our estimates represent, up to a generic constant, local lower bounds for those of
Verfiirth [21].

The numerical experiments of Section 6, using the package FreeFem++ [10], where our estimates are imple-
mented, confirm all the theoretical results, i.e., the guaranteed upper bound, local efficiency, robustness, and
linear evaluation cost. The only element missing is the asymptotic exactness, i.e., the fact that effectivity index,
given as the ratio of the estimated to the actual error, is not as close to the optimal value of 1 as one would
have wished (it ranges between 2 and 6 in the presented results). This phenomenon has been already observed
in the pure diffusion case in [6,25]. A remedy to this has been proposed in these references, consisting in local
minimizations of the estimators by local modifications of the reconstructed diffusive flux. The final estimate is
then given as a local minimum of the estimator constructed in Section 4 and of the minimized one, so that in
particular the guaranteed upper bound of Section 4 and the robust local efficiency of Section 5 hold true. A
full local minimization over the available degrees of freedom has been proposed and studied in [6]. Such a mini-
mization leads to the solution of a local linear system for each vertex (of size equal to twice the number of sides
sharing the given vertex); although the cost remains linear, the complexity is indeed increased. The solution
of local linear systems was completely avoided by the simplified minimization approach of [25], Section 7. We
extend in Appendix the two approaches to the singularly perturbed reaction—diffusion problem (1.1a)—(1.1b).
It turns out that the completely explicit simplified local minimization of [25], Section 7, gives almost always the
best results, so it can for its simplicity and efficiency be recommended for practical computations. In particular,
with its use, the effectivity index in the presented results ranges between 1 and 3 for all the meshes from the
coarsest to the finest and from uniformly to adaptively refined and for all values of the reaction coefficient r.
We finally remark that the homogeneous Dirichlet boundary condition is considered only for simplicity of ex-
position. For inhomogeneous Dirichlet and Neumann boundary conditions in the present setting (with r = 0),
we refer to [27].

2. PRELIMINARIES

We set up in this section the considered meshes description and all notation and describe the continuous and
discrete problems we shall work with.

2.1. Notation

We shall work in this paper with triangulations 7, which for all A > 0 consists of simplices K such that
Q= UKeTh K and which are conforming, i.e., if K, L € 7, K # L, then K N L is either an empty set or a
common face, edge, or vertex of K and L. Let hx denote the diameter of K and let h := maxgeT, hx. We
next denote by &, the set of all sides of 7}, by E,iL“t the set of interior, by £** the set of exterior, and by £k the
set of all the sides of an element K € 7,; h, stands for the diameter of o € &,. Finally, we denote by V} (V}L“t)
the set of all (interior) vertices of 7, and define for V € V), and o € &, respectively, Ty := {L € Tp,; LNV # 0},

T, :={L € Ty;0€&L}.
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FI1GURE 1. Original simplicial mesh 7}, the associated dual mesh Dy, and the fine simplicial mesh Sy,.

We shall next consider dual partitions D of Q such that Q = U DeD, D and such that each V € V), is
in exactly one Dy € Dj,. The notation Vp stands inversely for the vertex associated with a given D € Dy,.
When d = 2, we construct Dy, as follows. For each vertex V, we consider all the triangles K € 7y . Then,
the dual volume Dy, associated to V' is the polygon which has these triangle barycentres and the midpoints of
the edges passing trough V' as vertices. An example of such a dual volume is shown in Figure 1. If d = 3, in
each tetrahedron, face barycentres are first connected with face vertices and face edges midpoints. Then small
tetrahedra are formed by the resulting triangles in each face and the tetrahedron barycentre. Finally, the union
of all small tetrahedra sharing a given vertex Vp is the dual volume D. We use the notation Fj, for all sides
of Dy, Fint (F£*) for all interior (exterior) sides of Dy, and Dt (D*') to denote the dual volumes associated
with vertices from Vit (Vext).

Finally, in order to define our a posterior: error estimates, we need a second simplicial triangulation Sy, of €.
This is given by &), := Upep, Sp, where the local triangulation Sp of D € Dy, is given as shown in Figure 1 if
d = 2 and by the “small” tetrahedra if d = 3. We will use the notation Gj, for all sides of S;, and g;g“ (QZ’“) for
all interior (exterior) sides of Sp. Also, we will note Gi5* all o € GI" contained in the interior of a D € Dj,.

Next, for K € 75, n always denotes its exterior normal vector and we employ the notation n, for a normal
vector of a side o € &, whose orientation is chosen arbitrarily but fixed for interior sides and coinciding with
the exterior normal of €) for exterior sides. For a function ¢ and a side o € E}L“t shared by K, L € 7}, such that
n, points from K to L, we define the jump operator [-] by

[e] == (elx)lo = (¢lL)lo- (2.1)

int

We put [¢] := 0 for any o € EX'. For o = ok 1, € ™, we define the average operator {-} by

fed = 5(eli)lo + 5 (0lo)l (22)

whereas for o € £, {¢} := ¢|,. We use the same type of notation also for the meshes D), and S,.

In what concerns functional notation, we denote by (-,-)s the L2-scalar product on S and by || - ||s the
associated norm; when S = €, the index is dropped off. We denote by |S| the Lebesgue measure of S, by |o| the
(d — 1)-dimensional Lebesgue measure of ¢ C R9~1, and in particular by |s| the length of a segment s. Next,
H'(S) is the Sobolev space of functions with square-integrable weak derivatives and H(S) is its subspace of
functions with traces vanishing on 9S. Finally, H(div, S) is the space of functions with square-integrable weak
divergences, H(div,S) = {v € L%(S);V-v € L?(9)}, and (-, )ss stands for the appropriate duality pairing
on 05.
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2.2. Continuous and discrete problems

For problem (1.1a)—(1.1b), we define a bilinear form B by

B(p, ¢) := (Vp, V) + (r'/2p,r1/%p),

where p, ¢ € H}(Q2), and the associated energy norm by

lell? = Ble. o). (2.3)

The standard weak formulation for this problem is then to find p € H}(£2) such that

B(p,p) = (f.¢) Ve eHy(Q). (2.4)

For the approximation of problem (1.1a)—(1.1b), we will consider the vertex-centered finite volume method,
also known as the finite volume element or the box method. It reads: find p, € X such that

—(Vpp -0, Dop + (rpr, 1)p = (f,1)p VD € D, (2.5)

where
X7 = {pn € Hy(Q); onlx € P1(K) VK € Tp}
with P (K) the space of linear polynomials on K € 7. This method for the approximation of problem (1.1a)-

(1.1b) is very closely related to the piecewise linear finite element one, which consists in finding p, € X ,? such
that
B(pn, on) = (fron)  Ven € X5,

In particular, for the considered dual meshes, the discretization of the diffusion term completely coincides, cf. [2],
Lemma 3, [14], Lemma 2, or [25], Lemma 3.8. Similarly, if f is piecewise constant on 7}, the discretization
of the right-hand side again coincides, see [14], Lemma 2, or [25], Lemma 3.11, whereas the discretization of
the reaction term only differs by a numerical quadrature. We refer to [25] for the relations to other methods
yielding an approximation in the space Xg.

3. OPTIMAL ABSTRACT FRAMEWORK FOR A POSTERIORI ERROR ESTIMATION

In this section, we recall the basic results of [7,24], giving an optimal abstract framework for a posteriori
error estimation in problem (1.1a)—(1.1b). For their simplicity and for the sake of completeness of the present
paper, we include also the proofs.

3.1. Abstract estimate
The first result is the following abstract upper bound:

Theorem 3.1 (abstract a posteriori error estimate). Let p be the weak solution of problem (1.1a)—(1.1b) given
by (2.4) and let p, € H{(Q) be arbitrary. Then

llp —pnlll < inf sup {(f =Vt —rpn,0) = (Vpr +t,Ve)}- (3.1)
teH(div.Q) penl (@), ||loll=1

Proof. We first notice that according to the definition of the energy norm by (2.3),

P — DPh
llp = palll = B (p—ph77) -
o = pall
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Here, as well as in the sequel, we treat the possible occurrence of 0/0 as 0 for the simplicity of notation. Next,
as ¢ == (p—pn)/lllp — prll| € H, we have B(p,¢) = (f,¢) by (2.4). So, for any t € H(div, ), adding and
subtracting (t, Vi) and using the definition of B(-, ), we have

llp — pulll = (f, @) — B(pn, »)
= (f,¢) — (Vpr, V) — (rpn, ¢) (3.2)
= (f,0) = (Vpn +t, V) — (rpn, @) + (t, Vo) '
(

=Vt —rpn,p) = (Vpn +t, V).

Here, we have also applied the Green theorem yielding (t,Vy) = —(V - t,¢). As t € H(div,Q) was chosen
arbitrarily and |||¢]||| = 1, this concludes the proof. O

3.2. Efficiency of the abstract estimate

Concerning the efficiency of the above estimate, we have:
Theorem 3.2 (global efficiency of the abstract estimate). Let p be the weak solution of problem (1.1a)—(1.1b)
given by (2.4) and let p, € HY(Q) be arbitrary. Then

inf sup {(f=V -t —rpn,p) — (Vpr+t,Ve)} <|llp—pulll-
tEH(div,Q) penl(Q), [llelll=1

Proof. We add and subtract the term (rp, ), put t = —Vp, and use the fact that p is the weak solution to
obtain

inf sup {(f =Vt —rpn, o) = (Vpn+1t,Vp)}
tEH(div.Q) pen (@), lllell=1
= _inf sup {(f =Vt —rp,o) = (Vpn +t,Vo) + (rp —rpn,0)}
EEHAV.Q) peny(©), llell=1
< sup {(f+Ap—rp,0) = (Vpr —Vp, Vo) + (rp — rph, )}

PEHF(Q), lllelll=1

= sup {(V® —pn), Vo) + (r(p — pr), ¢) }-
eeHL(Q), lllpll=1

The proof is concluded by using the Cauchy—Schwarz inequality, the fact that |||¢]]| = 1, and the definition of
the energy norm (2.3). O

4. GUARANTEED A POSTERIORI ERROR ESTIMATES

We derive here a locally computable version of the abstract a posteriori estimate of the previous section.
The first step is to properly choose a reconstructed diffusive flux t;, € H(div, Q) to be used as t € H(div, ) in
Theorem 3.1. We next recall the Poincaré, Friedrichs, and trace inequalities and derive some auxiliary estimates
that will turn out later as crucial in order to obtain robustness. We finally state our guaranteed a posteriori
error estimates.

4.1. Diffusive flux reconstruction

We present here a particular diffusive flux reconstruction t, € H(div, ) in the vertex-centered finite volume
method (2.5), which will be crucial in our a posteriori error estimates. We define it in the lowest-order Raviart—
Thomas—Nédélec space over the fine simplicial mesh S, introduced in Section 2. The space RTIN(S},) is a space
of vector functions having on each K € S, the form (ax+dxx,bx +dgy)tifd =2 and (ag+dxx,bx+diy, cx+
diz)' if d = 3. Note that the requirement RTN(S;,) C H(div, Q) imposes the continuity of the normal trace
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across all o € Q;L“t and recall that V - v, is constant on all K € S, that vj, - n, is constant on all o € G, and
that these side fluxes also represent the degrees of freedom of RTN(S},). For more details, we refer to Brezzi
and Fortin [4] or Roberts and Thomas [18].

Let us thus define t;, € RTN(S},) by

trn n, = —{Vpn -n,} Vo € Gy, (4.1)

where {-}} is the average operator defined in Section 2. Note that tj, - n, is given directly by —Vpy, - n, for such
o € Gp, where there is no jump in Vpy,. This set is given by all the sides o € G;, which are in the interior of some
K € 7, or at the boundary of €2, in particular, by all the sides o € G, contained in 9D for some D € Dy,. In the
other cases, we may think of t,, as of a H(div, )-conforming smoothing of —Vpy,, which itself is not contained
in H(div, Q). The following important property holds for t;, constructed in this way:

Lemma 4.1 (reconstructed diffusive flux). Let p, € X ,(L) be given by the vertex-centered finite volume method
(2.5) and let t, € RTN(Sy) be given by (4.1). Then

(V'th—l—?“ph,l)D:(f,l)D VDG'D}Im.

Proof. The local conservativity of the vertex-centered finite volume method (2.5) and the definition (4.1) of tj,
imply that

(tn-n,)op + (rpn, 1)p = (f,1)p VD € D},

noticing that {Vpn -n,} = Vpp, - n, for all o C 9D as discussed above. The assertion of the lemma now follows
by the Green theorem. O

4.2. Poincaré, Friedrichs, and trace inequalities-based auxiliary estimates

In order to define our estimators, we will need the Poincaré, Friedrichs, and trace inequalities, which we
recall below. We then prove several important auxiliary estimates, designed to cope optimally with the reaction
dominance.

Let D be a polygon or polyhedron. The Poincaré inequality states that

le = ¢pllh < CephplIVelh Ve € HY(D), (4.2)

where p is the mean of ¢ over D given by ¢p = (¢,1)p/|D| and where the constant Cp p can for each
convex D be evaluated as 1/72, cf. [3,15]. To evaluate Cp p for nonconvex elements D is more complicated but
it still can be done, ¢f. Eymard et al. [8], Lemma 10.2, or Carstensen and Funken [5], Section 2.

If 0Q N OD # (), the Friedrichs inequality states that

lell® < Cr.p.oahb Vel Vi € HY(D) such that ¢ = 0 on 92N ID. (4.3)

As long as 9 is such that there exists a vector b € R? such that for almost all x € D, the first intersection of By
and 0D lies in 0%2, where By is the straight semi-line defined by the origin x and the vector b, Cr p oo = 1,
cf. [23], Remark 5.8. To evaluate Cr,p,aq in the general case is more complicated but it still can be done,
cf. [23], Remark 5.9, or Carstensen and Funken [5], Section 3.

Finally, for a simplex K, the trace inequality states that

lelly < Crralhi lleli + el Vellx) Ve € HY(K). (4.4)

It follows from [19], Lemma 3.12, that the constant Cy x,, can be evaluated as |o|hk /| K], see also Carstensen
and Funken [5], Theorem 4.1 for d = 2.
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Lemma 4.2 (auxiliary estimates on simplices). Let K € Sy, 0 € £k, ¢ € HY(K), and o = (p, 1)k /|K|.
Then

le — exllx < mlllellx (4.5)
with
mpg = min{C whiK, T}(/Q} (4.6)
Moreover,
1/2 ~1/2
le = exclls < C% MR el (4.7)
with .
My = min{(CPK-l-CP K) hi,c, h —|—2 T}(/2} (4.8)

Proof. We begin by the first assertion. As ¢ is the L? projection of ¢ over the constants, we have

lo = exllic < liglx- (4.9)
Now, using that
r1/? —1/2
el = || 579, < cnilllellx, (4.10)

we obtain || — ¢k ||k < c;}(/2|||<p|||K On the other hand, from the Poincaré inequality (4.2) and definition (2.3)

of the energy norm, the estimate ||¢ — ¢ ||k < C’llgff(hK|||cp|||K follows easily, whence we conclude (4.5).
In order to prove the second assertion, we use the trace inequality (4.4) for ¢ — . We have

A

le—erll?2 < Cikolhgtlle—exlik + e — exllxVie — ox)lx)
< Cowo(Crxh|Velk + O rhxlIVel%)

< Curo (Coac+ C5c) hucllelle.

using that Vg = 0, the Poincaré inequality (4.2) and definition (2.3) of the energy norm. Similarly,

lo—exl2 < Curco (ol + el Volx)
—1/2
< Corcr (el + i1 el ol
<

I 12
e (ke el + 35 2l ).

using (4.9), (4.10), the inequality 2ab < a®+b?, and definition (2.3) of the energy norm. Hence (4.7) follows. [
Lemma 4.3 (auxiliary estimates on dual volumes). Let D € Dy, » € HY(D), and ¢p := (¢,1)p/|D|. Then,

lo = ¢pllp < mollellp, D e Dy,
lello <mollielln, D eDP,

where
PO s _1/2 1nt
mp = mm{C nhp,c, }, D e Dy (4.11)
mp = min {C/} sohp,r J* ), D e DR, (4.12)

with Cp.p the constant from the Poincaré inequality (4.2) and Cr p oq that from the Friedrichs inequality (4.3).
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Proof. The proof of the first statement is analogous to the proof of (4.5) in Lemma 4.2. To obtain the second

statement, we use ||¢|p < C;E/2|||g0|||p (cf. (4.10)) and the Friedrichs inequality (4.3). O

4.3. Guaranteed a posteriori error estimates

We define and prove here our a posteriori error estimates in a rather general form motivated by the diffusive
flux reconstruction of Section 4.1:

Theorem 4.4 (guaranteed a posteriori error estimate). Let p be the weak solution of problem (1.1a)—(1.1b)
given by (2.4) and let pp, € HY(Q) such that Apy, € L2(K) on each K € Sy, be arbitrary. Let next t;, € H(div, )
be such that

(V -ty +rpn, )p=(f,1)p VD cDm, (4.13)

Define the residual estimator by
nr.p :=mpllf —V -ty — oD, D e Dy, (4.14)

where mp is given by (4.11)—(4.12), and the diffusive flux estimator

7DF,D = min {ngl?“,Dv 77](3212“,D} ) D & D, (4.15)
where )
.o = [Von + tallp
and
oy 1/2
ngﬁ,p = Z <mK|Aph + V- ty — (Apn + V- th)k ||k + ﬁl}(ﬂ Z Ctl,/I?,UH(Vph +tp) - n||0> ,
KeSp o€l
with mg given by (4.6), and mi and Ct i, respectively by (4.8) and (4.4). Then
1/2
llp = pulll < { > (o +"7DF,D)2} : (4.16)
DeDy,
Proof. Putting t = t;, in (3.2) we have (with ¢ defined in the proof of Thm. 3.1)
llp = pulll = (f =V - th —rpn, ) = (Vpi + tn, Vo).
Next, multiplying (4.13) by ¢p := (¢,1)p/|D|, we come to
(f =V -th—rph,ep)p =0 VD e D"
Thus
llp—pull = D> {(f =V -tn—rpn, 0 —¢n)p — (VP + tn, Vo) p }
DeDj
(4.17)
+ > A(f =V th =) — (Vpn +tn, V) } -
DeDgxt
Using the Cauchy—Schwarz inequality and Lemma 4.3, we have for D € Dih’“t
(f=V-tn—rpn,o—vp)p < |f =V -ta —rprlplle — ¢pllD (1.18)

<mp|f =V -t —rprllpllielln = nr.ollelllp
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and for D € D
(f=V-ty—rpn,o)p <||f =V -ty —rpnlipllellp

(4.19)
<mpl|f =V -t —rpr|pllellp = m=olllelln-

In order to estimate the terms —(Vpy + tn, V)p, we can use Cauchy—Schwarz inequality and the defini-
tion (2.3) of the energy norm to obtain

1
— (Vph + 1, V)b < [[Von + talln Vel < nbp plllellip- (4.20)

However, the estimate |[Vo|p < |||¢ll|p is too poor if > 1 and an a posteriori error estimate featuring only
778%, p would not be robust (¢f. Verfiirth [22] for a recent similar observation). We fortunately notice that there
is another way of estimating the terms —(Vp, +tp, V) p. Using the fact that Vg = 0 for o := (¢, 1)k /| K|

for all K € Sp and the Green theorem, we obtain

~(Vpn+t0,Vo)p = > —(Von +tr, V(e — 9x))x

KeSp

= Y {~{(Vpn+tn) 0,0~ ox)ox + (Apn + V- th, 0 — oK)k}
KeSp

= Z {=((Vpn +tn) 0,0 — pK)ox + (Apn +V - tn — (Apn + V- t1) Kk, 0 — 0K )k}
KeSp

(4.21)
Note that in the last equality, we could have subtracted the mean value of Ap, + V - t; on K thanks to the
term ¢ — ¢k in the second argument of the scalar product (-,-)x. This turns out advantageous as

HAph + V- t, — (Aph + V- th)K”K < HAph + V- thHK (4.22)
by (4.9).

We now estimate the terms of the last sum separately. Using the Cauchy—Schwarz inequality and esti-
mate (4.7) from Lemma 4.2, the first terms of (4.21) can be estimated as

—((Vpr +th) 0,0 — pK)orx < Z [(Von +th) -nllslle — vxllo

o€l
1/2 ~1/2
< S 1w+ tn) -nlloCLR el (4.23)
o€k

For the second terms of (4.21), we use the Cauchy—Schwarz inequality and estimate (4.5) from Lemma 4.2 in
order to obtain

(Apn +V -t — (Apn +V tin)k, 0 — 0 )k < |Apn +V -t — (Apn + V- th) x|kl — vx il x

4.24
<Ay + V-t~ (Ao + -t lemacllolle. Y
Putting inequalities (4.23) and (4.24) into (4.21), we obtain

—(Vpr +tn, Ve)p <

> (ﬁ%K/ > 03/;?,0|(Vph+th>-n|a+mK||Aph+v-th—<Aph+v-th>K|K> llellx (4.25)
KeSp o€k

2
< n5e pllellp,

employing finally the Cauchy-Schwarz inequality.
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Now, using estimates (4.20) and (4.25), we have that

— (Vpr +th, Vo) p < npr,plll¢lllp- (4.26)

Hence, (4.17) with (4.18), (4.19), and (4.26), the Cauchy—Schwarz inequality, and the fact that |||]]| = 1 yield

1/2
llp—pull < > (r,p +mor0)lllellp < { > (.o +nDF,D)2} : O

DeDy, DeDy,

Remark 4.5 (the estimate for the vertex-centered finite volume method (2.5)). By Lemma 4.1, t;, € RTN(S},)
given by (4.1) for the vertex-centered finite volume method (2.5) satisfies (4.13), whence it can directly be
used in Theorem 4.4. Moreover, as p, is piecewise linear on 7;, (and thus also on Sp,), Apy, =0 on all K € Sp,.
Additionally, as t, € RTN(S), V-t is piecewise constant on (Sp,), whence || App+V-tn—(App+V-tp) k|| = 0.
Thus

1/2

2
2 ~1/2 1/2
Mo =13 3. (mK/ 3 q,é(,c,|<Vph+th>-n||a>

KeSp 0€EK

in this case.

Remark 4.6 (extensions to other conforming methods). Using the general form of Theorem 4.4, extension of
our estimates to other methods yielding a conforming approximation p; consists only in finding an appropriate
ty, € H(div, Q) satisfying (4.13). For the pure diffusion case, we refer in this respect to [25].

5. LOCAL EFFICIENCY AND ROBUSTNESS OF THE A POSTERIORI ERROR ESTIMATES

We prove in this section the local efficiency of the a posteriori error estimators of Theorem 4.4 for the case
where t;, € RTN(S),) is given by (4.1), which is according to Remark 4.5 in particular possible in the vertex-
centered finite volume method (2.5). The key feature is the robustness, with respect to reaction dominance
and also with respect to the spatial variation of r under the condition that r is piecewise constant on Dy. We
actually show that the estimators of Theorem 4.4 represent, up to a generic constant, local lower bounds for
those of Verfiirth [21].

Theorem 5.1 (local efficiency and robustness of the a posteriori error estimate). Let the functions f and r
be piecewise polynomials of degree m on Sy, let p be the weak solution of problem (1.1a)—(1.1b) given by (2.4),
let pr, € X)) be arbitrary, and let t, € RTN(S,) be given by (4.1). Let next Tp, be shape-reqular, i.e., let
ming e, |K|/h0}( > k7 for some positive constant k. Let finally the a posteriori error estimators nr,p and
npr,p be respectively given by (4.14) and (4.15). Then, for each D € Dy, there holds

nor,p + 1r,0 < Clllp — palllp, (5.1)

where the constant C depends only on the space dimension d, on the shape regularity parameter k1, on the poly-
nomial degree m of f andr, on the constants Cp p if D € D}L“t, Cr,p,00 if D € DY, and maxkes,, MaX, g, gint
{Ct. K0}, and finally on the local variation of r in D through the ratio Cy p/cr p.

Proof. Let D € Dy, be fixed. We first note that as —Vp, - n, = t, - n, for all ¢ C 9D by (4.1) and by
the definition of the average operator, we may change the summation over ¢ € £k to the summation over
o € Ex NGH in the definition of nggﬁy p- Then using the definition of the residual and diffusive flux estimators,
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the estimate (4.22), and the triangle inequality, we have

7DF,p + NR,p = Min {771(31%717, ngﬁ,D} +1r,D < 771(32%,17 + 7R,D

9y 1/2

<O ST [ melapn +V-tullx +ml® Y0 2 I(Vpn + ) - nll,
KeSp UEEngBt

+mp|lf + Apn — rprllp + mp||Apn + V -ty p-

So, squaring the above estimate and applying the Cauchy-Schwarz inequality, we obtain

Ci'prp+nrp)® < D> millApn + V- tallic + Y. Mk Y Cixoll(Von +ta) - n|?2
KeSp KeSp aegngBlt

+mp | f + Apn = rpullD +mp | Apn + V - tallD

for some constant C depending only on d and k7. .
Noticing that m2D < C’Qm%( for all K € Sp, with a constant Cy which depends only on Cp p if D € D}l“t,
Cr.pon if D € DZ’“, k1, and Cy p/cr p, we have from the last inequality

(e, +nr,0)° < C1(1+Co) Y mi||Apn + V- ta%

KeSp
+ C; Z mE Z Ct,K,o’H(vPh—i_th)'an
KeSp ceER NGB
+C1Ca Y miel|f + Apn — rpnll-
KeSp

Recall now that for a simplex K and v € RTN(K), we have the inverse inequality ||V - v||% < C3hi2|v|%,
with C3 depending only on d and k7, and the estimate

V% < Cahie Y |Iv-nll3,

c€€K

with Cy4 again depending only on d and k7. Thus, as Vp, + t, € RTN(K),

|Apr + V- tall% < Cshil[[Von + tallk < CsCahil > [[(Vpn +ta) -nll2,

UGSKﬁgBt

using also again the fact that —Vpp,-n, = t;,-n, for all 0 C 9D. Hence, putting Cy i := ma,XO.GSngiIx;t{CtyKyo-},
we have the estimate

(mor.o +1r.0)> < C1 Y | ((1+ Co)CsCamichil + Coxim) > [[(Vpn +ts) -n2
KeSp oEERNGHT

+C1Cy Y mi | f + Apn — rpall%
KESD

Let us now recall that by definition (4.1) of t5, we have

1
(Vpn +tr)lx -0y = (Vo -no)|x — {Vpr -ns} = Pl n[Vpy, - n,]
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if 0 € EgNGHT, where n, -n = + 1 is used for sign alternation. Thus, we infer, for a constant Cs only depending
on the constants C1-Cy4, maxges, Crk, d, and k7,

(mor.p +nr.p)? < Cs Y | mif + Apn — rpallic + (mich +mx) > |[[Vpn-n]|2
KeSp cEE NG

We now show that mf(h;(1 + mg < Cemp with some constant Cgs only dependent on Cp g (recall that
Cp. i = 1/m? as simplices are convex). Firstly, m%(hl}l < CIID{ ?(m x 1s obvious noticing that this statement is

equivalent to myg < CFI,{ f(h K, which follows from the definition (4.6) of mg. Secondly, employing also this
bound, we have

mrk < min { (C’p,K + C’Pl,/?() hi, C;}(h;(l} + min { (C’p,K + CP{/?() hi, %c:}(/z}
< (1 + C;’%Q) min {CP,KhKa CZ}Jl}l} + (1 + 0113/?() min {0113,/;}”(7 C;%Q}
_ (1 N C;’%z) m2 o+ (1 + Cé@) mp
< 2(1+ ) mx,

whence the assertion follows. Combining the previous bounds, we thus have

(o0 + nr,p)> < Cr > | mEf+ Apn —rpuli +mi Y [Vea-n]ll2 |,
KeSp oEERNGHT

for a constant C7 depending only on C5; and Cs. We now finally note from this estimate that our estimators
represent, up to the constant C7, a local lower bound for the residual a posteriori error estimators of Verfiirth [21],
Proposition 4.1 (for the case of r constant and on the mesh S, instead of the mesh 7;). Hence, in order to show
their fully robust local efficiency, it is sufficient to use the results of this reference. In particular, applying the
bubble function estimates (4.13) and (4.16) from this reference to a simplex K € Sp and its side o € G5t for r
constant and f piecewise linear, we get

A

mrllf+ Apn —rprlle < Cllp — pulllx,
1/2
mi* [V -nlle < Clip=palls,
(recall that S, are the two simplices sharing o € Gi*), whence (5.1) follows. Finally, one can extend this result
to general piecewise polynomial f and r, which gives the final dependencies of the constant C of (5.1) indicated
in the announcement of the theorem. O

6. NUMERICAL EXPERIMENTS

We present in this section a series of numerical experiments for the vertex-centered finite volume method (2.5)
which confirm the theoretical results of the paper. The a posteriori error estimate of Theorem 4.4 with the
reconstructed diffusive flux t,, given by (4.1) gives a guaranteed upper bound on the overall energy error but the
effectivity index (recall that this is the ratio of the estimated to the actual error) is never close to the optimal
value of one in our tests. For this reason, we also present results employing a local minimization procedure,
consisting in modifications of the flux t; in the interior of each D € Dj. This procedure is in detail described
in Appendix below.
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FIGURE 2. Comparison of the different estimators for the original jump estimate (4.16) with
t;, given by (4.1) (left) and for the minimization estimate (C.1) (right) in dependence on 7.
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FIGURE 3. Effectivity indices for the original jump estimate (4.16) with t;, given by (4.1) and
for the minimization estimate (C.1) in dependence on r for two different (uniformly refined)
meshes.

We perform our numerical experiments for problem (1.1a) with Q@ = (0,1) x (0,1), a constant reaction
coefficient r, and f = 0. We prescribe the Dirichlet boundary condition by the exact solution

1/2 1/2

it e y’

p(z,y) =e”
as in [9]. This solution exhibits a boundary layer along the coordinate axes for high values of r. In order to carry
out the tests, we have implemented our estimates into the FreeFem++ [10] package and all the results presented
have been computed using FreeFem++. Finally, we shall in this section term estimate (4.16) of Theorem 4.4
with t, given by (4.1) as the jump estimate, as this reconstructed diffusive flux t; leads to estimators of the
form ||(Vpn, + tr) - nlle = |[Vpr - n]|o/2, and estimate (C.1) following from the local minimization strategy
described in Appendix C below as the minimization estimate. We, however, note that in the majority of the
cases, it is the simple choice (B.1) of Appendix B below which gives the minimum in (C.1), so that very similar
results may be presented with (B.1) instead of (C.1).

We first in the left part of Figure 2 show the different estimators of the original jump estimate (4.16)
with t, given by (4.1) on a fixed uniformly refined mesh with 512 elements in dependence on the reaction
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FIGURE 4. Estimated and actual error against the number of elements in uniformly /adaptively
refined meshes (left) and corresponding effectivity indices (right) of the minimization estima-
tor (C.1), r = 1.
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FIGURE 5. Estimated and actual error against the number of elements in uniformly /adaptively
refined meshes (left) and corresponding effectivity indices (right) of the minimization estima-
tor (C.1), r = 10°.

coefficient 7, which we let vary between 107% and 105. We remark that the highest contribution is always

given by the residual estimate nr = {3, €Dy 7712%’ D}%, whereas the contributions of the diffusive flux estimates

ng)F = {>pep, (ng)F, 5)%}2 are smaller. Note also that although the estimate ng% gives smaller values for

moderate values of r, it gets eventually outperformed by the estimate 7752%- We next in Figure 3 present, for
two different (uniformly refined) grids, the corresponding effectivity indices. We can clearly see that they are
bounded uniformly with respect to r which demonstrates the full robustness of our estimates. Unfortunately,
in particular for smaller values of r, they are not too close to the optimal value of 1. This is the reason for
the introduction of a local minimization procedure which we have devised in [6] and [25], Section 7 in the pure
diffusion case and which we adapt to the present case in Appendix below. The results using the minimization
estimate (C.1) are then presented in the right part of Figure 2 and in both parts of Figure 3. We can see that for
moderate values of r, the residual estimate has been decreased under the diffusive flux ones and consequently
the effectivity index gets close to the optimal value of 1. In what follows, we present the results only for the
minimization estimate (C.1).
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FIGURE 6. Estimated error (left) and exact error (right) distribution using the original jump
estimate (4.16) with t;, given by (4.1) on an adaptively refined mesh for r = 106.

Apart from overall error control, a posteriori error estimates are a key element for adaptive mesh refinement.
We exploit for this purpose the capabilities of FreeFem++. We mark an element for refinement if the estimator
exceeded 25% of the maximal element estimators but we recall that FreeFem-++ actually generates a completely
new mesh on the basis of this criterion and this new mesh is thus not a simple refinement of the previous one.
In the adaptive refinement case, the elements marked for refinement were selected using the original jump
estimators (4.16) with t; given by (4.1). This approach seems to give better numerical results (better error
decreasing with the number of elements) and is in coincidence with our theoretical results, since we prove the
local efficiency for these original estimators in Theorem 5.1. We firstly plot, in the left parts of Figures 4 and 5,
respectively, the estimated and actual errors against the number of elements in both uniformly and adaptively
refined meshes for » = 1 and r = 105. In the first case, the solution posses no singularity, so the adaptive
approach only leads to a slight improvement of the error attained for a given number of unknowns. In the
second case with a singular solution, the adaptive approach leads to an important improvement of the error
attained for a given number of unknowns. The effectivity indices are then shown in the right parts of Figures 4
and 5, respectively. In the first case, they improve considerably with the mesh refinement and especially in the
adaptive refinement mode they get very close to the optimal value of 1, whereas in the second one they vary
between 2.6 and 1.7. Finally, to further promote the usability of our estimates for adaptive mesh refinement,
we present in Figure 6 the very well matching predicted and actual error distribution and the corresponding
adaptively refined mesh as given by the jump estimator for r = 106.

APPENDIX: IMPROVEMENTS BY LOCAL MINIMIZATION

In Sections 4 and 5, we have shown that a choice of t;, € H(div,Q) in Theorem 4.4 for the vertex-centered
finite volume method (2.5) leading to a guaranteed upper bound, local efficiency, and robustness is given
by (4.1). However, it is not apparent at all whether this choice leads to the best upper bound. In particular, by
closer investigation, it turns out that whereas in mixed finite element, finite volume, or discontinuous Galerkin
methods [7,24,26], the residual estimator represents a higher-order term, as in these methods one has (with an
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appropriate tp) (V-tp +7pp, 1)k = (f, 1)k for all K € Ty, it is not the case here, as (4.13) is only true on a set
of elements Sp of each interior dual volume D and not on each element K € Sp. The numerical experiments
for t;, given by (4.1) of Section 6 indeed show that the residual estimators nr,p represent a major contribution
to the estimate.

A natural idea in order to decrease the estimate is to try to choose a different t;, € H(div, Q2) satisfying (4.13).
Notice now that t, € RTN(Sy) given by (4.1) only for such ¢ € G, that lie in some interior side of Dy,
satisfies (4.13) and we can choose any value of the normal component for the other sides (in the interior of each
D € Dy, and on the boundary). In particular, we can choose values that minimize the estimate. Moreover, as
the estimator is built locally on each dual volume, we can perform this optimization process locally on each
dual volume.

We describe in this appendix two ways of a local minimization. In the pure diffusion case, the first one was
devised in [6] and consists in true local minimization for the given degrees of freedom, leading to a small linear
system solution for each vertex. The second, simplified one, was proposed in [25], Section 7 and avoids any local
linear system solution. We adapt them here to the reaction—diffusion case; our exposition will be given in two
space dimensions but a similar development can be done in three space dimensions. For the sake of simplicity,
we assume that f and r are piecewise constant on 7.

Once a local minimization has been performed, we have at our disposal two vector fields from the space
RTN(S),) satisfying (4.13): t;, given by (4.1) and tj, resulting from the local minimization. Thus local estimators
on each D € Dy, can be given as 73" = min {ﬂD (trn),np (fh)}. Now recall that the normal components of tj,
and tj, on the interior sides of D}, coincide. Thus t;, € RTN(Sy,) can be formed (for explication only, not in
practice) by choosing locally on each D € Dy, either t,, or t,, according to for which of these fluxes the local
minimum has been attained. Then 73" corresponds to 7p(t). By such a construction: (a) the upper bound
(Thm. 4.4) holds true, as t, satisfies (4.13); (b) one can only improve the original estimators of Theorem 4.4
given by 1p(ty,) alone; (c) the lower bound (Thm. 5.1) holds true as well, as the estimator 715" as a local
minimum is necessarily smaller than 7p(ts), for which Theorem 5.1 holds.

A. A FULL LOCAL MINIMIZATION STRATEGY

We outline here the generalization of the “full minimization strategy” of [6] to the reaction—diffusion case.

A.1. Notation and previous results

Let D € Dy, be the dual volume corresponding to a vertex Vp as in Figure 7; D is decomposed into a subdivi-
sion Sp of n subtriangles K, ..., K, _1, numbered in the counter-clockwise direction. On each subtriangle K,
the vertex 0 is the center of the volume D, the other vertices are numbered in the counter-clockwise direction,
and we call a§ the edge opposite to the vertex 5 and n,i the exterior normal vector of the edge a;». Let next

%, j =0,1,2, be the basis function of RTN(K;) corresponding to the vertex j, i.e., 9} = ﬁ(x —V}), where
V} is vertex j of the triangle K;. On Kj, t, can consequently be written as tn|x, = afyph + ajap] + ajas.

The values of the external fluxes over 9D are prescribed by (4.1) in the same way as before: for any dual

volume D € Dy, oy = —|ob|Vps - n,, i=0,...,n—1;if D € D, then in addition ay = —[03|Vpr-n,g and
ot = —ot Y Vpy, - n,.-1. The internal fluxes, given by the coefficients af and aj, have to first fulfill the

continuity of the normal trace across the edges, which imposes
e if De D}{‘“,

o +abtt=0,i=0,...,n—1 with a} = a3; (A1)
o if D € DX,
ol +abtt=0,i=0,...,n—2. (A.2)
Therefore, there are n degrees of freedom X = (a®,...,a" 1) if D € D" and n — 1 degrees of freedom

X=(a...,a"2)tif D e D5** left and these can be chosen in order to minimize the estimator; from now on,
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FI1GURE 7. Dual volume and its subdivision Sp. Left: interior dual volume; right: boundary
dual volume.

the local estimator np(X) = npr,p(X) + nr,p(X) will be considered as a function of them. Later on, we will
also employ the notation np(ty) = npr,p(tn) + nr,p(tr)-

It has been in particular shown in [6], Section 3, that the square of the first diffusive flux estimator 778%7 D
on a dual volume D € Dy, is a quadratic form with respect to X of the form

1 2 1 D\?¢ 1 1
()" 00 = - (BL)' X+ Lxax a9

we refer to this reference for the precise form of the entries. Similarly, by a slight modification of the approach
of this reference, one can derive that

1
nh.p(X) =ar — BRX + 5XtARX. (A.4)

We now accomplish a similar task for the diffusive flux estimator 771()2121_ D

A.2. Diffusive flux estimator ngfz’D

By the definition, the square of the second diffusive flux estimator Ug% p on a dual volume D € Dj, is not a

quadratic form with respect to the degrees of freedom X as the other ones. As our purpose is to improve the

2
estimator without increasing too much the computational cost, we choose not to minimize (ngg_ D) directly,

but an upper bound instead: we have

2
(771()2121,1)) < 2 ) (K (Cogo, | (Von + ta) -2,
KeSp

+ Co,i,0 || (Vpr + 1) - m|2,))
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using the inequality (a+b)? < 2(a”+b?) and the fact that on the edge o of each subtriangle K, t;, is prescribed
2
such that (Vpp +th)|k - ns, = 0. We denote by (ng’% D) this upper bound and study it separately for interior

and boundary dual volumes.

A.2.1. Interior dual volumes

Let D € Di"* and Sp = {Ky,..., K,—1} be its subtriangulation. Using the definition of ¢§» and (A.1), we
have

thlx, = d|11(0\ (ag(x - VOO) + aO(X - Vlo) - an_l(x - VQO)) )

: . : : o ; , A5
thlrx, = C”Lm(azo(x—Voz)—i—az(x—Vf)—az 'x=V4), i=1,...,n—1 (A.5)

Using (A.5) and the fact that the normal components of the basis functions w; are constant over the edges, we
have

, N2
||(vPh+th)n0’1 3—1 = |0€|(v])hno’i+‘o-lilaz) ) i:0,...,n—1,
2
1(Vpn+t0) - nogll2y = [08] (Von - mpg = pora™t)
, NG
[(Vpn+t4) mg|2, = o (Vph ‘n; - ‘Ulé-la“l) T
. 2
Therefore, we find that (77](33%713) is a quadratic form with respect to X = (a?,...,a" 1)
® ) 3) @\ 'x o Ixta®
(nDF,D) (X) = apg — (BDF) X+ §X AppX, (A.6)
where al2), = S B and
E? + Ej}
Bir = - s . Apy = diag(2(E§ + ). 2By + BY)).
EP '+ EY
Here
Eé = 2771[(1 (Ct7K7,70'1 |Ji|(vph : no’i)2 + Ct7K7,70'% |J%|(vph : na§)2) ;
Ei = 4Ct7K7,70'1mKivph : na}a
E% = 74Ct,Ki70'%ﬁ7’Kivph : na%a
: C, jo SiTK;
E% = 2—i£%;imK ;
B = 2w
los]

A.2.2. Boundary dual volumes

Let D € Dy** be a boundary dual volume. In the general case n > 2, using the conditions (A.2), we find that
2 - .
(%%D) is a quadratic form of the form (A.6), where al5y = EO + SPEL 4 Ep? and

E9 + E}
El + F3
BE) — : o AP = diag(2(EY + ED), ..., 2(E} % + EpT?),2E072).
E{L73 +E£7,72

m—2
El
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Here E}, Ei, Ei, Ei, Ei, i=0,...,n — 2, are defined as for interior dual volumes, and we introduce
B = E§- Bod+ B0
BY = B)- Bl
Eg7? = Ey P+ Ey '+ EY T B (e,
Er? o= Bty ERlan
Ey 2 = Ey 24 EPL

In the limit case n = 2, we find (A.6) with the scalar entries

a](DP)]g‘ = EngEi,
Bhp = B+ E} — Ea§ + Ejai,

A 3 E ) E ( E ) ) E( )\ 2 E 2
](DE) 0 llwl 26K2 4(CK2) %([K%) °

Given a dual volume D € Dj, we would like to find the vector of degrees of freedom X such that
np(Xp) = minx np(X) in order to improve the estimator. However, as we want to make this improvement
with a computational cost as small as possible, we choose not to minimize directly np, but rather quadratic

2 2
forms; precisely, we minimize 7712a,D + min { (778% D) , (771(33% D) }, i.e.,

2 2
win {ggn { o0) + (32.0)” 00 ogn {000 + (42.0) " 00} }-
Using definitions (A.3), (A.4), and (A.6), this amounts to find the minima of two quadratic forms:
t 1
X, = argminy (a(l) — (B(l)) X + 5XtA(l)X) 7
(1) _ (1) (1) _ (1) (1) _ (1)
where ') = ar + app, BYY = Br + Bpp, and AY = Ag + Apg, and
t 1
X, = argminyg (a(?’) - (B(?’)) X + §XtA(3)X> 7

where a®) = ag + ag’%, B®) = By + Bg’%, and A®) = Ag + Ag’%.

The matrices Ar and Ag% are positive, and so is A(Y); it is also definite: one can easily prove that X*AgX
and XtAS%X cannot be zero at the same time except if X = 0. Thus, finding X; is reduced to computing the
solution of the linear system AMX = B!, This is also true for Xo. Then we define the local estimator as

g in {np (X1), 10 (X2), 0o (61)} - (A7)

Here ty, is given by (4.1) and we include the term np(ty) for the sake of security, as, having minimized the
quadratic forms, we are not sure to have found the minimum. Once again, we stress that this minimization
process is local and the size of the matrices is small. Thus, the computational cost of the estimator does not
increase excessively and remains linear.
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B. A SIMPLIFIED LOCAL MINIMIZATION STRATEGY

We generalize here the “simplified minimization strategy” of [25], Section 7 to the reaction—diffusion case.

Let D € Dy, be fixed. We construct tp € RTN(Sp) given by (4.1) only for such ¢ € Gy, that lie in some
interior side of Dj. The other requirement that we impose on tp is that (V -tp + rpp, 1)k = (f, 1)k for all
K € Sp. In RTN(Sp), there are number of interior sides of Sp plus number of exterior sides of Sp degrees
of freedom (fluxes over these sides have to be fixed). For D € Di'*| the first requirement amounts to fixing
the fluxes over the exterior sides of Sp and we are left with fixing the fluxes over the interior sides of Sp. As
the number of interior sides equals the number of the triangles in Sp, prescribing (V - tp + rpn, 1)k = (f, 1)k
for all K € Sp seemingly leads to a local system of |Sp| equations for |Sp| unknowns. Note, however, that
(V-tp+7rpn,1)p = (f,1)p when D € D™, by (4.1) prescribed for the exterior sides and by the definition of
the vertex-centered finite volume method (2.5). This amounts to >y cs (V- tp +7rpn, )k = > ke, (f, Vi
Hence we actually have one degree of freedom left, we can choose the flux over one interior side (by (4.1)) and
construct sequentially the other degrees of freedom so that (V - tp + rpp, 1)k = (f,1)k. If D € D>, this
argument is replaced by the fact that we are free to choose the fluxes over the exterior sides. Consequently, no
local linear system is to be solved in this procedure. We then define a local estimator

min,simpl .
np P = min {np(tp), np(tr)} (B.1)

where tj, is given by (4.1).

Finally, we remark that in [25], Section 7, an additional parameter o such that np(aty + (1 — a)tp) was
(approximately) minimal was searched. Then, the value np(at,+(1—a)tp) was included in the above minimum.
We do not introduce here the parameter o and do not perform such an additional minimization since the above
extremely simple choice already works very well.

C. A MINIMIZATION STRATEGY USED IN THE NUMERICAL EXPERIMENTS

In the numerical experiments of this paper, we finally use the minimization estimate of the form

1/2
|||p _ ph||| < { Z (ngin)2} , ngin — min {nIDnin,full, nIDnin,Simpl} 7 (Cl)

DeDy,

where 75 ™M is given by (A.7) and 7j5™% ™! by (B.1). As noted in the text, in the majority of the cases, it is
the simple choice (B.1) of Appendix B which gives the minimum. Thus the construction of Appendix A can be
completely avoided and one is only led to evaluate ngm’smpl of (B.1), which is completely explicit.
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