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A POSTERIORI ERROR ANALYSIS OF EULER-GALERKIN
APPROXIMATIONS TO COUPLED ELLIPTIC-PARABOLIC PROBLEMS *

ALEXANDRE ERN! AND SEBASTIEN MEUNIER?

Abstract. We analyze Euler-Galerkin approximations (conforming finite elements in space and im-
plicit Euler in time) to coupled PDE systems in which one dependent variable, say u, is governed by
an elliptic equation and the other, say p, by a parabolic-like equation. The underlying application is
the poroelasticity system within the quasi-static assumption. Different polynomial orders are used for
the u- and p-components to obtain optimally convergent a priori bounds for all the terms in the error
energy norm. Then, a residual-type a posteriori error analysis is performed. Upon extending the ideas
of Verfiirth for the heat equation [Calcolo 40 (2003) 195-212], an optimally convergent bound is derived
for the dominant term in the error energy norm and an equivalence result between residual and error
is proven. The error bound can be classically split into time error, space error and data oscillation
terms. Moreover, upon extending the elliptic reconstruction technique introduced by Makridakis and
Nochetto [SIAM J. Numer. Anal. 41 (2003) 1585-1594], an optimally convergent bound is derived
for the remaining terms in the error energy norm. Numerical results are presented to illustrate the
theoretical analysis.
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1. INTRODUCTION

The main motivation for this work is poroelasticity problems with hydro-mechanical couplings. We consider a
linearly elastic porous medium {2 saturated by a slightly compressible and viscous fluid within the so-called quasi-
static assumption in which inertia effects in the elastic structure are negligible. Given a simulation time 7" > 0,
the problem consists in finding a displacement field u : [0, 7] x Q — R3 and a pressure field p : [0,T] x Q — R
such that

—Vo(u)+bVp=f, in[0,T]xQ, (1.1)
O (35p + bV-u) — V-(kVp) = g, in [0, 7] x Q. (1.2)
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Here, o(u) = 2A1e(u) + A2(V-u)I is the so-called effective stress tensor, e(u) = 2(Vu + (Vu)*) the linearized
strain tensor, A\; and Ay the Lamé coefficients assumed to be positive constants, I the identity matrix in R?, b the
Biot-Willis coefficient, M the Biot modulus, x the permeability of the medium, while f and g are given data,
typically the volumetric body forces and their divergence, respectively. The system (1.1)—(1.2) is supplemented
with initial and boundary conditions discussed below. The poroelasticity system can be traced back to the
pioneering work of von Terzaghi [25] and Biot [4]. Equations (1.1)—(1.2) respectively express the balance of
momentum and the conservation of mass. The quasi-static assumption means that the term pdyu (where p
denotes the density of the elastic structure) has been neglected in the momentum balance. The Biot modulus
combines compressibility and porosity effects; it is often assumed to be very large when dealing with the so-
called Biot’s consolidation problem, but this assumption will not be made here. For the sake of simplicity, we
will assume that the coefficients b and M are given constants. A mathematical analysis of the system (1.1)-
(1.2), including existence and uniqueness of strong and weak solutions based on the theory of linear degenerate
evolution equations in Hilbert spaces, has been carried out by Showalter [19,20]. Boundary conditions can
be prescribed by considering two partitions of the boundary. The first partition is used for the displacement
field (either the displacement itself or a traction force is prescribed), while the other partition is used for the
pressure field (either the pressure itself or a flux is prescribed). For the sake of simplicity, we assume here
that any portion of the boundary is clamped or drained, i.e. at least a Dirichlet condition is enforced on the
displacement or on the pressure everywhere. Furthermore, an initial condition must be enforced on the quantity
ﬁp—i—bv-u. Although the evolution problem related to (1.1)—(1.2) is essentially of parabolic type under minimal
smoothness requirements on the data, we refer to it as a coupled elliptic-parabolic problem to stress the fact that
equation (1.1) is of elliptic type for the displacement and equation (1.2) is of parabolic type for the pressure.

In the present work, we assume that the data (including boundary and initial conditions) are smooth enough
for a strong solution to exist up to initial time, and we are concerned with the analysis of Euler-Galerkin
approximations using a backward Euler scheme in time and conforming finite elements in space. The a priori
analysis of Euler-Galerkin approximations for Biot’s consolidation problem is covered in the work of Murad,
Loula, and coworkers [14-16], including the semi-discrete and fully discrete cases and long-time behavior. The
problem under scrutiny here is somewhat different since we do not assume that the Biot modulus takes very
large values, i.e. we do not discard the pressure time-derivative in (1.2). As a result, we shall briefly address
below the a priori error analysis of the Euler-Galerkin approximation to the evolution problem (1.1)—(1.2). The
energy norm associated with the present problem controls the L>°(0,¢; H})-norm (L° in time and H'! in space)
of the displacement and the L>°(0,¢; L2)- and L?(0,¢; H})-norms of the pressure. This implies that error bounds
with optimal convergence orders in space require the use of different polynomial degrees in the finite element
spaces for the displacement and for the pressure, namely one degree higher for the displacement than for the
pressure. The technique of Wheeler [26] originally designed to obtain optimally convergent L>(0,t; L2) a priori
error bounds for the heat equation can be adapted to the present framework. The same technique has already
been used in [14-16] for Biot’s consolidation problem. Note that the use of different polynomial degrees for
the displacement and the pressure stems here solely from the derivation of optimally convergent error bounds,
and that using equal-order polynomials still yields a stable discrete problem even though the underlying Stokes
problem associated with the elimination of the displacement is not stable.

The a posteriori error analysis of evolution problems related to poroelasticity is a much less explored field.
In the present work, we derive a posteriori energy-norm error bounds of residual type. Two approaches are
undertaken. The first one uses standard energy techniques and yields an error bound which is similar to those
previously derived for the heat equation by Picasso [17], Verfiirth [24], Chen and Feng [6], and Bergam et al. [3].
The error bound comprises a term associated with time errors (evaluated from the pressure differences at two
consecutive time steps), one associated with space errors (evaluated from the finite element residuals for the
displacement and for the pressure) and a data oscillation term. Furthermore, taking inspiration from the work
of Verfiirth [24], an equivalence result is established between the residual measured in a suitable dual norm and
the error measured in the energy norm supplemented with some time-derivatives measured in weaker norms.
A nontrivial novelty with respect to the heat equation is the use of a L'(0,; H, *)-norm for the time-derivative
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of the displacement equation. A further important difference is that owing to the use of different polynomial
orders for the displacement and for the pressure, the convergence rate with respect to mesh size of the derived
bound is not optimally convergent with respect to all of the terms in the energy norm, in particular those
concerning the displacement. To tackle this difficulty, we make use of the elliptic reconstruction technique
introduced for linear parabolic problems by Makridakis and Nochetto [12] and further analyzed by Lakkis and
Makridakis [11]. This technique, which can be regarded as the counterpart of the elliptic projection method
introduced by Wheeler for the a priori error analysis, was designed to obtain optimally convergent a posteriori
error bounds in the L>°(0,¢; L2)-norm (and other higher-order norms) for linear parabolic problems. Another
novelty of the present work is to extend this technique to coupled elliptic-parabolic problems such as the
poroelasticity equations to derive error bounds for the displacement exhibiting optimal convergence behavior
with respect to mesh size. This extension is not straightforward since we shall see that the reconstructed fields
at the continuous level must still depend on some time-derivative of the displacement to account for the fact
that the divergence of the discrete displacement does not belong to the pressure finite element space. Other
approaches to derive L>(0,¢; L2)-norm a posteriori error bounds for parabolic equations can be found, among
others, in the work of Eriksson and Johnson [8,9] and of Thomée [21] based on duality techniques and in the
work of Babuska et al. [1] using a double integration in time. Finally, we observe that an alternative approach
to derive a posteriori error bounds is the use of goal-oriented, duality-weighted techniques; see, e.g., Becker and
Rannacher [2] for a thorough description and various applications.

This paper is organized as follows. Section 2 presents the setting under scrutiny in an abstract framework.
The advantage of working with an abstract setting rather than with the poroelasticity system is that it allows
more generality on the problem to be treated (easily incorporating for instance various boundary conditions)
and that it allows to identify more clearly the main arguments in the proofs. Furthermore, although the
displacement can be eliminated to yield a parabolic-type evolution equation for the sole pressure (see Sect. 2.4),
we have chosen to work with the mixed pressure-displacement formulation since the displacement is often an
important variable in poroelasticity applications. Section 3 is devoted to the a prior: error analysis. The main
result is Theorem 3.1. Section 4 deals with the a posteriori error analysis. The main results are Theorems 4.1
and 4.2 for the direct approach and Theorem 4.3 for the approach using elliptic reconstruction. Section 5
contains numerical results illustrating the error analysis. Finally, Section 6 draws some conclusions.

2. THE SETTING

2.1. The continuous problem

Let V, and V; be two Hilbert spaces respectively equipped with symmetric, continuous and coercive bilinear
forms a and d. The norms induced by these forms are denoted by |||, and ||-||a respectively. Let V. (resp.,
V) be the dual space of V, (resp., V) with duality product denoted by (:,-)a (resp., (:,-)a) and norm ||-[|; =
SUPozuev, (5 V)al/llvlla (vesp., (||, = supgreev, [ @)al/llglla). Let Lo (vesp., La) be a Hilbert space equipped
with a scalar product (-,-)r, (resp., (+,-)r,) with dense and continuous injection V, < L, (resp., Vg < Lg); in
particular, let 4 be such that for all ¢ € Vg, ||¢llz, < Allg|la- Identifying L, (resp., Lq) with its dual space, it is
inferred that V, < L, = L), — V! (resp., Vq — Lg = L/, — V). Moreover, let ¢ be a symmetric, continuous
and coercive bilinear form defined over Ly x Ly inducing a norm ||-||.; in particular, let 4 be such that for all
q € La, llqlle < AllgllL,, so that for all ¢ € Vg, ||lq|lc < v|lglla with v := 4%. Finally, let b be a continuous bilinear
form defined over V,, x Lg with continuity constant (3, i.e., for all (v,q) € V, x Lq, [b(v,q)| < B||vllallglle-

The elements of the spaces defined above are functions of the space variable x. In the sequel, we shall deal
with functions of time and space. The time variable varies over the interval [0, T] for a fixed T' > 0. Henceforth,
L?(0,T;Z), p € [1,400], denotes the vector space of functions f in space and time such that for a.e. t € [0,T],
f(t) :== f(t,-) is in Z (where Z denotes any of the spaces defined above) and fOT I f(s)]|5ds < 400 if p # 400
or supeo,7y |1 f(8)]| z < +o00 if p = +oo. Similarly, H'(0,T; Z) denotes the subspace of L*(0,T’; Z) consisting in
functions f with square integrable distributional time-derivative d; f over [0, T]. Functions in H'(0,T; Z) admit
pointwise values in Z for all t € [0,T]. Whenever Z = Ly, the space Z is equipped with the norm |[|-||..
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Given data f € HY(0,T;L,), g € H*(0,T;Lg), and pg € Vg, we seek for the strong solution (u,p) €
HY(0,T;V,) x HY(0,T;V,) such that for a.e. t € [0,7T],
a(u,v) = b(v,p) = (f,v)a, Vv EV,, (2.1)
c(atpa Q) + b(atu; Q) + d(pa q) - <ga Q>da Vq € Vda

completed with the initial condition p(0) := pg. Note that in the present setting, equation (2.1) holds up to
t = 0, thus uniquely determining the initial value of w in terms of pg and f(0). Letting ug := u(0) € V,, the
a priori bound [Juglla < B/pollc + [|£(0)[], is readily inferred by taking v := ug in (2.1).
Our first result is an a priori estimate for the strong solution. The energy norm for problem (2.1)—(2.2) is
defined for all ¢t € [0,7] as
||(uap)||§((0,t) = ||U||2Loo(o,t;va) + ”p”%N(O,t;Ld) + ||p||2L2(O,t;Vd)' (2.3)

Proposition 2.1. The following holds for a.e. t € [0,T],

2
31w Pk <2 @I =y +10ef Iromvy)” + 19llLa0v;) + luollz + [IpollZ. (2.4)

Proof. Since (u,p) is a strong solution, for a.e. t € [0,T], v = dyu is in V, and ¢ = p is in V. Using these test
functions in (2.1)—(2.2) yields

sdellull? + 5dellpllZ + 1pl3 = (f, 0ew)a + (g,D)a.

Hence,

sdellullz + dellpllZ + 3llpll7 < (f. u)a + 59l
Let t € (0,T). Integrating the above inequality over (0,¢) and integrating by parts in time the term (f, d;u),
yields

31w D)l 0,0 < (F(2), ut))a — (£(0),u(0))a — /Ot<3tf(8)7U(8)>adS + 5190122 0.0vy + slluollz + 5llpoll2:
As a result, it is inferred that for a.e. ¢ € [0, 7],
1w D)% 0.0 < CullullLoso.2:v,) + Ca,
with C1 = 2| fllz=0,13vs) + 10:f | L1 (0,7;v7) and Co = %||9||%2(0,T;vdf) + 3lluoll2 + 3 llpoll?. Hence,

sl riv, < CillullLo,rsv,) + Co,

so that ||u||%m(O7T;Va) < 4(C? + Cy). This yields %H(u,p)”%((o,t) < 2(C% + Cy), ice., (2.4). O

An important consequence of Proposition 2.1 is the uniqueness of the strong solution of (2.1)—(2.2). In the
sequel, we assume the existence of the strong solution.

Remark 2.1. Proposition 2.1 holds in the slightly more general setting where f € H'(0,7; V), g € L*(0,T; V),
po € Lg, and p € L?(0,T; V) N HY(0,T; Lyg).

Application to poroelasticity. The evolution problem (1.1)—(1.2) fits the present setting. For the sake of
simplicity, we consider homogeneous Dirichlet boundary conditions both for the displacement and the pressure.
Then, letting

Vo= [Hy(Q),  Lo=[LAQ)*,  Va=H}Q), Lq=L*Q), (2.5)
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we define the bilinear forms
a(u,v):/a(u):s(v), b(v,p):/pr~v, (2.6)
Q Q
C(p,Q):/Qﬁpq, d(p,Q):/QanVq- (2.7)

The coercivity of a on V, x V, (resp., d on Vg x V) results from Korn’s First Inequality (resp., Poincaré’s
Inequality). The bilinear form b is clearly continuous on V, x L4 with 8 = b(M/)\g)l/2. Proposition 2.1
means that the displacement is controlled in the L>°(0,¢; H!)-norm and that the pressure is controlled in the
L>(0,t; L2)- and L?(0,t; H!)-norms.

2.2. The discrete problem

Problem (2.1)—(2.2) is approximated by an Euler-Galerkin scheme, namely conforming finite elements in
space and an implicit Euler scheme in time. Let {Vap}nso and {Van}nso be two families of finite-dimensional
subspaces of V, and Vj respectively. The parameter h refers to the size of an underlying mesh family denoted
by {Tn}rs0. Let 0 = tg < t; < ... <ty =T be a sequence of discrete times and for all n € {1,..., N}, set
Tn = tn — tn—1 and I, = (tn—1,t,). Henceforth, a superscript n indicates the value taken by any function of
space and time at the discrete time ¢,,. For instance, u™ := u(t,) € V,. For the sake of simplicity, we have
chosen to restrict ourselves to fixed meshes and to postpone the study of discretizations with time-dependent
meshes to future work.

The discrete problem consists in seeking {uf}N_, € [Von|™ and {pi}Y_, € [Van]V such that for all n €
{1,..., N},

a(uy,vn) — b(vn,pp) = (f7svn) L. Yoy € Van, (2.8)
c(6tph s qn) + b(Seup, qn) + d(ph s qn) = (9 qn) Las Yan € Van,

where 6ipl = 7,7 (pf — pp ') and Sy = 7, (up — up ). Given a pair (uon,pon) € Van X Van, the initial
condition is (u9,p)) := (uon,pon). The data {f7})_; € [Lo)N and {gP}Y_, € [L4)" are approximations of
{f"IN_ and {g"}}_, respectively.

Lemma 2.1. The discrete problem is well-posed.

Proof. For alln € {1,..., N}, equations (2.8)—(2.9) yield a square linear system for the components of (u}, p})
once bases of Vg and Vg, are chosen, so it suffices to prove the uniqueness of the discrete solution. Testing
with v, = u} —ul" and g = 7,,p} and using the fact that a(z,z —y) = a(z,2) + Salz —y, 2 —y) — 3aly,y)

owing to the symmetry of the bilinear form a (along with a similar property for the bilinear form ¢) yields

Supll2 + g — w2+ Slpill2 + ek — o 12 + mllpillZ = Slupr M2+ O up —up e,
+ Sllpp 2 + Tlgi PR La-

Hence,
sllunll + 3Rl + 5mallphlla < sllup M1 + SIFRN7 + 5P~ 12 + 37allgn 2.
This shows the uniqueness of the solution of the square linear system. O

The proof of Lemma 2.1 hints at how the discrete scheme (2.8)—(2.9) could be modified if time-dependent
meshes were used. In this case, we work with two families {V2 }2_ ) and {V1 }2_ of finite-dimensional subspaces
such that for alln € {0,..., N}, VI C V, and Vj; C V. The discrete scheme takes the general form (2.8)-(2.9)
with test functions vy, € Vj} and qp, € V}jj,. However, if the expression for the time-derivative of the displacement

is kept unchanged, the argument deployed in the above proof breaks down because it is no longer possible to use
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vy, = ull —uy~" as a test function since in general v, ¢ V% (unless the restrictive assumption Vs ' C V7 is
made for all n € {1,..., N}). To circumvent this difficulty, let R}} : V, — V} be the Riesz projection operator
defined such that for all v € V,,

a(v —R0;(v), o) =0, Yoy, € Vi, (2.10)

and use dpuf = 7, L(ul — R (u) ) in (2.9). Then, proceeding as in the proof of Lemma 2.1 with the test
functions v, = ul! — R (u)™") € V7 and g, = T,p} € Vi and observing that a(ull,vs) = a(ull,u} —uj ")

since uj € V;, the same stability result is recovered, and thus well-posedness.

2.3. Continuous and discrete differential operators

To formulate the a posteriori error bounds in the usual form, it is convenient to associate differential operators
(in space) with the bilinear forms a, b, ¢, and d. To this purpose, we define the following continuous operators:
A€ L(Vy; V) st (Av,w)g = —a(v,w), B € L(Vy; Lg) s.t. (Bv,q)r, = b(v,q) with (formal) adjoint B* €
L(Vy; L) s.t. (B*q,v)r, = b(v,q), C € L(Lg; Lq) st. (Cq,7)r, = c(q,7), and D € L(V4;V]) s.t. (Dg,r)q =
—d(gq,r). We use the same notation for the extension B* € £(Lg; V)) s.t. (B*q,v)q = b(v, ¢). Problem (2.1)-(2.2)
can be rewritten in the form

—Au— B*p=f, (2.11)
CO¢p + Boyu — Dp = g, (2.12)

these equalities holding for a.e. t € [0,T] in V] and V] respectively. For the poroelasticity system, Av = V-o(v),
Bv = bV, B*q = —bVq, Cq = ﬁq, and Dg = V:(kVp). In the simplified setting where all the physical
parameters are equal to unity, we obtain

A=A, B=V. B*=-V, C=Ipq, D=A (2.13)

In the sequel, we shall also consider the operators Aj,. and Dj,. which are localized versions to mesh cells of
the corresponding global differential operators, that is, those operators act locally on each mesh cell as their
global counterpart without taking into account possible discontinuities across mesh interfaces.

At the discrete level, we also consider the operators A, € L(Vun; Van) s.t. (Apvp,wr)rn, = —a(vp, wp),
By, € L(Van; Van) s.t. (Brvn, qn)r, = b(vn, gn) with adjoint B € L(Van; Van) s.t. (Bjgn, vn)r, = b(vk, gn), and
Dy, € L(Van; Van) s.b. (Dran,mh)n, = —d(qn, 7). Observe that duality products have been replaced by L,- and
Lg-scalar products. The discrete problem (2.8)—(2.9) can be rewritten in the form

~Auf — Biph = 7. (2.14)
Coepy, + Broruy, — Drpy = gy, (2.15)
these equalities holding for all n € {1,..., N} in V,;, and Vg, respectively. For later use, we let f,? = —Apuop —

Bj:pon, so that (2.14) also holds for n = 0.

2.4. Elimination of the displacement

An alternative viewpoint to the PDE system (2.11)—(2.12) consists in eliminating the displacement to infer
the following parabolic-like evolution equation for the pressure

9(Cp+ Lp) — Dp = g, (2.16)

where L = —BA™'B* € L(Lg4;Lqg) is self-adjoint and monotone ((Lg,q)r, > 0 for all ¢ € Lg) and where
Gg=g+BA19,f € L?(0,T; Ly). In addition, the operator L is coercive provided the operator B is surjective;



A POSTERIORI ANALYSIS OF ELLIPTIC-PARABOLIC PROBLEMS 359

this assumption actually holds for the poroelasticity system. The same elimination can be performed at the
discrete level yielding

8:(Cpp + Lupy) — Dupy, = Gn (2.17)

where L;, = —BhA,le,*L is again self-adjoint and monotone and g;' is defined accordingly. The monotonicity
property of Lj, is key to the stability of the discrete system since it ensures that the pressure-displacement cou-
pling only introduces additional dissipation into the pressure evolution equation. Interestingly, the operator Ly
needs not be coercive for the discrete problem (2.17) to be stable; this is actually not the case for the poroe-
lasticity problem if equal-order polynomials are used for the displacement and the pressure. In the following
section, we will see that the use of different polynomial orders is solely geared to obtain optimal convergence
rates for all the terms in the energy norm. The situation is different in the singular limit where C' — 0 (that
is, when the Biot modulus M goes to infinity) since in this case, the coercivity of the operator Lj is needed to
control the Lgi-norm of the pressure.

2.5. The steady problem

Both the a priori and a posteriori error analysis of the approximation of the steady version of (2.1)—(2.2)
using the subspaces {Vin}n>o0 and {Vip}rso will play a role in the error analysis for the time-dependent case.
The steady version of (2.1)—(2.2) consists in seeking w € V,, and p € V; such that

a(@, v) = b(v,p)

(f,v) Yo € V,, (2.18)
d(p, q) = (7,

< Q>da VQ € Vda (219)

with data f € V, and g € V. It is straightforward to verify that the problem (2.18)-(2.19) is well-posed owing
to its upper triangular structure and the coercivity of the bilinear forms a and d.
The discrete problem consists in seeking uy € V5 and pj, € Vyp, such that

a(@n, vn) = b(vn,pp) = (f,0n)a,  Yon € Van, (2.20)
dPpsan) = (G-an)a,  Yan € Van. (2.21)

Here, we do not consider an approximation to the data f and §g. The discrete problem is conveniently re-
formulated using a Riesz projection operator Ry, : Vo, x Vg — Vo X Vi, such that for all (v,q) € V, x Vy,
ERh (Ua Q) = (mah (’U, Q)a s)f“dh (Q)) is defined by

a(v = Ran(v,q),vp) — b(vn, ¢ — Ran(q)) =0, Yop € Vap, (2.22)
d(qg —Ran(q),qn) =0,  Van € Vap. (2.23)

It is clear that (@, py,) solves (2.20)—(2.21) if and only if @, = Rep (T, D) and Py, = Ran(P). The approximation
properties of the operator R, can be found in [14]. The result is restated here for completeness.

Lemma 2.2. The following holds for all (v,q) € Vg x Vg,

o= Ran (@ Qlla < inf o= valla + Bla = Ran(a)]le (224)
lg = Ran(@)lla = inf [lg—qnlla- (2.25)
qn€Van

Proof. Property (2.25) is classical. To establish (2.24), consider the operator SR, defined by (2.10) (the upper
index n is dropped since meshes are kept fixed in time). Then, observe that since both %R}, (v) and Ran (v, q)
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are in Vyp,

1Ran(v:q) = R (07 = aRan (v, q) = R (v), Ran (v, 9) = R (v)
= a(Ran(v,9) = v, Ran(v, @) = Rgp(v) + alv — Ry (v), Ran (v, ¢) — Ry (v))
= —b(Ran(v,q) = Rap(v), ¢ — Ran(q))
< BlRan(v,9) = Ran(©)llallg — Ran(g) |-

Hence, ||Ran(v,q) —RE, (v)]la < Bllg — Ran(q)||c whence it follows by the triangle inequality that
[0 = Ran(v,@)lla < llv = Rn(©)lla + [Ran(v,9) = Rep(V)lla < [lv = Rap(0)lla + Bllg = Ran(g)le,
readily yielding (2.24). O

To deduce from Lemma 2.2 asymptotic rates of convergence for the approximation error in terms of the mesh
size when the exact solution is smooth enough, we introduce the following assumptions.

Hypothesis 2.1. There exist constants c¢; and ca, positive real numbers s, and sq, and subspaces W, C V, and
Wy C Vg respectively equipped with norms ||-|lw, and ||-|lw,, such that independently of h,

Yv € W, inf v —oplla < crh®|v|lw,, (2.26)
vp€Van

Vg € Wy, inf [lg — gnlla < c2h®{lqllw,- (2.27)
qn€Van

Hypothesis 2.2. There exist a constant cs3 and a positive real number § such that for all r € Ly, the unique
solution ¢ € Vg of the dual problem d(q,d) = c(r,q) for all ¢ € Vg, is such that there is ¢, € Vyp, satisfying

6 — dnlla < csh®|[rle- (2.28)

Hypothesis 2.1 is classical in the context of finite element approximations. It will be used in the a priori
error analysis. To keep technicalities at a minimum, a version of Hypothesis 2.1 localized to mesh cells is not
considered. Hypothesis 2.2 is an elliptic regularity property associated with the bilinear form d on V. It is stated
here in compact form, the usual statement consisting in assuming that the dual solution ¢ is in a subspace Yy
of Vy where the interpolation property (2.28) holds in the form [|¢ — ¢plla < c3h®||@|ly,. Hypothesis 2.2 will
serve both in the a priori and the a posteriori error analysis. In the latter case, a sharper statement localized
to mesh cells will be introduced in Section 4.2. For the time being, we will only use the following important
consequence of Hypothesis 2.2:

g — Ran(@)]|e < e3h®llqg — Ran(q) | a- (2.29)

Indeed, letting ¢ be the dual solution associated with r := ¢ — Ran(¢) and observing that d(r,¢p) = 0 for
on € Vap yields

lg = Ran(a)|Z = e(r,r) = d(r,¢) = d(r,¢ — ¢n) < |7llallé — ¢nlla, (2.30)

whence (2.29) readily follows. An important consequence of (2.24), (2.26), and (2.29) is that for all (v,q) €
Wa X Wd;

[v = Ran(v, @)l < exh® |[v]lw, + Bezesh®*lgllw, - (2.31)

For the purpose of computational efficiency, it is reasonable to balance both sources of error in ||v —Ran (v, ¢)||a-
This motivates the following hypothesis.
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Hypothesis 2.3. s, =sq+ 0 =: s.

In the framework of Hypotheses 2.1-2.3, Lemma 2.2 yields for all (v,q) € W, x Wy,

[0 = Ran(v, @)lla < B (crllvllw, + Bezesllallw,), (2.32)
lg = Ran(q)lle < Pcacsllqllw,, (2.33)
lg = Ran(@)lla < P*~°callallw,- (2.34)

As a result, whenever the exact solution of the steady problem (2.18)—(2.19) is smooth enough, namely (u,p) €
W, x Wy, the error ||p— Py |la converges asymptotically as h*~% while the error || —p|o + ||P — Dy || converges
asymptotically as h®. Since ¢ is positive, this means that the error |7 — up||a + ||P — Dyl converges at a faster
rate than ||p — Py, ||¢- This difference in the convergence rates will be accounted for in the subsequent analysis of
the time-dependent problem, the goal being to derive a priori and a posteriori error bounds that are optimally
convergent for ||p™ — p}'|lq on the one hand and for ||u™ — u}}|o + ||p" — p}||c on the other hand.

Application to poroelasticity. Consider the model problem (1.1)—(1.2) with the displacement (resp., the
pressure) approximated in space by continuous Lagrange finite elements of degree k > 1 (resp., [ > 1). Then,
Hypothesis 2.1 holds with s, := k, W, := [H}(Q) N H*Y(T,)]?, sq := 1 and Wy := H}(Q) N H*1(T;,), where
for m > 0, H™(7) denotes the usual broken Sobolev space of order m. Hypothesis 2.2 means that the steady-
state version of the pressure equation yields elliptic regularity, namely for all » € L?(Q), the unique solution
¢ € Hi(2) to the dual problem [, sV$-Vq = [, rq for all ¢ € Hj(Q) is in H*(2). Then, (2.28) holds with
6 :=1. As a result, Hypothesis 2.3 implies

k=1+1, (2.35)

i.e. the polynomial interpolation for the displacement is one degree higher than that for the pressure. The most
common choice in practice is k = 2 and [ = 1, i.e. continuous piecewise quadratics are used to approximate the
displacement and continuous piecewise linears are used to approximate the pressure.

3. A PRIORI ERROR ANALYSIS

The a priori error analysis is performed under the assumption that the exact solution is smooth, namely

uwe CHWa)NCE(Va),  peCHWa) NCE(La). (3.1)
For all n € {1,..., N}, define
Ci(u, p) = 2B [|0p() |7 00 (1, cwry) + 26°77 (1l Oeuu(s) || Lo (1,5w) + Beacs||0p(9)[| Lo (1,:wa)) (3.2)
Cy(u,p) = %’72’?2|\31:2tp(5)||?;oo(1n;Ld) + %6272H8152tu(8)||2L°°(In;Va)a
C™(f.9) = 3™ = [RII7 + 7allg™ — gr1I7- (3.4)

Moreover, it is assumed that the initial data wug; and pgp are chosen such that

luo — wonlla < cah®|uollw, — and  |[po — ponlle < esh®|Ipollw,, (3.5)

and we define
C(uo,po) = (c1 + ca)?luo|lFy, + (233 + 3 (cacs + ¢5)?)lpolliy, - (3.6)

One possible choice is uop = Ran(uo, po) and por, = Ran(po), in which case we can take C'(ug,po) = 0.
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Theorem 3.1. In the above framework, the following holds for alln € {1,...,N},

Fllu™ =il + 5" = phlI2 < h**Cluo,po) + Y C™(f,9) + Z [T h**CT" (u, p) + 70, C5" (u, )]

m=1 (37)
+ 02 (", + (82 + 3)c3 C§|| ")
and
n n n
> drmlp™ = pitllG < h*Cluo,po) + Y C™(f,9) + Y [rmh**CT* (u, p) + 725,C5" (u, p)]
m=1 . m=1 m=1 (38)
DD £ T atc [
m=1
Proof. (i) For all n € {1,..., N}, let us first bound the quantities
Nan = Ran(u",p") —ugy and g, = Ran(p") - pj;-
Observe that
a(ngha Uh) - b(vh7773h) = <fn - f}?7’uh>aa Yoy, € Vah7

e — g s an) + b — i an) + ad(iin, an) = Talg" = gty an)a + <O, an) + (00, an),  Van € Van,

where 67, = Ran(p™) — Ran (P~ 1) — 7,0:p™ and 07, = Ran(u",p") — Ran(u™= L p"~ 1) — 7,0pu™. Testing with
Vp =00 — Mo, e Vo and g = M, € Van yields after some straightforward algebra

s 12 + Sl — ni 12 + S0 2 + Slnd, — o 12 + mllndllz = Sing 12 + Sing 2
+ " = i Nan — Nan Ya + 7lg™ = g nin)a + (O, i) + (0, in)-

Hence,
SImanlls + 3nd 2 + Tl d < sllmes 12 + S0k, 12+ C™(f, 9) + 7 210512 + 70 82410015

(ii) Let us now bound the quantities 67, and 67,. Observe that

o, = / B1p(s) — Ran (Bup(s)))ds — / (5 — tn_1)0%p(5)ds.

177/ 177/

Hence, owing to the regularity assumptions on the exact solution and equation (2.33),
16Galle < Tnh*cacs|0p ()]l Lo (i) + 3Ta NOGP(S) | Lo (150
Similarly, using (2.32),

165nlla < 7l (coOru(s)l| e (15w + Beaesl|Op()ll Lo (r,iwny) + 3Tl O7u(s) | Lo (1,:v2)-

Therefore,
T 210812 + 7 82210015 < Tk CF (u, p) + 75 (u, p).-
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Summing up the above inequalities leads to

2||77ah||2 2”77th2+ Z 4TmH77thd > 2”77ahH2 2||77dh||2+ Z [C™(f. g )+Tmh260m(u p)+7' Cy" (u,p)].

m=1

(iii) We now bound the initial errors ngh and ngh. In the case where ugp, = Ran(uo, po) and pop, = Ran(po), it
is clear that ngh =0 and ngh = 0. In the general case, use the triangle inequality to infer

[m3nlle = |Ran(po) — ponlle < |Ran(Po) — polle + IPo — Porlle < B (cacs + c5)||pollw,-

Similarly,

[monlla < [1Ran(u0, po) — uolla + [l — uonlla < h¥((c1 + ca)lluollw, + Beacsllpollw,)-

Hence,

n

n
%HWZh”i + %IIn&%II? + Z %TmH??thd < h**C(uo, po) + Z [C™(f,9) + Tmh**CT" (u, p) +T%C§n(u7p)]-
m=1

m=1
(iv) The conclusion readily results from the triangle inequality and equations (2.32)—(2.33)—(2.34). O

Theorem 3.1 shows that whenever the exact solution is smooth enough and up to data approximation errors
that can be made small enough, ||u™ — uj|ls + ||p™ — p}||c converges to order s in space and first-order in time,
while (320 _, 7i|[p™ — p?[|3)/? converges to order (s — &) in space and first-order in time.

Application to poroelasticity. When continuous piecewise quadratics (resp., linears) are used to approximate
the displacement (resp., the pressure), ||[u™ — uj|| g + ||p™ — pp||L2 converges to second-order in space and first-
order in time, while (3.7 _, 7 |[p™ — pi*||%:1)/? converges to first-order in space and in time.

4. A POSTERIORI ERROR ANALYSIS

This section is devoted to the a posteriori error analysis for the discrete scheme (2.8)—(2.9). The main results
are Theorems 4.1 and 4.2 for the direct approach and Theorem 4.3 for the approach using elliptic reconstruction.

4.1. The direct approach

The a posteriori error analysis relies on the stability of the continuous problem. Therefore, it is convenient
to rewrite the discrete scheme as equations holding a.e. in (0,7) rather than at the discrete times {t,,}_;.
To this purpose, let up, (resp., prr) be the continuous and piecewise affine function in time such that for all
n € {0,...,N}, up(tn) = uy (vesp., prr(tn) = p). Observe that dyup, and Oypp, are defined a.e. in (0,7T).
Similarly, let fjr be the continuous and piecewise affine function in time such that for all n € {0,..., N},
frr(tn) = f*. We will also need to consider piecewise constant functions in time, namely 7°pp, (resp., ™gn,)
equal to pj (resp., gj) on I, for all n € {1,..., N}. With the above notation, the discrete scheme (2.8)—(2.9)
yields a.e. in (0,7),

a(unr,vn) — b(vh, Phr) = (frrs Vn) L. Yoy, € Van, (4.1)
(0iphr- qn) + b(Orunr, qn) + A(m°prr, an) = (7°Gnr, qn) Lo Yan € Van.

For the a posteriori error analysis, it is convenient to introduce the Galerkin residual &, (resp., &4) which is
a continuous and piecewise affine function in time with values in V (resp., piecewise constant function in time
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with values in V) such that a.e. in (0,7),

<®a; 'U>a = (fh7'7 U)La - G(U}m—, U) + b(’U)phT)7 VU e Va; (43)
<6d7 q>d = (7.[.09th q)Ld - C(atph‘r; Q) - b(atuh‘r; Q) - d(ﬂ-oph‘r; q)7 Vq S Vd-

Note that &, € H'(0,T;V/) N L>(0,T;V/!) and &4 € L?(0,T;V}). Let

E(f,9)=llg— Woghrﬂiz(o,T;v;) + 2l = farllLo,rivyy + 10:(f — fhr)||L1(o,T;v4))2 ; (4.5)
Eaat = |luo — uonlls + lpo — ponllZ +4E(f, 9), (4.6)
Espe = 4||Q5d||%2(o,T;vu;) +4 (2184l Lo 0,15vr) + ||(9tQ5a||L1(0,T;va/))2 : (4.7)
Eiim = ||phr — ﬂoph'r||%2(07T;Vd)- (4.8)
Edat 1s referred to as a data oscillation term.
Theorem 4.1. For alln € {1,...,N},
i”(“ — Uh7;P — phf)”%((o,tn) + %Hp - WophTH%?(O,tn;Vd) < &aat + Espe + Etim- (4.9)

Proof. Let € =u — upr, ( = p — phr, and * = p — m™pp,. Observe that a.e. in (0,7),

(l(f,’l)) - b(7}7<) - <f - fh‘r + ®aav>a; Vv € Vaa
C(atga q) + b(8t€7 q) + d(g*a q) = <g - ﬂ-OghT + 6(17 q>d7 Vq S Vd-

Testing for a.e. t € (0,T) with v := 9;¢ and ¢ := ( yields
sAelI€NE + 3dellCZ + NS+ FICHNE = (F = frr + Bas 0:E)a + (g — 70gnr + Ba, C)a + §llphr — 7 pir 7
where we have used the fact that owing to the symmetry of d,
d(¢,¢7) = 5d(¢,¢) + 3d(¢", ¢) — 3d(¢ = ¢*, ¢ = ¢F).

Since f — far + 8, € HY(0,T;V)) and g — °gp, + &4 € L*(0,T;V}), we can conclude by proceeding as in the
proof of Proposition 2.1. O

Since for allm € {1,..., N} and for all s € Ly, (phr—7"ppr)(s) = Tt (5=t ) (PP —pj 1), it is straightforward
to formulate &, in terms of so-called time error indicators as follows:

N
gtim = Z 5&'111 Wlth t7i7Lm = %Tm||p;rzn 7p;1n_1||?l (410)
m=1

We now proceed to bound more explicitly Ep.. We assume that the various bilinear forms in the model
problem (2.1)—(2.2) can be localized as follows: for all (v,q) € V, x Vg and for all (¢,() € V, x Vy such that
A10C€ € L, and DlocC € Ly,

a(é,v) = Z [—(A10c&, V) Lo (1) + (Ja&,0) L, (015 (4.11)
TeT),
d(¢,q) = Z [—(D10cC, @) Lo(ry + (Jal, @) Laom))- (4.12)

TeT,
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Here, for a mesh cell T' € 7, Lq(T) and Lg(T') are local versions of L, and Lg respectively, (-,-)r, o) and
() La(ar) are scalar products for functions defined on the boundary 0T of T' and J, and .J4 are suitable (jump)
operators such that J,& =0 if A¢ € L, and J4¢ = 0 if D¢ € Lg. In addition, for all (v,{) € V, x V4 and for all
(¢,7) € La x La,

b(w,0) = Y (0,B Q.= Y (Bo,Qryry, and  clgr) = Y (Cq,m)p 1) (4.13)

TeT, TeT, TeT,

Finally, following [10,23], we assume that there exist two (Clément-type) interpolation operators i, : Vo, — Vap,
and igp : Vg — Vyp, such that for all (v,q) € V, x Vy,

> 70l = ian )17, vy + bt o = e ()7, om)) < collvll2, (4.14)
T€Th

> 07°lla = dan( @7,y + htla = ian (@117 o) < erllal3, (4.15)
TeT)

where for all T € Ty, hr denotes the diameter of 7. In the context of poroelasticity where V, = [H}(Q)]?
and V; = H}(Q), the usual Clément [7] interpolation operator (modified to account for homogeneous Dirichlet
boundary conditions) or the Scott-Zhang [18] interpolation operator can be used.

We define the following elementwise and jump residuals for all m € {1,..., N},
Ry = gi' — Coipy' — Boguy' + Doepy's I = Japy,'- (4.17)

Form =0, R%,, JO,  and J;?h are defined similarly, while we set Rgh = (Dyoc— Dp)pop, for later use in Section 4.2.

We also define for all m € {0,..., N}, the so-called space error indicators
Z T uT_hTHR ”L ) +hrllJ h||%a(8T)7 (4.18)
TeT,
= > & & = WEIRIRGL oy + hrll TR om) (4.19)
TeT,

for a real parameter » > 0. Here and in the sequel, integrals over element boundaries are restricted to those
faces of the element that do not lie on the boundary of 2 where homogeneous Dirichlet boundary conditions

are enforced. We will also use the transient version of the above quantities, namely for m € {1,..., N},
=Y Elr(dy), wr(0e) = Wl SR IL, 7y + hrll0e TR |12, or) (4.20)
TET,
En(0e) =Y Enr()s &) = WF WIS R T oy + hrlSeTihlI7 om): (4.21)
TET,

1 -1 -1 -1
where 8, R}, = 1, (R, — Ry ), 00 J03 = 10, (J0, — J., ), and so on.
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Proposition 4.1. In the above framework,

||Qja||%°°(0,T;V({) <cg sup &, (4.22)
0<m<N
N 2
2 1
Hat@flllil(O,T;Va’) < ¢o (Z Tm(gy(ét)V) ’ (4.23)
m=1
N
H@d”%?(o,T;Vd’) < et Z TmEp - (4.24)
m=1
Hence,
Expe < Elpe =407 > T +32c6 sup E1+8cq | > Tm(ES(01))7 | (4.25)
m=1 0<m<N m=1
Proof. The proof is only sketched since it uses classical techniques of a posteriori error analysis. Observe that
®ma ®m7 — 1
o), = sup Oiitle_ gy (O —fanlv)e
o£vev,  |V]la 0#£vEV, [v]la

since (4.1) and (4.3) imply that (&7, vp), = 0 for all vp, € Vgp. Then, use definitions (4.11) and (4.13),
assumption (4.14) and a Cauchy-Schwarz inequality to infer (4.22). The proof of (4.23) and (4.24) is similar. O

To establish an equivalence result between the residuals and the error, we extend the approach derived by
Verfiirth [24] for the heat equation. For all ¢ € [0, T], we introduce the norm

1w D50,y = 10, D)5 (0,0) + 14000 + B*0eall710,4v7) + 100 + Bl 720 4v7 (4.26)

which corresponds to the energy norm ||-|| x(o,;) supplemented with some time-derivatives measured in weaker
norms. We observe that a nontrivial novelty with respect to the heat equation is the use of a L'(0,¢; V/)-norm
for the time-derivative of the displacement equation.

Theorem 4.2. For alln e {1,...,N},

%”(U — UhrsP — ph'f)”%’(o,tn) + %Hp - 7rOph‘r”%2(0,tn;vd) < 3&dat + 35sTpc + %gtim- (4.27)
Furthermore,
Eim < 2| (u = wnr, p = Par) 5 0,0y + 202 = 7Phr 720,40 v (4.28)
and
gsTpC < cp(Il(w — upr,p — phT)”%/(O,T) +lp - 7TOphTH%?(O,T;Vd)) + 5<Iiata (4.29)

where ci+ = 12 maX(SBcs,cﬂc?, 8 = max(1, 3?), the constant c; only depends on the shape-regularity of the
mesh family and on the maximum polynomial degrees used in the finite element spaces V,p, and Vgn,, and where

Eat = 16060?(6||f - thH%OO(O,T;Va’) +[10:(f — th)H%l(O,T;Va’)) + 1207C$||9 - 7TOQhT”%?(o,T;Vd/)- (4.30)
Proof. (i) Proof of (4.27). Let £ = u — upr, ¢ =P — Pur, and ¢* = p — w°pp,. Observe that a.e. in (0,7),

~A§ =B (= [~ fur+8,  inV,
CO¢ + Bdé —DC* =g —'gpr + G4,  in V.
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Furthermore, taking the time-derivative of the first equation yields a.e. in (0,7),
—A0E — B 0;( = Oi(f — fnr) + 01, in V.
Hence, integrating over (0, ¢,), using the triangle inequality and taking the square,
|40:€ + B0l 21 0.0,ivr) < 200(f = Far)| 210,057 + 21068 allTs 0,2, v
< %gdat + igsjrpc'
Similarly,
[COC + Batf”%z(o,tn;vu;) <3lg - WoghTHQL?(O,tn;Vé) + 3||(’5d||%2(o,tn;vu;) + 3||D<*||2L2(O,tn;vr2)
S 7gdat + 783Tpc + 65tinn

where we have used Theorem 4.1 and Proposition 4.1 to infer || D¢* ||%2(O tVl) = lIc* H%%O,tn;Vd) < 2(Eaat+EL .+
Eiim) and the fact that % < 1 to simplify the expression. Finally, still owing to Theorem 4.1 and Proposition 4.1,

i”(& C)H%{(O,tn) + %Hp - 7TOIDhT||%2(0,1tn;vu,) < &dat + 8§pc + Etim-

Summing up all the above contributions yields (4.27) since % <3.
(ii) Proof of (4.28). Use a triangle inequality.
(ili) Proof of (4.29). We bound the three terms in (4.25) starting from the second one. Using the technique of
bubble functions introduced by Verfiirth [22-24], for all m € {0, ..., N}, there is v* € V,, such that
El <O, vMa,  with [ e < er(EX)Y2,

where the constant ¢; depends on the shape-regularity of the mesh family and on the maximum polynomial
degrees used in the finite element spaces V,;, and V. Hence,

EM < —(f™ — fIr+ AE™ + B C™ v < (1™ = FPMl + 11€™ o + BIC™ 1) (EM) 2.

Hence, letting 3 = max(1, 5%),

sup &' < 3C¥(||f - thH%OC(O,T;V(;) + BH(&’C)H?)((O,T))'
0<m<N

Consider now the third term in (4.25). Using again bubble functions, for all m € {1,..., N}, there is u* € V,
such that N R
TR €l (00) < (&7 = &7 ul ey with g lla < e (€7 (50)) 2.

Therefore,
REN) < [ (00 nads
Inm
== [ @ = i) acds = [ (A0E(s) + BO(s) il
<t (10e(f = far) |t tsvy) + 1ADE + B Cll La (1, vn)) T (E(50)) 2,
yielding

N 2
(Z Tm(gﬁn(fst))é) <2¢f (Hat(f - th)HQLl(O,T;Va/) + | A0 + B*at<||2L1(O,T;Va/)) :

m=1
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Finally, consider the first term in (4.25). Still using bubble functions, for all m € {1,..., N}, there is v]* € Vg
such that

Ef < (&7 via  with v la < er(E)7
Thus,

o <= [ (o= agun) o) vhads + [ (€O + BOLE.Vads — [ (DEup)ads

m I, I,

1/2 .
< ¢ (3||9 — 109nrl|72(s v T 3[1C0¢ + Bat§|\%2(1m;v;) + 3”@”%2(1,";‘/0,)) 2 (Ero)'?,

ms

using this time a Cauchy-Schwarz inequality. Hence,

N
Z Tm&po < 3¢f (Hg - 7TOghr||2L2(o,T;vu;) +|CO¢ + Bat§||2L2(o,T;v4) + ||<*||2L2(0,T;Vd)) :
m=1

Collecting the above inequalities yields the desired result. U

4.2. Elliptic reconstruction

Because of the use of different polynomial degrees for the displacement and for the pressure, the three terms
in the energy norm ||| x(o,7) do not have the same convergence rate in space. Indeed, the L?(0,T’; V)-norm
for the pressure is dominant and converges at the same rate as the bound derived in the previous section. The
purpose of this section is to derive a sharper bound for the L*°(0,7';V,)-norm of the displacement and the
L>(0,T; Lg)-norm of the pressure which converges at the optimal rate.

Foralln € {0,..., N}, we define the elliptic reconstruction of (u}, p}t) € Vun % Vg, as the functions (U™, P™) €
V. x Vg such that

a(U",v) — b(v, P") = a(u}, Pupv) — b(Papv, ph), Yo € Vg, (4.31)
d(Pna Q) - d(p;zl; Pth) - b((stuzla q— Pdhq); VQ € Vda (432)

where P, (resp., Pg) denotes the L,-orthogonal projection from V, onto V,j (resp., the Lg-orthogonal pro-
jection from Vj onto V). Henceforth, we use the convention that 5tu2 =0 and 5tp2 = 0. Observe that

AU™ + B*P™ = Apu} + B]p}, (4.33)
DP" = Dypl! + (B — By,)d.u}- (4.34)
Indeed, for all ¢ € Vg,
(DP",q)a = —d(P",q) = —d(py, Panq) + b(S¢up,.q — Panq)

- (th;;a Pth)Ld + ((B - Bh)atu;zla Q)Ld = (th}rzl + (B - Bh)étuzlv Q)Ldv (435)

since Dppyt € Vap,. Equation (4.33) is proved similarly. It is worthwhile to point out at this stage a nontrivial
difference with the elliptic reconstruction technique for the heat equation, namely that the pressure reconstruc-
tion must also account for the fact that the divergence of the displacement is not in the pressure finite element
space, thus the presence of the time-derivative in the right-hand side of (4.32) and (4.34).
The key idea to bound the errors ||u™ — uj||, and ||p™ — pjt||c is to consider the decompositions
n

u" —up = wy — Py, =U" —uy, Py =U"—u", (4.36)

A N (4.37)

n 7 n 7
p 7ph:wpipp)
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The quantities w;; and wy can be handled following the a posterior: error analysis for the steady problem, while
the quantities py; and p;; can be bounded in terms of wy; and wy and other computable quantities. The analysis
requires a refinement of Hypothesis 2.2 by localizing the approximation property to mesh cells. In the context
of poroelasticity, this assumption means that the steady-state version of the pressure equation yields elliptic
regularity and that the finite element space Vy;, satisfies the usual approximation properties.

Hypothesis 4.1. There exist a constant cgs and a positive real number § such that for all r € Ly, the unique
solution ¢ € Vg of the dual problem d(q,d) = c(r,q) for all ¢ € Vg, is such that there is ¢, € Vg, satisfying

> w6 — dnll3 iy + hrtllé — énll3om)] < eslirlZ. (4.38)
TeT),

We first consider the quantities w;, and wy.

Lemma 4.1. In the above framework, the following holds for all n € {0,... N},

lwp |2 < 2¢6€7 + 28%csEys, (4.39)
lwplls < es&p s (4.40)
Proof. (i) Bound on |lwy|l.. Let ¢ be the dual solution associated with the data r := wy in Hypothesis 4.1.
Then,
lwpll? = c(r,r) = d(r, ¢) = d(r, ¢ — én),
since owing to (4.32), d(r, ¢n) = d(P™ — pj, ¢n) = 0 for ¢, € Vyp,. Using (4.12) and (4.38) leads to

§
lopl? < es - AP INFIDocwp 12,7y + bl Jawp T, om))-
TETh

Using (2.15) and (4.34) yields for n > 1,

Dlocwg =DP" — Dlocpz = thz + (B - Bh)é-tUI;II - Dlocp;lI = 7R;Lha

and this relation also holds for n = 0 by definition of Rgh. In addition, for all n > 0, J3P™ = 0 since
DP™ € Vg, C Lg. As a result,
lwplls < esEps-

(ii) Bound on ||w]!||4. Observe that

a(wl v a(wl,v) —b(v,wl
ol = sup S o gy (AU _HOE g,
ovevy  |[Vla 0#£vEV, [v]la
a(wl, v —iqn(v)) — b(v —ign(v),wW?
= sup ( ( u a ( )) ( a ( ) p)) +ﬁ||wg||c,
0£veV, [v]la

owing to (4.31) since iqp(v) € Vp. Using (4.11), (4.13), and (4.14) leads to

gl <26 Y (B3]l Awocwy + B3 17, ) + hrll Jawi |17, o] + 26%lwpll2-
TeT),

Owing to (2.14) and (4.33), AU™ + B*P" = Apuj, + Bjpp = —f}! so that Ajecwy + B*wy = AU™ + B*P" —
Apcuy — B*ply = —RY, . Moreover, Jow], = —J7, since AU™ € L,. This yields (4.39). O



370 A. ERN AND S. MEUNIER

We now turn our attention to the quantities pj; and py. Let

Eaat = U — woll? + |P* — pol2 +2E (/. 9), (4.41)
N
Espe = Tm[272cs(1 + 26%) s (01) + 43242 c6E™(81)), (4.42)
m=1
Euim = 35°71(Cdip), + Bdruj, — Dupon — ghll7, + Z 37T l10:(Coupy + Boup! — i) |12, (4.43)

Lemma 4.2. The following holds for alln € {1,...,N},

2 ||pu||2 2 ”p;:)l”2 S gdat + gspc + gtim- (444)

Proof. The bounds on py and pj rely on the stability properties of the continuous problem. Thus, it is again
convenient to handle equations holding a.e. in [0, 7] rather than at the discrete times {t,}N_,. Let U, (resp.,
P;) be the continuous and piecewise affine function in time such that for all n € {0,..., N}, U* = U™ (resp.,
P = P"). Let wy, and wp, be constructed in a similar way from {wy})_ and {w?}],. Define pyr = Uy —u
and p,r = P- — p. Observe that for a.e. t € [0,T] and for all v € V,,

a(pur,v) = b(v, ppr) = a(Ur,v) = b(v, Pr) = (f,v)L,
(Uhra ahv) ( ahU, ph‘r) (fa U)La
(fh'ra ahv) (fa ) (fh‘r - fa U)La7

while for all ¢ € Vj,

c(0tppr,q) + 0(0tpur,q) + d(ppr,q) = c(0:Pr,q) + b(0:U~, q) + d(Pr,q) — (9,9) 1,
= C(atwp‘ra Q) + b(atwu‘ra Q) + (D’”OP‘F; Q)Ld + d(P'ra Q) + (ﬂogh'r -9, Q)Ld
= C(atpr, Q) + b(atwu7'7 q) + (D(FOPT - PT)) q)Ld + (ﬂ-oghT -9, q)Lda

where 0P, is the piecewise constant function in time equal to P™ on I,, for all n € {1,..., N}. Indeed, on each
time interval I,,,

c(atphv'a q) + b(atuh‘ra q) = (C(Stpz + Bétu27 Q)Ld
= (91 + Dwpj — Broyuy, + Boyuy,, q)r, = (95 + DP",q)L,

Testing the above equations with v := O;pu- and ¢ := p,, yields

%dt”pu'r”i + %dt”p;nr”g + ”ppT”g = (far — [, 0tpur)L, + C(atw;n‘rapp'r) + b(Orwur, P;n‘r)
+ (D(T"OPT - P;), p;m')Ld + (ﬂ'oghr - gvppT)Lg”

so that

3@llpur 2+ 3dellppr 12 < (Far = F0upur) Lo + 72 0wpr |12 + 8292 (|Bewer |
+ 32D Pr = Po)|L, + |7°gnr — glI?.

Proceeding as usual (details are skipped for brevity) yields for all n € {1,..., N},

T T T
sloullz+3llopl2 < Edat+/0 2’72||3twpr(8)||3d8+/0 26272||<9twm(8)||3d8+/0 27| D(x°Pr = Pr)(s)||Z,,ds.
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The second and third terms in the above right-hand side lead to the term é/‘\spc in (4.44) owing to the fact that
wpr and wy,r are piecewise affine in time so that for instance,

T N
/ e () 2ds = 3 it — w12
0 m=1

By linearity and proceeding as in the proof of Lemma 4.1 yields
Tl — Wit IE < 2008 (00) + 267 (0)  and Pl —wpHZ < esEs(00).

Finally, the last term in the above bound on pj; and pj leads to the term g}im in (4.44) since

T N
/O ID(°Pr = Pr)(s)[Z,ds = Y 47wl D(P™ = P™ Y2,
m=1

and for all m > 0, DP™ = Dioc pj' — R%. O

Theorem 4.3. For alln €{1,...,N},
Hla™ — a2 + Lp" — pi|12 < Eiar + Espe + Exim + co&t + cs(d + 2EL. (4.45)
Proof. Use Lemmas 4.1 and 4.2, and the triangle inequality. (]

We will not attempt here to prove lower error bounds; this goes beyond the present scope. We will verify
numerically in the following section that &pc and Eim yield the expected, optimal, order of convergence with
respect to mesh size.

5. NUMERICAL RESULTS

Two test cases are presented in this section. In the first one, an analytic solution is available; the aim of
the test case is to verify the convergence rate of the derived error bounds and to evaluate the corresponding
effectivity indices. The second test case is drawn from an excavation damage benchmark problem; its aim is to
illustrate the generation of adaptive meshes in this context.

5.1. Test case with analytical solution

We counsider the following analytical solution of (1.1)—(1.2) on the domain Q = (0,1) x (0, 1),

_exp(—At) [ cos(mz)sin(my)

2 Sil’l(ﬂ'.ﬁ) COS(?Ty) ) p(ta €, y) = exp(iAt) sin(mc) Sin(wy)a

u(t,z,y) =

with A = li’::’“, Kk =0.05, b = 0.75, ﬁ = 2%. The Lamé coefficients are \; = % and Ao = %, yielding a Poisson
M

ratio v = 0.4 and a Young modulus £ = %. Convergence rates in space are evaluated on a series of uniformly
refined structured triangulations based on a boundary mesh step hg. Finite elements are based on quadratics
for the displacement and linears for the pressure.

Tables 1 and 2 present the convergence results (under space and time refinement respectively) for the ap-
proximation errors measured in various norms. All the convergence rates match those predicted by the a priori
error analysis. In both cases, the total error is dominated by the L?(0,¢; H!)-error on the p-component.
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TABLE 1. Errors at final time and convergence rates under space refinement; T = 0.1,
7 =2.50e4.
hal HUJ — uhTHa Hp — phTHc Hp — phTHL?(O,T;Vd) Hp — 7TOphTHLz((),T;Vul)
4 |812e3 — |5.66e3 2.75e-2 - 2.75e-2 -

8 [215e3 192 |1.49e3 192 145e2 0.92 1.45e-2 0.92
16 | 5.34de-4 2.01|3.73e4 2.00| 7.33e-3 0.98 7.33e-3 0.98
32 | 1.32e-4 2.02|921eb 2.01] 3.68e-3 0.99 3.68e-3 0.99

TABLE 2. Errors at final time and convergence rates under time refinement; 7' = 1, hg = 1/128.

T Ju—unrlla lp—puelle | llp = prellzorvy | e — 7%0rll20,00v0)
02551063 — |5.64e3 - |1.68e2 - 1.81e2 -

0.2 | 4.13e-3 0.94|4.55e-3 0.96|1.39e2  0.84 | 1.48e-2 0.93
0.1 |2.12e-3 0.96|2.3le3 0987583 087 |T7.74e3 0.93
0.05| 1.07e-3 0.99 | 1.16e-3 0.99 | 4.24e-3  0.83 |4.26e-3 0.86

TABLE 3. A posteriori error bounds using the direct approach and convergence rates under
space refinement; 7= 0.1, 7 = 2.50e4.

hy! m m s 4 Tw Iy
4 6.34e-2 — 9.53¢e-2 — 8.17¢-3 — 1.45e-3 — 3.13 11.43
8 3.33e2 093] 257e2 189 |2.75e-3 157 | 7674 092|218 15.33
16 | 1.71e2 0.96 | 6.63e-3 1.96 | 7.13e4 1.94 | 3.89¢4 0.98 | 1.70 23.81
32 | 8.62e-3 098] 1.68e-3 1.98|1.80e4 1.99]|1.96e4 099|145 41.19

To assess the a posteriori error bounds obtained with the direct approach, we evaluate the quantities
1 1
N 2 N N 2
= S L > 1 _
m = <ZTm ,%) , o= sup (EM2, m= D Tm(El ()2, m= <ZTm|p;7p;7 1|3> ,
m=1 0=m=<N m=1 m=1
(5.1)

as well as the effectivity indices

Tog — m+n2+ns+mn T m+n2+n3+m (5.2)
eff = ) fF = : .
(Hp _phf||2L2(07T;vd) + Hp - ﬂophTH%%o,T;Vd)) /2 ¢ ”UN - uhN”a + HpN - thHc

Recall that 11, 2, and 13 are associated with the space error indicators, see (4.25), and that 7y is associated with
the time error indicators, see (4.10). For brevity, we concentrate here on these quantities. Tables 3 and 4 present
the results obtained under space and time refinement, respectively. All the observed convergence rates match
the theoretical predictions. Moreover, the effectivity index Z.g takes values between 2 and 3, indicating that
the present a posteriori error bounds behave quite satisfactorily to control the pressure error in the L?(0,t; H})-
norm. As expected, the situation is quite different if one attempts to control the displacement error in the
L>(0,t; H})-norm. As reflected by the effectivity index Z; which increases as the mesh is refined, this latter
error converges faster to zero than the bound derived with the direct approach.
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time refinement; T' =1, hg = 1/128.

T m 72 73 74 TIg Lig
0.2514.33e-3 1.07e-4 1.15e-4 | 4.70e-2 — 1.48 4.80
0.2 |4.37e-3 1.02e-4 1.04e-4 ] 3.85e-2 0.90 | 1.51 4.95
0.1 | 4.45e-3 9.93e-5 8.25e-5|2.0le—2 0.93|1.62 5.58
0.05|4.49e-3 1.02e-4 7.38e-5|1.03e-2 0.96|1.77 6.69

TABLE 5. A posteriori error bounds using elliptic reconstruction and convergence rates under

space refinement; T'=1, 7 = 0.1.

hy! 15 M6 n7 78 Tott
4 1.34e-0 - 1.14e-2 | 1.55¢e-2 - 2.18¢-2 — 169.43
8 2.01le-1 2.74 | 7.82e-3|570e-3 1.44 | 5.83e-3 1.90| 120.26
16 | 4.36e—2 2.21 | 7.58¢e-3 | 1.79¢-3 1.67 | 1.50e-3 1.96| 97.49
32 [ 1.04e2 2.07|7.55e-3|493e4 186 |3.77e4 198 | 19.59
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To assess the a posteriori error bound using elliptic reconstruction, we evaluate the quantities

N 3
s = (Z Tm (€51 (0t) + 5&”(&))) Com=EDE = (E, (5.3)
m=1
N 3
e = <n|06tpi + Boyuh, — Dapon — ghll2 + Y 7 16:(Copi + Boyup — gﬁ”)li) : (54)
m=2
as well as the effectivity index
+ 16+ 77 +
Togt = N5 +MNe + N7+ 18 (5.5)

[u = uiflla + 1PN = Py lle
Recall that 75 is associated with the space error indicators, see (4.42), and that 7 is associated with the time
error indicators, see (4.43). Moreover, n7 and s stem from the difference between the discrete solution and
its elliptic reconstruction, see Lemma 4.1. Table 5 presents the results obtained under space refinement. The
observed orders of convergence match theoretical predictions, with a slight super-convergence for 15 and a slight
sub-convergence for 17 on the (very) coarse meshes. The quantity ng, which is related to the time error, remains
at a fairly constant value under space refinement. Additional tests (not reported here for brevity; see [13])
indicate that ng converges with order close to 1 under time refinement. Finally, we observe that the effectivity
index with elliptic reconstruction is much larger than that with the direct approach, especially on coarse meshes.
This can be expected since the elliptic reconstruction technique uses the stability constant of an adjoint problem,
and this latter constant is usually large.

5.2. Excavation damage test case

This test case is drawn from [5]. A two-dimensional setting is considered. The computational domain is
a square of length 60 m minus a circular sector centered at the lower left corner with angle 7 representing
the excavated part. The model parameters are a Young modulus £ = 5800 MPa, a Poisson ratio v = 0.3,
an hydraulic conductivity £ = 1.02 x 1076 m2.Pa~'.s~!, a Biot modulus ﬁ =269 x 107" Pa~!, and a
Biot-Willis coefficient b = 0.8. Body forces result from gravity with a density p = 103 kg-m~3. The simulation
time is 1.5 x 10 s (roughly 17 days). Mixed Dirichlet-Neumann boundary conditions are enforced. The order of

magnitude for the pressure is about 5 MPa and that for the displacement is about 5 cm. The problem is solved
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FIGURE 1. Initial mesh (left) and adaptive meshes generated after two (center) and four (right)
steps of the refinement procedure.

TABLE 6. A posteriori error bounds for the excavation damage test case on adaptive meshes;
the second column reports the number of mesh cells on each adaptive mesh.

Step | # mesh cells unt 72 M3 M4
1 196 1.25e-1 4.24e-1 4.24e-1|9.19e-7
2 278 2.65e2 7.63e2 7.64e2|1.24e6
3 392 1.76e-2 3.46e2 3.46e-2 | 1.31e6
4 564 1.50e-2 2.00e2 2.00e-2|1.32¢6
5 890 1.13e-2 1.18¢2 1.18e2 | 1.34e6
6 1368 9.09e-3 7.72e¢-3 7.72¢-3| 1.34e-6
7 2268 7.04e-3 4.69e-3 4.69e¢-3 | 1.36e—6

in non-dimensional form using quadratics for the displacement and linears for the pressure. The time step is
kept fixed at 7 = 10° s; this value is small enough to keep time discretization errors negligible (see Tab. 6).

Adaptive meshes are constructed using the space error indicators derived using the direct approach. On a
given mesh, the approximate solution is constructed until final time, then mesh cells are marked (the 5% mesh
cells yielding the largest contributions to the global error bound are marked), and a new mesh is generated.
This algorithm is considered here solely for illustration purposes, being understood that further work is needed
to optimize the computation using dynamically adapted meshes. The initial mesh and those generated after two
and four steps of the above procedure are presented in Figure 1. The values taken by 71, 72, 13 and 74, see (5.1),
are reported in Table 6. The quantities 77, 72 and 73, which are associated with spatial errors, decrease faster
than the number of adaptive mesh cells, while 74, which is associated with time errors, remains negligible. The
quantities ny and 73 take similar values since for the present problem, both are dominated by the error at initial
time. Further results can be found in [13].

6. CONCLUSIONS

We have analyzed Euler-Galerkin approximations to coupled elliptic-parabolic problems with application to
poroelasticity. The a priori error analysis shows that equal-order polynomial interpolation can be used for
the displacement and for the pressure, but that using polynomials of one degree higher for the displacement
than for the pressure is preferable since this equilibrates the convergence rate of all the terms in the energy
norm. Furthermore, we have obtained residual-type, energy-norm a posterior: error bounds for the displacement
and for the pressure. Elaborating on the ideas of Verfiirth, we have established an equivalence result between
the residual measured in a dual norm and the error measured in the energy norm plus some time-derivatives
measured in weaker norms. The a posteriori error bound converges optimally with respect to mesh size when
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compared with the dominant term in the error energy norm, namely that related to the L2(0,t; H})-norm for the
pressure. To obtain an optimally convergent bound for the two other terms in the error energy norm, namely
those related to the L>°(0,t; H!)-norm for the displacement and the L°°(0,¢; L2)-norm for the pressure, we
have extended the elliptic reconstruction technique introduced by Makridakis and Nochetto for linear parabolic
problems. One important difference with the heat equation is that the pressure reconstruction must also account
for the fact that the divergence of the displacement is not in the pressure finite element space.
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