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EXPONENTIAL CONVERGENCE TO EQUILIBRIUM V/IA LYAPOUNOV
FUNCTIONALS FOR REACTION-DIFFUSION EQUATIONS ARISING
FROM NON REVERSIBLE CHEMICAL KINETICS

MARZIA Bisi!, LAURENT DESVILLETTES? AND GIAMPIERO SPIGA!

Abstract. We show that the entropy method, that has been used successfully in order to prove
exponential convergence towards equilibrium with explicit constants in many contexts, among which
reaction-diffusion systems coming out of reversible chemistry, can also be used when one considers a
reaction-diffusion system corresponding to an irreversible mechanism of dissociation/recombination,
for which no natural entropy is available.
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1. INTRODUCTION

1.1. Entropy methods

Entropy methods have recently been used in order to prove exponential convergence towards the equilibrium
with explicit constants in many situations (e.g. integral equations, ¢f. [20], fourth order equations, cf. [5],
nonlinear diffusion equations, ¢f. [6,7,12]). A nice survey of these methods may be found in the review paper [1].
In particular, reaction-diffusion equations in the context of reversible chemistry have been systematically studied
in [9-11].

We recall that the principle of this method is to find a Lyapounov functional E(f) and its dissipation D(f)
such that

OHE(f) =—-D(f) <0,
when f is a solution of the equation, and such that the following (sometimes called entropy/entropy dissipation)
functional inequality holds:
D(f) > C(B(f) - E(fuq).
where foq is the unique minimum of E (once conservations have been taken into account). In this situation, it

is usually possible to prove that
If = feall < Cre™ 21,
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where Cy and Cy are explicit (note that a linearization usually leads to exponential decay, but with a constant
C which is not explicit).

For reaction-diffusion equations appearing in reversible chemistry, it is in general possible to take for E the
natural physical entropy of the problem (such an entropy exists because the equations can be obtained as the
limit of kinetic equations of Boltzmann type describing the microscopic processes, cf. [2]).

This paper is devoted to showing that in a typical example of irreversible chemistry in which only one
equilibrium appears, it is also possible to find a Lyapounov functional E which satisfies the requirements of the
entropy method. The model that we intend to study is related to a set of dissociation/recombination chemical
reactions.

1.2. A model of dissociation/recombination

We consider a diatomic gas with dissociation/recombination reactions, made up by atoms A with mass m;
and molecules A; with mass mo = 2my. The two species in the binary mixture are labeled by an index i = 1, 2.
Generally speaking, the reaction-diffusion system is expected in the form

Oni — d; Axn; = Q;(n1, na), 1=1,2, (1.1)

where n; denotes number density, d; diffusion coefficient, and Q; the chemical source term. Since all chemical
encounters preserve the global mass of participating species (or, equivalently, preserve the total number of
atoms), any reasonable dissociation/recombination model must fulfil “a priori” the consistency constraint

Q1(n1,n2) + 2 Qa(ny,ng) = 0. (1.2)

If the mixture is embedded in a fixed background, to be labeled by an additional index ¢ = 0, dissociation
reactions may occur by binary encounter of a molecule Ay with any of the possible collision partners (field
particle Ag, single atom Aj, or other molecule As), whereas a recombination reaction is due solely to a binary
interaction of two atoms between themselves. In the first process, one molecule is lost and two atoms are gained
in the collision balance. In the second process, two atoms coalesce in one molecule, and the balance is just
reversed. Therefore, the simplest heuristic model one could think of in order to describe the reaction effects on
the whole evolution problem is represented by

Qf(n1,m2) = of(n1)* — (@3 no + afy n1 + A% n2)na, (1.3)

where af; and agj (j = 0,1,2) are suitable averaged rate constants quantifying the probability of a recombi-
nation collision A;—A; or of a dissociation collision Ay—A;, respectively. Of course, QF follows from (1.2), and
superscripts are used to denote the type of reaction. The constant background density ng is given.

The same problem can be tackled at the kinetic level [18], in the frame of a recently developed literature (see
for instance [13]). According to a common kinetic model, the gas is described as a mixture of three species, with
an additional component, labeled by ¢ = 3, representing unstable molecules A3 = A% (with mass ms = ms) and
playing the role of a transition state [21]. The mixture is then taken to diffuse in a much denser medium [3],
whose evolution is not affected by the collisions going on, assumed in local thermodynamical equilibrium, namely
with distribution function fy = ngMy, where M, stands for the normalized Maxwellian

3
mo 2 mo 9

My = o 1.4

o= (o) oo (- o v (1)

and Ty is also constant. According to the model, both atoms A; and stable molecules As may undergo elastic
collisions with other atoms, stable molecules and background particles. Moreover, atoms A; may form a stable
molecule As passing through the transition state A3, while, on the other hand, both stable and unstable diatomic
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molecules may dissociate into two atoms. More precisely, the recombination process occurs in two steps:

(1) A5+ P — A+ P

where P = A, Ao, B, while dissociation occurs via two possible reactions:

(D1) Ay+P — 2A,+P
(D2) A5 +P — 24+ P

It must be stressed that all above interactions, modelling the chemical reactions at the kinetic level, have to
be understood as irreversible processes. Chemical operators are given in terms of total microscopic collision
frequencies Vzkj (constant for Maxwellian molecules), where the superscript k may take the values s,r,i,d,
corresponding to elastic scattering, recombination R, inelastic scattering I, dissociations D1, D2, respectively,
and of suitable transition probabilities, accounting for the correct exchange rates for mass, momentum, and
various forms of energy [14]. Then, kinetic integrodifferential equations have been scaled in terms of the typical
relaxation times, a small parameter defining the dominant process(es) has been introduced, and the formal
asymptotic limit when this parameter vanishes has been consistently investigated [3]. This leads to the derivation
of hydrodynamic limiting equations, whose nature varies considerably according to the relative importance of
the various processes and to the corresponding pertinent scaling, but which are typically of reaction-diffusion
type as long as the scattering with the background plays an important role. Some non-exhaustive examples
were given in [3] itself, and also in [4]. However, we shall deal here with one of the asymptotic limits which

seems more realistic in practice [3], and leads to (1.1), (1.2) with specialization

VagNg + VoMl + VasNo
%O %1 %2 vy (n1)2 — (Vgono + Vglnl + Vg2’n2)’n2 (1.5)
V3ono + V3111 + V3oNo

Qa(n1,n2) =

with ng = ng + ng, 7 =0,1,2. This rather simple expression was derived under the simplifying assumption of
Maxwell-type interactions, in which reactive collision frequencies are constant. However, with respect to (1.3),
this expression shows a more complicated and realistic dependence on the participating species densities (a ra-
tional function rather than a quadratic polynomial), with rates well defined in terms of microscopic parameters.
The same is true for the (positive) diffusion coefficients, which take the form

my+mg Tp _2mi+moe T

d1 = d2

— ) = — , (1.6)
2mimo Uiy no 4dmimgy  Usyng

where the constants 7, are suitable angle averaged scattering collision frequencies [3]. The fraction in (1.5)
accounts for the important physical fact that recombination occurs via a transition state, and it is remarkable
that the microscopic parameters of this metastable species, Véj and z/gj, do influence the evolution of the two
stable species, though the third species is not present at the hydrodynamic level (its density has collapsed to zero
in the asymptotic limit). This is a so-called ghost-effect, not unfrequent in fluid dynamics [19], namely a trace in
the evolution of something that does not exist. This is due in our case to the clearance of an indeterminate form,
coming from the simultaneous vanishing of the species density and of its relaxation times. It can be noticed that
the simple heuristic model (1.3) may be considered as a special case of the more physical model (1.5) under the
simplifying assumption ng =0, j = 0,1,2, with all rate constants a'i‘j provided exactly by the corresponding
microscopic collision frequencies 1/!-‘]-. Another special case of the same type as (1.3) is achieved by assuming
instead V§j = 771/5]-, j=0,1,2, with 0 < n < 1; in this case the rate constant for recombination aj; would be
given by the microscopic recombination collision frequency v{; reduced by the factor 7.
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1.3. Exponential convergence towards equilibrium

The main goal of this paper is to show that the solution of system (1.1)-(1.2)—(1.5), together with the
Neumann boundary conditions
A(x) - Vxn,; =0, x € 09, (1.7)
(where i(x) is the outward normal unit vector to the spatial domain €2 at point x) and the nonnegative initial
conditions
converges exponentially fast with explicit constants towards the unique equilibrium of the system. Since total
number of atoms is preserved, we have that

Vit >0, /Q (nl(t,x) + 2n2(t,x)>dx = /Q (n?(x) + 2n8(x))dx =n?,

or, equivalently, setting 7;(t) = / n;(t,x) dx,
Q

vt >0, n1(t) + 2 g (t) = P, (1.9)

We are able to prove the following theorem:

Theorem 1.1. Let Q be a bounded reqular (C2) open set of RN, let n? > 0 (i = 1,2) be initial data in C?(£2)
compatible with Neumann boundary conditions. Finally, let Véj, ng, ng (G =0,1,2), v}, di, da be strictly
positive constants.

Then, there exists a unique strong (C*(R* x Q)) solution ni, ny to system (1.1)—(1.2)—(1.5) with boundary
conditions (1.7) and initial data n? (i = 1,2). This solution is bounded from above and from below:

klgnl(t,X)SKl, kQSnQ(t;X)§K27

where ki1, ko, K1 and Ko are strictly positive constants depending only on corresponding bounds for initial data,
and moreover it satisfies

2
D o lnalt,) = nillFagg) < Cre” @Y,
i=1
where Cy and Cy are explicitly computable. Here nf is the unique positive (independent of x) solution of
Qi(ni,n3) =0, i=1,2,

satisfying the conservation (1.9).

As announced in Section 1.1, the method of proof will consist in finding a suitable Lyapounov functional
E(n1,n9) and its dissipation D(nq1,ns) such that

OtE(n1,n2) = — D(ny,n2) <0,
when nq, ng is a solution of system (1.1)—(1.2)—(1.5), and such that
D(ny,ng) > C (E(nl,ng) - E(n{,né)), (1.10)
for any ny,ne (functions of x only) satisfying the same a priori assumptions as those of system (1.1)—(1.2)—(1.5),

i.e. conservation of mass, minimum and maximum principle. A suitable scaling of the space variable x allows
us to carry out the proof under the assumption || = 1, without loss of generality.
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In Section 2, we begin by treating a particular case in which the computations are quite simple and make
the method easily understandable. In that section, we do not prove in detail the existence and uniqueness of
the solution of the system, for the sake of conciseness.

Then, in Section 3, we treat the general case. Section 3.1 is devoted to a first study of the reaction terms Q;.
Then, in Section 3.2 we present the minimum/maximum principle and existence/uniqueness of solutions to
system (1.1)—(1.2)—(1.5). Finally, Section 3.3 is devoted to the establishment of estimate (1.10), which enables
to recover the result of exponential convergence with explicit rates.

Remark 1.2. The theorem in the present version will be proved in Section 3. The assumption on strict positivity
for the collision frequencies z/zkj can be easily weakened, and several of them can be allowed to vanish, making
proofs easier, as shown indeed by the simpler case dealt with preliminarily in Section 2. From a mathematical
point of view, an interesting question consists in asking if it is really necessary that both diffusivities are strictly
positive. We shall show in Remark 3.8 that if one of them vanishes, the results remain true (though with

different constants).

Remark 1.3. Concerning computability of the constants in the decay estimate, explicit formulas are too
involved to be given in the text of the theorem. However, they can be estimated in terms of the initial
distributions nY (specifically, of their upper and lower bounds), of the domain  (specifically, of its Poincaré
constant), in addition to the physical parameters ng, z/gj, Z/gj (j = 0,1,2), v}, and the diffusivity constants
(more precisely, a lower bound of one of them) dj, da. The explicit formulas can be put together anyhow by
following the various steps of the proofs and the relevant estimates, which are all given in full detail.

2. PARTICULAR CASE

For readers’ convenience, we introduce at first a self-contained particular case, in which the main steps of
our procedure may be summarized without tedious technical complications. The generalization to the collision
contributions (1.5) will be presented in next section.

If we assume ng =0,j=0,1,2, and v, = 0 in (1.5), system (1.1) takes the form

Oy —dy Axny = — 205, (n1)* + 2(1/51177,1 + 1/51277,2)77,2,
(2.1)
Ong — do Axnoe = vy, (n1)2 — (Vglnl + V32n2>n2,

so that, after a suitable rescaling, we have to deal with the dimensionless equations

Oy —dy Axng = —2(n1)? +4aning +28(n2)? := Q5 (n1,n2),

(2.2)
Oino — do Axng = (n1)2 —2aning — ﬁ(ng)Q = Q5(n1,n2),
where ., .,
Va1 Va2
=—>0 =—==>0.
21y ’ y 28

2.1. Study of the reaction terms

Collision equilibria for the set (2.2) are given by the nonnegative solutions of the equation Q%(ny,ns) = 0.
It can be trivially checked that

Q3(n1,n2) = (nl - 7”2) (774 + 6n2), (2.3)

where
y=a++va2+3>0, d=—a++a?2+[>0, (2.4)
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hence the physical equilibrium states are characterized by n; = yns. Taking into account the conservation
property (1.9), since the initial data are known we get that the unique global (homogeneous in space) equilibrium
is determined by the positive constants

_ Y w1
n] = mno, ny = ——n’. (2.5)

Notice that Q3 > 0 < ny > v na, and conversely for OfF.
This suggests that a suitable entropy could be given by

B = [ (00 + 3 () ax (2.6

since, in space homogeneous conditions,

8,5E(n1,n2):7/ (n177n2)2(n1+5n2) dx <0,
Q

with 0;FE = 0 only at the local equilibrium n; = yns.

2.2. Minimum principle
We now turn to a result of “minimum principle” type for equation (2.2).

Proposition 2.1. Letdy,d> > 0, o, 3 > 0, and Q be a bounded regular (C?) open set of RN . Let (ny(t,x),na(t,x))
be a strong solution (that is, in C*(RT x Q)) to system (2.2) with Neumann boundary conditions (1.7) and with
initial conditions such that

n1(0,x) = nf(x) > ¢; >0, n2(0,%) = n9(x) > ¢z > 0. (2.7)

This solution (nq(t,x),na2(t,x)) is strictly positive for (t,x) € [0,00) x Q, and satisfies the following lower
bounds:
ny(t,x) > kq, na(t,x) > ko, (2.8)
where
k1 :min{cl,’ch}, ky =~k (2.9)
with y given by (2.4).

Proof of Proposition 2.1. The proof shall be carried out following the same lines as in reference [15]. For any
€ > 0, let us consider the functions

n§(t,x) = ny(t,x) e’ n5(t,x) = na(t,x) e, (2.10)

and let us prove that
ni(t,x) > ki, n5(t,x) > ko. (2.11)

From equations (2.2), it follows that the evolution of n§, n§ is governed by the system

ong — di Axn§ = [f 2(n5)% +4aning +2ﬂ(n§)2}e*” +eni,
(2.12)

Bins — dy Axn = [(n§)2 —2antni—p (n;)Q]e—“ +ens.
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Suppose that the inequalities (2.11) do not hold for all (¢,x) € [0,00) x €2, and define the set B as
B = {T >0 nS(t,x) > ki, nS(Ex) > ke, VY (5x) € [0,7) x Q} (2.13)

If we denote t = sup B¢, there must exist X € ) such that at least one of the following equalities holds:

ns(t, %) = ki or n5(t,x) = ko.

Case 1. nj(t,%) = k1.

By definitions of £ and %, we have n§(¢,%) < n§(f,x) Vx € €, namely the function n$(Z,x) takes minimum
for x = x. So, if X € Q, then d; A nl(~ %) > 0. If x € 99, we can claim again that d; Axn§(¢,%) > 0; in fact,
if it were dy Axn§(,%) < 0 with n5(#,%) minimum, it would follow (see references [15,17]) Vxn5(f,%) - i < 0,
that would contradict Neumann boundary conditions (1.7).

Moreover, by evaluating the chemical contributions in the first line of (2.12) at (£,%), we get

—2(n])*(1,%) +4ani(l,X)n5(1, %) +28 (n5)* (1, %) = —2kf +dakin5({l,%) +25(n3)* (1, %)
> 2k tdakiky +26k2=0

(the inequality holds since n§(f, %) > ko, and the last line vanishes bearing in mind that k; = (a+ a? + ﬂ) k).
Consequently, the equation (2.12) for n implies that 9;n§ (£, %) > e nj(t,%) > 0, hence n§ (¢, %) < n5(t,X) = ki
for some t < ¢, contradicting the definition of .
Case 2. n§(t,%) = ks.
In this case, we have n§(#,%) < n§(¢,x) Vx € Q, namely n5(#,x) takes its minimum for x = %. Therefore we
get, as above, dy Axn§(f, %) > 0.
As concerns the first term on the right hand side of the second line of (2.12), we obtain

(n§)*(£,%) — 2ani(t, X)n5(£,%) — B(n)*(1,%) = (ni(t,%) —7k2) (n ﬂfi)+5kﬂ
> (k1 —7k2) (ni(E,%) + 0 ks) =

It follows 0;n§(t,%) > en§(t,%) > 0, which leads to a contradiction as in Case 1.

Consequently, the set B® is unbounded, hence nj(t,x) > ki and n5(t,x) > ko for all x €  and for all
t > 0. This means that nq(t,x) > k1e” ¢! and na(t,x) > koe™ !, thus, passing to the limit ¢ — 0, we have
n1(t,x) > k1 and na(t,x) > ko. O

2.3. Convergence to equilibrium

In this subsection we shall derive an explicit rate of convergence towards the equilibrium state (n},n3) given
n (2.5). Precisely, we shall prove:

Theorem 2.2. Let di,dy >0, o, 8> 0 and € be a bounded reqular (C?) open set of RN. Let (n1(t,x), na(t,x))
be a strong solution (that is, in C*(R* x Q)) to system (2.2) with Neumann boundary conditions (1.7) and
with initial conditions (2.7). Then, this solution satisfies the following property of exponential decay towards
equilibrium with explicit constants:

1 . gl . e )
7 lma =313 + 3 Ina = n513 < (Bl n) — B(ni,ms) ) e, (2.14)

with

i : 249\ d (1249 do 247
C—mln{mln{l,T}m,mln{§, 6 }P(Q)’ 5 ds ¢, (2.15)
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where P(QY) is the Poincaré constant of Q, and ds = k1 + d ko = 2 /a2 + B ks is the lower bound for ny + d na
(remember that v and ¢ are defined by (2.4), and that E is defined by (2.6)).

The proof of this theorem is based on the following functional inequality:

Lemma 2.3 (entropy dissipation). Let ny := ni(x) and ny := na(x) be two nonnegative functions of L'(Q)
such that

/(nl(x) + 2n9(x)) dx = 7ig, and  Vx€Q, ni(x)+dn2(x) > ds.
Q

Then, the entropy dissipation

d
D(ni,n2) = —1/ |V |?dx + dg’y/ |Vxn2|2dx
2 Ja Q
(2.16)
Jr/(7711 - 7”2)((”1)2 —2aniny —f3 (n2)2) dx
Q
fulfils the inequality
D(ny,nq) >C [E(nl,ng) — E(n*{,ng)}, (2.17)

where the constant C is defined in (2.15).

Proof of Lemma 2.3. For convenience, the proof will be divided into five steps.

Step 1. A direct computation shows that the relative entropy with respect to the equilibrium state (nf,n3) is
related to the L?-distance from the equilibrium itself:

* * 1 * Y *
E(n,n2) = E(n],n3) = 7 1 = nil3 + 5 lIne — 3|5, (2.18)

This ensures that the entropy F(ni,ns) takes its minimum for (nq,ng) = (nf,n).
Step 2. By resorting to Poincaré inequality, we have

1
2 = 112 =
Vini|“dx > ——— ||n; — 7 wh ;= ; dx.
/| n;|~dx P(Q) ln: — 7|5 ere n; /nz X

In addition, as concerns the last integral in (2.16) we note that
(n1 — 7n2)<(n1)2 —2aniny —f (n2)2) = (n1 —yn2)?(n1 + 6nz) > dz(ng — yng)

Hence, the following estimate holds for the entropy dissipation:

dy
2 P(Q)

day
P(Q)

D(n1,n2) 2 Iny = 7113 + In2 = 72|13 + dsllna — v nal3. (2.19)

Step 3. Owing to estimate (2.19) and to the first step, in order to prove Lemma 2.3 it suffices to show that

d d
L= /sz{FéQ)mlﬁ1|2+%|"2ﬁ2|2+d3|n17n2l2 dx

Y

1
c/ {— iy —ni 2+ 2 |ny — n3?| dx. (2.20)
o4 2
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Step 4. Using the inequality
s = [ < 2{Ing = 7al® + s = 2]

we see that in order to get estimate (2.20), it is enough to prove that

1 1 * — *
Iz ¢ [ 3= mP 4ol —naf + 3 o = a4 jns = 03] x (2.21)
Q

Since it obviously holds

1 1
-1 > Cl/ [— Iny —na|® + v |ng — ﬁ2|2] dx,
2 02
with
. dy do
= B — 2.22
s =win{ sy 3 ) 222
it remains to prove that
1 1 *
51 > Co [5 |71 nf|2+'y|ﬁ2n2|2} ) (2.23)

and to take C = min{Cy,Ca}.

Step 5. Since
| —ynal? < 3[|ﬁ1 — 12+ |1 —yna2 + 9% n2 — ﬁ2|2}7

we have

1 . dy do _ _ 12
- — — _ d — < I
Smm{2P(Q)’fyP(Q)’ 3}'"1 YRl < L

therefore in order to prove (2.23) it suffices to show that

6 1
Ay — 7y mol® > — | —ni2 + R — n§|2} . (2.24)

c. |
: dy d 2
win { -ty 5y ds |

At this point, bearing in mind the expressions of (nf,n3) given in (2.5), together with the fact that nj +2nb =
ny + 2709 =00, we get

_ 1 _ 24y
g —ny = — 5 (i —nY) and g —yNg = i (1 — ny),
so that (2.24) becomes
| > . Ca |y —nil?
ny —nyg = 2 M1 —Nq|,
2 : d d
Y min {5y, ey ds |

that is true once we put
. dy do
Cy = — . d3 -
S mm{w(m’ Y PQ)’ }
Taking C = min{Cy,Cz} concludes the proof of Lemma 2.3. O

(2.25)
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We are now in condition to conclude the

Proof of Theorem 2.2. Let’s evaluate the entropy dissipation along the solution of system (2.2):

—0E(n1, ) — —/

(E Osny + yno 8,5712) dx.
Q\2

Taking into account that for Neumann boundary conditions

/ni Aygn; dx = —/ |V i 2dx,
Q Q

— atE(’l’Ll, ’IZQ) = D(nl,ng). (2.26)

we have

Owing to Lemma 2.3, we end up with
0| E(n1,n3) = E(n},n3)| < = C[E(n1,n2) — B(n},n3)].
thus, by Gronwall’s inequality,
E(ny,n) — B(ni,n3) < (E(nf,n§) — B(ni,n)) e,

Finally, the first step of Lemma 2.3 provides the sought estimate (2.14). O

Remark 2.4. The same procedure could be applied to whatever bi-species reaction-diffusion system in which
chemical reaction contributions take the form

Qs = C(n1 —yn2) W(ni,na),
with C and + positive constants and YW (n1,n2) (smooth) function satisfying the estimate
W(ni,n2) > Any + Bng

(where A and B are positive constants).

3. MATHEMATICAL STUDY IN THE GENERAL CASE

In this section, we prove Theorem 1.1. In next subsection, we begin by giving a few results about the reaction
terms Q;.

3.1. Study of the reaction terms
System (1.1)—(1.2)—(1.5) writes
Opni — di Axn; = Qi(n1,n2) i=1,2, (3.1)
where the collision contributions may be rearranged as

1

t t t
V3gno + VN1 + VioNna

Q1 = —20Q,, Qy = F(ni,na), (3.2)
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with
Fni,ng) = vip(m)? <V§0”0 +vgna + V§2n2)
(3.3)
d d d t t t
— N2 (V20n0 + von1 + V22n2) (V307’L0 + v3n1 + 1/32n2>.
This function is homogeneous (of third order) in the variables ny, na, ng, and it can be seen as a cubic function
of the variable nq:
f(nl,ng) = A(n1)3 + B(n1)2 —Cny — D,

where _

A=y vy >0,

B = (v, vhy — vk vy )na + Vi, vig no,

C = (v vhy + Vi v51) (n2)? + (V81 Vo + vh; 1) n2no > 0,

D = vy V35 (n2)? + (V5 Vhs + 185 V) (n2)*no + 15 Vi n2(n0) > 0.
So, using the sign of A, B, D, it can be checked that there exists only one admissible (i.e. strictly positive)
root ny = G(na2,ng) of F(ni,ns) =0, with G homogeneous of order 1 in the variables na, ng, and that

oOF

—(G(n2,n0),n2) > 0.
5o (O(nz, o). n2)
Therefore, the collision contributions may be rewritten as Q1 = —2 Q- and

1

t t t
Vzgno + V31N1 + V3ona

Qs = ni — G(na, no) | P(ni,n2, no), (3.4)

where P(n1, n2, ng) is an homogeneous function of order 2 that is strictly positive (for ny > 0, ng > 0, ng > 0).

Lemma 3.1. With the notations above, g_ngz(m) > 0 for each ny > 0 (we skip here the dependence of G on the
background fixed density ng to keep reasonable notations).

Proof of Lemma 3.1. Differentiating the equality

f(g(n2)a n2) = 07 (35)
we get
oF
oG aT(g(W), na)
9y — _on2 . 3.6)
oo (ma) =~ 52 (
a—m(g(”Q)’ na)
By resorting to (3.5), identity (3.6) is equivalent to
oF 1
a6 87@(”2)’”2) . F(G(n2),n2) N
—~(ng) = — 2 2 = - (3.7)
a—nl(g(TLQ),M) " Gln) F(G(n2),n2)
The numerator of this fraction turns out to be
T i g3 n
N= - 2’/512 V§2(n2)2 — Vs T(L 2) - (1/32 V:§1 + V:ts2 Vgl)g(@) n2
(3.8)

G*(n2)

n2

d _t d _t r )
— (1/20 Vs + Vs 1/30)77,0 ng — Vi1 V39 o < 0.
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As concerns the denominator of fraction (3.7), we obtain analogously

3
, n
D = vj, v G*(n2) + 205, V§2é(—fl)2) + (ng V3 + vk, Vg1) (n2)?
+ (V8 Vi + vy Vi1 Yo ma + 2(v5y vhy + 18, V4 )noM +2vd vt (no)2£ > 0.
21 V30 T V20 V31 20 Vs T V22 Vso )0 G 20 V30 G(na)

By inserting results (3.8) and (3.9) into equality (3.7), we get

oG

Lemma 3.2. If ny and n2 are bounded from above and from below (that is,
k1 <ny <Ky, ko < mg < Ko,
with k1, ko, K1, Ko > 0), then there exist positive constants g, G, g, G, p, P such that

g < G(n2,no) <G,

. 0Gg ~
g < 6—m(n2’n0) <G,

p < P(ni,n2,ng) < P.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Proof of (3.12) of Lemma 3.2. Since ko < ns < Ko and G is increasing with respect to ny (we have proved that

g—i(ng, ng) > 0), we immediately get

g = G(ka,n0) < G(na,no) < G(Kg,n0) =G.

|

Proof of (3.13) of Lemma 3.2. Since ne and G(na,ng) are bounded from above and from below, we can obtain

0
lower and upper bounds for expressions (3.8) and (3.9), thus, coming back to equality (3.7), also for a—g (na,ng).
n2

More precisely, cy < — N < Cy where

; Gk
en = 205 vip(ka)? + 1) VBI% + (v vhy + vhy v5)) G (k2) ko
o G%(k
+ (Vg vy + vy Vi o ko + 1]y Vi no%,
2
T 7 g3 IC
CN = 2 1/32 V;E,Q(ICQ)Q —+ V11 1/31% + (Vgg I/§1 + l/§2 Vgl)g(’CQ) ICQ

G2 (K2)

d t d t rod
+ (v Vho + Vi Vo) 10 Ko + v vho o P
2
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and cp < D < Cp where

Q(IEQ) ) + (Vg2 Vi1 + Vi V21)(k2)

(ka)?
G(K2)

e = vy v G2 (k) + 205, vy

ks
G(Ky)’

d ¢ d ¢ d ot d ot d ¢ 2
+ (v vho + V3o Va1 ) no ko + 2(v5g vy + 55 V30) 1o + 250 v3(n0)

t (’C2)3
329(14:2)

Cp = vivh G*(Ks)+ 208 v + (VéiQ vhy + vy g (

K
+ (1/31 vho + 5 V31)”0 K2 + 2(’/20 Vo + V5 ’/30)”0( 2)° + 205, Vo (no)? 2 ;
G(k2) G(k2)

so that
- C
§=N G- =N,
CD CD

Proof of (3.14) of Lemma 3.2. Let us recall that
ny — g(ng,no)}P(nl, na,ng) = F(ni,n2,no)
given in (3.5), hence P may be written in the form
P(ni,n2,ng) = A(n1)2 + Y (ng,np) n1 + ©(ne, no), (3.15)

with T homogeneous of order 1 and © homogeneous of order 2. Let us compare the following “polynomial
function”

ny — g(’ng, TLQ):|/P(N1, no, ’no) = A(n1)3 + [T(’I’Lg, ’no) — Ag(ng, TLQ):| (n1)2

+ |O(n2,m0) = X(na2,m0) Gz, mo) |y — O(na, no) Gz, mo)

with the function F(nq,na,n0) (see (3.5)). Looking at the coefficient of (n1)3, we immediately get A = v], vi;.
Then, by considering the terms of order 0 in ny, we have

O(n2,n0) G(n2, no) = v, vhy (n2)* + (Vgo Vo + Uy iz (n2)? no + vy vy n2 (no)?,

so there exist positive constants 61, 65 such that ; < ©(ng,ng) < f3; precisely

1
h = {’/512 Vi (k2)® + (Véio Vhy + V5 V:tso) (k2)? no + vy Vo k2 (HO)Q} ;
g(ICQ) nO)
1
b = [VgQ vhy (IC2)% + (Vgo Vhy + U5y Vo) (K2)? no + v, vho K2 (”0)2} .
g(kQ) nO)

Finally, by comparing the coefficients of ny, we get

Y (n2,n0) G(n2,10) = O(na,n0) + (VgQ vy + vy Vg1)(n2)2 + (Vgl Vo + Vg V31 )2 no,
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thus there exist positive constants y1, y2 such that y;3 < T (n2,n0) < ya:

1
T R — [91 (v Vb + Vg ) (Ro)? + (v vy + v V8 ) B Tlo},
G(K2,m0)
1
v = ——— [92 + (v vty 4 vy v (Ka)? + (v vty + v v ) K no].
G(k2,n0)

By inserting these results, together with the bounds of ny, into (3.15), we get the sought lower and upper
bounds for P(ny, ne, ng):

p=A(k1)* +y1 k1 + 01, P=A(K1)?+y2 K1 + 02 O

3.2. Existence and uniqueness of a strong solution

Proposition 3.3. Let di,dz > 0 and § be a bounded regular (C?) open set of RN. We consider initial data
in C%(Q), compatible with Neumann boundary conditions, and satisfying the bounds (for some strictly positive
constants ¢y, ¢z, C1 and Cz):

0< <TL1(O,X)<C1, O<CQ<TL2(O,X)<C2. (316)

Then, for each T > 0, there exists a unique (strong) solution ni(t,x),n2(t,x) in C*([0,T] x Q) to system (3.1)—
(1.7) such that, for (t,x) € [0,T] x £,

k‘l S nl(t,x) S Kl, kg S ’ng(t,X) S K:g, (317)

where
ky :min{cl,g(CQ,no)}, ko :g_l(kl,no):min {g_l(cl,no),CQ}, (3.18)
K1 = max {cl, G(Co, no)}, Ko = G~ 1(K2, no) = max {g*l(cl, no),cg}- (3.19)

Remark 3.4. Given a fixed positive value ng, we have proved that the function ny — G(na, ng) is strictly
increasing, and moreover it can be checked that G(0,n9) = 0 and 111141_ G(ne2,no) = +o0; consequently, the
ng —+00

function G~1 is well defined.

Proof of Proposition 3.3. Initial bounds (3.16) imply of course
k1 < nl(O,x) < K:l, ko < TLQ(O,X) < K. (320)

At first let us prove that the “maximum principle” holds for (¢,x) € [0,7] x €.

Lemma 3.5. Let e > 0 and 2 be a bounded regular (C?) open set of RN. For any T > 0, there exists a strong
solution (N (t,x), N5 (t,x)) (in C*([0,T] x Q)) to system

2P(N187N§7n0 GEt)
Viomo €5t + v NT + v, N3
P(Nf, N2€7n0 e€t)

ONE — dy ALNE = {Nt NE, ft}
. ’ ? Viono e ' + V4 NT + V5, N5 PGz o)

ONT — dy ARNT =

[Nf — G(NE,no eEt)}
(3.21)

with Neumann boundary conditions (1.7) and initial conditions

Nf(O,X) - nl(O,X), NQE(()?X) = nQ(OaX)v (322>
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where ny1(0,%), n2(0,x) satisfy the bounds (3.16). This solution (N (t,x), N5(t,x)) satisfies the upper bounds:
Ni(t,x) < Kpef, NS5 (t,x) < Kgel, (3.23)

where K1, Ko are the constants defined in (3.19).

Proof of Lemma 3.5. We first suppose to have a strong solution (N5, N5) (in C?([0,T] x )) to system (3.21)
with Neumann boundary conditions (1.7) and initial conditions (3.22). Let us consider the functions

Ni(t,x) = NE(t,x) e €F, N5 (t,x) = N5(t,x) et (3.24)

and let us prove that
Ni(t,x) < K1, N5 (t,x) < K. (3.25)

From equations (3.1), it follows that the evolution of Nf, NQE is governed by

N —dy ALNS = —

2P(NE, NE, ng)est <. <. <o
: ( EE O)t ~a[]\fl_g(J\fQ,no)}—gNl
vsono + Vg Ni + v5o N3

,P(NlengvnO)GEt [
vhono + v N + 4, N§

(3.26)

ONE — dy ANE = Nt — G(NE, no)] — e NE.

Suppose that the inequalities (3.25) do not hold for all (¢,x) € [0,T] x €2, and define
B = {T >0: NE(tx) <Ky, NE(tx)<Ks Y (t,x)e€[0,7)x Q}

If we denote t = sup B¢, there must exist X € ) such that at least one of the following equalities holds:

Nf(f,f() ZK:l or Ng(f,f() :K:g.

Case 1. N{(,x) = K.

By definitions of # and X, we have N (f,%) > Ni(f,x) Vx € Q, namely the function N§ (£, x) takes maximum
for x = % € Q, and consequently d; A N (Z,%) < 0 (for more details, see the proof of Prop. 2.1).

Moreover, by evaluating the chemical contribution of equation (3.26) for N§ at (£,%), we get

2P(N3 (%), <§ NF (%) — G(N5 (. %),m0) | =

~ 2P(Ky, N5 (t,%),n0) e ¢

Viono + v K1 + v, N5 (2, %)

where the inequality holds since N5 (f,%) < Ky and ng — G(na, ng) is increasing. Therefore, from equation (3.21)

for N§, we get that 0; N (f,%X) < —e Ni(f,%X) = —eK; < 0, hence Ni(t,%) > Ni(f,%x) = K; for some t < {,
contradicting the definition of .
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Case 2. N5(£,%) = Kz )
In this case we have N5(t,x) > N5(t,x) Vx € Q, namely
therefore dy Ax N5 (t,%) < 0. For the chemical contributions at (%,

V5(Z,x) takes its maximum for x = x € Q,
X) appearing in the equation for N§, we get
P(N; (t, %),

b
Viono + Vi NT (1, %) + v, N5 (
— €

vhgno + V4 N5 (£, %) + 14, Ko
P(N5 (£,%), Ko, no) e =*

. P T - .
viono + v NT(t,X) + V5, Cz

hence we obtain ;N3 (f,%) < —e N5(f,%) = — e K3 < 0, which leads to a contradiction as in Case 1.

Consequently, the set B is unbounded, hence N§(t,x) < K; and N§(t,x) < Ko for all x € Q and for all
t € [0,7]. This means that N{(t,x) < Kye™ % and N5 (t,x) < Koe ©t.

In order to prove the existence of a solution (in C%([0, T]x)) to system (3.21) with Neumann boundary condi-
tions (1.7) and initial conditions (3.22), let us consider a function y := x(N{, N§) in C? such that y(N{, N5) = 1
when |N§| and |N5| < T max {K1, K2}, and x(Nf, N5) = 0 when |N{| or |[N5| > 2e°T max {K1, K2}. De-
noting by R; the right hand side of the i-th equation (3.21), the function

£(VE, N5) = (= 2Ra(NF, N§) X(NF, N5), Ra(NF, N§) x(NF, N3) )

lies in C? N W°°. Thus, we can resort to a simple fixed point argument (see for instance [8]) that guarantees
that, under these assumptions on the function f, there exists a unique strong solution on [0, T] to the problem

8, U — D - AU = £(U)
n-vyU=0  forx e N (3.27)
U(0,x) = Uo(x),

where in our case the vector U = (N, N5), and D stands for the diagonal matrix containing the diffusion
coefficients dy, ds as diagonal entries.

As long as Vx € Q, |N{(t,x)| and |N5(t,x)| < e max {K1, K2}, the solution U(t,x) = (N5 (t,x), N5 (t,x))
is also a (strong) solution of system (3.21) (in this range x = 1, hence f = (R1,R2)), and satisfies therefore
the maximum principle (3.23), so that at the end, |[N§(¢,x)| and |N5(t,x)| < e*? max {K;, K2} holds up to
time 7. g

By using Lemma 3.5, we get a sequence of solutions {Nf }.~o of system (3.21), which is uniformly bounded
in L*°([0,T] x 2). Therefore, it converges (up to a subsequence) weakly * in L> to some function n;. The
same holds for {N5}.~o.

Boundedness from above of Ni and N§ implies boundedness (in [0,77]) of the polynomial function [Nf —

G(N5,ng eEt)} P(NS, NS, nget) = F(Ni, N5, noet) (see (3.3)—(3.4)) appearing in the right hand sides of
(3.21). Therefore, using the smoothing properties of the heat equation, we can pass to the limit ¢ — 0 in the
weak form of equations (3.21), obtaining that the limit functions (n1,ns) are weak solutions of the system (3.1).
Passing to the limit in (3.23), we get the upper bounds in (3.17).

Since (3.1) is a strict parabolic system, it is clear that (ny,ng) lies in C2([0, T] x Q) (cf. [16]), and is therefore
the (unique) solution of system (3.1) satisfying the upper bounds in (3.17).
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We now turn to the minimum principle, that is the lower bounds in estimate (3.17). We begin by establishing
the following result:

Lemma 3.6. Let e > 0 and Q be a bounded regular (C?) open set of RN. Let (N§(t,x), N5(t,x)) be a strong
solution (that is, in C*([0,T] x Q)) to system

2P (N5, NS, npe¢t) [
Vionoe™ ¢t + g NT + vy N5
,P(NlevNQEanoeist)

NS — dy ALNE = {Nt NE, *ft}
v ’ ? Vionoe™ €t + v N + v, N3 S A

ONF — dy ARNE = N¢ — G(N%, o e—”)}

(3.28)

with Neumann boundary conditions (1.7) and with initial conditions satisfying the bounds (3.16). This solution
(N$(t,x), N5(t,x)) satisfies the lower bounds:

kye™ <t < NE(t,%), kye™ <t < NE(t,%), (3.29)

where ki, ko are the constants defined in (3.18).

Proof of Lemma 3.6. The proof is very similar to the one performed for the maximum principle. We now have
to resort to the auxiliary functions

Nla(tax) :Nla(taX)GEtv Ng(tvx) :Ng(tvx)eatv (330)

and to prove that
ky < Ni(t,x), ko < N§(t,x). (3.31)

The evolution of N s N§ is now governed by

2P(N¢, NE, —et - -
- ( 1 - 2~n0)et _ [Nf*g(Ng,no)}JrENf
vsono + Vg Ni + v5o N3
B B P NE,NE, —et _ _ _
N5 —dy AxN; = — (Vi t2~no)et _ [Nf—g(Ng,no)}JreNg,
vsono + Vg Ni + v5o N3

ONE — dy ANF =
(3.32)

and we conclude like in Lemma 3.5. O

Let us now take initial data such that (3.16), and consequently (3.20), hold. Then, there exists a time T > 0
depending only on K1, Ko (and not on & nor nf, n9) such that (3.28) (with the initial datum N§(0,x) = n1(0,x),
N5(0,x) = n2(0,%), and the Neumann boundary conditions) admits a strong solution on [0, 7] satisfying (3.29)
and such that

Ni(t,x) < C, Ni(t,x) < C fort €[0,77], x€Q,

where C' does not depend on e (this can be obtained by a standard fixed point argument).

As a consequence, passing to the limit in (3.29), we obtain that ni(¢,x) and na(t, x) satisfy the lower bounds
in (3.17) on [0,T*]. Since we can apply this argument at time T (because the data at this time are still bounded
from above by K1, K2), we see that the lower bounds in (3.17) hold on [T*,27*]. By induction, they will hold
on [0,T], and this concludes the proof of Proposition 3.3. O

By sticking together the solutions on [0,7] (for T € R*), we obtain a (unique) solution in C2(R* x Q) to
system (3.1)—(1.7). This concludes the proof of existence and uniqueness of a solution stated in Theorem 1.1,
since the assumption of strictly positive initial data in C* (Q) compatible with the Neumann boundary conditions
(introduced in Thm. 1.1) coincides with assumption (3.16).
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3.3. Entropy functionals and convergence to equilibrium

A crucial feature of the reaction-diffusion system (3.1) is that it admits a unique collision equilibrium (n3,n3),
characterized by the relation nj = G(n},ng), plus the conservation of number of atoms nj + 2n% = 7. This
allows to build up several different Lyapounov functionals.

Let ¢(-) be a strictly increasing function (regular enough). It can be proved that the following functional is
suitable for our problem:

E,= / B U(ni) + ®(ng)| dx, (3.33)
Q
with ¥ and ® such that
oo
P'(n1) = p(n1), 6—m(n2’n0) = ¢(G(nz,no)).

Let us explain now why E,, is indeed suitable:

Dissipation of the functional

D(nl,ng) = —atEw(nl,nQ):—/

1 0P
(5 U'(ny) Oy + — (n2, no) 6tn2) dx
Q

8n2
da
= — 5 [ elm) Axnydx —dy ¢(G(n2,n0)) Axng dx
Q Q

_/Q (% p(n1) Q1 + ¢(G(n2, ng)) Qg) dx

d oG
_ 4 MMWMN@+@/MQMWW—Mmew$@
2 Q Q 8n2

P(nlanQ;nO)
_ — >
Jr/g vhong + vhing + viyno {nl g(ng,no)} [C'O(nl) gp(g(ng,no))}dx 20,

since (+) is strictly increasing.

Strict coercivity of the Lyapounov functional

wmg_%mmn+¢mg—¢mpym

N =

Ep(ni,na) = Ep(ni,ny) = /Q|:

/Q{% W) (1 )+ WO — D]

2
+ g—i(nz,no) s (ng —nb) + % g—é(&no)(w - ”3)2] }dx
1
- /{5 p(n1)(m —n1) +¢(G(n3,m0)) (n2 — n)
1 1 0
+ 19O = 1)’ + ¢ (96, m0) 6—52(&”0)("2 - n5>2} dx

/Q {i @' (€)(ny —ni)? + %@l(g(&no)) ((?Tg(&no)(m - ”3)2} dx,

2
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because of conservation of total number of atoms
/ (ny +2n)dx =1’ = / (n + 2n3)dx
Q Q

and of the relation n} = G(n3,ng). Since ¢(-) and ng — G(ng, ng) are strictly increasing functions, the relative
entropy is strictly positive for each (ni,n2) # (nf,nb).

From now on we shall stick to the choice p(s) = s, already adopted in the simplified case dealt with in
Section 2, hence to the corresponding “quadratic” entropy functional:

E(ni,ng) = / E (n1)2 + ®(ng, np) | dx, (3.34)
Q
with
oL
8—77,2(”2, nO) = g(n27n0)'

Lemma 3.7 (entropy dissipation inequality). Let P and G be defined as in Subsection 3.1 from Q1, Qo defined
by (1.5). We suppose that ng, ny := ni(x), n2 := na(x) > 0 are such that (for some dz > 0)

da < P(n17n27n0)
5= Ul no + vk ng +vkon
3070 3171 32702

We also suppose that estimate (3.13) holds.
Then, the entropy dissipation relevant to the quadratic entropy (3.34):

d 0g
D(ni,n2) = ?I/Q|Vxn1|2dx+d2/9a—nQ(ng,noHVxnngx
P(ni,n2,n 2 (3.35)
+/ 7 ( L2 O)t {m—g(nm%)} dx
Q V3o + V3111 + V3ano

fulfils the inequality:
D(ny,ng) > C[E(nl, na) — E(nj, nz)}, (3.36)

=2 =2 s =2

Cmin{min{l, (2+g)~ } di ,min{l, (~2+g)~ } d29~, (2+g)~ dg}, (3.37)
6(2+G)J 2P(Q) 2°6G2+G) ) PG 6(2+G)

where P(Q) is the Poincaré constant.

with

Proof of Lemma 3.7. For convenience we divide the proof into four steps.

Step 1. Taking into account the bounds (3.13),

d 2
D(ni,n9) > —1/ |Vxn1|2dx+d2§/ |Vxn2|2dx+d3/ [nl fg(ng,no)} dx.
2 Ja Q Q

Then, by resorting to Poincaré inequality,

da g
P(Q)

d
D(ni,na) > =——|n1 — |3 +

H@) 2 = all3 + ds s — Gz, mo) 3 (338)
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where

ﬁi(t):/gni(t,x)dx.

Step 2. Considering the relative entropy, we have

1 1 0G

Bunm) ~ (i) = [ {G00 =i+ 3 22 (6 noa — 3 ax

IN

1 * G *
2l = ntl3+ S llnz = n5 .

Since
s = i [? < 2{Ing = 7al? + s = 2]

we see that in order to prove Lemma 3.7, it is enough to show that

dy _ da g ~
T / —mf — Mo + ds|ny — 2| q
Q[QP(Q)lnl TL1| +P(Q)|n2 n2| + 3|n1 g(”%”o)l x
1 -~ 1 N
- C/[§|n1ﬁ1|2+G|”2ﬁ2|2+§|ﬁ1nT|2+G|ﬁ2n§|2}dx,
Q

Since it obviously holds

1 1 -
—J > Cl/ [— |TL1—TL1|2+G|TLQ—TL2|2:| dx,
2 al2
with
. dy da g }
C1 = min , = 0, 3.39
! {2P(Q) 2P(Q) G (3.39)
it remains to prove that
1 1 -
5 J > Co |:§ |’fl1 — nI|2 + G |ﬁ2 — n;|2:| , (340)

and to take C = min{Cy,Ca}.

Step 3. Notice that

|71 — G(R2,n0)|? < 3[|ﬁ1 —n1)? 4 |n1 — G(na,no)|? + |G(n2,no) — g(ﬁmno)ﬂ

T

i 0G i
= 3 [ml I = Gz | 9 mo) 2 )
n2
< 3[|n1 — |+ |n1 — Gna,no) 2 + G2lng — ﬁgﬂ.

Therefore we have

L. di d2 g _ _ 5 1
— —, d: — < = J.
6 mm{2P(Q)’ Py By m - el < 5
Thus, in order to prove (3.40), it suffices to show that
— — 2 6 1 = * |2 N | = * |2
|71 — G(7g, o) | > — |7y —ni|* + G|n2 — n3|* | . (3.41)

d d2 g Cz {2
min { 3 PEQ) ) P(é)géo ’ d?)}
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Step 4. Bearing in mind the preservation of total number of atoms: 71 + 279 = 7 = n} + 2n%, we have
1 —nf = —2(772—76).
Moreover,
— = 2 = * * = 2 * ag * - 2
i1 — G(na,mo)|” = ‘Tll —nj +G(n3,no) — g(nQ,no)‘ =|n1—ny + a—m(f,no) (n3 —n2)
G ’ AL
= Jo+ 2| 3 - 2 [2+g] s - naP
na

Consequently it suffices to prove that

~ 2 * - 6 = *
[2 + g] n3 — gl > —————— Cs [2 + G] I7ip — 3|2 (3.42)
win { ey, mii da)
This is true once we put
1. dq da g } (2+9)?
Cy = — min , — . d3 p —Z—
7% {2P(Q) PG " 214G

Taking C = min{C;,Cs} concludes the proof. O

Notice that if we had G(n2,n0) = v n2, we would obtain § = G= v, hence we would correctly reproduce the
constant C found in the particular case treated in Section 2.

End of the Proof of Theorem 1.1. Owing to Proposition 3.3, we consider the unique solution ny = n4(t, x), ne =
na(t,x) of equations (1.1)—(1.2)—(1.5) together with (1.7). It satisfies the bound (3.17), so that estimates (3.13)
and (3.14) are also satisfied (for a suitable ds > 0). As a consequence, we can use Lemma 3.7 for nq(t,-) and
na(t,-). Bearing in mind that 9; F(nq,n2) = — D(n1, ng), we have

O [E(nl,ng) - E(n{,ng)} < —C[E(nl,ng) - E(n*{,ng)} ,
thus, by Gronwall inequality,
E(n1,n3) = E(nf,n3) < (B(n),n$) — B(n},n)) e ",

Finally, proceeding like in (3.39), we see that

. 1 ” 1 0G .
E(ni,n2) — E(ni,ny) = / {Z(nl —-n})’ + 3 6—(57710)(”2 - n2)2} dx
Q n2
1 . g .
>l =033+ Ljns — n3l
This concludes the proof of Theorem 1.1, and defines properly the constants C; and Cs. ([

Remark 3.8. We end this section by a remark about the case when one diffusivity constant is 0. In this case,
the entropy-entropy dissipation estimate (3.36) still holds (and so does the theorem of exponentially fast decay),
though with different constants.
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This comes out (in the case when d; = 0) from the following inequality

/|n17ﬁ1|2dx < /|n1 — G(na,ng)| dx+3/ |G (n2,mn0) g(ng,n0)| dx+3/ 1G( ng,no)fn1| dx
Q

IN

6/|n1fg(ng,n0)|2dx+3é2P(Q)/ |V no|?dx.
Q Q

The case dy = 0 can be treated in the same way.
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