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ROBUST A PRIORI ERROR ANALYSIS FOR THE APPROXIMATION
OF DEGREE-ONE GINZBURG-LANDAU VORTICES

SOREN BARTELS'!

Abstract. This article discusses the numerical approximation of time dependent Ginzburg-Landau
equations. Optimal error estimates which are robust with respect to a large Ginzburg-Landau param-
eter are established for a semi-discrete in time and a fully discrete approximation scheme. The proofs
rely on an asymptotic expansion of the exact solution and a stability result for degree-one Ginzburg-
Landau vortices. The error bounds prove that degree-one vortices can be approximated robustly while
unstable higher degree vortices are critical.
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1. INTRODUCTION

A mathematical model due to Ginzburg and Landau [18] for the description of certain superconducting
materials involves a minimization of the energy functional

K

G,i(u,A):/ |Vu — i Au|? dz +
Q 2

/(|u|271)2dz+/ lcurl A — hege|* da
Q Q

where 2 C R™ n = 2,3, is a bounded Lipschitz domain and represents the region occupied by the supercon-
ductor. The complex-valued function w is the condensate wave function, A is the magnetic potential associated
to the induced magnetic field, h.,; represents an external magnetic field, and x > 0 is the Ginzburg-Landau
parameter. The quantity |u|? gives the density of cooper pairs of electrons that produce the superconductivity
and zeros of |u|? are called vortices. Since a superconducting property is violated in such points it is interesting
to predict the number, the location, and the dynamics of vortices.

It is known that the properties of vortices sensitively depend on k. The case kK =1/ V2 has been studied by
Jaffe and Taubes [21] and it has been shown that vortices can be located anywhere in © and do not tend to
interact. If kK < 1/ v/2 then vortices tend to attract each other and concentrate in one place. The case k > 1/ V2
is called the repulsive case since for such values of k vortices of same sign tend to repulse each other. Materials
for which x < 1/4/2 or k > 1/+/2 are also known as type-I or type-II conductors, respectively. For details on the
qualitative and theoretical study of Ginzburg-Landau vortices we refer the reader to [4,8,13,21,24-27, 33, 34]
and references therein.
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864 S. BARTELS

The parameter x also influences the stability of numerical approximation schemes for superconducting ma-
terials. In particular, the dynamics of superconducting materials are often modeled by the gradient flow of the
energy functional G, and numerical results sensitively depend upon k. It is not difficult to see that standard
error estimates depend exponentially upon x which can make simulations useless if k is large. In this article we
aim to design and analyze approximation schemes for which the discretization error grows in x only in a low
order polynomial and thereby allow for reliable simulations. We remark that our analysis is inspired by recent
work of Feng and Prohl [15-17] on phase field models and we employ several of their arguments. Owing to
a lack of appropriate a priori information for the vectorial problem considered here, their proofs are however
not directly transferable. We remark that we also employ several techniques from [1,36]. Interesting numerical
studies of stationary and time-dependent Ginzburg-Landau equations which motivated this work can be found
in [7,11,12,20,32]. An a posteriori error analysis based on ideas of this work can be found in [2].

For ease of presentation we will restrict the analysis to a simplified version of G, in which A =0, £2 = 1/(2k),
and n =2, i.e., Q C R?,

1 —2
J.: HY(Q;C) = R, v —/ Voldz + S [ (Jv]? —1)2da.
2 Ja 4 Jo

In this model, Dirichlet type boundary conditions replace an applied magnetic field. The dynamics of a su-
perconducting material can then — in a greatly simplified manner — be described by the gradient flow of J..
In order to define the time-dependent problem, we assume that we are given a parameter 1" > 0, initial data
uf € H'(9;C), and boundary data ¢° = u§|aq € H'/?(9;C). We then aim to solve the following problem:

Find v¢ € HY(0,T; H-*(;C)) N L*(0,T; H'(9; C)) such that
for almost all t € (0,T) and all v € H(;C) there holds

(P) (U5 v) + (V3 Vo) + e~ 2(F(u);v) =0,
U’alaQ - gaa
ut(0) =uf

Here, f(a) = (|a|?> —1)a for a € C, (-;-) denotes the scalar product in L%(Q;C), (-;-) denotes the duality pairing
of HY(€;C) and H~(Q;C), u§ denotes the time derivative of u¢, and we use the notation a - b:= (@b + ab)/2
for a,b € C. Existence and uniqueness of a solution u® follow from standard techniques. Throughout this work
we abbreviate

u=u°, wup=u; and g=g°

but stress that the dependence of the error of numerical approximation schemes upon ¢ is the main contribution
of this work.

The main results of this work prove that under moderate conditions on the initial data ug and the domain
Q and if the time-step size parameter k£ > 0 and the mesh-size h > 0 of an implicit in time, lowest order finite
element in space discretization of (P) satisfy (up to logarithmic and constant factors) k < &% and h < &%, then
the spatial discretization error in L? is bounded by e~*(k + h2) for all ¢ € (0,T). The assumptions involve the
condition that vortices of uy are well separated and of degree one.

The outline of this article is as follows. We state and discuss theoretically and physically motivated assump-
tions on the solution u of (P) in Section 2. Section 3 gives a priori bounds on various norms of the exact
solution. Discrete counterparts of those a priori bounds are proved in Section 4 for a semi-discrete in time
approximation of (P). Optimal error estimates in terms of the time discretization parameter which are robust
with respect to the small parameter € are established in Section 5. In Section 6 we discuss a fully discrete
approximation scheme and prove robust a priori error estimates.
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2. ASSUMPTIONS ON THE SOLUTION

In order to derive robust a priori error estimates for the numerical approximation of (P) we will assume that
the solution u of (P) admits vortices only of degree one and allows for an asymptotic expansion. The following
lemma is essential for the asymptotic expansion and characterizes degree one-vortices.

Lemma 2.1 [19]. Let fo:[0,00) — R satisfy fo(0) =0, lims_. fo(s) =1, fo >0, and
—fo = s o+ 572 fo = fo(1 = f3).
Given any real number H € R the function
Ug ()= folr(x)/e)e e M,
where (r(x),0(z)) denote the polar coordinates of x € R?, satisfies Ug(0) =0 and
~AUz +e2f(Uz) =0 inR%

The following assumption states that in certain neighborhoods of zeros the solution u of (P) is given by small
perturbations of functions Uy as in the previous lemma. Away from zeros, |u| is assumed to be close to 1.

Assumption I. There exist 1 > ey > 0, dp,co > 0, ¢1 > 1, and an integer d > 0 such that for all € € (0,¢0),
for allt € (0,T], and j = 1,2, ...,d there exist

t, t.e te . t, te . t, r7ts
a;® € R? pi®,q;% : Bs,(a;®) — C, H;®:Bs,(a;°) =R, H;°eR
such that
. . teE —i f‘,,e
u(t,z) = fo(r(z — a?’a)/e)ele(a ;") g =il (@) 4 Ep;’a(w) + EQq;’E(x) for x € By, (az-’e)
and

[[u(t,z)] — 1] < cody 2e? forz e\ U?le(;O/Q(a?E).
The functions pé’e,q§’E,H;’E, j=1,2,...,d, satisfy

|H]te(ac) - I~{]t€| < ¢oe?, |f”(Uj(ac))p§-’E(ac)| < cge, |q§6(ac)| <cy forx € Bs, (a?a),
where for each 7 =1,2,...,d,
Us(w):= folr(e - a5¥)/e) e De 5 forw € By (af).

Moreover, for almost all (t,z) € (0,T) x § there holds |u(t, )| < ¢;.

Remarks. (i) Assumption I is motivated by the fact that in the repulsive case, i.e., for small values of &,
vortices tend to repulse each other and that higher degree vortices are unstable [3], i.e., split into degree-one
vortices immediately. Therefore, Assumption I is merely an assumption on the initial data ug.

(ii) Assumption I implicitly requires that the vortices are well separated, i.e., have a distance dy. Since
fo(r) =1—1/(2r?)+O(1/r*) for r — oo the assumed expansion of u(t, r) in a neighborhood of a vortex and the
condition |Ju(t,z)|—1| < cody 2e? away from the vortices are compatible. Note that fo(r) = ar —ar® /8 + O(r®)
for r — 0 and a constant a € R [19].

(iii) Similar assumptions on the solutions of related problems have been made in [13,28] to study the dynamics
of vortices, in [6,9] to study the stability of interfaces in phase field equations, and in [15,16,22] to derive robust
error estimates for the approximation of Allen-Cahn and Cahn-Hilliard equations.
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A spectral estimate for the linearized Ginzburg-Landau operator about symmetric degree-one vortices is
specified in the next theorem and will be one key ingredient for our a priori error analysis.

Theorem 2.2 [3,23,29,30]. Given H € R let Ug(z) := fo(r(x)/s)ew(x)e_m. Let L,  : Hy(Bs,(0);C) —
L?(Bs,(0); C) be defined by
L, gui=—-Av+ e 2f (Ug)v.

Then, the principal eigenvalue of L_ 7 is non-negative, i.e., for all v € H(Bs,(0); C) there holds
(LEVHU; v) > 0.

Proof. Proofs of the theorem can be found in [3,23,29,30] for H=0 IfH # 0 one can check that given any
v € H}(Bs,(0); C) there holds with w:= e'fv

(Leﬁv;v) = (Leow;w) > 0
which proves the theorem. O

The theorem can be generalized to small perturbations of degree one vortices as follows.

Proposition 2.3. Suppose that Assumption I holds. Then there exists an e-independent constant Ag > 0 such
that for all ¢ € (0,e0), for j =1,2,...,d, for all t € (0,T], and for all v € Ha(Bs, (a?a);(C) there holds

(Vo3 Vo) +e72(f'(wvsv) = =Xollvll72(p,, (a)))-
Proof. Let j € {1,2,...,d} and t € (0,T]. Throughout this proof we abbreviate
a:= aé’e, pi= pé’e, q:= q;’e, H:= H;’E, H:=H'*

te te t t Frt . .
where a}°, p;, ¢;°, Hy, and Hy* are as in Assumption I. For z € Bj,(a) define

Ug(x):= fo(r(z — a)/e)e® @D,

U (z):= fo(r(z — a)/e)e? e e H(@),

There holds
f'w) = fUg)+ (f'(w) = f'Un)) + (f'Un) - f'Ug))

and owing to the assumed asymptotic expansion of u in By, (a), a Taylor expansion of the quadratic function
f! shows in Bs,(a)

17 () — £/ (Usm)] < |f )~ Usn)| + 517" (U)o — e

2
g
<elf"(Umpl + 1" Un)llal + S | (Un)llp + eql®

< Ce2.
Since |e=*# — e~ | < C|H — H| < C=? in By, (a) we have

1f'Un) = f(U)l < [f"Up)lUs = Ugl+ %If”’(UH)IIUH ~Upl* < Ce.
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Using these estimates we infer with Theorem 2.2 for all v € Hg(Bs,(a); C) that

(V03 V0) + £ 2(f/(w)v30) 2 (V5 V0) + e 2(f (Ug )5 0) = CllvlBa i,y

v

2
—Cllvllz2 (B, (a))-
This proves the proposition. O

We conclude this section by a discussion of Assumption I. The first example specifies (P), allows for a solution
without vortices, and yields Assumption I.

Example 2.4 [10]. Suppose that  is smooth and g is smooth, independent of ¢, and satisfies |g(s)| = 1 for all
s € 0f). Assume that ug = uf is smooth, independent of ¢, and satisfies |ug(x)| =1 for all z € Q. Then, there
exist £y > 0 and an e-independent constant C' > 0 such that for all € € (0,£y), for almost all (¢,x) € (0,T) x Q
there holds Hu(t, x)| — 1| < Ce2. In particular, Assumption I holds with 6y = 1, eg = €p, ¢o = C, and d = 0.

Assumption I can be motivated as follows.

Example 2.5. Given ¢ € (0,T] we introduce y:= x/e and make the ansatz

u(t,z) =U(y) +epy) + e2q(y)

which leads to the three leading order equations

e 2(-AU+ (UP-1U) = 0, (2.1)
e (—Ap+|UPp+2(U-p)U—p) = 0,
(A +|UPg+ pPU+2(U- U —q) = wlt,-). (2.3)

Equation (2.1) admits a solution U subject to boundary conditions Ulgn = g. Provided that U(z/¢) is minimal
for J. it can be shown [34] that there exists an integer d > 0, a harmonic function ¢ : Q@ — R, and a; € Q,
j=1,2,...,d, such that

— 0 fore—0.

‘LOO(Q)

HU(-/E) — W f[ folr(- — a;)/g)ei0(~fa§)

We choose p = 0 as a solution for (2.2) and let g be the solution of the linear equation (2.3) subject to ¢qloq = 0.

The assertions of the previous example can be made more precise. We only focus on the dominant term in
the asymptotic expansion, i.e., on Equation (2.1) in the following example. It gives a precise characterization
of the solution of (2.1) in neighborhoods of vortices and shows that |u| is close to 1 away from vortices.

Example 2.6 [4,31].
(i) Suppose U = U* satisfies U(0) = 0, ||1 — |U|2HL2(B(5 1 (0)) < C, solves (2.1) in Bs,/.(0), and U(-/e) is
0/¢€

minimal for J. with Q = Bj,,.(0). Assuming that ¢ is small enough we may assume that U solves (2.1) in
R2. Tt can then be shown that there exists 6y € R such that for all y € R? there holds U(y) = fo(r(y))e'?@)+00),
(ii) Suppose that G : 0Bs,,.(0) — C is smooth, satisfies |G(s)] = 1 for all s € 0B;,/.(0),
and deg(G,0Bs,/(0)) = 0. Let U satisfy U|8B<so/s(0) = G, solve (2.1) in Bs,/., and suppose that U(-/e)

is minimal for J. with @ = Bs(0). Then there exists an e-independent constant C' > 0 such that for all
y € Bs,,-(0) there holds ||U(y)| — 1| < Ce2.
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3. A PRIORI BOUNDS

The following a priori bounds on a solution u of (P) are independent of Assumption I. They solely assume
that the modulus of the solution u is uniformly bounded in (0,T) x €.

Proposition 3.1. Suppose that there exists an e-independent constant ¢y > 0 such that for almost all
(t,x) € (0,T) x Q there holds |u(t,z)| < c1. Then, there exists an e-independent constant ca > 0 such that

. 1 T
(@) esssubcioy3lIVullamy + [ (o)l ds < 27 (wo)

T
(1) esssup,e o luel oy + / 1Vte] 25y s

< cy (E_QJE(Uo) + ||AUQ — E_Qf(uO)||2L2(Q)),
T
(’LZ’L) / ||“tt||%{*1(ﬂ;(:) ds <co (E_QJa(UQ) + ||A’U;Q — E_Qf(u0)||%2(ﬂ) + E_4JE(’U,0)).
0

Sketch of proof. We formally derive the estimates to verify the dependence on € and note that the assertions
can be proved rigorously by employing techniques from, e.g., [14].
(¢) This follows from choosing v = u; (note u¢lan = 0) in (P)

d/1 1
2 2 —2 2 2
el ey + 3 (G1VullEe@) + 210l = D [1e)) = 0

and integrating this equation over (0, s) for any 0 < s < T.
(i4) We formally differentiate the first equation in (P) in time,

Ut — Aut + EiQf/(’U,)’U,t = 0, (31)
and test this equation with uy, i.e.,
1d 2 2 —2( g1
§E||ut||L2(Q) = —|[Vue|[72q) — e (f (u)ue; ur).

Using ||ul| o ((0,7)x0) < c1 and integrating over (0, s) for any 0 < s < T we infer

T T
||Ut(8)||%z(n>+/0 V][22 () ds 505‘2/0 lluel[Z2 (@) ds + [1ue(0)][Z2 (o
< Ce™Jc(uo) + ||ur(0)] 22 (0-

We then use (i) and u;(0) = Aug — e~ 2f(up) to verify the assertion.
(4i1) Using the estimate ||f'(u)|| (o) < C we verify with (3.1)

- f'(wuss o
Jueel| -1 (0i0) < [IVuel|z2@) +e 2 sup M
peH] (Q;C) ||80||H1(Q)

< Vuel|2() + Ce?[ue| L2 (o)
Assertion (#i7) is then deduced from squaring this estimate, integrating the resulting equation over (0,7), and
employing previous estimates. (I

In order to exploit the estimates of the proposition we need to assume bounds on J.(ug) = Je(uf) and
[|Aug—e~2 f (uo)|| £2(q)- In general, it is impossible to bound these quantities independently of ¢ in the considered
two-dimensional setting.
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Assumption I1. There erxists a positive function v : R — R such that vy(g) < v(g)? and
Je(uo) < ve:=7(e),  luolffz(q) + 1Auo — 72 f(uo)|72(q) < 7ee™

for all € € (0,¢0).

For an optimal choice of ug, which extends g from 0f2 to €2, we may assume that v grows at most logarith-
mically for e — 0.

Example 3.2 [4]. Assume that € is smooth and simply connected and suppose that g is smooth, independent
of e, and satisfies |g(s)| = 1 for all s € 9Q. Then there exist £y > 0, an e-independent constant C' > 0, and
g € H'(9;C) with gloq = g such that for all € € (0,&p) there holds

J.(§) < 2ndlog(e ')+ C

where d = deg(g, Q). The estimate is sharp in the sense that if () is starshaped and d>0, eg., Q= B;(0) and
g(s) = s for s € 99, then there holds lim._.o{min,,,—, J-(v) — 7d|log(e)|} = C for an e-independent constant

C>0.
4. SEMI-DISCRETE IN TIME APPROXIMATION SCHEME

We analyze the following semi-discrete in time approximation (Pj) of (P) which is defined through a time
step size parameter k > 0.

Find (Up, : 0 <m < M) C HY(;C) such that for all
1<m <M and all V € H}(Q2;C) there holds

(Pk) (AU V) + (VU VV) + 22 (f(Un); V) =0,
Unloa =9,
UO = Uup.

Here, M is the largest integer for which Mk < T and given any sequence (a,, : 0 < m < M) the discrete time
derivative dia,, is for 1 < m < M defined by dian, := (am — am-1)/k. We set t,, := mk for 0 < m < M and
define

em:= U(tm) — Upn.

The following a priori bound for a solution (Uy, : 0 < m < M) is the discrete counterpart of assertion () in
Proposition 3.1.

Proposition 4.1. Suppose that k < 2. There holds

max (1||VU By + o 0w — 1 )
1<m<M \2 mIlL2(Q) 4 m L2(Q)

M
1 ke—2 ,
+EY (5lldtUmlli2<m +— | de(|Unm|* — 1)HL2(Q)) < 2J.(up).
m=1
Proof. The choice V = d;U,, for 1 <m < M in (Py) yields

1 _
||dtUm||%2(Q)+ﬁ(||VUm||%2(Q) - ||VUm71||%2(Q)) +e 2 (f(Um); diUp)
<N deUnmlZ20) + (VUi d:VUm) + €72 (f(Um); diUnm) = 0.
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We write .
F(Om) = 5 (1Un[* = 1) (U + Un1 + kdiUn)

and use dyUp, - (Upy 4+ Upn—1) = de (U |> — 1) and £(|U,,|%; |diUpn |?) > 0 to verify
k
(f(Um); diUm) = 5 (({Un[* = 1); d([Un|* = 1)) + 5 ((1Un]* = 1) |diTnm|*)

k
(Ul = 1):de([Unl* = 1)) = ST [22(0-

vV
N =N =

Employing the identity a - (a —b) = 3|a — b]> + £(|a|? — [b]?) for a,b € C we deduce

(Ul = 1); de([Unl? = 1)) = o | (Ul = 1) = (U s = D22

1 2 2
+ Q_k(|||Um|2 - 1HL2(Q) - |||Um*1|2 - 1HL2(Q))

k 1 2
= EHdt(|Um|2 - 1)”12(9) + EdtH|Um|2 - 1||L2(Q)'

We may therefore estimate

e %k
(1= 555) 1By + IV Unllsey = 551V Um-alle

2
2 2 572 2 2

(O = Dy + el = 1y <0

Multiplying this estimate with k£ and taking sum over m =1, ..., ¢ for any 1 < /¢ < M we deduce
2
—||VU6||L2(Q) + H|Ul|2 1HL2(Q)
k dUn, he_ |d (U2 = D)
+ Z || dy ||L2(Q)+ |de(|Um|* — )‘LQ(Q)

—||VU0||L2(Q) + |||U0|2 — 1720y = J-(Uo)-

Since Uy = ug and 1 — ke=2/2 > 1/2 we deduce the proposition. O

5. ANALYSIS OF THE SEMI-DISCRETE IN TIME APPROXIMATION SCHEME

In this section we aim to derive a robust error estimate for the approximation scheme (Pj). The following
definition introduces for each time step ¢, > 0 a partition of unity which is adapted to the neighborhoods of
vortices in Assumption I.

Definition 5.1. Given an integer 1 < m < M let (T/)m,j j=1,2,.. Lm) C C*(2;R) be a partition of unity
with finite overlap a > 0, i.e., for all € ) there holds

card{j €{1,2,...;Lin} : Y j(z) > 0} <a,

such that for an e-independent constant c3 > 0 and for j = 1,2, ..., L,,, there holds

Ui >0, Y tmy=1, and V(%) <385 inQ



APPROXIMATION OF GINZBURG-LANDAU VORTICES 871
and, for j =1,2,...,d,
: tm,€ tm,€
Ym,j =1 in Bs,/a(a;"") and Supp Ym,; € Bs, (a;").

The nounlinearity in the error equation defined by (P) and (Py) requires a different treatment in neighborhoods
of vortices and in the remaining parts of 2. Recall that e, = u(ty,) — Uy, for all 0 < m < M.

Lemma 5.2. Suppose that Assumption I holds. For all e € (0,e09), 1 <m < M, and j =d+1,d+2,...,L,
there holds

e 2(f(ultm)) = F(Um)ithm sem) > —coler +1)05 2 [n em 3200 — W mllzs(ay

Proof. Given 1 <m < M we abbreviate u =u(tm), U="Upn, €= ey, and ¢; = ¢y, ; for j=d+1,d+2,...,L.
Assumption I guarantees ||u| — 1‘ < 0050 €2 in supp 1; and we may therefore deduce

(f(w) = F(U);ve) = (Jul® = Du;pze) — (U] = 1)U;b5¢)
= ((lul® = Desgze) + ({(lul> = 1) = (JU]> = 1) }U; ¢ze)
= ((lul = D(Jul + Desyze) + ({(lu® = 1) = ([U]* = 1) }U; gje)
> —coby 2e%(c1 + 1)||¢ €||L2(Q) + ((Jul> = [UPU; ¢e).

We manipulate the second term in the right-hand side as follows,

((Jul* = |UPYU;pze) = ({(u—U) - (u+ U)}U; ¥je)
= ({e (e + 2U)}U; wje)
= (|e|2U;wje) +2((e- U)U; 95 e)
= (lePUswje) + 2/l 1 (e - U)|32(0y
1
2 75||1/’Jl‘/2|@|2||iz<m’2||1/’yl‘/2(e ' U)||iz<m + 201" (e - U220y

1y 172, 1292 Ly 174 4
= *g||1/’j el ||L2(Q): *gH% €HL4(Q)'
The lemma follows from a combination of the two estimates. (I
Lemma 5.3. Suppose that Assumption I holds. For all e € (0,0), 1 <m < M, and j =1,2,...,d there holds

e 2(f(ultm)) = F(Unm)s ¥m.jem) > —Xo(1 — e)|[n)% emll320)

/2, 1/3
—(I-e¢ )||V( / ||L2(Q) —3cie 2||1P/ em||L3(Q) ||1P em||L2(Q)

Proof. As in the previous proof we abbreviate u = u(ty), U = Up,, € = ey, and 9; = ¢, ; for j = 1,2,...,d.
Given any a,b € C there holds

(f(a) = f(b)) - (a=b) > f'(a)(a~D) - (a —b) - 3lalla — b

and

f'(a)(a —b)-(a—Db) > —|a—b|>.
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We thus have for all § € [0,1],

(f(w) = f(U);dje)

Y]

(f'(u)e,vze) — 3(|ulle];v;)
= (1 0)(f'(w)e, ¥je) — Berl[) el [3aq) + 0(F (w)e; tje)
> (1= 0)(f' (e, i) — 3ea| [ *ell sy — Olle; el 32 (0)-

Applying the spectral estimate of Proposition 2.3 to v:= 1/);/ %¢ we infer

(f/(u)e;%’@) = (fl(u)’U;’U) 2 *)\052”””%2(9) - €2||VU||%2(Q)'
Choosing 0 = €2 we verify the assertion of the lemma. O

The following lemma gives bounds on the higher norms of the error that arose in the previous estimates.

Lemma 5.4. Suppose that there exists a positive function p : R — R such that p < p? and
[IVemllLz) < pe = ple) for all 1 < m < M and all € € (0,e0). Then there exists an c-independent
constant ¢y > 0 such that for all € € (0,e0) and all 1 < m < M there holds

lleml2s() + lleml[Ls) < capZk?[ldieml[T2(q) + capellem—1ll L2 IVem-1llZ2 q)-

Proof. Employing the estimate ||v||%4(9) < C|Pllr2@)|IVollr2@) for v € H(Q;C) and the bounds

Cllemllz2) < IVemllr2@) < pe we infer for 1 <m < M

llemllL) < llem — emillfsqa) + lem-llise
= kY|deeml 140y + llem—1ll740)
< Ck4||dt€m||%2(9)||dtvem||%2(9) + ||€m71||4};4(9)
= Ck2||dt€m||%2(n)||v(€m - €m71)||2L2(Q) + ||€m71||;1;4(9)
< Cp2k?(|dieml|F 20 + llem—1ll74(q)
< Cpgk2||dt€m||%2(9) + C||€m71||2L2(Q)||V@m71||%2(9)~

Similarly, using ||v||%3(9) < C||U||%4(Q)||U||L2(Q) and |[v|[z1(0) < C||Vv||L2(q), we derive

FlenliEs@) < llem = emallEsiay + llem-11Es(q)
= k3||dt€m||‘z3(9) + ||@m—1||%3(9)
< CR||dieml|Za(y lldeeml |2 (0) + llem—1l[7a)
< CE|ldieml| 22| VemllL2@) + [lem—11l7sq)
< Cpak2||dt€m||2m(9) + ||€m—1||?£3(9)
< Cpak2||dt€m||2m(9) + C||em—1||L2(Q)||V€m—1||2L2(Q)-

This proves the lemma. O

The next lemma gives a bound on the time discretization residual.



APPROXIMATION OF GINZBURG-LANDAU VORTICES 873

Lemma 5.5. For 1 <m < M let R(uw;m):= ut(ty) — dyu(ts,). There holds

1 T
K Z IR Gursm) sy < 54 [ Nl sy
Proof. Repeated integration by parts shows
L[t
R(ute;m) = ue(tm) — dru(tm) = E/ (8 — tm—1)us(s) ds.

Therefore, we have

kZ”Ru“’ i @0 = kZHk/ = b1 Jtar (8 dH 120

—1

M t
1 m
<p 2 ( [t as) ([ o 0o
=1 Jtm-1 m—1
= 2K Z/ e ()2 ey ds < k/ ot ()21 e s
7n, 1
This proves the lemma. O

We are now in position to prove the main result of this section.

Theorem 5.6. Suppose that Assumptions I and II hold and assume that

1 1 1
k< min{ Ty exp(2C5,T)3/? g2y, 52},

96\/5016;/204 ’ 4050 ’ 1926104

where Cs, = (Ao + 03a50_2) +1+4+co(er + 1)50_2. For alle € (0,20) and 1 < £ < M there holds

—_

1
5 llemllfaq) + & Z (ShlldeemlZia) + el VemllEem )
< 2cok?e 0. exp(205,tr_1). (5.1)

Proof.
Step 1. Verification of the assumptions of the employed lemmas. A combination of Propositions 3.1 and 4.1
with Assumption II yields

IVemll7a@) < 20Vultm)liz) + 20VUnl 72y < 16J:(uo) < 167

so that we may choose p. = 4%1/2

e<egr<1)

in Lemma 5.4. Assumption II, Proposition 3.1, and Lemma 5.5 imply (since

M
1
kD IR m)lf ) < gk eale™ e +267e) < eoke e (5.2)

Step 2. Derivation of an error equation. Choosing v =V = e,, for 1 < m < M and subtracting the first
equation in (Py) from the first equation in (P) we deduce

(diems em) + |IVemlT2q) + 2 (f(ultm)) = F(Um)i €m) = —(R(ue; m); em).
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We use the identity
1
(deem;em) = §dt||em||i2(ﬂ) + §k||dt€m||%2(9)a

the estimate
g2 0 g2 9
*(R(Utﬁm);@m) < §||V€m||L2(Q) + 5 ||R(utt;m)||H*1(Q;C)a

and employ the partition of unity (¢m; :j =1,2,..., Ly,) to verify
2

1 1 €
gdt||€m||%2(sz) + §k||dt€m||%2(sz) +(1- §)||V€m||%2(n)

Loy, _9

+ Y e 2 (f(ultm)) = f(Un)i Ymgem) < THR(% m)|[7-

j=1

Employing Lemmas 5.2 and 5.3, ||V (¢ 1/2)”1:00(9) < ¢385 %, and the finite overlap a of (¢, : 5 = 1,2, ...

we verify with ij’l V)m,; = 0 almost everywhere in Q,
Y e A (fultm)) = F(Un)s¥mjem) = =(Ao(1 =€) + L+ coler + 13 %)l leml o)

-2 m
- € 4 12,

—3ae 2||em||i3(ﬂ)_?”em”L4(Q (1—¢) ZHV / w22 ()
= —(No(1 = &%) + 1+ coler + 1)55 %) lleml 320y — e llemlls )
5—2 4 Lo

1 2

?Hemum—a—52>||Vem||%2<m—<1—52>Z||em 32
—((ho + 3085 ) (1 = &%) + 1 + coler + 1)35%) [leml[72() — 3ere 2 lleml[Fa(q

e? 4 2 2
?HemH[}(Q)_(l —€ )||V€m||L2(Q)

Estimating
()\0 + 03a(50_2)(1 — 82) + 1+ 00(61 + 1)50_2 < 050,

we deduce from the previous estimates

dt||em||2L2(Q) + k||dt€m||%2(§z) + 52||V€m||%2(9) < 572||R(utt;m)||§{*1(ﬂ;c)
+2C5[leml|22(q) + &~ max{6er, 1/4} (|leml[Zs () + lemlzaq))-

Since ¢; > 1 we have max{6c;,1/4} = 6¢;. Lemma 5.4 leads to

dt||em||%2(9) + k||dtem||%2(n) + 52||V€m||%2(9)
e 2| R (e m)| [} -1 (i) + 2Cs0llem| [Ty + 6crcapZk®e 2| |dreml |22 (o)

1(Q;0)"

) Lm)

+6crcapee|lem—1llrz @) Vem-1l72()-
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The assumption 6eicypike™2 < 1/2 (where we substituted p? = 167.) allows to absorb (1/2)k||dtem||i2(9) on

the right-hand side of the previous estimate and implies

1 _
dt||em||%2(sz) + §k||dt€m||%2(n) + 52||V€m||%2(9) <e 2||R(Utt;m)||§rl(9;©
+2C5,|leml |72y + 6cr1capee 2 [lem—1l 2@l Vem-1ll72(q)-
Multiplying the last estimate with & and summing over m = 1,2,...,¢ for any 1 < ¢ < M and abbreviating

C':= 6cy1cy yields with 5.2 and ey = 0

14
1
lleelZzqay + & Y (GHlIdienl 2z + €2 Vemlliae )
m=1

¢ ¢
< coyek?e 0 + 205,k Z lleml[Z2(qy + C'pee ™k Z llem—1ll2@IVem-1ll72)-

m=1 m=1

The assumption 2C5,k < 1/2 allows to absorb ||eg] |%Q(Q)/2 on the right-hand side. Employing once more ey = 0
we verify

y4
1 1
SlleelZay + & D (Shlldien @) +€%11Venl o )
m=1

-1

< ep7ek’e 0 + 205,k Y llemll72(0)
m=1
1 £—1
+V2C pee (ﬁ L_max ||em||L2(Q)) k mzl & Vemla - (5.4)

Step 3. Proof of (5.1) by induction over £. With £ = 1 estimate (5.4) reads

1 1 _
SllerllEeqy + & (GEldier] 2o + ¥IIVerlfaq) ) < cavehe™

and proves (5.1). Suppose that (5.1) holds with £ replaced by £ — 1. Using that estimate to bound the last term
in the right-hand side of (5.4) we verify that

J4
1 1
slleellie@ + & (FhlldeemlFa@) +lIVenl )
m=1
-1
< coyek?e ™0 4+ 205,k Z ||em||%2(ﬂ) + V20 pee™ (2c2k2e 0. exp(2C,;0tg,2))3/2.

m=1

Since the assumptions on k imply

\/§C'p55_4 (202k25_6’ys exp(2050t4,2))3/2 < coy ke (5.5)
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we have
1 Lot
slleellZz@) + & Y (Ghldeeml iz + <2l VemllEa)
m=1
-1
< 202’}/€k2€_6 + 2050k Z ||€m||%2(g)
m=1
A discrete Gronwall inequality proves (5.1). O

Remark. Employing only Assumption II and using a local Lipschitz estimate to bound the nonlinear term
(provided that ||[u(tm)||Le () + [|Unl|Le@) < C),

E_Q(f(u(tm)) — f(Un)iem) > _Cf5_2||em||%2(9)7

one can prove the error estimate

¢
1 1
2 2 2
mzlglgff“’e||@m||m(9) +k El(§k||dtem||L2(Q) + §||V@m||L2(Q)>

N~

< Ck*e*exp(Cre%ty_1) (5.6)
for 1 < ¢ < M. This estimate is, owing to its exponential dependence on €72, useful only if ¢ is large or if
te—1 = O(?). The estimate may be used to impose Assumption I only for ¢t € [Ce?,T]. This is of interest

if the initial data involve higher degree vortices which split into well separated degree-one vortices within a
time O(e2).

6. DISCUSSION OF A FULLY DISCRETE APPROXIMATION SCHEME

For a time and space discretization of (P) we assume that  is polygonal and let 7 be a quasi-uniform
regular triangulation of Q with maximal mesh-size h. We let S1(7;C) denote the lowest order finite element
space which consists of all T-elementwise affine, globally continuous functions. The subset S}(7';C) is defined
as S}(T;C) := {vp, € SYT;C) : vplaq = 0}. We let upo be the nodal interpolant of ug, and denote by g,
the restriction of upo to 0. As for the semi-discrete problem (Pj) we assume that we are given a time step
size k > 0. With the notation of Section 4, the fully discrete problem reads:

Find (Upm : 0 <m < M) CSYT;C) such that for all
1<m <M and all V}, € S§(T;C) there holds

(Pi.n) (deUnins Vi) + (VUnm; Vi) + €2 (F(Unm)i Vi) = 0,
Unmloa = gn,
Uno = unpo.

Existence of a unique solution (Up, ) holds if £ < g2. For 0 < m < M we define
Em = U(tm) — Uh,m~

The following a priori bound for the solution of (P ;) is proved as Proposition 4.1.
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Proposition 6.1. Suppose that k < 2. There holds

—2

1 € 2
max <§||VUhm||%2(Q) + TH|Uh7m|2 - 1HL2(Q))

1<m<M
M
1 ke=2 2
+k E 1 <§||dtUh¢’m||2L2(Q) + THdt(|Uh,m|2 - 1)HL2(Q)) < 2Jeuno)- O
=

Additional regularity of u is needed for the a priori error analysis of (P ). The proofs need further assumptions.

Assumption III. The domain Q is convex, there holds |g(s)] = 1 for all s € 9, and there exist an
e-independent constant c1g > 0 and an integer o > 0 such that

: 2 —0o
T [|Vun(5) By < croe (6.1)

for all e € (0,¢9).

Proposition 6.2. Suppose that there exists an e-independent constant ¢y > 0 such that for almost all
(t,x) € (0,T)xQ there holds |u(t,x)| < ¢1 and suppose that Assumption III holds. There exists an e-independent
constant c¢11 > 0 such that

T
(Z) / ||utt||%2(ﬂ) dS S 011(5*4J5(U0) —+ 570');
0

T
(i) / el 212y s < e (e~ (o) + =);
0
(idi)  esssup,e (o) l[ullfzie) < e (e Je(uo) + || Auo — 7 f (uo) |7 20y + [luol | Fr2 (o)) -

Proof. The proof of the proposition is similar to the proof of Proposition 2 in [16]. O

Some basic properties of approximation operators are summarized in the following proposition. For proofs
we refer the reader to [5,16,35,36].

Proposition 6.3.
(i) Given v € HY(Q;C) let Pyv € S§(T;C) be defined by

(V(Pyv —v); Vwy) =0

for all wy, € SE(T;C). For 0 < m < M set ¢y, := PoEy, € SH(T;C) and 0, := Ep, — ¢m. There exists an
e-independent constant c1o > 0 such that

10ml1720) + B2 VOm|[72(q) < crzh®[ultm)|[32 o)

0ml| Lo () < c12h|log BV 2{[ultm)]] m2q)

M T
k Z ||dt9m||%2(9) < 012h4/0 ||ut||§{2(m ds. (62)

m=1

(13) There exists an e-independent constant c13 > 0 such that

Je(un0) < J(uo) + crshlluol|F2(q),
lléol1Z2(q) + RNV dollF2) < c13h?||uollFq)-
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The following estimates are minor modifications of estimates given in Section 5. Notice that ¢,, + U,, approxi-
mates u(ty,).

Proposition 6.4. Suppose that Assumption I holds, let 1 <m < M, and suppose that ||0m||Lq) < e2. There

exist e-independent constants 5\0, Co,Cq,C14 > 0 and ¢ > 1 such that
(i) for j =1,2,....,d and all v € H}(Bs,(a;); C) there holds

(Vo; V) + (' (¢m + Un,m)v; v) > *5\0||U||%2(350(aj));
(i5) for j=d+1,d+2,..., Ly, there holds
2(f(bm A+ Unm) = F(Unm); Ym,jém)
> —do(e1 + 1)3y [t 5 dmllZ2( >4~——nw”4¢anqm,
(1i1) for j =1,2,...,d there holds
2(f(@m + Unim) = F(Unim); ¥m jdm) = —o(1 — )||1/)1/2 Pmll72()
— (1= VW5 )l — 3818 21805 Sl — 1005 mllEaay

(1v) there holds

bmllTsy + llomll 1) < EapZk®(ldidmlT2(qy + Capelldom—1llL2@ IV dm-1l172(q)»

provided max;—1 2. v ||Vé5||r20) < pe for some p: R — R with pe:= p(e) < p(e)?;
(v) there holds

T
kZWMmlm@<WAHw%@®
(vi) there holds
[1F (@m + Unm) = f(ltm))l[i20) < c1allfmllZ2(q)-
Proof. Notice |[(¢m + Unm) — u(tm)|| (@) = [|0m||ro () < €. A local Lipschitz estimate for f’ yields

2(F (b 4 Unm)v;v) = (' (ultm))v;v) = Cllv]|72(q)

and the proof of (i) follows from Proposition 2.3. The proofs of (ii)-(v) follow the lines of the proofs of
Lemmas 5.2, 5.3, 5.4, 5.5, respectively. Assertion (vi) follows from uniform bounds for |u(t,,)| and |¢m, + Up,m|
and local Lipschitz continuity of f.

The previous estimates allow to prove a robust a priori error estimate for the approximation scheme (Py 1).

Theorem 6.5. Suppose that Assumptions I, II, and III hold and assume that

1 é«/é// 2
h <min{l,e*}, hllogh|'/? < m€4’)’§1/2, and h* < %552’)’;17
13

g

1266, 7 "6+ 4Cs,
1

- \/_01/4(0/)1/2

1 1
kgmin{ — €2~*27~€2},

k+h* < e* (max{e ™7, 5_875})_1/2 exp((3 + 2C5,)T)~3/2,
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where C" = 66184, pe = (16 + 8013)1/2751/2, and
C’,;O = (5\0 + 63a50_2) +1+¢é(é + 1)50_2, C = 2(c13 + 2¢11¢12 + 3c11c13¢14 + €11).

For alle € (0,20) and 1 < £ < M there holds
1 ¢
1miex ||Em||%2(sz) + kmz_:l 82hQHVEmH%%Q)

< 4C"(k? + h*)max{e =7, e 8.} exp((3 4+ 2C5,)tr—1)

+ 3cric10hte My (1 4 262T). (6.3)

Proof.
Step 1. Verification of the assumptions of the employed lemmas. Propositions 6.3 and 6.2, Assumption IT and
the assumption on A imply
||9m||Loo(Q) S Cl3h| IOg h|1/23011€_2’}/€1/2 S 62.
H?' stability of Pj,, Propositions 3.1 and 6.3, Assumption II, and the condition h < 4 prove
IVoml 20y < IVEmll72@) < 2IVultn)llZ2) + 2[VURmll72
< 8J-(uo) + 8J:(un,0) < 16J.(uo) + 8crshl|uo| |32 (o) < 1672 + 8cisye
so that we may choose p. = (16 + 8013)1/2751/2 in Proposition 6.4.

Step 2. Derivation of an error equation. Choosing v =V}, = ¢, for 1 < m < M and subtracting the first
equation in (Pg ) from the first equation in (P) we deduce

(thm; ¢m) + (vem§ Vém) + g2 (f(u(tm)) - f(Uh,m); ¢m) = _(R(Utt; m); ¢m)
We use the identities
1 1
(At B dm) = (debms; ¢m) + §dt||¢m||2m(9) + §k’||dt¢m||2m(9)

and (V(Em — Om); qum) = 0, Cauchy inequalities, and (vi) of Proposition 6.4 to verify

1 1
§dt||¢m||%2(n) + §k’||dt¢m||%2(sz) Vo2 + e 2(f(Dm + Unm) = [ (Unm); )
= —(dtOm; dm) — (R(Utﬁm)? ¢m) +e7? (f(¢m + Un,m) — fu(tm)); ¢m)

1 3 1 e
< §||dt9m||%2(9) + §||¢m||2L2(Q) + §||R(Utt5m)||%2(9) + cl47||9m||2L2(Q)'
We argue as in the proof of Theorem 5.6 to show with (¢¢) and (i7) of Proposition 6.4

Lm

g2 (f(¢m + Uh,m) - f(Uh,m)§ ¢m) = 25_2 (f(¢m + Un,m) — f(Uth)?wm,j(bm)

i=1
> _C 2 35, o2 3 g2 4 1— 2V 2
> —Cso||omll12(0) — 316" |Pml[12(0) — ?HfﬁmHy(Qf( = NVomll12()-

Estimate (iv) of Proposition 6.4 yields

—2
~ e e 4 _ - - . ~
3122|035 )+ - [y < & max{3e1, 1/8}s (P22l gy + el lm1ll2(0) IV 0m 1By )
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A combination of the last three estimates shows

di||pm |72 () + Elldidml[72() + 26°[[Vomll72(q)
< ||dt9m||i2(9) Jrc14574||‘9m||%2(9) + (3+2C50)||¢m||2L2(Q) + ||R(utt;m)||%2(9)
+ e 2 max{61,1/4}e4 (2> |didml |72 () + Pelldm—1ll2(2)[[VEm-1ll72(0)-

We note max{6¢;1,1/4} = 6¢1, multiply the last estimate with k, and sum over m = 1,2, ..., ¢ to verify

4
k
ol + & 3 (§ldetml ey + 221 96m 2o
m=1

¢ ¢ ¢
< ||¢0||%2(Q) +k Z ||dt9m||%2(sz) +craek Z ||9m||%2(sz) +k Z ||R(Utt;m)||%2(ﬂ)

m=1 m=1 m=1

¢ ¢
+ (3+2C5)k Y lléml|F2(q) + 661848 2pck Y |lm-1llL2(@) IVém-1ll72(0);

m=1 m=1

where we used k6¢; 545—%5
Propositions 6.3 and 6.2 and Assumption II to bound the first four terms on the right-hand side and employing

(34 2Cs,)k < 1/2 to absorb %”‘WH%?(Q) on the right-hand side we find

< 1/2 to absorb a sum over k||di¢., | |%2(Q) on the right hand side. Using estimates of

14
1 k
Sl + & 3 (Eldeom ey + 27190
m=1

2
< (013574% +ezen (et e +e77) + 0145740133012574%)h4 + %011(574% +e79)
-1 -1
+(342C5)k Y llomll72(q) + 661818 ek Y ||bmll 2@ Véml 720
m=1 m=0
< C'(h* + kY max{e 7, 84.}
-1 -1
+ B +2Cs)k Y mllfz@) + C"e bk Y ldmllL2()|Voml[Fa(q)-
m=1 m=0

Proposition 6.3 implies

C"e ™2kl [poll 2 () | Vol 320y < Ce™2pekhic}y e =03/
< e (C'R + (C) T kel (7))
< C'(h* + E*) max{e 7,78},
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where we used the assumption on A* in the last estimate, so that we may deduce

el +k2( el B >+2e2||v¢m||L2<g)

-1
< 20/(h4 + k2) max{e 7, e 76} +(3+ 2050 )k Z ||¢m||2L2(Q)
m=1

-1

a1
+V2C" ), (E ngaxe_lll%llwm) kY EVomllia()-
2.0, —

Step 3. Induction over £. An inductive argumentation with a discrete Gronwall inequality as in Step 3 in the
proof of Theorem 5.6 leads to

14
1 k
sllorlae + 5 2 (G 1iml ey + 2% Vonilae
m=1
<4C'(h* + k*)max{e 7, e 5.} exp((3 + 2Cs, )te—1)  (6.4)

for all 1 < ¢ < M provided that

. . 5 3/2
V20" 45, (40’(h4 + k*) max{e 7, e 5.} exp((3 + 2050)T))
< 2C"(h* 4 k?) max{e 7, e %y, }

which is guaranteed by the assumptions on h? + k.
Step 4. Proof of (6.3). The estimate follows from a combination of (6.4) together with

||Em||L2(Q) ||¢m||L2(Q) +3 ||9m||L2(Q)a
IVEn|Z20) < 2||V¢m||L2(Q) +2[|VOnl72()»

and the estimates in (6.2). O

Remarks. (i) As for the semi-discrete in time approximation scheme, imposing Assumptions II and III only, one
can derive an error estimate with exponential dependence on =2 which may be used to weaken Assumption I
(see remark below Theorem 5.6).

(ii) The assumption on h? + k can be weakened resulting in a higher power of e~! in (6.3).
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