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STEADY TEARING MODE INSTABILITIES
WITH A RESISTIVITY DEPENDING ON A FLUX FUNCTION

ATANDA BOUSSARI1, ERICH MASCHKE2 AND BERNARD SARAMITO1

Abstract. We consider plasma tearing mode instabilities when the resistivity dépends on a flux
function (ip), for the plane slab model. This problem, represented by the MHD équations, is studied
as a bifurcation problem. For so doing} it is written in the form ( / ( . ) — T(Sy . )) = 0, where T(5, . )
is a compact operator in a suitable space and 5 is the bifurcation parameter. In this work. the
resistivity is not assumed to be a given quantity (as usually done in previous papers, see [1,2,5,7-10],
but it dépends non linearly of the unknowns of the problem; this is the main difficulty, with new
mathematical results. We also develop in this paper a 1D code to compute bifurcation points from the
trivial branch (equilibrium state).
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INTRODUCTION

We are interesteci in this study by steady plasma tearing mode instabilities which are of great interest in
research on confined plasmas inside a tokamak.

The major difficulty in plasma confining process is the rich variety of instabilities which can appear.
Some instabilities can completely destroy the confinement and must be avoided; other ones, such as tearing

mode instabilities, can't be avoided and are responsible of anomalous transport. Their nonlinear behaviour has
then to be studied.

These last years, many authors have been interested by these instabilities.
Saramito and Maschke [10] applied bifurcation theory to the study of nonlinear tearing modes, and obtained

a bifurcation to a nonlinearly saturated steady state when equilibrium loses stability. Grauer [5] considers
interaction of two near marginal modes in présence of O (2) symmetry, Chen and Morrison [2] also study
interaction of two marginal tearing modes but in présence of equilibrium flow. In both works, Grauer [5], Chen
and Morrison [2], employed center manifold réduction. Parker [7] solved numerically the full viscoresistive MHD
équations and studied bifurcations between the nonlinear states using the periodicity length as a bifurcation
parameter.

In all mentioned works, the resistivity is considered either as a constant or as a given quantity depending
only on the space variable x. But in gênerai, the resistivity dépends on the plasma's température Te. Due to the
high diffusion coefficient of this température in the parallel direction to the magnetic field. Te can be considered
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as constant per magnetic surface (which is modelized by the équation ip = constant), We then consider the
resistivity as depending on a flux fonction. Then. when we consider that the resistivity dépends nonlinearly
on the unknowns of the problem, new mathematical difficulties arise in proving bifurcation theorems, as it will
appear in this paper (Lem. 2, Prop. 1, Th. 1 and Cor. 1).

We'll first give équations describing tearing mode instabilities, next we write the considered problem in a
functional équation form in a suitable functional space and we end this work by describing a 1D code to compute
bifurcation points from the trivial branch (equilibrium state).

1. EQUATIONS

Let O be the open set ] — 1/2, l/2[x]0, L[ 3 (x,y) ; équations modelizing the tearing mode instabilities in
O can be written after normalization

—V + V - W - PR AV + S2(VP - B • VB) = 0 ,

— B + curl (rç(^) curlB) - curl (V x B) = 0,

div B = 0 .

(1)

In these équations, V is the velocity, B the magnetic field, P the plasma pressure, rj the (normalized) resistivity,
ip a flux function (B = ez x Vt/?), pR the Prandl number and S the Lundquist number; Se is a given quantity
(with value 0 in the numerical results presented in paragraph 4 below).

Let us assume that there exists known quantities Veq}Beqy Peq3 and ?̂eq in C°°(Q) (Beq = ez x
which represent equilibrium state and verify équations (1), with periodicity of ail derivatives in the y direction
(generally, these quantities onry depend of x).

For particular values of the parameters, this equilibrium state becomes unstable. To study bifurcated branches
we consider a perturbation of the equilibrium state . Let V", J3, ̂ , P be defmed by

V = P=

Erom the équations (1) for F, B, P, we obtain the following équations for V, J3, P,

f div F = 0,

^V ~ pR AV + VP + Veq • VV + V • W e q + S(V-VV~Ê-V(Ê + Beq) - Beq • VB) = 0 ,

) curlB ) + curl ( (r?(^ + ^eQ) - r)(rl>ea)) curlBeq—B + curl (2)

divJ5 = 0.

For the unknowns V and B of équations (1), we consider the following boundary conditions at x = ± 1/2:
V • n = ue, curlV x n = gei B • n = 0, 77^) curlB x n = (V x B) x n, and, at y = 0,L: V, curlF x

n, B7 r)(ip) cnilB x n periodic.
We also need to impose nonhomogeneous flux conservation conditions by prescribing the numerical values of

S-1/2 By(x>$) dx and J l ( / 2 Vy(x>0) dx, where By and Vy are the y-components of the magnetic field and of
the velocity (such flux conservation conditions allow to define the projection of B and V on the space HCiPer,
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generated by the unit vector ey in the y direction, in the next décomposition (9) of (Lp(£l)) into topological
supplementary subspaces).

The quantities Se,g ue} ge and the flux must be assumed to be compatible (for instance Jn Se dxdy =
JQ (tze(l/2,y) - ue{—1/2,2/)) dy. Rather than to specify these data, we assume that the physically given
equilibrium quantities yeq, BQOL (and ̂ eq)ï ̂ eq verify the équations (1) and the boundary conditions (defming
then compatible data). As we told above, we are interested in the perturbations V", B and P of the equilibrium,
solutions of the équations (2), for which we obtain the following homogeneous boundary conditions at x = ±1/2

n — ,

curl y x n = O, (3)

• + ipm) curl B) x n = - ((77^ + ̂ eq) - »?W>eq)) curl 5 e q - yeq x B) x n + S V x (S + Beq) x n , (4)

and, at y = 0, L , the following periodic conditions

y, curl y xn , 5 periodic, (5)

77(̂0 + ^eq) curl S x n periodic. (6)

We also need the flux conservation condition

/ 5y(x ;0)dx = 0, (7)
J-1/2

and also a flux condition for V
rl/2

(8)
/-1/2/ :

Sometimes, for instance in Theorem 1, we shall introducé a nonhomogeneous condition (8) for the velocity.
Finally, y , B and P are solutions of (2-8).

2. STEADY PROBLEM EXPRESSED AS A FUNCTIONAL ÉQUATION

The steady problem is obtained by removing from équations (2) terms ^ V and ^ Ê.

2.1. Functional spaces

Consider fi =] - 1/2, l/2[x]0, L[, the Sobolev spaces Wm»p(fï), with m integer > 1, and p > 1, and define
as the space of functions of Wm'p(Q) which are periodic in y :

flrn-l flm-1

(ty={v G Wm*(Q) ; v{x, 0) = v(x, L)r • • , g^^V^ °) = ö ^ 1 ^ ^ ^ L ) ' &'e' Z i n ]

1

-,y)=O, a.e. y in
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We also define the following spaces

Kp
er={u e Lp(0)2, divu = 0, u- n = Oatx = ±1/2 and u • n periodic at y — 0,L

yl/2
with / uy (x, 0) dx = 0 , uy being the y — component of u },

J-l/2
2 d i v w = 0, cu r lu = 0, w - n = 0 a t a ; = ± 1/2 ,u periodic a t y — 0,1/}-

We now consider the following space décomposition into closed supplementary subspaces

2 = Hc,pet(n) + RPer + {Vp, p e W#(n)} , 1< p < oo. (9)

This space décomposition, obtained by Saramito [8] for p — 2, is obtained for ail 1 < p < oo in the same way
by substituting L2's scalar product by the dual product between Lp and Lq (1/p + 1/ç = 1). We also have

e LP(Q), curln G L?(Q),^periodic in y ,û • n G ̂ / ^ W at x = ± 1/2,
where tt is the extension of u by periodicity in the y direction} •

(10)

= {w e Lp(Q)2] diva G LP(fî), curlu G LP(^),Uperiodic in y :u x n G ̂ ^ > P ( M ) at x = ±1/2,
where u is the extension of u by periodicity in the y direction} •

In [9] (Lem. 2.2, Chap. 2) two analogous equivalent définitions of WliP(ö) are given, Ö being some smooth
domain. It is a generalization of a well-known resuit saying that if u G [L2(O)) , div u G L2(O), curl u G L2(O),
with either u • n = 0 on 9(9 or u x n = 0 on <90, then u G H1^). The décompositions (10, 11) are easily
obtained, applying rcsults of Saramito [9] on a smooth domain containing Q7 to the extension by periodicity ü.
after multiplication by a truncation function in the y direction. We also define

X?er = {u G Lp(Ü)2; divu G Lp(fi), curltx G Lp(fl), u periodic at y = 0,L,

w*n = 0 a t x = ± 1/2 , projection of u on ifC)Per(^), defined by (9), vanishes }•

We note that each u of Xp
er belongs to W£g(Q)2.

We have as in [8] :

Lemma 1. For 1 < p < oo

\\\u\\L=([ |curlu|pdfi+ / \divu\pdnV (12)

is a norm in Xp
er equivalent to that of (W1'P(Q))2.

2.2. Coerciveness lemma

Lemma 2. Let a G L°°(Çt) such that there exists fi G Î j_ with 0 < \i < a(x) a.e. in £1. There exists a
constant C, depending of fi , such that, for ail u G Xp

er, with 1 < p < oo; we have

HMHp < C sup / a(x)[cmlu curlv-\-divu divv]dQ. (13)
vex*er Jn
\\v\\\a<l
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The proof of this lemma will be done in two steps. We first obtain the announced resuit for the case a = const.
(a(x) = 1) and in a second step we prove the result in the gênerai case.

Proof.

Step 1. a{x) = 1

(i) For h G Lq(Ü)/R} there exists one and only one <p G W^?(îî)/M such that A</> = h in ft, V0 • n = 0 at
x = ±1/2; <f) and V</> • n periodic at y = 0, L ; / n 4>d£l = 0.

So v = V</> belongs to X£er and one has for all u E X^er

| | d ivu | | p = sup / divuhdQ,
h(ELq(n)/R,\\h\\q<iJn

||divii||p< sup / di
vex^er,v=v<i> Ja

and then

||divn||p < sup / divu divt>

\\divv\\q<l

(ii) For h G Lq(Çt), there exists v e W^(il) such that h = curlt? (v — curl</>, where 0 is a solution of équation
—A(j> = h is an example of v which vérifies relation h = curlt?), so

||curlu||p=

< SUp u€vK1'g(Q)2 In cm^u

By extension of a resuit due to Foias and Temam [4] and to Saramito [8] to spatial periodic case, one has
that curl is an isomorphism from W^q(ft)2 n Kq

er to the space curl (W*g(Çlf) C Lq(Q), so

llcurl̂ Hp < sup / curlu curl v dQ .
vE X^er,divt;=:0 Jn

Adding (i) and (ii) one gets the expected resuit for the case a(x) = constant.

Step 2. a îs a positive bounded function

We can choose without restriction the function a of the form

a(x) = 1 + e(x), with | e(x) | < ei < 1.

For this choice of a, and applying Hölder's inequality, one has

/ a curl u curl v dû — / (1 + e) curl u curl vdtl > I curl u curl v dfl — ei ||curlu||p ||curl v\\q.
Jn JQ Jn

Then, \fv G Xq
er with div v = 0 and ||curl v\\q < 1, one has

ƒ a curl u curl v dft > / curl u curl v dft — €i ||curlu||p.
Jn Jn
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Taking into account part (ii) of the first step, we have

(1 — €i)||curlit||p < sup / a curlw
vE ^ |

up / a
r,divv=0 JQ

As in the first step, we obtain another inequality which, added to the preceding one, proves the lemma. •

2.3. Resolution of an auxiliary problem

Proposition 1. Let a G L°°(Q), / i 6 l j such that 0 < \x < a(x) a. e. in ft. Let 1 < p < oo , and f of the
form:

f = curl 5, with g G LP(Ü).

T/ien t/iere exists one and only one v G W^(ft)2 that vérifies the following équations in a weak sense

div v = 0,

curl (acurl?;) = ƒ m (P 7 ^) ) 2 ,

t?. 77, — 0 anrf (a curl v — g) x n = 0 at x = ±1/2 , (14)

v and (a curl^ — g) x n periodic mt/ = 0,L,

î iere exists a constant C depending only on Q and /x snc/i

Moreover, if g e W££(ü) and a e W££°(fi) * ̂ e n u G Wp^(^)- a

Proo/.

(i) Existence of solution:

For g G Lp(Q)y we deduce from Lemma 2 and Theorem 3.1 of Chapter 6 of [6], that there exists a unique
v 6 ^per solution of the variâtional problem

/ a curl v curl w dft -h / a div v div w dO = / g-cmlwdÇl for ail tt; G X^er. (15)
JQ Ja Jn

Relation (15) is also true for ail w G HCiPev(Q); so it is true for ail w G Wp^(Q) which verify relation w • n = 0
at x = ± 1/2; we then deduce from (15) that u vérifies

curl (acurl^;) - V(aV - v) - ƒ in V\9)2 . (16)

Due to the f act that v G ̂ p e r we also have ^ - n = 0atar = ± l /2 and v periodic in y.

(ii) Let us show that if div ƒ = 0 then div v = 0.

Let $ G L9(fi)/E. The map ip i—> </> defined by

^ ' ön^ = ° €n X = ± 2 '
,—(^ periodic in y,

an
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is an isomorphism from Lq(Q)/R on {</> G W2g(Q), —</> = 0 at x = ±1/2, / 0 = 0}.
on Jn

For such a <ƒ>, w = V<£ belongs to X^er and for this w (15) becomes

L = 0,

i.e.
f adivv ipdü = 0 for all ip G Lq(tt)/R

Jn
which gives divt; = O (for any ipi G Lq(Q),3 a constant c and tp G Lq(Q)/M such that a ip -f c — ipi a.e.
in ft).

(iii) Boundary conditions.

Because v G Xp
erJ the projection of v on ifC)Per(Q) vanishes, which is equivalent to Jn v • ey d£l = 0, ey

being the generator of i/C)Per(fi). As div v — 0, this condition can be written as J_1,2vy(xiö)dx = 0, and
équation (16) can be written

curl (acurlu) =curl^. (17)

For a G L°°(fî) ,^ G I/P(Ü), if v € Xp
er, then it = curlt; G LP(Q) and au - g e LP(Q). We know from (17)

that curl (au— g) e LP(Q) ; so the trace of (a u - g) x n gets meaning in W~p'p(T).
Green's formula applied to (17) gives

ƒ a curl v cmlwdÇl ± / (a curl v — g ) x n • wdF = / g - curl u> di7,
Jn Jv Jn

for all lü e Wpè?(îl).
Taking into account (15) which is true for ail w G Wp^(Q)2 such that w - n = 0 at x = ±1/2 we have

(a curl u — g) x n - w dF = 0

for ail tu G W^q such that K; • n = 0 at a: - ±1/2 and this gives boundary conditions for curl?; x n.

(iv) Regularity of the solution: v G ^

For a G W^?°(ÇÏ), g G ̂ ^ ( î l ) , and v G X^erî the équation curl (acurl^) = ƒ can also be written

-a Av + Vax curlt; = ƒ G (Lp(^))2 • (18)

We have shown that v G X%er, so curl?; G LP(Q) and then Va x curl?; G LP(Q)2. We then deduce from (18)
that v also vérifies équations

~Av - - ( / - V a x curl?;) G LP(Q)2.

In these expressions, we use products of W~1%P(Q) by Wl'°°(ÇÏ).
Regularity W^p(ft) of v can then be given by the regularity of Laplace operator for Dirichlet and Neumann

boundary conditions.
As usual for second order operators, regularity can also be proved using (15), extensions of a,v,w and g by

periodicity, translations in the direction parallel to ey, équation (18) for regularity of derivatives d2/dx2
} and

finally boundary conditions obtained previously in a weak sense. •
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2.4. The stationary problem expressed in a functional équation form

We are now going to write the steady problem in the form (/ — T(S) .)) U — 0, where T(S, .) is a compact
operator in a suitable functional space.

We define
Vp = {ve (W££(fi))2, div?; = 0, v • n = 0 at x = ±1/2}-

In the following, we suppose that 77 G VK2)OO(IR) n C2 (M) and that there exists a positive real \x such that
0 < A* < r){x) for all x £ M.

Theorem 1. For aM £/ = (V, B) G V^2
; p > 2, wtfi ƒ Jxi2 By{x, 0) dx = 0, there exits one and only one

U* = (V*,B*) G V2, noted U* = T(S^U)} that vérifies the following équations m a weak sensé

V* + VP* + V* = V - Feq • W - y • VV;q - S(V • VF - B - V(B + Beq) - Seq • VB) ,

l curl (77^ + îAeq) curlB*) = curl ^ e q x B + 5 ^ x (B + £ e q)) - curl ((T?O + ^eq) - îy(^eq)) curlB

[divF* = 0 anddivB* = 0 ,

boundary conditions (3, 5, 6), for V* and B*, and at x = ±1/2,

+ V>eq) curlB*) x n = (Veq x B + SV x (B -h Beq)) x n - ((77(̂ 6 + ^eq) - rçWfeq)) curlBeq) x n,

flux conservation condition (7) for B*, and a nonhomogeneous flux conservation relation for V*.
Moreover, if Ve<ï — 0; we can remove zero order dérivation terms V* and V from V* 's équation and we can

add the condition (8) : f*{2
/2 V*(x,0)dx = 0.

The s o defined operator T is compact from V2 to V^ .
We have, with C a positive constant

D
Proof.
(i) Existence and regularity of the magnetic field B* :
Existence and regularity of B* is given by Proposition 1:
the right-hand side of B*'s équation is of the form g% = curl<?2 with

S2 = Kq X B + SV X (B + Beq)

For p > 2, £2 ̂  Wp^(£l), then #3 vérifies the hypothesis done on ƒ in Proposition 1.
For a given B e Vp there exists one and only one ip in W^(iï) solution of the équations

- A ^ = - c u r l B ,

^ = 0ina; = ± - ,
f)

ip, —-0 periodic in y = 0, L.
öy

For B E Vp with flux condition (7), this is equivalent to B = ez x Vip.
With p > 2, ij) e W^Ç(fi) C Wpè?°(îî), and with a resuit of Simon [11], we conclude that rj(ip + 0eq)
1
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Then we can apply proposition PI, and we obtain existence of an unique B* G W^{Çi). •

(ii) Existence and regularity of the velocity V*:

Existence and regularity of an unique V* e W^(ft) which vérifies y*'s équations is obtained by extension
to periodic case of a resuit due to Saramito [8].

More precisely, using (9), proving a proposition analogous to Proposition 1 (with a = 1 and J^f-vu in the
r.h.s. of (15), for ƒ £ ^pe r), and using Predholm alternative, we obtain easily the results for V*.

Compactness of T results from compact imbeding of W2£(fl) into W^(Q). •

Corollary 1. The staüonary problem deduced from (2-8) is then reduced to find U £ V^ such that

U-T(S, U) = 0 (19)

where T is the compact operator defined m Theorem 1.

We now introducé a linearized operator, noted Ay in a neighbourhood of zero.

Proposition 2. For all U = (V,B) G V2 , 1 < p < oo; with f_1,2By(xi0)dx — 0, there exists a unique

U = (V) B) G V£, noted U = A(S: U), such that, m a weak sensé

d i v F - 0 ,

pR curlcurlF + VP + V = V-Veq-VV-V- Weq + S(B • V£eq + Seq • VB),

curl (Weq) curlï?) = curl (Veq x B + SV x Beq) - curl ^(^eq)^ curl Be

and U also vérifies boundary conditions (3, 5), curl B x n periodic at y = 0, L and

(rçC0eq)curl£?J x n = [Ve<l x B + SV x Beq — 7/(^eq)^curli?eq] x n at x = ± - ,

the flux conservation condition (7) for By, and a flux conservation relation for V.

Moreover, if Veq = 0, we can remove zero order dérivation terras V and V from V 's équation and we can
add the condition (7) for Vy.

The so defined operator A is a compact operator from V^ to V^ .

Proof The results of this proposition are obtained in the same way as those of Theorem 1.

Proposition 3. Consider r\ G W2'°°(M) 0 C2 (M), and p > 2, then A is the differential operator of T with
respect to U at (5, 0).

Proof To obtain the resuit announced in this proposition, we have to show that

\\T{S,U)-T{S,0)-A(S,U)\\va

For so doing let Ü = U* - V = (V, B) , where U* = T(S, U) and Ü = A(S, U), with T(S, 0) = 0.
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Due to Theorem 1 and Proposition 2, U vérifies

'divV^ = 0,

pR curl curl t> + VP + V = ~S{V VV-B- VB),

curl (ry(̂ eq) curl B) = S curl (F x B) - curl ((r/(^ + ̂ eq) - r?Oeq)) curl B*)

- CUri ((77(^1 + ^ e q ) - ?7(^eq) - îy'Weq)^) C U r l #eq) ,

div B = 0 ,

boundary conditions (3, 5), curLB x n periodic, the flux conservation relation (7), a flux conservation relation
for V, and, at x = ±1/2, the condition

q) curl B xn=(SV x B - (r](ip + ^eq) - 77(^1)) c^rl B*) x n

+ V'eq) - ^(^eq) ~ V^eq)^) CUrl ̂ eq) X n .

From these équations we deduce the following estimâtes for the équation of B (using ||^||2,P < C||S||i)P as in
the proof of Th. 1):
(i)

{ ) ) ||oo ||curlB*||p

<C\\U\\V, p

(j](iP -h ̂ eq) - rçWfeq) " v'tye^) CUrl5eq||p< C||77||2loo||^||2o||curlBeq||P

The other estimâtes are easily obtained, for the other terms of the two right-hand sides of the équations of B
and V. Prom these estimâtes, one deduces for U (see the estimate in Prop. 1)

D

2.5. Bifurcated solutions for the stationary problem

Let us define F (S, U) — U — T(S, U), where T is the operator defined in Theorem 1.
The steady problem can then be written

F{S>U)=0foi U £V*7 Se R.

We see that U = 0 is a trivial solution of the problem; F(5, U) = 0 for ail S G M.
We can now apply a theorem due to Crandall and Rabinowitz [3] to our problem, to show the existence of

bifurcated solutions from the trivial solution.

Theorem 2. Let us assume that:
(a) the partial derivatives F$} FJJ} and F$%u exist and are continuons (this is true for the studied problem,
see [1])
(b) The kernel of FU(SQ, 0) is of dimension 1, spanned by Uo, for a value SQ of the bifurcation parameter S,
(c) Fs,u{So.0)Uo
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Then a branch of steady solutions bifurcates from the trivial branch (5,0) at (5Q,0), in the space i x l/2 .

Once we have replaced the problem (2-8) by the functional équation F(Si U) — 0, for S G R and U = (V, B) G
Vp) Theorem 2 tells us that, in a neighbourhood of (5o,O) m the space M x V^2, we have two branches of non
linear solutions crossing at the point (5o,O): the trivial branch (5,0) and the new bifurcated branch which, as
can be shown in the proof of the Theorem 2, can be represented, using a real parameter t in a neighbourhood
of zero, as (5(i), {/(£)), with S(t) ~ SQ and U(t) ~ t UQ when t tends to zero. For the problem with unknowns
(V,B) (see Sect. 1), it means that a new non linear branch bifurcates at (5o, (V q̂, 5eq)) from the equilibrium
branch (5, (V q̂, Beq)) to the branch (Sfy), (Veci + 5(i)Vr(£), I?eq + B(t))), with t in a neighbourhood of zero as
above. Then, due to Theorem 2, it is enough to solve a linear problem (i.e. to find the kernel of Fu{So,O))
to conclude that the full non linear system of équations possesses new solutions. In Section 4, considering a
physically given equilibrium such that the field lines of the magnetic field are all parallel to the unit vector in
the y direction ey, we shall numerically solve that linear problem to obtain quantities 5o and UQ. Looking now
to the field lines of the bifurcated magnetic field Beq -+- B(t) we could see that these lines are no longer parallel,
but that they lead to the formation of a magnetic island, leading then to a "tearing" of the previous equilibrium
parallel field lines configuration.

In order to apply Theorem 2 we are now going to study the kernel of the linearized operator FJJ(SQ: 0). This
study will be done numerically.

3. NUMERICAL RESOLUTION OF THE LINEARIZED STEADY PROBLEM

We want to study the kernel of the linearized operator FU(SQ, 0) — ld — A(S0,0). For so doing, we consider
the following problem, where unknowns are approximated by finite différences.

Taking into account the choice of an equilibrium depending only on x, periodic boundary conditions and
symmetry properties of the solutions (cf. [8]), every vector (V , B , P) of the kernel can be written as a Fourier'
series in y of genera! term

Vx = vx(x) cos(mky) Vy = vy(x) sin(mky) P = p(x) cos(rnky)

Bx = bx(x) sm(mky) By = by(x) cos(mky)

where k = 2TT/L , and m is a positive integer.
Using divergence équation one gets for bx(x), vx(x) and p(x) the following équations in which we write b,v

for bx and vx

-PR Av + — (uov) + -—p = 5 x (mkOb),
dx dx

Ap+2i^viuo) ~ vèuo =s x (2mkbie) •
2 2 ) - 7 ? ' ( ^ e q ) £ ^ 6 = 5 x (-mkOv)

where

The boundary conditions at x — ±1/2 are

d x d
v = b = 0 , —(«o v) -f 3—p = 0.

dx ax

After discretization by finite différence method, previous équations can be written in the form AX = SBX.
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FIGURE 1. Curve S (k).
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FIGURE 2. Velocity.

We then solve this spectral problem by inverse itération to get for p#, m, and A; fixed the smallest value of S
for which the kernel of the discretized linearized operator is not trivial.

4. DESCRIPTION OF THE NUMERICAL RESULTS

To obtain these results, we consider a resistivity which dépends on the equilibrium flux function

2a

a + sinh(a)
exp(2m/;eq) =

2a

a + sinh(a)
cosh2(ax), a
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FIGURE 3. Perturbed magnetic field.

The equilibrmm is defined by J5eq = ^ p - ey = th(a x) ey, Veq — 0 (then Se = ue — ge = 0 in Sect. 1). We
also assume as in [8] symmetry conditions for all unknowns at x = 0 and we consider a grid of 39 points (N =
39) on ]0, l/2[, defined by Xi = -1 /4 (cos (iir/(N - 1)) - 1).

In fusion experiments, the température T of the plasma is slowly increased, at a slow diffusion time scale.
The bifurcation parameter S being considered as an increasing function of T, we are interested in the existence
of bifurcations from a given equilibrium when S is increased from low values. A bifurcation point corresponds
necessarily to a value 50 such that the kernel of Fu(So,0) is non trivial (otherwise, by the implicit function
theorem, the trivial branch is the only one in a neighbourhood of (So,0)). To apply Theorem 2, we want to
find values SQ such that the kernel is one-dimensional. First, we choose fixed values of the parameters a and
PR {oi = 4, pu = 0.2). Then, for each length L in the periodic y direction, the linear problem is decomposed
(see Sect. 3) in a séquence of 1D problems, indexed by the integer m, with k = 2TT/L. For each value of k and
m, the corresponding 1D problem only dépends of the product (mk). Then, for each value of A; G M, we note by
S(k) the smallest value strictly positive of S for which the 1D problem with m = 1 has a non trivial solution.
For a given length L, we obtain then a non trivial kernel of Fu(S, 0) for each value of the parameter 5 equal to
S(mfc), with k = 2-K/L and for any integer ml; the lowest value SQ is then the infimum of this séquence S(mk),
for ml. As L is physically large (then k small), the lowest value SQ corresponding to that L is not far from the
minimum value S (ko) of the previously defined function S(fc), obtained for some value k — ko-

Figure 1 is the curve of the quantity S considered as depending of the wave number k.
Figure 2 represents the velocity field for a special value k0 of k which corresponds to the minimum of the

curve S(k) of Figure 1.
Figure 3 represents the magnetic field for a special value ko of k which corresponds to the minimum of the

curve S(k) of Figure 1.

The computations have been done using the attribution of computer time on the machines of IDRIS (Orsay, France).
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