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MATHEMATICAL MODELUNG AND NUHERICAL AKALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 30, n° 5, 1996, p. 527 à 548)

MULTI-DIMENSIONAL RIEMANN PROBLEMS
FOR LINEAR HYPERBOLIC SYSTEMS (*)

by Hervé GiLQUiN (*), Jérôme LAURENS (2) & Carole ROSIER (3)

Abstract. — In this paper we prove that each homogeneous linearfirst order hyperbolic system
oftwo unknowns in N space dimensions with constant coefficients can be reduced to one ofthree
canonical Systems. Then we give the explicit solution of the multi-dimensional Riemann problem
associated with the most interesting canonical system on a structured or unstructured mesh.

Résumé. — Nous montrons d'abord que tout système hyperbolique linéaire 2 x 2 à coefficients
constants en N dimensions d'espace peut être réduit à un parmi trois systèmes canoniques. Nous
donnons ensuite la solution explicite du problème de Riemann multi-dimensionnel associé au
système canonique le plus intéressant, pour un maillage structuré ou non structuré.

1. INTRODUCTION

Let ( ^Oi^ /^ /ybe 2 x 2 matrices with constant coefficients; we are inter-
ested in solving the Riemann Problem for a linear system of partial differential
équations

'=' (1.1)

R 2 , A^.elR2*2, l ^ i ^ N (1.2)

Vx =(*! , . . . ,*„) e R", W(x,r = 0 ) = W0(x) (1.3)

xt t) = ( v j (JC,
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528 Hervé GILQUIN, Jérôme LAURENS, Carole ROSIER

where W0(x) is a simple piecewise constant vector valued function.

The system is supposée to be hyperbolic according to [1] in the time
direction for any 7V-uple a = (av .„, aN) e SN (the unit sphère in (RN),

N

which means that for ail a, the matrix 2 <x.iAi is diagonalizable with real
( = î

eigen values.

2. THREE CANONICAL 2 x 2 LINEAR HYPERBOLIC SYSTEMS

In [3], a particular case of the result pointed out by Lax shows that system
(1.1) cannot be strictly hyperbolic in the time direction for all
a = ( a p ..., <xN) e 5 , as soon as N ̂  3, more precisely we have :

THEOREM 2.1 : lf system (1.1) is hyperbolic in the time direction for all
a, then :

— either system (1.1) is not strictly hyperbolic in the time direction for any
a and it can be reduced to :

— either system (1.1) is strictly hyperbolic in the time direction for some
a ' s gênerating a two-dimensional subspace of RN and it can be reduced to
the canonical system

V(xf0 = (*p*2.0e U2xU + ,

dtW(x, t)+AdxW(x, t)+BdxW(x, t) = 0

/ 1 0\ /0 1\
with A = I 0 _ 1 J a n d B = ( 1 Q 1 , x= (xv x2) e U (2.2)

— or system (1.1) can be reduced to

/ l 0\
V(x, 0 G U x U+ , dtW(x, t) +AdxW(x, t) = 0 with A = ( n _ i ) (2.3)

\ /

In order to prove the theorem, we défi ne three types of réversible actions on
the class of hyperbolic Systems (1.1) which preserve hyperbolicity in the time
direction for ail a e SN.
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MULTI-DIMENSIONAL REEMANN PROBLEMS 529

• A : Galilean translations. To each (xi)i^i^N corresponds
(xi)l<i<N:=(xi-tXi)9 this galilean translation moves W into W defined
by:

,.), 0 = W((JC. + rAf), O .

If Î : = A . - Â . W , the system (1.1) becomes (2.4) and remains hyperbolic

in the time direction since the matrix ^aiAi: = 2 ^ - A +fild (with

ir1

j?e IR) is diagonalizable over the real field whenever X « / ^ is.

ÔtW + 2 ^ a ^ = ° w i t h T r (̂ ,- ) = Tr (A(. ) - Af (2.4)
i = i

• B : Linear one-to-one change of space variables. Let P be a
N x N invertible matrix with constant coefficients. Defining x := Px and
W(x, t) := W(P~ lx, t) leads to :

=O with Âj = ̂ tPjiAi. (2.5)

If system (1.1) is hyperbolic in the time direction, the same holds for system
(2.5) because of the following :

M N

i = l Jl ' j=l l} J

N N N N / N \ N

t=\ i = l ; = 1 y = l \ / = l / >=1

• C : Linear one-to-one change of unknowns. Let Q be a N x N
invertible matrix with constant coefficients. The new unknowns W := QW
satisfy :

i= 1

vol. 30, n° 5, 1996



530 Hervé GILQUÏN, Jérôme LAURENS, Carole ROSIER

multiplying by Q on the left, one obtains :

= 0 with À. = ÖA(. £T* • (2.6)

System (2.6) still remains hyperbolic in the time direction because two
conjugate matrices are diagonalizable over R at the same time and

The proof of Theorem 2.1 is carried out in eight steps.

Step 1. One performs a galilean translation (action of type A) in order to set
the trace of all the coefficient matrices to 0.

= 0 with T r ( A f . ) = 0 . (2.7)

Step 2. Then, either all matrices A. are null and the réduction is achieved
(we have reached (2.1)), or at least one of them, Ai9 is not null. As System (2.7)
is strictly hyperbolic in the coordinate a = (0,. . . , a/o = 1, ..., 0 ) e SN

9

Aio must have two real eigenvalues with opposit signs (because
(Tr {Af ) = 0) . Re-ordering coordinates with an action of type B exchanges
Xf and xv so one can suppose that At is diagonizable with real eigenvalues and
Tr (A1 ) = 0.

Step 3. An action of type C moves A« into a diagonalized form : there exists

i (x °\
a 2 x 2 invertible matrix Q such that QAQ =1 Q _ ^ I. Then an action
of type B introduces a new space coordinate xx := xx IX which leads to an
equivalent hyperbolic System with :

The aim of the next steps is to reduce the other matrices A2 to AN.
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MULTI-DIMENSIONAL RIEMANN PROBLEMS 531

Step 4. A new action of type B changes x{ into xt - y. xx for all
2 ^ i: ̂  Nt the flrst coordinate x1 remaining unchanged, the new equivalent
system satisfies

l 0 A A

j ( y (2.9)

Step 5. The spatial coordinates are ordered (action de type B) to obtain

l 0

/O 0 \
r ( o o)-

lf k = l the réduction of (1.1) is achieved (we have reached (2.3)).

Step 6. If h > 1, one performs the change of space coordinates (action of
type B) defined by :

x. :
1

which is well defined since fAiPi > 0 as the system is hyperbolic in the time
direction for a = (0, ...> ai = 1,..., 0) ; one gets

(2.10)

a system with coefficients such that (2.10) holds remains hyperbolic in the
time direction, thus, for each 2 < i ^ k ^ N, the matrices
ô2 A2 - öt A. need to be diagonalizable which cannot be realized unless
S2 — öi or equivalently A2 = Ai as we can see :

0 ô\-ô)

vol. 30, n° 5, 1996
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/ l 0
Step 7. The change of unknowns defined by 0 = 1 A ; ) gives

0

/l 0\
= 1 A ; ) gi

/O 1\

/o o\
(2.11)

Step 8. A last change of coordinates moves x- — x2 for ail 2 < i ^ k and
complètes the proof.

/O 0\0\ /O 1 /

j ^ j { J (2.12)

3. ANALYTIC SOLUTION OF THE MULTI-DIMENSIONAL RIEMANN PROBLEM FOR
THE CANONICAL LINEAR SYSTEM

We look for the solution of the multi-dimensional Riemann problem for the
three canonical Systems pointed out by the previous theorem. For Systems
(2.1) and (2.3), one can easily exhibit the exact solution of any Cauchy
problem as linear eombinations of plane waves with various propagation
speed, so we focus on the interesting case (3.1).

V(JC, y9t) G R 2 x R + dtW(x,y,t)+AdxW(x,y,t) + BdyW(xfy,t) = O

The two-dimensional elementary Riemann data are :

W0(x,y) - W°++ H(x) H(y) + W°_ + H(-x) H(y) +

+ W°. _H(-x)H(-y) + W°+_ H(x)H(-y) (3.2)

where W + + refer to four constant vectors of M and H( . ) refers to the
Heaviside function.

THEOREM 3.1: When IR2xR+ is décomposée into the six domains
(Dt)l ^ l ^ 6 which sections at time t > 0 are given on figure 1, the solution
of the multi-dimensional Riemann Problem (3.1)+ (3.2) is constant on
every (De)9 ^ • ^ 6, regular in D (inside a light cône), its values are given in
table L

M2 AN Modélisation mathématique et Analyse numérique
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t > 0
D3

— t

Ds D2

D*

-t

Figure 1. — Plane décomposition associated to the solution of the Riemann problem (3.1) + (3.3).

Table 1. — Explicit formulae for u and v on a structured mesh.

Domain u(xyy,t) =

D1

-cos
xy

t2 - y2 2 ir cos
-1 xy

_ — c o s

2?r

- 1 —X

cos
2?r

- 1

- y 2

D3

u°-v° v°-u°

D5

v°-u°
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534 Hervé GILQUIN, Jérôme LAURENS, Carole ROSIER

According to [4] and [5], System (3.1) is well posed in ail Hs
loc(U

2),
(s e IR) because it is a linear symmetrie System with constant coefficients.
Given initial data Wo in Hs

]oc(U
2), the solution W(x,y9.) belongs to

<gk( R, H[o~ *( IR2) ) for each nonnegative integer L As the initial data Wo is in
H®0C(R2), there exists a unique solution W(x9y9.) of (3.1)+ (3.2) in

° l 2

c

Moreover it is well known that the solution of (3.1)+ (3.2) being self-
similar is a function of y, ̂  and that it dépends linearly on the constants
w±±. Considering linear combinations of plane waves solutions, one can
reduce the gênerai Riemann problem to the simpler case where
W°+_ = W°_ _ = W°_ + = 0, in other words

0 W°et f . (3.3)

It is easy to verify that each component of a smooth solution
W= r(w, v) of (3.1) + (3.2) belongs to <T°([R+ x IR2) and is a solution of
the d'Alembert équation

dttw - Àw = 0 . (3.4)

We take two sets of initial data for these d'Alembert équations

= O)=- dxu0(x,y) -

the previous one for u and the next one for v :

(x,y) =v(x,y,t = 0)

t(x>y) ~dtv(.x,y,t = 0)=- dyu0(x,y) + dvQ(x,y) ( 3 6 )

= v°ô, H(y)-uH(x)ôl .

Thus the Kirchhof formula (3.9) is used to get explicit formulae that will be
proven to define the unique solution of (3.1)+ (3.2). They rely on two
auxiliary functions Fw(x,y, t) and Gw( xy y, t ) ( w e {M, V}) defined in the
sensé of distribution by (3.7) and (3.8) :

Gw(x,y, t) := J - ^ ^ Û ( ^ WoUy) (3.8)

\/{x,y,t)e R2xR\ w(x,y,t) = Fw(x,y,t) + dtGw(x,y,t) . (3.9)
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MULTI-DIMENSIONAL RffiMANN PROBLEMS 535

We now evaluate Fw and Gw in the domains denoted (Dl)l^i^6 (fig. 1)
suggested by elementary considérations of finite propagation speed. For each
domain, the results are given for both u(x, y> t) and v(x, y, t) but we only
carry out the calculations for the first one.

• Dl := {(*, yt t) e U2 x U + such that x2 + y2 ^ t2}.

Inside Z)\ we have :

2n
dn - v° f

2TT J

and similarly for u(x, v, r), Explicit formulae in terms of elementary functions
follow from a simple calculations for Fu and the use of Gauss-Bonnet
theorem (3.11) after a change in space variables for Gu. We can express the
solution in terms of 0 and ¥ defined below :

Va, b such that a + b2 ̂  1,
:=cos

-, -b

ab
(3.10)

' u^ a,v ^ b •
dudv 4-

one gets finally

(3.11)

and the solutions are :

V(x,y,t)eD\ 2*~\rt) 2n~\t't
..o / ^ o

(3.12)

vol. 30, n° 5, 1996
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One can easily verify that u(x, y> t) and v(x, y, t) belong to ̂ ^ (D 1 ) and are
classical smooth solutions of (3.1) inside this light cone.

• D2 :={(x,y, t) G R 2 x U+ such that x & t and y ^ t},
Inside D2, both functions Fu and Fv are identically 0 and

The same computation holds for Gv(x, y, t) = v° t thus :

and ü(jc,y, r) = Ü° . (3.13)

D3 := {x2 + y2 5= r2, je ^ 0, y ̂  0} u {y ^ - f}.

Inside D3, all of the functions FH, Fo, Gu and Gy are identically 0 and

, w(x,y, 0 = i?(jc,y, f) s 0 . (3.14)

D4 := {x2 + y2 2* t2, 0 ^ x ̂  t, - t ^ y ̂  0} u {x ^ t, \y\

Inside D4 we have :

2nL;
- t ; 0

Similar calculations give Fv(x, y, t) = ̂ p - and G„(x, y, f ) = y ( j + r), so

4 ° - V°
D , u(x, y, t) = y^-=— and

„o o
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MULTI-DIMENSIONAL RIEMANN PROBLEMS 537

D5 := { t2, - t x ^ 0,0 ^ y ^ t} KJ {\x\ ^ t,y ^ t}.

This Domain D 5 is treated in the same way as D4, one has :

- u y, f) =*-

\/(x,y,t)e D5, u(x,ytt) = O and v(x, y, t) = v° . (3.16)

D 6 : = { U } / , O ^ 2 x r , x2 + yz&t2
9 O ̂  x ^ t md O ̂  y ^ t).

Inside D6, we obtain :

0 |V;=x / /» v / l

= f^\ (f

For v9 we get Fv(x>y, t) = V Zu and
finally gives

^,y, r ) = which

and (3.17)

We have to verify that W= T(u,v), defined in IR2 x 1R+ with initial data
(3.2), is a weak solution of (3.1). W(x, y, t) must satisfy :

(3.18)
dy0) = , 0),

Define g = (-/?,/?)2 x [0, T) which contains the support ofg ( ) [ , ) pp Let
Dl := D' n Q and let ƒ*"''' = D* n D7 be the boundary separating Df and
/y. We consider 3 the set of all (ij) such that T4^ has codim 1 : for

(ij) e $, n\ is the normal to T*tJ from D' to D*(n\ = - wj). Let

vol. 30, n° 5, 1996
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T W be the trace of W^D> on the boundary dDl and
[W^ — TJW^J-^W^J be the jump of W across fj, We finally set

F* := Dl c\ dQ when it is not empty and dénote by n . the exterior normal to

r.
For each test function 0 we integrate by parts the left hand side of (3.18)

separately on each D' :

Q

TW(dt0 + Adx& + Bd&)dxdy dt =

T&(dtW + AdxW+BdW)dxdydt

ff T

- [ j T .'tld + 'n .

—^ —^ —^ 2

where ( x, y, t ) is the canonical basis of R xR. One has

i, | T <P(dtV i , | T <P(dtW + AdW + B dyW) dx dy dt = 0

since for ail i the exact solution W belongs to ( ^ ( Z ) ' ) ) and vérifies

ÔtW + AdxW + BdyW = O

in the classical sensé inside D'.

Now, we indicate how to calculate the intégrais over r*'j taking
( i , j ) = ( l , 6 ) as an example. On T1'6, with x2 + y2 = i2 - 0, JC and y
nonnegative, the trace of W, T1 W, is given by :

M0 !-y v° i - x u° * ? w°
w(x,y,O = - ô ^ c o s " ^ 0 8 T ^ +

M2 AN Modélisation mathématique et Analyse numérique
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= t2 + 0, x and y being nonnegative, the trace of W,

thus, we obtain that [W]l
6 is identically 0. Similarly, one can prove that :

f f T j - > , - > - » , - > ->i- - >
)ir-j l r j j*

The last identity is quite obvious and complètes the proof :

W( n . r t ó + n . JCAH- n . y B) <Pdy =

er
W(x, y, 0) 0(x, y,0) dxdy

1 J(- R,R)2

We next present as an example in figure 2 and figure 3 isovalue curves at
time t = 1 for the two components w, u of the solution of problem (3.1) with
initial data (3.3) when the parameters are set to

- 1 0 1 2

Figure 2. — Isovalue curves for u solution of (3.1) + (3.3) + (3.19).
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2

- 1 0 1 2

Figure 3. — Isovalue curves for v solution of (3.1) + (3.3) + (3.19).

4. ANALYTIC EXPRESSION OF THE SOLUTION OF THE MULTI-DIMENSIONAL
RIEMANN PROBLEM FOR A GENERAL LINEAR SYSTEM

We now consider the hyperbolic system (4.1) of two équations in three
space dimensions, where (Af.)(-=]>2 3

 a r e 2 x 2 matrices with constant coeffi-
cients, W°o is a constant vector of M2 and a is in {- 1, l}*1 '2 '3 ' .

dt W(x,t) + 2 Ai d
x

î

= 0, 3 , t

(4.1)

According to Theorem 2.1, system (4.1) can be reduced to one of the three
forms (2.1), (2.2) and (2.3). The solution of the Cauchy problem for (2.1) and
(2.3) is easy to obtain ; thus the following system is the most interesting.

0 0 1 0 0

The new coordinates (x'vx'2,x^) are linear functions of (t,xvx2,x3) and
W' is a linear function of W, they are defined by the transformations given in
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the proof of theorem 2.1. In order to détermine the modified initial data, we
have to intersect the plane {x'3 = 0} with the initial data of System (4.1) ; then
W\t = 0 ) is locally constant except along the lines Al9 A2, and/or A3 drawn
in figure 4.

Figure 4. — The Riemann data in new coordinates.

Since all the Systems are linear, cases a) and b) of figure 4 directly stem
from the last one. So we will only give the explicit solution of the foUowing
Riemann problem with scalar unknowns u and v :

dtu + dxu + dyv = 0

dV - dV + du = 0
i x y

(4.2)

with the simplest interesting initial data described in figure 5 where «° and

v° are scalar constants and 9 lies between 0 and 5 :

/u\ /u°\
\/x,yzU, i \{x,y,t = 0) = \ 0 J H(y) H(xsin G - y cosd) . (4.3)

Figure 5. — Simplest Riemann data (4.3).

vol. 30, n° 5, 1996
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Let us use the rotated pair of coordinates

X$(x,y) ~x cos 9 + y sin 9

Ye(x, y ) = x sin 9 - y cos 9 , e 9~x ^
(4.4)

-t

-t

Figure 6. — Plane décomposition associated to the Riem an n data (4.3).

As previously, the exact solution of the Riemann problem (4.2) + (4.3)
présents a simple structure and is given in figure 6 for each domain
( D ^ ) u ^ 6 o f R 2 x H + . The intcresting behaviour of the solution is confined
to the interior of the cône {x2 + y2 =£ t2} and is discussed hère in more
details. Inside this cône, the solution is defined through two auxiliary functions
defined in the sensé of distributions :

W ' {M, V) , w(x9 y, t) = FJ>, y, t) + dtGw(x, y, t) .

The expression for Fw( w e {M, Ü} ) is a straightforward extension of (3.7) with
new initial data :

= ( - u° sin 6 + f° cos 9)

= (u° cos 0 + vö$in 9)

- v° Yô)

u° cos 9 + v° sin 0 - i Xo u - i - xcos —y — ^— cos , -.
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Mathematical Modelling and Numerical Analysis



MULTI-DIMENSIONAL RIEMANN PROBLEMS 543

The expression for Gw(w e {W, V}) requires more spécifie calculations.

For all 6 in [ o , | ] , we define (See fig. 8)

Dg(a,b) -{f + t}2 =S 1 ,0 sS (£-a)cos0 « (tj-b)sine} (4.5)

This allows to simplify Gw by an homogeneous change of variables :

In order to estimate the intégral 7Ö, a change of variables in (4.6) leads to

In figure 7, the domain of the sphère Qe{a,b) is enclosed between the
curves F1 and 7^ which are both part of circles drawn on S2 and have constant
geodesie curvatures. Let (p,<p) be the polar coordinates of the point
M(a, b) of the (£, ^)-plane in figure 8. We give the coordinates of center C
and the radius R of the circle supporting F1 (point C and distance CP in
figure 8) and the length L of the are.

R(Fl)
If the orientation is specified by figure 7, the geodesie curvature K( F1 ) is
constant along the curves and given by

PT _ PC \ = p s in (y - -g )
Cpï-OPCP) R(r^ '

vol. 30, n° 5, 1996
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Figure 7. — Circles drawn on the sphère S .

Figure 8. — Geometrical construction for the Gauss-Bonnet theorem.

We apply similar results for I2 taking into account that these results corre-
spond to 0 = 0 and to a change in the orientation of the curve. We evaluate
Io( a,b) through the application of the Gauss-Bonnet theorem from which we
obtain

= 2(n - meas ( r p r 2 ) ) + K(T] ) L(F] ) + *:(ƒ*) L(T^) . (4.7)
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In order to complete the calculation of the intégral I0(a,b)J it remains to

estimate the measure of the angle ( x v r 2 ) We introducé ( X . ) / = s l 2 two

vectors tangent to {fl)i=] 2
 a t t n e e dge oriented in the convenient way.

/ - cos0 \
- sin 9

pcos (<p - 9)

\ V l - n2

1

0

meas ( z v z 2 ) = cos

cos
-1 - ( 1 - p2) cos 9 - p2 cos (<p - 9) cos cp

V l - p2 sin2 q> V l - p2 sin2( <p - 9)

Finally, we can evaluate the left hand side of (4.7) in terms of a and b given
two straight-forward formulae :

VUE = p cos (p , b = p sin (p , with p ^

pco$(<p-9) _ q cos 0 + ̂  sin

Vl -/?2snïN>-0)
(1 - p2) cos 0 + /? cos {<p — 9) cos ç?

6-bcosdf
( 1 - j ? 2 ) cos sin

, V l - p2 sin2 q> V l - /?2 sina(ç? - 0) V l - 62 V l - ( a sin 0 - i cos 0) 2

and we obtain

Ie( a,b) = cos
Vl -b2 Vl -(asin0-^cos0)2

(^coS0-qsin0)cos"1 flcosO + fesing 2 _fr c o s -
(4.8)

We describe the exact solution of the Riemann problem (4.2) + (4.3) as we
did in Section 3, giving the analytical expression associated to each signifi-
cative domain {Di

0)ls..a£6 of R2x[R + .
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• Dl
e:={(x,y,t)e R2xR+, x2 + y2^t2}.

V(x,y,t)eDl
g,

u(x,y,t) = cos (4.9)

_, t*cos (0)+yY9(x,y)

v{x,y,t)=
2TT

(4.10)

COS
_ x

r^zj T2*
COS

• Inside (Dl
ô)2 < ,- ̂  6 the solution of table 2 is obtained as in the previous

section.

Table 2. — The explicit formulae for u and v on an unstructured mesh.

Domain

Dl

Dl

T~) ̂

T\ 5

Dl

u(x,y,t) =

u°

0

11 — V

2

1 — sin 6 0 cos 0 0

2 U ' 2 V

— sin Ô 0 cos 0 — 1 0

2 " ' 2 V

v°

0

2
cos 0 0 1 + sin 6 0

2 U ' 2 V

cos ö — 1 0 sin 0 a
u -\ v

2 2
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- 1 0 1 2

Figure 9. —Isovalue curves for u solution of (4.2) + (4.3) + (4.11).

- 1

Figure 10. — Isovalue curves for v solution of (4.2) + (43) + (4.11).
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We next present as an example in figure 9 and figure 10 iso value curves at
time t = 1 for the two components u7 V of the solution of problem (4.2) with
the initial data (4.3) when the parameters are set to
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