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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 30, n° 2, 1996, p. 215 à 235)

ON A TWO-DIMENSIONAL MAGNETOHYDRODYNAMIC PROBLEM
II. NUMERICAL ANALYSIS (*)

by Jacques RAPPAZ (l) and Rachid TOUZANI (2)

Résumé. — On considère l'approximation numérique d'un problème de magnéto-
hydrodynamique bidimensionnelle par des techniques standard d'éléments finis. L'analyse nu-
mérique est faite dans le cas de solutions régulières du problème continu. On obtient des
estimations d'erreur pour la méthode choisie.

Abstract. — We consider the numerical approximation of a two-dimensional magnetohydro-
dynamic problem by standard finite element techniques. The numerical analysis is mode for the
case of regular solutions of the continuous problem. Error estimâtes are derived for the selected
numerical method.

1. INTRODUCTION

We have considered in a first paper (Rappaz-Touzani [1]) the development
of a mathematical model and its mathematical analysis for two-dimensional
magnetohydrodynamic problems involved in particular in electromagnetic
casting processes. The main feature of this problem was the nonlinear coupling
bet ween the Navier-S tokes équations and an elliptic équation governing the
electromagnetic process. In that paper, we prove that the model admits at least
one solution and that this solution is unique if the prescribed total current is
small enough.

The present work deals with a numerical method to solve such a nonlinear
problem. More precisely, the Navier-S tokes équations are solved by a Standard
finite element method that is assumed to satisfy the Babuska-Brezzi condition
{cf. Girault-Raviart [2]) and the electromagnetic problem, which is formulated
in the whole plane IR , is solved by a coupled finite element/boundary element
procedure, (Johnson-Nedelec [3]). The analysis of the coupled numerical
scheme is based on the theory developed in Crouzeix-Rappaz [4],
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(2) Laboratoire de Mathématiques appliquées - URA CNRS 1501, Université Clermont-

Ferrand II, 63177 Aubière Cedex, France.

M2 AN Modélisation mathématique et Analyse numérique 0764-583X/96/02/$ 4.00
Mathematical Modelling and Numerical Analysis © AFCET Gauthier-Villars



216 J. RAPPAZ, R. TOUZANI

Let us précise the main abstract result we will use in the following : assume
we are given two Banach spaces X, Y with respective norms || . ||x, || . ||yand
let us define two mappings

G:X->Y and T : Y -> X

where G is a C1-mapping and T belongs to S£(Y\X) where £?(Y\X)
dénotes the space of all linear continuous mappings from Y into X equipped
with the norm

We begin by assuming that TG possesses a fixed point 0 in X, i.e., <P e X is
such that

0 = TG(0). (1.1)

In order to compute an approximation <Ph of <P, we ensure we have got a
family of linear operators (Th)ha ££( Y ; X) with finite dimension ranges and
we solve the approximate problems consisting in finding &h e X such that

. (1.2)

By using Theorem 3.1 of Crouzeix-Rappaz [4] with
Fh(X9 0) = 0 - Th G(0) (here Fh is independent of X) and üh = 0h, the
reader will easily check the following result :

THEOREM 1.1 : We assume that the following hypotheses are satisfied :

lim I I T - 7 * 1 1 ^ . ^ = 0 . (1.3)

( ƒ — TDG( 0)) is art isomorphismfromXontoX, (1.4)

There exist ö > 0, C > 0, such that

for all W e X satisfying \\0 - W\\x ^ S , (1.5)

where I is the identity operator in X. Then, there exist e > 0, C > 0 and
h0 > 0 such that for all 0 < h ^ hQ there is a unique 0h e X satisfying

0h = ThG(0h), (1.6)
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A TWO-DIMENSIONAL MHD PROBLEM 217

and

\\0-&h\\x^e. (1.7)

Moreover, we have the bound

\\0-0h\\x^C\\(T-Th)G(0)\\x. a (1.8)

In f act Theorem 1.1 claims the existence of a fixed point &h of the mapping
Th G (See (1.6)), its uniqueness in a neighbourhood of 0 (See (1.7)) and gives
some error estimate (See (1.8)) under the consistency hypothesis (1.3) and the
stability assumption (1.4) when the derivative DG is lipschitz continuous at
0 (See (1.5)).

We now introducé some notations concerning the Sobolev spaces that will
be used throughout this paper. In the following, we dénote for p 5s 1 by
Lp( Q ), Wm'p( Q ), Hm( Q ) the classical Sobolev spaces respectively equipped
with the norms || . | |0^O( || . ||miPiO, II . ||mtfi. Moreover, | . \m Q stands for
the semi-norm of the space Hm( Q ) ; Hl

0( Q ) is the space of functions of
Hl{Q) the trace of which is vanishing, L2JQ) is the space of functions of

ry 9 9

L (Q) the intégral of which is vanishing and HlQC(R ) is the space of
functions defined on M2 which are H2(&) for ail bounded domains
0<=[R2.

The outline of the paper is as follows : in Section 2, we recall the nonlinear
problem to solve and state the continuous problem in an operator form that
will be used for numerical approximation. Section 3 sets the approximate
problem using appropriate finite dimension spaces. At this point, we shall
précise that in order to avoid technical difficulties mainly related to isopara-
metric finite éléments, we assume we are given abstract finite-dimension
subspaces of the spaces in which the continuous problem is defined and
assume standard approximability and stability properties on these subspaces.
Section 4 is devoted to the approximation of the associated linear problems
using standard tools of finite element analysis and to the main convergence
resuit of the paper for the nonlinear magnetohydrodynamic problem.

2. THE CONTINUOUS PROBLEM

Let us first briefly recall the mathematical model (for more details, see [1]).
Let Qo, Qv Q2 dénote three disconnected bounded domains of IR2 with

respective boundaries Fo, F} and Fv which are assumed to be of class C1. We
define Q = Qo u Qx \j Q2 and F = Fo u J1, v Fr

The above three domains stand for the intersection with the plane OxA x2 of
three infinité parallel cylindrical conductors Ao, Av A2 with a generating line
which is orthogonal to the plane Oxx xr Acrually, Ax and A2 represent a solid
inductor surrounding a liquid métal conductor enclosed in a fixed domain

vol. 30, n° 2, 1996



218 J. RAPPAZ, R. TOUZANI

AQ. An alternating current of frequency co/2 n and total intensity / > 0 flows
in the inductor and gives rise to a magnetic field b. Since all the electric
currents flow in the orthogonal direction to QQJ Ql and Qv the magnetic field
b lies in the plane Oxx x2 and dépends only on the variables xv x2. From
V . b = 0 and since the currents have a sinusoidal time behaviour, there exists
a function <p : R2 —> C such that

b = Re(e tofcurlp) with curl <p := ( | ^ , - | ^ ) .
\ ÖX2 ÖX\ I

The magnetic field b interacts with the electric currents and produces Lorentz
forces which cause a motion in the liquid région Ao. Since we suppose that the
frequency co/2 n is large enough, we admit that only a time-averaged Lorentz
force is responsible for the fluid motion which is assumed to be stationary.

Denoting by u, p, v, p respectively the velocity, the pressure, the kinematic
viscosity and the density of the liquid and by fjQ the magnetic permeability of
the vacuüm, by ak the electric conductivity of Ak which is assumed to be
constant, we can see that u, p depend only on the point
x = (JCJ, x2) G Qo, u has only two components in the plane Oxx x2 and the
unknowns q> : IR2 —> C and ( u, p ) : Qo —> R2 x R satisfy the system of
partial differential équations (See [1]) :

ak u .V<p + iju0 coak(<p - Ik((p)) = fJ0Jk in Qk, k - 0, 1, 2 , (2.1 )

A<p = 0 in&'=!R2Ü2, (2.2)

<p(x) = O(\x\~1) |*| ^ + oo, (2.3)

=O 0 0 ^ 4 = 0 ,1 ,2 , (2.4)

a0co
- v Au + u . Vu + Vp - -2j(<Pj V(pR ~ <PR

V . u = O inÛ 0 , (2.6)

u = 0 o n r 0 , (2.7)

where, in (2.1), we have extended the velocity u by zero in the domains
Qi and Q2 and where
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A TWO-DIMENSIONAL MHD PROBLEM 219

and

( - ! ) * ƒ .<

0 if Jk = 0 .

Hère above, the functions <pR and <pt stand respectively for the real and
imaginary part of g>, the brackets [ . ] dénote the jump of a function through
the curves F, \Qk\ is the measure of Qk and J ^ 0 is a given total current
intensity imposed in the inductor A1 KJ A2. Notice that, unlike in [1], we have
chosen a formulation where the magnetic potential <p is an O{ \x\~ l ) when

which removes the condition
Ja

In order to give an approximation of Problem (2.1)-(2.7) we introducé a new
formulation of it ; we start by the electromagnetic problem.

Let u dénote a given function of the space H\(Q0)
2 such that

V . u = 0. We consider the following problem.

Find (p e 7/foc( R
2 ) such that :

- A<p + /juo œak( <p - Ik( <p ) ) + fjQ ak u .V<p = /u0 Jk in £2k, k = 0, 1, 2 , ( 2.8 )

(2.9)

(2.10)

mQ' :=U2\Q, ( 2 . 9 )

where u is zero in the domains Qx and Q2.

Following Rappaz-Touzani [1] we can prove that this problem has a unique
solution that differs by an additive constant from the problem given in [1]. In
fact, as mentioned earlier, we do not require hère that 70( <p ) = 0 but impose,
instead, that <p vanishes at the infinity. In order to give a variational formu-
lation of (2.8)-(2.10) that is well adapted to numerical discretization, we
represent the function <p\Q> as a solution of an intégral équation on F. In other
words, eqs. (2.9), (2.10) give (cf. Nedelec [5]) :

<p(x) =j X(y)K(x,y)dsy-j q>(y)Kn(x,y)dsy9 xeQ* 9 ( 2 . 1 1 )

vol. 30, n° 2, 1996
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220 J- RAPPAZ, R. TOUZANI

where

A = | 2 o n f ,dn

ony zn \x-y\

the vector ny standing for the outer unit normal at v.

It is clear that, using (2.9) and eq. (2.10) we obtain X ds = 0. Following
Jr

[3], we define the space

where the brackets ( . , . ) dénote the duality product between H~ l/2(F) and
H (T) and define the following « reduced » problem.

Given (g,q) e L2(Q) x H1/2(r), find (<p9 Â) e H\Ü) X H~ ] /2(F)
such that :

a(<p,y/)-(X,y/)=\ gy/* dx Vy e Hl(Q) , (2.13)

Kltfi) + (frip)* = (ii9q)* Vfi^frkn, (2.14)

where a* dénotes the complex conjugate of a complex number a. Here above :

a( <p, y/ ) := V<p . V^/* dx + ico/J0 ^
 ffjt

:=-2J ƒ
M2 AN Modélisation mathématique et Analyse numérique
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A TWO-DIMENSIONAL MHD PROBLEM 221

Using results of [3] it can be shown that if ( <p, X ) is a solution of (2.13)-(2.14)
with :

then <p is a solution of (2.8)-(2.10).

THEOREM 2.1 : Problem (2.13)-(2.14) admits a unique solution.
Proof: Let us multiply the équations (2.13)-(2.14) by the complex number

( 1 - ai ) where a is a positive number to be précisée! later. We have a new
equivalent variational problem.

Find (<p,X)<EHl(Q)xffl/2(r) such that:

&((<p,X),(y/,jLi)) = (l-ai)[ GW* dx + (ft, q)*

f (2.15)

where

We have

J \y/\2dx

, y/) - </i, ^ ) * )

From Nedelec [5], the coerciveness of b implies the existence of a real
number y > 0 such that :

vol. 30, n° 2, 1996



222 J. RAPPAZ, R. TOUZANÏ

Therefore, if am := min (cr0, av a2) > 0 we have

f \Vy/\2dx+acojJ0<Tm\ \y/\2 dx

i / | ^ | | l , r y | | A | l ! l i

Choosing a such that a/jQ coam ̂  1 and using the trace inequality

for some constant K > 0, we obtain

f

- 2 «K||A*IL I,r

In addition, the inequality

yields

/ ? \

|2

2'

It is then sufficient to choose 0 < a < min( l/jj0 coam, /u0 coyam 12 K2 ) in
order to guarantee the coerciveness of the form $&.

The sesquilinearity and continuity of M are obvious. Moreover, the conju-
gate linearity and continuity of the form defined by the right hand side of
(2.15) are obvious. The Lax-Milgram theorem gives then the existence and
uniqueness of the solution. D

The previous theorem allows us to define a linear and continuous operator :

o I i

TE: (g,q) e L (Q) xH2(F) ^ <p G H\Q) ,

where <>, À) is the solution of Problem (2.13)-(2.14).

LEMMA 2.1 : The linear operator TE maps continuously
L2(Q)xH3/2(r) into H2(Q) and consequently

TE:L2(Q)xlÂ(r) -> WhA(Q)

M2 AN Modélisation mathématique et Analyse numérique
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A TWO-DIMENSIONAL MHD PROBLEM 223

is a compact linear operator.

Proof : It suffices to follow the same reasoning as in Johnson-Nedelec [3]
and use the compactness of the imbedding H2(Q)^ Wl'4(Q). •

Remark 2.1 : In the previous lemma : we have an analogous resuit when we
assume that the domains Qo, Q^ and Q2 are convex polygonal domains. In fact,
in this case, if (g,q)<= L2(Q) x H3/2(r) (in the sensé that q is the
restriction of an H2 -function to T), then <p = TE(g,q) G H1+5/6'e(Q) for
all e > 0. This resuit can be found in Costabel-Dauge [6].

Now, by using (2.12) and denoting

H := - 2 [
Jr

<p(y)Kn(.,y)dsy

Problem (2.8)-(2.10) can be written as the following one :

Find^e WlA(Q) such that ç> = TE(g(q>,u),Hq>) (2.16)

where

g(<p,u) := jn0 Jk + icûjnQ akIk{q>) - v0 <?k u . Vg> in Qk, k = 0, 1, 2 .

Observe that Problem (2.16) is meaningful since if <p G W1J4(Q) and if
u e Hl

0(Q0)
2 then u . Vç? e L2(Q0) and consequently g(<p, u) G L2(Q).

Furthermore, #>|rG Hi/2(F) and a regularity resuit of Seeley [7] imply
H<pe H3/2(T).

We are now able to give a new formulation of the magnetohydrodynamic
problem. Let us consider the foliowing Stokes problem :

4

GivengG L3(f20)
2,

find ( u, p ) e Hl
Q( Qo f x Ûo{ Qo ) such that :

- vzfu + V/? = g inQOi (2.17)
V . u = 0 i n ^ o . (2.18)

Existence and uniqueness of a solution to this problem (cf. Temam [8])
enable us to define a linear and continuous operator

vol. 30, n° 2, 1996



224 J. RAPPAZ, R. TOUZANI

From [8] we have the regularity result :

r „ g € WXp(QQ)2 if g e Z / ( ^ 0 ) 2 , (2.19)

for 1 < p < + ©o. We then deduce that the operator
THe Se(L4n(Qof\ Hl

0( Qo f ) is compact.
Let us define the mapping :

f H : ( p , u ) e WU4(Q) x Hl
ö(GQ)2 ^ fH(<p,u) J

where

fH : O , u) := - (u . V ) u + - | ^ - O , V ^ - <pR V^)

Problem (2.1)-(2.7) can now be formulated as the following one :

Find ( <p, u) e Wh\Q ) x #*( Do)2 such that :

<p = TE(g(<p,u)JH<p)i (2.20)

u = 7 / / f / / ( ^ u ) . (2.21)

In order to be in the framework of Theorem 1.1 we introducé the notations :

X:= Wh4(Q)xH1
0(Q0)

2
J Y := L2(Q) X x

and define the mappings

G : 0 = ( ^ , u ) e X^G(0) := (g(<p, u), H<p, fH(<pt u ) ) e F,(2.22)

T:(g,q,r)<E Y » T(g, q, r ) := (TE(g,q\ TH r ) G X .

Problem (2.20)-(2.21) can then be written in the form

Find 0 G X such that 0 = TG( 0 ) , (2.23)

DEFINITION 2A : We shall say that 0 e X I J Ö regular solution of Problem
(2.23) (or equivalently (2.20)-(2.21)) if the operator I-TDG(<£>) is art
isomorphism from X onto X.

M2 AN Modélisation mathématique et Analyse numérique
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THEOREM 2.2 : Problem (2.20)-(2.21) (or (2.23)) has at least one solution
0 = (^, u). Moreover, there is a constant Jo > 0 such that if J ^ Jo then
this solution is unique and is a regular solution of Problem (2.23).

Proof : By using Theorem 4.3 together with Theorem 4.1 of the first part of
this paper (cf. [1]), we can prove that Problem (2.20)-(2.21) has at least one
solution (<p, u) . In f act, it is sufficient for this end to take a solution
( 0, u,p,a,fi) of (2.23M2.30) in [1] (see Theorem 4.3 of [1]), to remark that
a = 0 (see Theorem 4.1 of [1]) and to check that ( (p, u ) with
<p = <p - fi is a solution of (2.1)-(2.7). In this case we obtain
I0(ç) = - fi since I0(<p) =0. The uniqueness for small values of J results
from Theorem 5.2 of [1],

In order to prove that the mapping (I- TDG(<P)) is an isomorphism
from X onto X, we first define the linear operator *S : X —> Y by

where ! P = ( ^ , v ) e X and al( y/ ) := ok Ik( y/) in Qk, k = 0, 1, 2. By
différend ating G we obtain if *F = (y/> v ) e X :

DG( &)*F=( iœ/jo al( y/ ) - ju0 cru . Vy/ - JJ0 a\ . V<

+ * ( < P ) v ) , (2.24)

where

^ ( ( u ' V ^ ) V ^ + ( u ' V ^ ) V ^ + ( u * V ^ ^ V ^

and

= - j 2 - ( ( v . V(pR)^9R + (v . V ^ ) V^7 ) - v . Vu - u . Vv

It is then easy to show that there exists a constant Cv independent of 7, such
that for ail 0 G X :

vol. 30, n° 2, 1996



226 J. RAPPAZ, R. TOUZANI

Moreover we can prove, by using the same technique as in the proof of
Theorem4.2 in [1], that there is another constant C2, also independent of J,
such that if 0 is a solution of (2.23), then

It follows that for all s > 0, there exists Jo > 0 such that if / ^ / 0 and if
0 is a solution of (2.23) then

By writing I-TDG(<P) = (I -W) -T(DG(&) -<S) and by
noticing that / — T*§ is an isomorphism from X onto X since T*$ is compact
and Ker ( / - VS) = {O}, we easily prove that I- TDG(0) is an
isomorphism from X onto X when / ^ Jo is small enough. D

We shall now be concerned with the numerical approximation of
Problem (2.20)-(2.21), or equivalently (2.23).

3. THE DISCRETE PROBLEM

In order to introducé a numerical method to solve Problem (2.1)-(2.7). We
define Wh, Mh, Vh Qh as finite-dimension subspaces of the spaces Wl'4(Q),
IT l/2(F)> Hl

0{QQ)2, Ll(Q0) respectively. To simplify the présentation, we
suppose that Wh, Mh> Vh, Qh are piecewise polynomial subspaces. The nu-
merical approximation of Problem (2.20)-(2.21) in a variational form is then
defined by the discret problem :

Find ( <ph, XhJ uA, ph ) e WhxMhxVhxQh such that :

a(<ph,¥)-{Xh,y/)=\ g(<phiuh)y,*dx \fy/ e Wh , (3.1)
JQ

KXh,ti) + (ii,vh)*-(ti,Hç>h)* = O VJUGM, , (3.2)

v(VuJVv)0-(/> f c ,V.v)0- f fH(<ph,uh).vdx = 0 VveVh> (3.3)

(9,V.uA)0 = 0 V<?e Qhi (3.4)

where ( . , . )0 is the L2( Qo )-scalar product and
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Let us notice that in Besson et al. [9], a particular choice of the spaces
Wh, Mh, Vh, Qh as finite element spaces was made to build an approximation
based on the above formulation.

Following the methodology defined in [4], we transform the above problem
in. order to write it as a discrete analogue of the continuous problem (2.20)-
(2.21) (or equivalently (2.23)). To this end, we consider the discrete version
of Problem (2.13)-(2.14). To each pair (g,q) e L2(Q) x Hl/2(T) we
associate the pair {(ph, Xh) G WhxMh where (<ph, Xh) is the unique solution
of the discrete version of (2.13)-(2.14), {cf. Theorem2.1), i.e.

Find ( <ph, Xh ) e WhxMh such that :

a(<p„y/)-(Xh,y,)=\ gy/* dx \f¥ e Wh , (3.5)

KXh,ti) + (fJi,q>h)* = (ii,q)* V A / G M , . (3.6)

The mapping ( 9 > q ) ^ <Ph defines an operator
Th

EG ^(L2(Q)xHl/\r);H1(Q)) whose range is included in Wh.
Notice that since Wh a WU4(Q), the operator Th

E is also an element of
&(L2(Q) xHl/\r) ;Hl>\Q)).

A discrete approximation of the operator TH can be defined in an analogous
way. It is well known {cf. [2]) that if the following inf-sup condition holds :

ƒ. . v dx

inf sup — — ^ p > 0 ,
Vh

then to each function g e L4/3{ü0)
2 we can associate the unique pair

{nh,ph) e VhxQh solution of the discrete Stokes problem :

Find ( u ,̂ ph ) e VhxQh such that :

v(VuA |Vv)0-(pAfV.v)0 = ( g l v) 0 Vve Vh, (3.7)

(9,V.uA)0 = 0 V ? eÖ f c . (3.8)

The mapping g ^ u f t defines an operator

T"He J?(L4/\Q0)
2;Hl

0(Q0)
2)

whose range is included in Vh.
The fully discrete problem corresponding to (2.20)-(2.21) can now be given

in the following way :

Find ( q>h, uh ) e Wl'\ Q ) x H\{ QO f such that :

vLh),H<ph), (3.9)
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228 J. RAPPAZ, R. TOUZANI

It is easy to check that a solution of Problem (3.1>(3.4) is also a solution of
Problem (3.9)-(3.10). Conversely, if (<ph,uh)e Wh4(Q) x HI(Q0)

2 is a
solution of Problem (3.9)-(3.10), then (q>h, nh) e WhxVh since the range of
Th

E is included in Wh and the range of Th
H is included in Vh. Moreover, there

exist Xh e Mh, ph e Qh such that (<ph, Xh, uh,ph) satisfy Problem (3.1)-(3.4).
Notice that the discrete problem (3.9)-(3.10) takes account exactly of the

nonlinear terms g(<phJuh), H<ph and fH(<ph, uA). This is possible since these
terms in volve the unknown functions (ph and uh and their derivatives. Conse-
quently if a finite element piecewise polynomial approximation is used, the
calculation of these terms requires the intégration of polynomial functions over
finite éléments and rational or logarithnuc functions on edges (boundaries of
finite éléments). All these calculations can be performed exactly.

As in the continuous case, with the following notations :

(3.11)

X9,q).1*Hr)eX,

the discrete problem (3.9)-(3.10) becomes :

Find 0he X such that &h = ThG(<Ph). (3.12)

The remaining part of this paper is devoted to the analysis of Problem
(3.9)-(3.10) — or equivalently (3.12) — and the estimation of the error
functions <p — (ph and u — nh in suitable norms. For this, Theorem 1.1 will
be applied with the notations introduced for Problem (2.23) and Prob-
lem (3.12).

We now assume that the solution 0 = (ç>, u ) of (2.20)-(2.21) (or equiva-
lently (2.23)) is such that (1.4) is satisfied, i.e., the solution is regular. Let us
notice that this hypothesis is not void since it is satisfied in particular when the
current intensity J is small enough (see Theorem 2.2). The following section
is devoted to checking hypotheses (1.3)-(1.5) under suitable conditions on the
spaces Wh, Mh, Vh and Qh and for deriving error estimâtes.

4. ERROR ESTIMATES

In order to dérive error estimâtes we shall now assume some approximabil-
ity conditions on the spaces Wk, Mh, Vh and Qh. In fact, to avoid some technical
difficulties related to the regularity of boundaries of the domains Q,
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7 = 0, 1,2, we shall not introducé concrete finite element spaces which must
be isoparametric éléments but rather restrict ourselves to an abstract setting of
the problem. Namely we assume the foliowing hypotheses :

(i) There exist

such that :

n ïT kn ; Mh)

2 "

1 . 1
r ) ^ ( ) , / ( ) ( ) . (4.1)

(ii) We have :

IMI l f 4. o ^°r5 | |H l i O V^eW,. (4.2)

(iii) There exist

such that :

\v-rh
Hy\hna+\\q-nh

Hq\\0,n^ Ch{ ||v||2,Qo+ \\q\\ {,Qo)

Vv e H\ QO f n Hi( Qo f, Vq e H1 ( Qo ) . (4.3)

4
Vv e W2'I( Do )

2 n Hj( fi0 )
2, V9 e Wl' 5( i20 ) . (4.4)

l l v -dv | lo , - , f i 0 ^^IMI 2 , G o V V E / / 2 ( i2 0 ) 2 ni / ; ( f2 0 ) 2 . (4.5)

(iv) There exists a constant 0 > 0 independent of /i such that :

SUP ir^—i—i— 2* p, V ^ Ö M ^ O . (4.6)
VG VA II *2 H 0, i201 I L&o

(v) We have :
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Notice that Hypotheses (i), (ii), (iii) and (v) are classical in finite element
approximation (cf. [10], [2]). They assume the validity of an inverse inequality
(in the context of finite element approximation, this means that the mesh is
quasi-uniform). Hypothesis (iv) is the classical inf-sup condition for the Stokes
équations.

Let us first prove that the solutions of the linear discrete problems (3.5)-
(3.6) and (3.7)-(3.8) converge respectively to the solutions of the problems
(2.13M2.14) and (2.17)-(2.18).

LEMMA 4 . 1 : If (g9q)e L2(Q) x H3/\r) then

where C is a constant independent of h.

Proof : Let (g,q) dénote an arbitrary element of L2(Q) x H3/2(F) and
let ( <p, X ) be the unique solution of Problem (2.13)-(2.14) corresponding to the
data (g9q), i.e., q> = TE(g,q) e H2(Q) (cf. Lemma 2.1). Let in addition
<ph ~ Th

E(g, q). We have from (4.1) and [3] the error estimate

2Xï+ | |A | | i r ) . (4.9)

The triangle inequality gives :

Using (4.1) we have

Furthermore, from (4.2) and (4.9) we get :

I I 4 P " <PhW 1.4,o « C i h~hr"E(p -9h\\,,o

Finally, the continuity of the mapping (g, q) e L2(Q) x H3/2(F) •->
(q>, X) e H2(Q)xHl/2(F) achieves the proof. D
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LEMMA 4.2 : There exists a constant C independent of h such that :

^ (4-10)

(1) If g e L2{Q0fthen

(2) o

^ ^ ^ . (4.11)

Proof : Let g e Lp(Q0)
2 for p = 2 or 4/3 and let (u,/?) be the unique

solution of Problem (2.17X2.18), Le., u = 7 „ g e W2 'p(^0)2 . Let in addi-
tion u^ = Th

H g. We have from [2] by using (4.6) the inequality :

Using (4.4), (4.3) and (4.6) and the continuity of the mappings

g e Lp(Q0)
2 -> (u,p) e W2>p(Q0f x Whp(Q) ,

we obtain the desired bounds. D
The previous lemmas allow now to prove the following convergence resuit.

THEOREM 4.1 : Let (<p, u ) G Wh4(Q) xHl
0(Q0)

2 dénote a regular so-
lution of Problem (2.20)-(2.21) (Theorem 2.2 shows that if J is small enough,
a such (ç>, u) exists). Then, under Hypotheses (4.1)-(4.7), there exist
e > 0, h0 > 0, C > 0 such that for ail h ̂  h0 there is a unique solution
{(ph, uh) of Problem (3,9)-(3.10) in a bail with radius e and center (ç>, u ) in
Wl'4(Q) X HQ(QQ) . Moreover, we have the error estimate :

IIP-Mi,4,«+|u-«Ji,«0^<^. (4.12)

Proof : We apply Theorem 1.1 with the notations introduced in (2.22) and
(3.11). Clearly, Hypothesis (1.3) holds because of (4.8) and (4.11). Hypothesis
(1.4) holds because <3> - (q>, u) is assumed to be a regular solution. The
Lipschitz continuity of DG at 0 is obvious and (1.5) holds. It follows that the
existence of the unique solution (<ph, uh) of Problem (3.9)-(3.1O) in a neigh-
borhood of (<p, u ) is a conséquence of (1.6).

In order to prove (4.12), we use (1.8), (4.8) and (4.11). D
It is worth noting that Theorem 4.1 gives an error estimate in the

W1'4 -norm for (p which explains the small rate of convergence. The following
theorem shows that it is possible to obtain a reasonable rate of convergence
when estimating the error in the H -norm.
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THEOREM 4.2 : Under the same hypotheses as in Theorem 4.1, there exists
a constant C independent of h such that :

WV-VhWx.Q+^-^Q^ Ch'

Proof: Let & ~ (q>, u) and <Ph = (<ph, \xh) dénote the solutions invoked
in Theorem4.1. We know that since fH(<P) e L4/3(Q0)

2 then
u e w

2>4 ' 3( QO f u L-( Qo )
2. From (2.24) we deduce for

W = ( yt, v ) e X the bound :

||Z>G«P) ! P | | y ^ C( | | ^ | | l t O + UK„,

where C is a generic constant.
Denoting by Z the space Hl(Q)x H\{QQ)2, it is easily seen that, in the

previous inequality, W can be chosen in Z and that DG(&) can be continu-
ously extended as an operator of J£?(Z; Y). Consequently we have

DG(0)e JSP(Z;F). (4.13)

Using analogous arguments we check that if <P = ( <p, ü ) is such that
^ l 4 , ü e Hl

0(Q0)
2nL~(Q0)

2 with

then there is a constant C, that dépends on C but not on <P, such that

L ^ o ) 2 ) . (4.14)

In what follows, 6> will stand for the space
U \ x (Hl(Q0)

2 n L°°(Q0)
2) equipped with the norm:

Let us now prove that

lim ||u - uh\\HkQo)2nL~(Qof = 0 . (4.15)
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For this end, (4.12) shows that it is sufficient to prove that

lim l | u - u j | a o o ^ o = 0 .

This inequality holds thanks to inequality (4.7). Indeed we have

Inequality (4.7) yields

Using (4.5) and noticing that u e H2(Q0)
2

y we obtain (4.15) and

lim ||<P-<Mle = 0. (4.16)

Let us now define for ÎP = ( y/, v ) e X :

F( f ) := *F-TG( <F) , FA( Y) := ^ - TA G( *P) .

We have since F ' Ï ( 0 / I ) = O:

^ - <PA = DFH(<py \DFh{<P)(& - 4>h) + Fh(&)-

-Fh(&h))-DFh(<PY1Fh(<P).

Hence

l V (DFh(0) - DFh(s&

By using Lemmas 4.1 and 4.2 we have lim | | 7 - Th\\g,,Y.z) — 0 and
/i->0

consequently lim \\DF(&) - DF (0) \\ ^ ( Z ; 2 ) = 0. Moreover, applying
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Fredholm's alternative and the compactness of T it is easy to show that if
0 = ( ^ u ) is a regular solution of Problem (2.20)-(2.21), then DF(&) is an
isomorphism from Z onto itself. It follows that for h small enough,
DFh(0) is an isomorphism of Z onto itself and ||JDF*( <P)~ l l i^ ( Z ; 2 ) is
bounded, i.e.

We thus have

x sup
5 e [0,1]

- M
and since || Th\\ g>(Y-z) ^s bounded with respect to h (see Lemmas 4.1 and 4.2)
we obtain by using (4.14) :

l l * - # J l z ^ C(\\<P-<Ph\\&\\0-&h\\z+ \\Fh(<P)\\z).

By using (4.16), we conclude that there exists h0 > 0 such that if
h ^ h0 then

^C\\(T-Th)G(&)\\z.

Finally, making use of the bounds (4.8) and (4.10) yields the desired re-
sult. D
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