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MATHEMATICALMODELUNGANDNUMERICALANALYSIS
MODÉUSAT1ON MATHÉMATIQUE ET ANALYSE HUMÉRIQUE

(Vol. 26, n° 3, 1992, p 425 à 446)

A GALERKIN SPECTRAL APPROXIMATION
IN LINEARIZED BEAM THEORY (*)

B. MlARA O and L. TRABUCHO (2)

Communicated by P. G. CIARLET

Abstract — Spectral methods are well adapted for numerically approximating the displace-
ment field of a thm beam In this paper, following a technique introduced by M Vogehus and I
Babuska [1981] and already extended by the f irst author to plates (see B Miara [1989]), we show
how to select the basis functions of the spectral approximation in order to mmimize the
approximation error with respect to a parameter that charactenzes the geometry For special
loadings and for particular geometnes, we prove that these basis functions are polynomials
Finally, we show on an example how to compute the spectral approximation

Résumé — Les méthodes spectrales sont bien adaptées à l'approximation numérique du
champ de déplacement d'une poutre mince En adaptant une technique introduite par M
Vogelius et J Babuska [1981] et déjà utilisée par le premier auteur pour des plaques (B Miara
[1989]) nous montrons comment construire une base de fonctions de V approximation spectrale
de façon à minimiser V erreur d'approximation en fonction d'un paramètre hé à la géométrie de la
poutre Pour des chargements et des géomêtnes particulières, nous montrons que ces fonctions de
base sont des polynômes Enfin, sur un exemple nous indiquons comment s'effectue le calcul de
V approximation spectrale

INTRODUCTION

In this work, the summation convention on repeated indices is used. Latin
indices take values in {1, 2, 3} while Greek indices take values in
{1-2}.

Let e be a « small » positive parameter and let ue : f2e -• R3 dénote the
displacement field of a thin clamped beam that occupies the cylindrical
volume n£ = âje x [0, L ], (the beam is « thin » because the diameter of the
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4 2 6 B. MIARA, L. TRABUCHO

cross section to £ is of the order of e, which is « small » when compared with
the length of the beam). In section 1 we give the three-dimensional
variational formulation of the equilibrium équations, whose solution is the
displacement field u% in the framework of linearized elasticity. In recent
works, L. Trabucho and J. Viafio [1987, 1988a, b, 1989] have shown
(following the early works of P. G. Ciarlet and P. Destuynder [1979a, b] for
plates ; A. Bermudez and J. Viafio [1984] and I. Aganovic and Z. Tutek
[1987] for beams) that, in order to study the behaviour of u£ when
s becomes very small, it is convenient to give an équivalent formulation of
the three-dimensional elasticity problem posed in a fîxed domain
Ö = CÜ x [0, L] whose cross section co is independent of e. We have found
that this approach, presented in section 1, is also appropriate for our
purpose of spectral approximation. Then the corresponding displacement
field uO) : Ö -> U3 is obtained as the unique solution of the variational
problem :

Find uO) e V such that

B(e)(u(s\ v) = F(e)(v) for all v e V ,

where /?(e)(u(>), v) dénotes the internai virtual work associated with the
transformed displacement field u(e), and F(s)(\) stands for the total
potential of the applied forces. The space V of admissible displacements will
be specified later. In section 2, the solution of this three-dimensional
problem is replaced by a finite number of problems posed on lower
dimensional spaces by applying a Gaîerkin spectral technique. For each
N s= 0, the spectral approximation üN(s) of u(e) is, by définition, the
projection of u(e) onto an approximation space VN of V, of the form :

VN = (v e V : v = ( £ TH*I, X2) V*(X3))

(*!, x2) e o), x3e [0, L]} .

Thus, if the basis functions Tf are known, the coefficients u^{e) of

uN(s) = I £ rf(jcls x2) uf{e){xy) 1 , are solutions of one-dimensio-

nal problems. This significantly simplifies the computation of u(e). Moreo-
ver, using an argument from M. Vogelius and I. Babuska [1981], we show
that, for special loadings, the basis functions T\ can be chosen so as to
minimize the approximation error ||u(e)— üw(^)| | . with respect to the

parameter e. In section 3 we give an example of how to compute the
coefficients u\( e ) of ü^ ( e ). For thin clamped plates the same kind of results
have already been obtained by B. Miara [1989].
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GALERKIN SPECTRAL APPROXIMATION IN BEAM THEORY 427

1. STATEMENT OF THE PROBLEM

1.1. The three-dimensional linearized elastieity problem

Let s and L be two positive scalars and let <*>£ dénote an open, bounded,
simply connected subset of IR2, with a Lipschitz boundary y e. The beam is
then identified with the three-dimensional body occupying the volume
n\ where Üe = a>£ x (0, L). The boundary FE of Ï2£ is the union of the
end faces FQ - coe x {0, L} and of the latéral surface -Tf = ye x (0, L).
Let xe = (JC*) dénote a generic point in Ö\ and let d£ue = aue/3xt

e. Let
ue = (M,C) : f2£-*M3 dénote the displacement field and <re = (o",*) :

Ùe -• S3 the stress field. Assume that the beam is subjected to body forces
F = (ƒ*) : Ü£ -* R3 and to surface forces ge = (gff) : Tf -> R3. In linearized
elastieity the equilibrium équations are :

where (div£ a s\ = 3;
e cr̂  and ne is the outward unit normal to Ff. The beam

being clamped at both ends, the displacement field satisfies the boundary
condition of plaee ue = 0 on Ffi. For an isotropic, homogeneous, linear
elastic material, whose référence configuration i l6 is a natural state, the
linearized constitutive équation in Oe is given by cr^ = A e^k ôtJ + 2 fie^p

where the Lamé constants A and ^ of the material constituting the beam are
assumed to be independent of e, and where the components e£

} of the
linearized elastieity strain tensor are related to the displacement field by
efj = ( 3 f w / + a ; O / 2 .

Let us now introducé the variational formulation associated to this
problem. Consider the Hubert space Ve = {ve = (v£) G [Hl{12 e)f ; v£ = 0
on TQ}, equipped with the H^norm. Let Be : Ve xVe -+M dénote the
symmetrie, continuous, bilinear form :

= fBe(u\ v£) = f [Ae;p(u
£)e£

q(v
£) + 2 /*^(u ' )^(v f f)] dxe

and let Fs : V E -+ R dénote the continuous, linear form :

*)= f r.v£^xe+ I g£.
JÛ£ Jrf

The following resuit, which relies on Korn5s inequality and the Lax-Milgram
lemma, is well known (for a proof see e.g. P. G. Ciarlet [1988], pp. 288-
292).

vol. 26, n° 3, 1992



428 B. MIARA, L. TRABUCHO

THEOREM 1.1 \LetF G [L2(f2e)f andg£ e [L\r{)f \ thenthere exists a
unique displacement field u£ e V £ that solves the variational équations :

B Ê(u% vÊ) - F £<V ) , V v f e l / £ . •

1.2. Equivalent formulation of the three-dimensional elasticity problem over
a fïxed set 12

Let o) be an open bounded domain of IR2 with a Lipschitz boundary
y. Define O — co x (0, L) to be the référence domain of IR3 whose
boundary F is the union of the end faces Fo = co x {0, L } and of the latéral
surface Fx = y x (0, L). For e => 0 the physical domain O e is then the
image of O by the transformation which associâtes to each point
x = (jcl5 x2, x3) G H the point x£ = (xf, JC|, x3

e) = (^x^ ex2, x3) e I2£.
According to this transformation the image of the section co is the section
co£.

Following Trabucho and Viano [1987, 1988a, b, 1989] we associate with
the displacement field ue

 G IR3, the function u(e) = ( M ( O ) ) : Ö -+ M?
defined by the scalings :

u£
a(x

£)= eua(e)(x), Vxe G Ô£ ,

M | (x e)= s2u3(s)(x), VxÊG i2%

We also assume that there exist functions f G [L2(/2)]3 and g G [L2(r !)]3

independent of e such that :

^(x£) = £
4 g a ( x ) , g£

3(x
£) = s3g3(x), Vxe G / 5 Ê .

We can thus reformulate the variational problem of section 1.1 in an
equivalent form. Consider the Hubert space V = {v = (vt) G [ T / 1 ^ ) ] 3 ;
v = 0 on r 0 } , equipped with the H^norm. Let S (e)( ., . ) : V x V -> R
dénote the symmetrie, bilinear form defined by :

B(e)(u00, (•)) =

e
la

[(A
n

M2 AN Modélisation mathématique et Analyse numérique
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GALERKIN SPECTRAL APPROXIMATION IN BEAM THEORY 429

and let F(e)(. ) : V -• M dénote the continuons, linear form, defined by :

F(e)(\)= £6 [ f.vö(x+ I g.vda .
[Jn Jr, J

The scaled displacement field u(e) is then the solution of the variational
problem

B(s)(u(e\ v) = F(e)(v) , Vv E V .

LEMMA 1.1: For each s > 0 the bilinear form /? ( e ) U . )is continuons on
V x V and V-elliptic. This means that there exists two constants m and M
(independent of s) such that :

B(e)(u, v) ^ ^2Af ||u||ffl(û)||v||ffi(i3) , Vu, v G V ,

B(e)(y9v)*e6m\\v\\2
HHo), Vv e V .

2. SPECTRAL APPROXIMATION

2.1. Principle of Galerkin Approximation

A spectral method consists in seeking the solution of a variational
problem in ternis of a truncated series of known, smooth, functions (for
example, polynomials, trigonométrie functions) taken from an approxima-
tion space VN. More precisely, let VN <= V be the approximation space and
üN(s) e VN be the Galerkin spectral approximation to the unique solution
u(s) e V to the variational équation :

£(O(u(e) , v) = FO) (v ) , Vve V .

By définition, the approximation üN(e) is the unique solution of the
problem :

which can also be characterized as the unique solution of the minimization
problem :

= inf {B(e)(u(e)-zN,u(s)~zN):zN G VN} ,

thus, üN(e) is the projection of u(>) onto the approximation space
VN with respect to the inner product associated with the quadratic form
B ( O U . )•
vol. 26, n° 3, 1992



430 B. MI AR A, L. TRABUCHO

In this section we give the structure of a possible approximation space
VN and we state a convergence theorem when N goes to infinity.

2.2. Another variational formulation of the three-dimensional problem
posed over the fixed set 12

As it will be seen later, it is convenient to split the bilinear form
B O ) into an « horizontal part » BH(e) (this means that BH(e)(n(e), . ) acts
only on the «horizontal» component \H = (va) of any test function
v = (!>,•)= (v#, v3) and a «vertical» part B3(e) (this means that
B3(s)(u(s\ . ) acts only on the « vertical » component v3). More specifi-
cally, we write,

B (O(u00 , v) = BH(s)(n(e\ vH) 4- B3(e)(u(e), P3) , Vv = (v„, t?3) e V

with the following explicit expressions for BH(e)( ., . ) and B3( ., . ) :

BH(e)(u(e\vH)= e2 [Aeaa (u(e)) efifi (v) + 2 M ^ (u(e)) eafi (•)] ^x +
J/2

33Ma(£)] 33i?a} dx ,
J/2/2

, V3) =

! av3} dx= e4 ! {\eaa(u(e)) e33(v) + n[dau3(s) + d3u
J n

+ e6 I [(A + 2/1)e3 3(u(£)) e33(v)] dx .
Ja

Similarly, the linear form F(e){. ) can be written as :

F( e ) (v) = FH(s)(yH) + F3(e)(»3) ,

*•*<*)(•„) = B 4 ƒ ƒ« â dx + J r 0a ». da I ,

F 3 (e) (v 3 )= e6 j f3v3dx+ j ff3 »3 da , Vv = (vw, p3) 6 V .

Consequently, the unknown u(e) solves the system :

FH(e)(vH),
= F3(s)(v3), Vv = (vH, v3) e V .

M2 AN Modélisation mathématique et Analyse numérique
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GALERKIN SPECTRAL APPROXIMATION IN BEAM THEORY 431

2.3. Choice of the Approximation Space

As in section 2.2, let us distinguish the « horizontal » part (P£) a nd the
« vertical » part Qk of the basis functions T* mentioned in the introduction,
that is, T* = (Pf, P\9 Q

k) for fcs=O. The approximation space VN of the
space y, is therefore defined by :

VO ̂  k ̂ N , (no summation on or )} .

Following the results obtained for plates by Miara [1989], one can choose
as follows a particular element ^N eVN that simplifies both the expressions
of BHÇVN, yH) and B3(VN, v3) for ail v = (yff9 v3) e V.

LEMMA 2.1 : For N =* 0 let V? = ¥$eH$N + 2(0, L ) anrf let

= 333^2-

Then, the element WN = ^ elk{V\ F*, V|F£, y | e ) öetongj to
* = o

solves the following équations, valid for ail v = (v#, t;3) e V :

f {A^(PJ

J ai

f

tf)t*(daQ
k-l+Pka-1)sk

a} do>

where (with no summation on a),

fL

*î(*l.*2)= ^afeJ^afe ^ X3)^3G//1(O>), O^k^N

Jo

^ + W ^2) - fL 3 3 ^(^3) va(*i> x» x3) dx3 e Hl{a>),
vol. 26, n° 3, 1992



432 B. MIARA, L. TRABUCHO

and

\
J <w

\ (A +2/JL)QN rN + 1dw +
J <O

Qk + Pk
a)*ar

k- [(A +2v.)Qk~l + A daP
k
a]rk}da>

where

rk(xhx2)= [L Wk
3(x3)v3(xltx2,x3)dx3eH\a>), O^k^N,

Jo
L

K2, x3)dx3 e Hl{o>) ,
o

and where, by convention, P" 1 = 0, Q ~ x = 0 .

Proof : The proof is straightforward if we replace u(e) by ^ in system
(2.1). •

2.4. Sélection of the basis functions (P*, Qk)

The idea now is to select the basis functions (P*, Qk) so that
B(e)(u(e) - WN, v) be as small as possible with respect to e, for all
v e V'. For simpiicity, we suppose hereafter, and with no loss of generality
(see remark 2.2), that all the forces vanish except g3 (the axial component of
the surface force), and that it dépends only on x3, Accordingly, the
construction of the basis functions is achieved by the following schema :

i) inB(e)(*frN, v), cancel all the coefficients of s2k + 2, k *zN + 1, except
that of e6,

ii) in Z? (e ) (tl*^, v), set the coefficient of s6 equal to g3 v3 da.
Jrl

This yields :

f F"
[(A +2 /1 ) QN 9 3 ^ hViWx,

and as a conséquence the basis functions (P\ Qk) are given by the following
recursion formulas (1*), (2*) for k 7* 0, with P~ l = 0, Q'1 = 0:

M2 AN Modélisation mathématique et Analyse numérique
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f
J 0)

1)sa} dco = 0 , V s € [H\u>)f, (1*)

= 8 f I rdy , VrsHl(co) . (2*)

Remark 2.1 : Interprétation of équations (1A) and (2*)
The vector valued function Pk = (Pk, Pf) can be interpreted as a weak

solution of a plane déformation problem of linearized elasticity in
(o. The two-dimensional displacement field P* expresses the déformation of
a body with Lamé constants A and JJL subjected to volume forces
((A + fx ) àaQ

k~1 + pPk
a~

l) in co and to surface forces - ÀQk~ 1 na on
y where n = (na) is the outward unit normal along the boundary
y. This effect is not present in the classical engineering beam théories. The
compatibility conditions for équation (lk) express the fact that these applied
forces are in equilibrium, namely the résultant and total moment vanish :

) d(o = 0 , (3*)

-l + Pk-l)*i]dco = 0. (4*)

Therefore, if these conditions are satisfied, there exists a function
P*, unique up to an infinitésimal rigid displacement, that solves the
variational équations (1*).

The function Qk can be interpreted as a weak solution of a plane
membrane-torsion problem of linearized in elasticity in <o. This takes into
account the warping of the cross section associated with Saint Venant's
torsion theory. The two-dimensional body with shear modulus yu, and cross
section co is subjected to volume forces (A -h 2 jm)Qk~l - (A + A O 9 a P £
in o) and to surface forces — /mP^ na -\- 8k on y. The compatibility
conditions for équation (2*) express the fact that the résultant of the applied
forces vanishes :

v ù)

[(A + 2 / * ) ö * " 1 + MaPÏlda, = Ôk | y | . (5*)

Therefore, if this condition is satisfied, there exists a solution Qk of
équations (2*), defined up to an additive constant. •

vol 26, ne 3, 1992



434 B. MIARA, L. TRABUCHO

Remark 2.2 : Extension to other loadings.
We considered that the system of applied forces reduces to

03(#1, x2, x3) = g3(x3). This is not a restriction since other types of loadings
are possible. For example ;

i) If fi(xu xl9 x3) = /3(x3) then we must replace the right hand-side of

(2fe) by SM rd<o and the right hand-side of (1*) by zero.
J (O

ii) If f3(xl9 x2% x3) = f3(xl9 x2)f
2(x3\ (resp. g3{xl9 x2, x3) = g\(xl9 x2)

03(̂ 3))» we must replace the right hand-side of (2*) by
ö i ƒ31 C*i» xi) r do>, (resp. 8 \ 03(̂ 1» xi) r dy), and the right hand-side

J to J y

of (1*) by zero.

iii) If ƒ„(*!, x2, x3) = fa(x3)9 (resp. 0„(xlf x2, x3) = 0a(x3)), then we

must replace the right hand-side of (1*) by ô2 (sl + s2)dco,
J 0)

(resp. 5 2 C$i + ^2) dy), and the right hand-side of (2*) by zero.
J y

Moreover, the following compatibility condition must hold :

fi(xl9 x29 x3) = f2(xl9 x29 x3) ,

(resp. gx(xl9 x2, x3) = g2(xu x

iv) If (with no summation on a) f(X(xux2,x3)=f1
a(x1,x2)fl(x3),

(resp. ga(xl9 x2, x3) = gx
a(xl9 x2) g2

a(x3)), we must replace the right hand-

side of (1*) by ô | fla(xl9 x2) sa d<o, (resp. ô% gl
a(xl9 x2) sa dy)9 and

J O) J (û

the right hand-side of (2*) by zero. Moreover, the following compatibility
condition must hold :

fi(xl9 x2, x3) - f2(xl9 x29 x3) ,(resp. Qi(xl9 x%9 x3) - g2(xl9 x%9 x3)). •

2.4.1. Some notations

We now introducé some notations for the statement of the next Lemma.
Let the vector field P* be a translation in R2 and let Qh - - Pk

a xa ; then
Qk is solution of the problem :

1 baQ
k +Pk

a)barda> =0, VreH\<o).

M2 AN Modélisation mathématique et Analyse numérique
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GALERKIN SPECTRAL APPROXIMATION IN BE AM THEORY 435

Let R* = (Ri) be an infinitésimal rigid body displacement. It has the

gênerai form, Rk = - rj x2 + Pk
9 /? | = ô x\ + ^ i w i t n ro G R- It i s t h u s t h e

solution of the two-dimensional elasticity problem :

L [A IL eaf3(R
k)daSp]da> = 0 , VSG [Hl(a>)f .

Let the vector field P** - (P **) be of the form P f =
[A/2(A + p)] <PapPkp, where the function valued matrix 0 = (^a jS) is
given by = (xï ~ 2* Consequently,

is solution of the two-dimensional elasticity problem :

IA eaa(P*k) e^(s) + ix eafi(F*k) Basfi - \P\ xp eaa(s)] da> = 0 ,

VSE [ i / V ) ] 2 .

Let 17 a, 6a and ƒƒ be the unique solutions of the following second order
problems :

nr\ a = 0 on y ,

V a d(o = 0 ,

A0a = 2xa in a) ,

* = - &a/3 np on y ,

- AH = -
= 1 on y ,

= 0 .

Let Q*k = [XPk
a 6a + (3 A + 2 M ) i ^ *7j/2(A + / A ) ; then g** is a so-

lution of the following membrane-torsion type problem :

- [(A = 0 ,

Vr G H1(Ù>)

vol. 26, n° 3, 1992



436 B. MI AR A, L. TRABUCHO

Let w (the warping function) and <p (the torsion function) be the unique
solutions of the following second order problems :

— Aw = 0 in a> ,
dnw = x2nx -x1 n2on y ,

w dw = 0 ,

f— A<? = 2 in (o ,
1 <p = 0 on y ,

and finally define the following constants,

I? =2 1 xawda>9 I? =2 { x2<pd<o ,
v (l) v CO

II = - 2 \ x1 <p d<o , ƒ = 2 \ <p dco ,

Ia = \ x2
ada> , Ha = f ^ ( x , 2 + x 2

2 ) / 2 ^ .

2.4.2. Existence of the basis function (P*, g*)

S ome results concerning the existence and uniqueness of the basis
functions are given in the following lemma.

LEMMA 2.2 :

i) Equations (lk) and (2*) 0 =s k ^j + 2 uniquely define the basis func-
tions (P \ Qk)Ossk^j- Moreover,

ii) the displacement field PJ + 1 is uniquely defined up to any arbitrary
translation vector PJ + !,

iii) function QJ + 1 is uniquely defined up to the additive function
QJ + \

iv) the displacement field PJ + 2 is uniquely defined up to an infinit estimai
rigid displacement RJ +2 and up to the additive function P*; + *,

v) function QJ + 2 is uniquely defined up to an additive constant q3 + 1 and
up to the additive functions Q3 +2 + g*y + 1 + r3

0
 + 2w.

Proof : The proof is done by induction. For j = 0 the result is true, since
équations ( l \ 2k)0^k^2 giy e the following expressions for the basis
functions (P\ Qk)0^ksi2.

M2 AN Modélisation mathématique et Analyse numénque
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GALERKIN SPECTRAL APPROXIMATION IN BE AM THEORY 437

where the constants C° and D° are defined by :

C° = [(A + /*)/(3 A + 2 /*)] xa dyila , (no summation on a) ,
J

= - [(A + M ) / ( 3 A + 2 / * ) ]

AD (3 A (A

AC

where the constants Kx and Z) ! are given by :

Kl=- fJL[{3 A + 2 / O C 2 / a + A C 2 / f ] / 2 A / ( À + / ^ ) + M [
J y

w dy/AJ,

Dl = n\2Ha ( xadylla- J

+ 2 / * )

and where P1 is an arbitrary vector in H2 and ô ' is an arbitrary constant in
IR. Moreover,

where the vector P2 is defined as follows :

- A 2 | r | PÎ

A +2/*)

+2fi) \œ\ +AP

and where P % k, 1 =s k ^ 6, are the unique solutions of plane déformation
elasticity problems of the form :

P2
a'

kdco= [ (P2kx2-P
2-kx1)d(o=0

vol. 26, n' 3, 1992



438 B. MIARA, L. TRABUCHO

and the data Fpy G$ associated with Pf\ 1 =s= & =s 6, are given by (with
summation on a) :

2 /

G^ = ~ \

J y

Xa
J y

J y

dr/la .

dy//« ,

Ff=

Gj = 0 .

The expression for Q2, which is defined by (22), is omitted because it is
too lengthy in the gênerai case. We shall nevertheless write it down for the
simpler case of a circular cross section (see § 2.4.3). Let us now suppose that
the lemma has been proved for 0 =s k *zjr + 2, we shall prove that it also
holds for k = j -t- 3 according to the following five steps :

First step (part i) : Let us prove that the compatibility équations
y + 3 détermine the translation vector Py + l and consequently that PJ + 1 and
QJ + l are uniquely defined. In fact, when we replace the test function
r by Xp in équation 2J + 2 we get, using the compatibility équations

[ dy
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This represents a nonsingular System of two équations in the two unknowns
PJ

a
+1 which are thus uniquely defined. This implies that the vector field

p*./ +1 a n c i fae fonction Q *y + l are known so that, first the displacement field
F + 2 is defined up to any infinitésimal rigid displacement R; + 2, and
secondly, the function QJ + 2 is defined up to the constant q3 + 2 and up to the
additive function Q3 + 2 - rJ

Q
 + 2w.

Second step (part ii) : Let us prove that the compatibility équation
4̂  + 3 détermines r£ + 2 and consequently that the displacement field
F + 2 is defined up to a translation F + 2. Since

J ùi

the coefficient of r3
0

 + 2 in équation 4' + 3 does not vanish and therefore
r& + 2 is determined by this compatibility équation. Thus the function
Q3 +2 is defined up to qj + 2 + ^ + 2.

Third step : The vector field Y3 + 3 can be computed from équation
V + 3, as follows :

J (O

2 neaft(V
 + 3) eaft(s)] da> =

- L
valid for ail s e (Hl(co))2. The only unknown on the right-hand side of this
équation is

ƒ.

Therefore Py + 3 is uniquely defined up to the additive function
[A/2(A + /ui)]q3+2x-hR3+\

Fourth step (parts iii and iv) : Let us prove that the compatibility
condition 5* + 3 détermines q3 + 2. Equation S7 + 3 can also be written as :

{(A +2/*

vol. 26, n° 3, 1992
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Then qJ +2 is uniquely determined and therefore the displacement flied
P/ + 3 is uniquely determined up to the function R; + 3 + P *J + 2 and
QJ + 2 is defined up to the additive function QJ + 2.

Fifth step (part v) : The function QJ + 2 can be computed from équation
2 + 3 .

r + 3 + 3 r

J Ù) J Ü)

+ Ô{ + 3 ) rdy , VreHl(a>)
J y

in which the only unknowns are on the right-hand side

[(A + 2 At ) QJ + 2 + A baP *' + 2] r da>, and on the left-hand side

A* ( 9 a ö y + 3 + ^ *7 + 2 + ^ i + 3 ) 9 a
r ^ - Therefore the function QJ + 3 is

J O)

uniquely defined up to a constant # ; + 3 and up to the additive function

2.4.3. Basis functions for the circular cross section

For the particular case of a circular cross section of radius R the basis
functions are polynomials since the elementary functions w>, <p, 77 a 0 a , and
ƒ/ introduced previously are polynomials. In tact for this case we have :

w = 0 , <p = [R2-(x2 + >

H = [x2 + x\ - R2/2]/2 R ,

/ a = 7r/?4/4, / = TT/?4/2 ,

/ / „ = 0 , H% = 7rR , f

For example, taking into account the first four équations (j - l in
Lemma 2.2), we get the following expressions for P°, P1, Q°, Ql :

= - 2 ( A +/*)/At(3 A + 2

g X = - * /4 M + (A + y, )(x2 + x2
2)/yu, (3 A
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and for P2, Q 2 (which are defined up to additive polynomial fonctions which
can be determined using higher order term s) :

- (2 A

+ ( 2 A 2 + 6 A / * + 3

= (2 A + ^ ) ( J 2 |

+ A2 /?3 /32

- 3(A + A6

A + 2

/* (3

2.5. Convergence of the spectral approximation

For a sufficiently smooth data g3 (ail other forces vanish by assumption),
the spectral approximation îiN(e) gives a « good approximation» of the
three-dimensional solution u(s) when s goes to zero. This is the resuit we
shall state next.

Let G3 = {g3'.xe (0, L)->g3(jt) = 33A, A G ƒƒ J(0, L)} ,

the following resuit then holds.

THEOREM 2.1 : If the System of applied forces is such thaï f = 0,
ga = 0 ató Âe component g3 = g3(x3) e G3 Pi / / Q ^ " ^0 , L) for N ^ 1,

exists a constant CN, independent of e, such that :

\\u(e)-ùN(e)\\Hl(n)^CNe™-\ ||u* - Sft || H,(/je) ^ Cw s™ " ' .

Proof : By assumption the element

belongs to VN and satisfies Lemma 2.1 (this element is obtained choosing
^i(x3) = 03(x3)). Then, using the définition of the basis functions, we get
for all v G V,

2N +4
ÇL r

{Ag"
J o J<o

3 J<o

therefore, | f l (e)(u(e)- ?V, v)|
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Galerkin approximation of u(s) the result is a conséquence of the
coerciveness of B(e)( ., . ) and of the scalings defined in section 1.2. •

Remark 23 : Extension to other loadings
With référence to remark 2.2 we have, in addition :

i) If f3(xl9 x29 x3) = /3(x3) , we set ¥\(x3) = f3(x3).

ü) I f fs(xu *2> xs) = f3(xl9 x2) fl{x3), (resp. g3(xl9 x2, x3) = g\(xl9 x2)
^3(x3)),we set V3(x3) = f3(x3), (resp. ^3(^3) = g3(x3)).

iii) If fa(xï9 x2, x3) = fa(x3)9 (resp. ga(xl9 x2, x3) = ga(x3))9 then we
choose *Pl(x3) = fa(x3), (resp. ^ ( ^ s ) = ^«(^3))-

iv) If (with no summation on a) fa(xl,x2,x3) = fl(xx,x2)fl(x3),
(resp. ga(xl9 x29 x3) = gl

a(xl9 x2) g\(x3))9 we choose &l(x3) = fa(x3),
(resp. Wl(x3) = ga{x3)).

We finally remark that in cases ii) and iv), the basis fonctions for the
circular case are not necessarily polynomials. •

Remark 2 A
For e sufficiently small, M. L. Mascarenhas and L. Trabucho [1990] have

shown that CN s2N~2 goes to zero as N goes to infinity. •

3. AN EXAMPLE. SPECTRAL APPROXIMATION OF ORDER ONE

The spectral approximation üx(s), as we defined it previously, is
expressed in terms of Q °, Q \ P°, P1 by :

, 0 p 0 , 2 „1 p 1l\F 1 + e ux f x

° ^ ° >-e2uiPi

and it is a solution of the following variational équations :

3.1. General case

Specifically, if 7*2 # 0 , ^ „ ^ 0 , g V 0, Q1 * 09 we have for all

Jo

Jo

w3V?, 31g0)] a3^ <**3 +

2 f F f p ^ , (3.1)
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{(A + 2 M) (9 I^ J , M*}) U\V + A (B^jf, 32^2) u\v +

-h f-b Y\o<2i j , ^ 2 1 / ^ 1 *̂~ v^l-* 2* 2 1 / ^ 2 J ^ ~̂~

i 1 / 2 D 1 A O \ n , ,0- , | .. r /D 1 I> 0\ *v ,.0 , / n 1 •% / ^ 0 \ »,0l s •* \ A-** _i
+ A v^^i j , ( / J " 3 ^ 3 " ' M Lv* 1» •* 1 / " 3 ^ 1 • V* 1> " l l i^ / ^ 3 J ^3*^ f ^*-^3 •"

+ e2 {A(àxPl g 1 ) 93M3Ü + ^ [ ( F l , F!1) 83^/ +
Jo

î fL 1
= £ 1 Fff ox:̂  ,

Jo l 3

Jo

+ £2 M [a3M2(^2» ^ 2 ) + «3(^2. a2ÔX)] 93^ ^ 3 = £2 ^ 2 ü ^X3 » ( 3 - 3 )
Jo Jo

/ fL

{(A + 2M)(a2P2 \ 82P2) u\v + ACajF^ 32P2
1)Mit? +

fJL i\Ö2i i? ^ 1 ^ 2 / " l • x^l ' 2' Oji 2) ^2J " '

+ A (32F^, o 0 ) 33M3°i; + (J. [(Pi F2°) 33M? + (Pi 32g0) M3°]

+ « f {
Jo

+ /*[(^2>

0

>0\ -s „0f" M [OiÖ°. P?)
Jo

P {(A + 2 /O(fi°, Ô°) 93«3°93̂  + A [(0°,+ e2

(3.5)
uj] 33u +

[(Bjö0, Pî) 93ui + (92Ô°. Pi) 93«2 + (9/>ô°, 9,8e1) "3] "} ^ 3 +

4 (\ +2^)(Q°,Ql)d3u
1
3d3v

Jo
= s2

0
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:(8iG'. Pi)hu°i+ (hQ\f
Jo r

Jo

{(A +2/t)(Ö1,

(3.6)
(ö1, ' "

JPi1)93«i+ (92Ô1,-Pi)93M2
1

4 f (A + 2 / 0 ( 0 ' , Ô1)93M31a3t)^3= e2 \ F\vdx3,
Jo Jo

where (with no summation on a ) ; TO = 0,1, F™= faP^dco +

gaPady;F%= f3Q
mdco+ f Ö3 Ö

m ^r , and where (., . ) dénotes

the L 2(o> ) inner product.

We shall now consider the problem of existence and uniqueness of
solution of system (3.1)-(3.6). To this end, we substitute this problem by an
equivalent one obtained by considering the following linear combinations of
(3.1M3.6):

/ (3.1) (Pi P!)/(ƒ>?, Pi) - (3.2) (3.7)

- (3.1) (Pi P?)/(P?, P?) + (3.2) (3.8)

(3.3) (Pi P\)l(Pl P\) - (3.4) (3.9)

- (3.3) (Pi P2
0)/(P2°> ^2°) + (3.4) (3.10)

(3.5) (Q\ Ql)l(Q\ Ô 1 ) - (3.6) (3.11)

- (3.5) (g0, Ql)KQ\ Ö°) + (3.6) . (3.12)

Let W dénote the Sobolev space

W = {w = (wl wl wl wl) e [//«KO, L)]6}.

Let C( . , . ) : W xW-• IR dénote the bilinear form associated with the
variational formulation of problem (3.7)-(3.12), and let M(. ) : W^U
dénote the linear form associated with the variational formulation of the
same system. We then have :

LEMMA 3.1 : The bilinear form C (., . ) is continuons on W and satisfies
the following inequality of Garding type on W : there exist six positive
constants (independent of s) Ak, 1 =s= k =s 6 such that for any w G W :
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C ( w , w ) * A f 2 2 2 2 2

|w

|33w2°|2+ |33W|2+"|33H':!|2+ |33W3°|2+ |w3
1|2)

°|2 + |w°|2 + |W|2+ |wi|2+ | w fi|2+ |w3f) -

The proof is done using Young's inequality that we recall hère. Denoting
by | . | the L2(0, L) norm, then for ail a, b e L 2(0, L) and ail 8 e IR+,
(*> b ) L \ o , L ) ^ ~ 8 \ a \ 2 / 2 - \ b \ 2 / 2 S, M

Since the linear form M(.) is continuous on W, we then have.

THEOREM 3.1: For any e^Q,ifO is not an eigenvalue associated with the
bilinear form C (., . ), System (3.7)-(3.12) and consequently System (3.1)-
(3.6) have a unique solution on W.

For a proof see Necas [1967, pp. 53]. •

3.2. Case of the circular cross section

When the beam's cross section is circular (of radius R), the first basis
function P° vanishes and the previous équations (3.1) and (3.3) are
identically satisfied. It is easy to show that when e = 0 the System of three
équations (3.2), (3.4), (3.5) gives immediately ux

a — 93M3 and u® as solution
of the variational problem :

M [(3 A +2/*)/(A + M)] rrR2 \ Q° 93w3
0 d3v dx3 -

J J ^3 dû} + J d3 dy \ dx3 '
valid for ail v e / /Q(0, L ), which is exactly the leading term obtained via the
asymptotic expansion method (see Trabucho and Viaflo [1978]). Equation
(3.6) gives u\ as a solution of the variational problem (also for ail
v e 7 / (5 (0 , L ) :

R2 Q°^d3vdx3 =
Jo

ri ÇL
F3

ou^3+ F\v
Jo Jo

(A + fx,
Jo

= [\fjiR2(3 A + 2 / * ) / ( À + A*)]

vol. 26, n° 3, 1992



446 B. MI AR A, L TRABUCHO

4. EXTENSIONS

The technique introduced here can be used in order to compute the basis
fonctions for multilayered beams. For the circular cross section case studied
before it is easy to show that these basis functions are (as for the plate case
(Miara [1989]) piecewise polynomials.

These results als o apply to the anisotropic case.
For the multicellular cross section case we refer to Mascarenhas and

Trabucho [1990], where different approximations are studied resulting from
the noncommutativity between the Galerkin approximation and the
homogenization technique. •
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