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THE CONVERGENCE OF A GALERKIN APPROXIMATION
SCHEME FOR AN EXTENSIBLE BEAM (*)

Tunc GEVECI (!) and Ian CHRISTIE (%)

Communicated by V. THOMEE

Abstract. — Error estumates are derwed for the convergence of a semuidiscrete Galerkin
approximation scheme for the equation of an extensible beam A modificaton of the Crank-
Nicolson time discretization 1s also discussed

Résumé. — Les estmations de lerreur sont déduites de la convergence d’un schéma
d’approximation senu-discret au sens de Galerkin pour une poutre extensible. On discute aussi
une modification de la discrétisation du temps de Crank-Nicolson

1. INTRODUCTION AND THE MATHEMATICAL BACKGROUND

The transverse displacement u of an extensible beam with hinged ends,
assuming that the beam corresponds to the interval [0, 1], is governed by
the following equation that has been suggested by Woinowsky-Krieger [13] :

D2u(t,x) +aDfu(t,x) —

_ [B +y Jl (Dgu(t,g))zdg:l Dlu(t,x)=0,xe (0,1),t=0,
(1.1) 0
u(,0)=u(t,1)=0,D2u(t,0)=D?u(t,1)=0,t =0,

u(0, x) = ug(x), D, u(0, x) = #y(x), x € [0,1].

(*) Recewved 1n December 1986
(*) Department of Mathematical Sciences, San Diego State Umversity, San Diego, CA
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(*) Department of Mathematics, West Virgimia University, Morgantown, West Virgima
26506

M* AN Modélisation mathématique et Analyse numérique 0764-583X/89/04/597/17/$ 3.70
Mathematical Modelling and Numerical Analysis © AFCET Gauthier-Villars



598 T. GEVECI, 1. CHRISTIE

Here o = 0, v > 0 and B are constants, and u, i, are given functions. As in
Dickey [5] and Ball [2], B may be positive or negative corresponding to a
beam under tension or compression, respectively.

Equation (1.1) and similar equations have been investigated by several
authors. We refer the reader to the papers by Dickey [5] and Ball [2]
concerning the existence of generalized solutions and to the paper by
Holmes and Marsden [7] for the existence of smooth solutions. In this paper
we will examine the stability and convergence of a semidiscrete Galerkin
approximation scheme for (1.1) and a fully discrete scheme based on it.

We use the standard notation for Sobolev spaces and norms. In
particular, L2 denotes L%*©,1), (.,.) denotes the L%inner product,
|.|| denotes the L*norm. H* is H*(0,1) and |.||, denotes the norm of
H* H}= {ue H:u(0) = u(1) = 0} and H? denotes H} N H2

The Galerkin formulation of (1.1) that is relevant to the approximation
schemes that we will consider is as follows :

Find u (t) € H? such that for each ¢ € H?> and ¢ > 0
(D?u(t), ¢) + a(D7u(t), D2 o) —

(1.2) — (B + ¥ D u@)|)(D2u(t), ¢) =0
and

u) =uy, D,u(0) =1y

(D?u(t,0) = D?u(t, 1) = 0 are natural boundary conditions) .
Let us define the bilinear form
(1.3) a(u, ¢) = a(D?u,D?¢), u,¢oe H*.
If the domain of A is defined as

(1.4) D(A) = {ue H* N H*: DZu(0) = D}u(1) = 0}

and A:D(A) < L?- L? is defined by

(1.5) Au=aD}u
we have
(1.6) (Au,¢)=a(u,¢), ueD(A), o€ H*.

a(.,.) is a bounded, coercive bilinear form on H? x H? [4, p. 273] and A is a
positive-definite, self-adjoint operator. We note that Au = f means that u is
the solution of the elliptic boundary value problem

aD}u = fin (0,1),

@7 u(@0)=u(1)=0, D2u(0)=D2u(1)=0.
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A GALERKIN APPROXIMATION FOR BFAMS 599

ue H* and a(u, ¢) = (f, ¢), ¢ € H?, is the Ritz-Galerkin formulation of
..
Setting

(1.8) f@)=— (B+v|D,u|*) Diu,

(1.1) can be expressed for u(t)e D(A), t =0 as

(1.9) D2u(t) + Au(t) + f(u(t)) =0,1>0,u(0) = ug, D, u(0) = iy,
and (1.2) can be expressed for u(t) € H?, t =0, as

(1.10)  (D?u(t), ¢) +a(u(t), ) + (f(u()), ¢) =0, =0, o€ H,
u(0)=uy, D;u(0) =1,.
Let S, = H? denote the space of Hermite cubics corresponding to a partition
of [0, 1] to subintervals of length & (see, for example, Strang and Fix [10]).
Any finite dimensional subspace of H? leads to analysis along the same lines,

but we will specifically consider the semidiscrete version of (1.10) that seeks

u,(t) € Sy, t =0, which satisfies
(1.11) (D} up(t), op) + a(uy(t), ¢p) + (f(us(t)), @) =0,t =0, ¢, € Sy,
u,(0) = ug , Dy u(0) =1

where uy 4, & , € S, are approximations to u,, iy, respectively.

Our convergence analysis and the fully discrete scheme we consider
necessitate the expression of (1.9), (1.10) and (1.11) as evolution equations.
We write (1.9) as

u(t) 0 —17[u@) 0 [0
D’[a(r)] 4 Hu(r)] +rawn] = [o]-
where I denotes the identity operator, and set U(t) = [u(t), u(z)]7
(T denotes the transpose),

0 -1 0 ]
1.12 A= F =
112 IS IR P
so that
D, U()+ AU =
13 U+ AU@) + F(U0) =0
U(O) = UO ’

where Uy = [ug, #]"-

The evolution equation (1.13) will be considered within the framework of
the Hilbert space H = H? x L? equipped with the inner product
(1.14) (U, V) =a(u,v)+ (&0)
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600 T. GEVECI, 1. CHRISTIE

for U = [u, #]?, V = [v,9]7, and the associated norm

(1.15) 1Ull, = a(u u) + |la|”.

Due to the coercivity of a (.,.), ||.||, is equivalent to the usual norm of
H?x L%

The domain D(A) of A is defined as D(A) x H>and A: D(A)c H - H
is skew-adjoint (iA, i = /— 1, is self-adjoint) so that — A generates the
unitary group e~ A, In particular,

(1.16) e Uoll, = | Uoll,, teR.

The map F : H - H is C®. Thus, as discussed by Holmes and Marsden [7], a
strong solution U(t) of (1.13) exists for Uye D(A) and
DFU(t)e D(A" %), k=0,1,...,n—1,n=1,2, ..., for Uye D(A") and
all 1 =0. Here D(A"), n =2, 3, ..., is defined inductively as the set of all
Ue D(A""1) for which AU e D(A""!) and is endowed with the graph
norm

1UNB@my = NU ey + IAU I pan-1y -

It is readily seen that U = [u, 2]" € D(A") iff

1.17) ue H** 2 u(0)=u@0)=-.-=u®@®0) =0,
u() =u®1)=-.. =ut”1) =0,

we H*", u(0) =a®0)=-..=u®"-20) =0,

a(l) = a(Z)(l) = .= u(Zn—Z)(l) =0,

and that ||. ||, is equivalent to the norm of H?"*?x H?" on D(A").

The existence of the solution for all t = 0 follows from the conservation of
energy, energy being

(118) E@) =5 {1+« D2u] + B Doul + J 1D} )

(see Ball [2]). Conservation of energy follows directly from the Galerkin
formulation (1.10) and leads to bounds on ||U(z)]|, in terms of ||« (0)]|, [2].

We would like to emphasize the locally Lipschitz character of F:
(1.19) |FU) - F(V)|, <KV, IVI)IU-V|, U VeH,

where K is a continuous function [2]. (1.19), coupled with conservation of
energy (1.18) leads to the well-posedness statement

M(|| Up || es e
(120) U@) -V ()], <Nl Vollof gy, 120,

M?AN Modélisation mathématique et Analyse numérique
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A GALERKIN APPROXIMATION FOR BEAMS 601

where U(t) and V (¢) denote solutions corresponding to the initial conditions
U, and V,, respectively, and M is a continuous function [2].

In the convergence analysis we will have occasion to refer to regularity
results of the form

(1.21) IDFUM | pary =< € @1 Usll ppnssy)

where C is a continuous function of its arguments. Even though we will not
bother to be specific about the form of C in order not to clutter the notation
and distract from the main features of the analysis, the reader should be able
to convince himself that such bounds do in fact exist as long as the initial
data is sufficiently regular (U, € D(A"**) with n + k sufficiently large)
thanks to the papers [2], [7].

We will express the evolution form of the galerkin formulation (1.10) as
follows : U(t) = [u(t), a(t)]’ x H?> x H* is determined so that

a(D,u(t), ¢)—a((t),e)=0, ¢ H*, t>0,
(1.22) (D, a(t), &) +a(u(t), &) + fu(t), ) =0, ¢eH =0,
H(O)Zuo, L2(0)=u0.

Introducing the bilinear form TI(.,.) on H? x H? by
(1.23) U, ®)=—a(u, ¢) +au, ¢)
where ® = [¢, $]7, (1.22) can be written as

(Dt U(t)’ q’)e + H(U(t)s q)) + (F(U(t))’ q))e =0,

(1.24) de H*xH*, =0,
and U@)=U0,.

Note that II is skew-adjoint,

(1.25) nw, ®) = -1(e, U)
and, in particular

(1.26) Inu,v)=0.

Parallel to the above expressions, the semidiscrete Galerkin formulation
(1.11) can be expressed as follows : U,(t) e Sy x Sy,
U,(t) = [up(t), 1,(t)]7, t =0, is determined so that for ¢ > 0 and each

q)h = [‘Phs ¢h]T
(127) (Dt Uh(t)’ cbh)e + H(Uh(t)’ (Dh) + (F(Uh(t))’ q)h)e =0

vol. 23, n° 4, 1989



602 T. GEVECL I CHRISTIE

and Up(0) = Uo,n = [uo,n» tt0,4]" -

Introducing the positive-definite,” self-adjoint operator A, : S, — S, by
(1.28) (Apup, ¢p) =alup, ), €4, € Sy,

we can express (1.27) in a manner which is parallel to (1.13):

(1.29) D, U,(t) + A, U,(t) + PLF(U,(t)) =0
Up(0) = Uy
where
A 0o -1,
00 [

I,:8, - S, is the identity, and Pj: H — S, x S, denotes projection with

respect to (.,.),. Just as A, A, is skew-adjoint and generates, in
. . —iA .

Sy x Sy, the unitary semigroup e " In particular

(1.31) |l Uo.ull, = 1 Uoull,» teR.

Conservation of energy (1.18) for the solution U(¢) of (1.13) is based on the
Galerkin formulation (1.24) and is also valid for the solution U, (¢) of (1.29).
We therefore have the stability result

MU nlle 10 nlle
(1.32) [|Us(e) = Vi), < "N rlleWVorlldr iy v 4, =0,

where M is independent of h, parallel to the well-posedness statement
(1.20), the proof of which is exactly the same as the proof of (1.20) in [2].
Let us denote the solution u of the elliptic boundary value problem (1.7)

by Tf so that Tf € H? and

(1.33) a(Tf,e)=(f,¢), o€ H.
The approximate solution operator T}, : L% S, is defined as
(134) a(Th f) cPh)= (f’ ‘Ph)’ ‘Phesh'

We have the well known approximation properties
(135) | (T=Ta) fll,=< CR£Il
(1.36) I(T—Ty) £l <Ch¥|f]
(see, for example, [10]).

M?AN Modélisation mathématique et Analyse numérique
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A GALERKIN APPROXIMATION FOR BEAMS 603

The Ritz projection PZ: H> - S, is defined by

(1.37) a(Piu, op) =a(u,¢r), @4€S,,
so that P?u = T, Au, and by (1.35), (1.36) we have
(1.38) u—Piull,<Ch?|u|,
(1.39) “u—PﬁuH = Ch*||ul,.

In the next section we will prove that

(1.40) () = un(®) |, = C @ Usll o)) 72
(1.41) () = w ()| < C @) Uoll ppoy) h*-

The third section is devoted to the discussion of a fully discrete scheme
based on a Crank-Nicolson type time discretization which conserves energy.
Similar schemes have been discussed by Sanz-Serna within the context of
the nonlinear Schroedinger equation [9] and within the context of the
extensible string equation by Sanz-Serna and Christie [3].

2. THE RATE OF CONVERGENCE OF THE SEMIDISCRETE GALERKIN
APPROXIMATION

THEOREM 1 : With the notation of section 1,

(2.1) 1U,@) = U, < C(T || Uoll o) h*» O<t<T,
if
(2.2) | Uo,n — Usll, = 0(R?) .

Remark 1: We thus have
llun(2) —u(@)], =0(R%,
() — a(@)| =0,
for Ost<Tif
o, n — uoll, = O(R?) 5 ||ito, ), — ito]| = O(R?)
and, according to (1.17),
uo€ H', up(0) = uf(0) = uf¥(0) = uf®(0) = 0,
ug(1) = uf(1) = ug”(0) = uf®(0) =0,

vol. 23, n° 4, 1989



604 T. GEVECI, 1. CHRISTIE

o€ HY, 1y(0) = af®(0) = uf(0) =0,
(1) = af (1) = uf?(1) = 0.
Such stringent hypotheses seem to be indispensable in the case of hyperbolic
equations. The reader may compare with the results for the wave equation
(e.g. Baker and Bramble [1], Geveci [6]) and Rauch’s recent paper [8] on
the necessity of such assumptions in a specific case.
Proof of Theorem 1: We introduce P,: H? x H? - S, x S, by
(2.3) P,U= [P}u, P2u]”

where U = [u, 2]7 and P? is the Ritz projection (1.37).
Since U(t) — U, (t) = (U(t) — P, U®)) + (P U(t) — Uy(1)), and

(2.4) 1U@) = PrUQ@)|, =< CRA(Jlu(@) |4+ la@)],)
by (1.38), so that
2.5) 1U@) - P U, = € [ Ul pgue)

thanks to the regularity statement (1.21) and the description (1.17) of
D (A¥), all we need to show is that E,(t) = P, U(t) — U,(t) satisfies

(2.6) IEx(@)l, = C @ || Uoll p(3y) h?.
By the definition of P, and IT (1.23)
(27) H(Ph U,@h)ZH(U,‘I)h), (DhEShXSh.

We can therefore write (1.24)
(D, U(t), @p)e + II(P, U(t), Pp) + (F(U(fj)), D). =0, P,ESXS,,
and

(2.8) (D, P U{), Pp) + (P, U1), Pp) + (F(PLU()), Pp). =
= (pa(?), @), PLES, XSy,

where
(2.9 (@)= (P, -I)D,U@)+ (F(P,UE))-FUQ))).
Since
(2.10) NP, U@¢),®,)= (A, PLU@R), D)., eS8, xS,

M?AN Modélisation mathématique et Analyse numérique
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A GALERKIN APPROXIMATION FOR BEAMS 605
((1.28), (1.30)), we can express (2.8) as
(211) D, P, U@)+ A, P, U)+P;F(P,U@)) = P;pu(2).
We rewrite (1.29) :
(2.12) D, U,(t) + A, U,(t) + PLF(Uy(2))=0.
From (2.11) and (2.12) we obtain
(213) D, E,(t) + Ay E4(t) = Pipp(t) = PE(F (P, U(t)) — F(U,(1)))
so that

2.14) Ep(t) = "™ E,(0) + L e M [Pt o, (x) -

- Pi(F (P, U(7)) = F(Uy(7)))] dr .

Thanks to (1.31) and the fact that P§ is the projection in H? x L%, (2.14)
leads to

@15) 1B, < [EO)], +
; f Hoal, + [F (P, UG)) ~ FU)|.] dr

Now we make use of the local Lipschitz property (1.19) of F and the
boundedness of ||U(z) ||D(A), | Un(2) |, in terms of the initial data (cf. (1.21),
(1.32))

(2.16) |F(PyU()) = F(Uy ()|, < CIEL(D,
(We shall not indicate the quantities that C depends on expliticly. C

depends, in particular, on T and || Uy, ) In the sequel C may stand for

different quantities that are bounded in terms of the data.)
Combining (2.15) and (2.16) we obtain

t t
(217) |E ()], =< I EnCO)], + J lpa ()|, d7 + C J I Ex()|, dv .
0 0
(2.17) and Gronwall’s lemma lead to
t
2.18) £, =< (1O, + [ I, o)
vo

vol. 23, n° 4, 1989



606 T. GEVECI, 1. CHRISTIE

so that the proof of Theorem 1 will be concluded once we show that

(2.19) IEx(0)]], < Ch?

and

(2.20) ||ph(t)||esCh2, O=st<T.
We have

E,(0)=P,Uy— Uy,
= (P, Uy—Up) + (Uy— Uy )

so that (1.38) and (2.2) yield (2.19).

From the definition (2.9) of p, (¢), (1.38), the Lipschitz property of F, and
the regularity assumption on Uy, (2.20) is also readily obtained.

We will now prove the O(h*) estimate for |u,(t) — u(t)||. Before we
state and prove the relevant theorem we will introduce some mathematical
background and notation in addition to that which was presented in
section 1.

As in baker and Bramble [1], Thomée [11] and Geveci [6], we will

introduce another inner product on H? x L?:

(2.21) W, V) en = (u,0) + (i, T, 0)
for U_fu,a), Vv-polfed?=xL?.
The associated seminorm is denoted as ||.||_, , (T} is symmetric, positive

semidefinite on L% and positive definite on S, so that ||. l_., 5 is a norm on
Sy x Sp).
Now, A, is skew adjoint when S, x S, is equipped with the inner product
(+»+)_¢,n since
(A Ups Vidoeon = — (ns 03) + (Ap i, Ty 0p)
= — (ty, vy) + a(up, T, 0y)
= — (ty, vy) + a(Th up, 0y)
= — (i, 03) + (uy, 0p)
== (Un, M Vi)_en -

Therefore A, generates a unitary group in S, x S, equipped with (.,.)_, ,
and we have

(2.22) lle™ ™ Uon]l_, , = NVoll_,,> t€R.

M?AN Modélisation mathématique et Analyse numérique
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Another fact that we shall appeal to is the following :
Denote

(2.23) lell_on =~/ (@ Th &)

Then
(2.24) lell_,,=<CUel_,+hel).

This is proved as in Thomée [11] and immediately leads to
(2.25) IDZell_, ,=<C(lell +A|ell,).

(2.24) and (2.25) will be utilized in the following way :

LEMMA 1: We have

(2.26) If @)= @Iy, <CUlu—v| +A*u—2|,)
where C=C(llully lvll,) -
Proof:

fu)—f@)= B +v|Dv|*) DZv - (B +v|D,u|*) D}u
= B+v|D,v|*) D}v —u) +
+v(| D, v|* - | D, u|?) D}u
= (B +7v|D.v|*) DXv —u) +
+¥(D(v —u), D,(v +u)) D?u
= (B +v|D:v|*) DX(v —u) — y(v —u, DX(v + u)) D?
so that
If @) = fF@)_p,=<CULIDIDHw -], ,
+C(lo))3 NulPD v —ul
< C(Jol% Nul2)Ulu—v| +h*lu—-2],)

by (2.25).
We are now ready to prove our result ;

THEOREM 2 : Under the same conditions as in Theorem 1,

@27 u(®) —u(®)] < C(T, |Ugll ps) - h*, O<t=<T,

if, in addition
228)  fuo—uoull = O(h) and |ig — it 4| = O(A*) .

vol. 23, n° 4, 1989
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608 T. GEVECI, I. CHRISTIE
Proof: Again,

U@t) ~Uy(t) = (U@t) = P, U@)) + (P, U@) — U, (1))

(2.29)
= (U(t)-P,UQ)) +Ey),

and

U@ = PL UM, , = C(Ju@) - PRu@)] + at0) - PFa@®)]_, )
= C(Hu(t) —P,zlu(t)“ + ”u(z) - P,Z,u(t)”)

since || T, || = C, say, for 0 < h < h,. By the approximation property (1.39),
(2.30) 1U@) - P UM _, ,<CUu@)l,+ [2@)],)h".

In order to estimate E,(¢) we proceed as in the proof of Theorem 1 :
Ey(t) = e ™ E,(0) +

N L e "M Pelp,(x) + F (P, U(x)) = F(Uy(v))] dr ,

and by (2.22)

231) |EO_, < IEO]_,,+ J{: |1Psen(®)]_, , dr +

3

+ | IPSF @ U@) = FUI_, , ¢

We will estimate each term on the right of (2.31) separately
E,(0) =P, Uy - Uy = (P Uy~ Uy) + (Up~ Uy ) »
so that
(2.32) “Eh(O)“_e,h = [P, Uy — Uo[l_e,;, + [ U - Uo,h”_e,h
< C(||Piug—uo + || Pitso — tao| + lluo — uo, 1l
+ |0 — 0,4 )
< Ch*.

As for the second term :

Pipp(t) = PE(P,— 1) D, U(r) + Pi(F(P4(7)) — F(U(7))) .
Pi(P,—1)D, U= [Pj(P;—1)D,u, P(P;~1)D,u]"

2.
@33 0, PYPE— 1) Dyal?

M?AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



A GALERKIN APPROXIMATION FOR BEAMS 609

since PZo P} = P}, P} being a projection (P? denotes the L%projection).
By (2.33)

|PRPy~1)D, U, = |PRPE-1) D, ,
= (PXP?—1)D,u, T, PY(PZ—1) D, i)
= ((Pi-1)D, i, T,(P;— 1) D, &)
= |®Pi-D)Da|’,,
so that
(2.34) |PiPy—1) D, U||_, , < C|(Pi~1)D,u|
< Ch*.

We also have

|PEF Py U) - FOD_, , = IPRFPFw) - f@)]_,,
= |fPiuw)-f@)_,,

so that, by Lemma 1,

(2.35) |Pi(F (P U)=FU)|_, ,<C(Ju- Piu| + h?|u—Piul,)
< Ch*.
Combining (2.34) and (2.35) we obtain

t
(2.36) J ||P;ph('r)||_ehd~rsCh4, O<st=T.
0 ,

In the same way as we obtained (2.35),

|PECEP,U) = FWUD|_, =< C(Jlus~ Piu| +h*|u, — Piull,)
< C(|jun—Phu| +h%

from Theorem 1, and we therefore have
(2.37) J(: |PELF (P, U(T)) ~ F(U ()] _, , d7 < Ch* +
s [mve - v, e cnts @I, , b
By (2.31), (2.32), (2.36) and (2.37),
B = (n+ [ 1B, o)
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so that, by Gronwall’s lemma
(2.38) ||Eh(t)||_ehsCh4, O<t<=T.
This leads to (2.27) and the proof of the theorem is concluded.
Remark : From the proof it is clear that we also have
() — )], , = 0(h*
which, in turn, implies
i (@) = w(@)|_, = 0(k*)

where ||.||_, denotes the norm of the dual of H?, as in [6].

3. A FULLY DISCRETE SCHEME

Let us rewrite the semidiscrete Galerkin formulation (1.27) as
(3.1) (D, Up(t), ®p)e + (U, (1), @y) + B (un(t), &)1 +
+ 'Y||uh(t)”§ (wn(t), &)1 =0,

(bh:[‘Phy(Ph]TEthsh! t>0,

Un(0) = Uo, »
where
(u,v)l= (Dxu7va)f “u”%= (“,u)l'

Denoting

- up-upt!

3,U] =— n=1,2,...,
where k is the time step, and

_up+uptt

Oy = ——5"—, U= (@5,

the application of Crank-Nicolson time discretization to (3.1) yields the
scheme

(3.2) (3, Up, @), + 1L(TUy, @) + B (@), ¢4)1 + ‘Y”ﬂﬁﬂf (@h, &1 =0,
®,eS, xS, n=1,2,...,
Up=Uyp-
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We modify (3.2) as follows :
(3:3)  (3,Up, @), + TL(T}, D) + B (@5, ép)1 +

ekl + Nus =113
+'Y< ! 2 ' (L_‘Z, ‘bh)l:Oa

D, eS8, xS, n=1,2,..., Ul=Uy,,

The reason for this modification is the following :

LEMMA 2: Energy, as defined by (1.18), is conserved by the modified
Crank-Nicholson scheme (3.3), i.e.,

EWUH=EWU;™), n=1,2,....

Proof : Substituting U}, for @, in (3.3),
B4 QU O, + LTy, Uy) + B (@, 4y ) +
2 ]+ 1@ ) = 0.
Since II(T7}, U;) = 0 ((1.26)), and

@Up Op)e =5 3,||UR|

e?

N =

— - - a 1_ n
(@, )y = (@, Buf)y = 5 3 Juf]}
(3.4) yields
LN 17 X 17 L I T e PR S R P
2 ¢ h ¢ 2 t h 1 2 h 1 h 1 2 t h 1 B
and this implies
of D2 uf|* + [l |* + B uf])} + 3 Jukll} = e D2up | +
S A Y T M T
ie. E(UH=EWU;™ Y.

Just as in Ball’s discussion of the existence of solutions of the original
equation [2], conservation of energy leads to the boundedness of
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||Dfu,’,‘|| and |[u;]|, n=1,2, , m terms of the imtial data and the
following convergence result can be established

THEOREM 3 If the hypotheses of Theorem 1 are vald,

|Ur— Ukn)||,< C(K*+R%), kn<T,

where Uy, n = 1,2, , s generated by the modified Crank-Nicolson scheme
(33)

If the hypotheses of Theorem 2 are vahd,
” Uy - U(kn)”_e S Ck*+hY, kn<T

The proof will be omitted since 1t 1s lengthly but straightforward along the
hnes of the proofs of Theorem 1, Theorem 2, and Thomée [12, Ch 10],
thanks to Lemma 2
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