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STABILITY OF THE LAGRANGE-GALERKIN METHOD
WITH NON-EXACT INTEGRATION (*)

by K. W. MORTON (*), A. PRIESTLEY (*) and E. SULÏ Q)

Communiqué par R. Temam

Abstract. — The Lagrange-Galerkin finite element method for a hnear advection problem is
unconditionally stable if exact intégration is used for the évaluation of the inner products
However, great care must be taken when non-exact intégration is perfortned Large classes of
well-known quadrature rules lead to conditionally unstable schemes An alternative technique is
presented and shown to be. stable

Résumé. — La méthode d'éléments finis de Lagrange-Galerkin est inconditionnellement stable
pour le problème a"advection linéaire, si le calcul des produits internes est obtenu à l'aide d'une
intégration exacte Cependant il faut être prudent dans le cas où une intégration non exacte est
utilisée Les méthodes deviennent conditionnellement instables dans le cas de nombreuses
catégories d'intégrations numériques. Une autre technique est donc présentée et démontrée stable

0. INTRODUCTION

In the past ten years there has been an increased effort aimed at solving
advection-dominated diffusion problems. One of the new numerical techni-
ques designed for dealing with such problems is the Lagrange-Galerkin
method which is based on combining the method of characteristics with a
standard finite element procedure (see, Benqué étal. [2], Bercovier &
Pironneau [3], Douglas & Russell [6], Lesaint [12], Pironneau [15], Russell
[16], Suli [17]). In these papers the unconditional stability and the
convergence of the Lagrange-Galerkin method has been demonstrated for a
wide class of problems. However, most of the analysis is based on the
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research programme of the Oxford/Reading Instruite for Computational Fluid Dynamics
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626 K. w. MORTON et al

assumption that all inner products are evaluated exactly, though some study
of the influence of quadrature has been performed by Lesaint [12] and
Russell [16].

The purpose of this paper is to show that if standard numerical quadrature
techniques are used to evaluate the inner products, the method becomes
conditionally unstable. Moreover, in most cases the stability condition
cannot be met by limiting the time-step : Lobatto quadrature is a notable
exception. An alternative quadrature technique, derived from particle
methods and called area-weighting, is presented and shown to be stable.

In the next section two formulations of the Lagrange-Galerkin method
are given for a linear advection équation and some basic properties of the
exactly integrated schemes are demonstrated. Section 2 is devoted to the
analysis of the effect of quadrature. We prove that quadrature rules
including Gauss-Legendre, Gauss-Lobatto, Radau and Newton-Cotes lead
to conditionally unstable schemes. In Section 3 the alternative area-
weighting technique is presented and its stability and convergence is proved.
Section 4 is devoted to numerical examples.

In the following, C will dénote a positive generic constant, independent
of the discretization parameters.

1. FORMULATION AND PROPERTIES OF THE EXACTLY INTEGRATED LAGRANGE-
GALERKIN METHOD

1.1. Dérivation of the basic schemes

Consider the Cauchy problem for the scalar, linear advection équation for
u(x,t):

wr + a . V w = 0 , xeRd, f > 0 , ( l . L l a )

where w0 belongs to L2(Ud) and the velocity field q(x, t) is incompressible,
i.e.

V . Ö = 0 V * , r . (1.1.2)

We can define characteristic paths or trajectories, X(x, s ;t), by

X(x,s \s) = x, (1.1.3a)

4-X(x, s;t) = a(X(x, s ; t), t) ; (1.1.3&)
at

or, if desired, (1.1.3) can be replaced by

x,s'9T),T)dT. (1.1.4)
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LAGRANGE-GALERKIN METHOD WITH NON-EXACT INTEGRATION 627

For tn +1 = tn + At, X(y, tn + l; tn) and X{x, tn ; tn + *) will be denoted by

x and y respectively.
A unique (absolutely continuous) solution to (1.1.3) can be guaranteed if

it is assumed that a belongs to the Bochner space z/(0, T ; (W1>ao)d). The
relation

^ ; ï + T),r + T) = M(.,O (1.1.5)

then gives us the solution to (1.1.1).
The most direct formulation (indeed, we shall refer to this approach as

the direct Lagrange-Galerkin method) for an approximation at time
tn given in terms of finite element basis functions (f>;,

ü" = ££/;<!>,, (1.1.6)

ƒ

uses (1.1.5) directly to obtain Un + 1 in L2(Rd) satisfying

fe) <f>(QO dy (1.1.7)

where <• , • ) dénotes the L2 inner product over IR". Here we have used the
Galerkin method applied to an integrated form (1.1.5) of the differential
équation (1.1.1). This is the same approach as that used by Bercovier &
Pironneau [3], Douglas & Russell [6] and Pironneau [15], for example.

A second, alternative, formulation has been proposed by Benqué et al. [2]
and this will be referred to as the weak formulation or weak Lagrange-
Galerkin method because the adjoint of the differential operator in (1.1.1a)
is applied to a test function. It introduces new test functions i|/( (• , f ), which
now are not only different from the basis functions but depend on time.
Multiplying the équation (1.1.1) by this test function and integrating in
space and time we get

f <u, + a . Vu, *|i(> rff = 0 . (1.1.8a)

Integrating by parts, with respect to either space or time, we obtain

rt + te

Using (1.1.2), the incompressibility condition, V . (aiK) can be rewritten as
a . Vi|/( so that this last term vanishes if the test functions satisfy

<Kür(., t ;t + T), * + T) = * , ( . , 0 . (1.1.8c)

vol, 22, n° 4, 1988



628 K. w, MORTON et al

To solve (1.1.8c) a final condition on ^ is imposed by setting

**(.,* +Af ) = * , ( • ) . (l-l-8d)

Substituting our finite element approximation (1.1.6) into (1.1.86) together
with (1.1.8c) and (1.1. Bd) gives

equivalently,

<*7* + \ 4>f.) = J ^ ( x ^ - Ç O ^ , (1.1.9a)

where

y = g(x9t
n;tH + 1). (1.1.96)

If / is the Jacobi matrix of the transformation defined by the mapping
X(* , tn ;tn + 1), then we have, as shown in Chorin and Marsden [5],

where \J\ is the determinant of ƒ. For V • a = 0 this means that

| ƒ | = constant = 1 , (1.1.10)

which in turn implies that dx=~ dy and so (1.1.9) and (1.1.7) give the same

scheme when exact intégration is used.

Remark : When V . a # 0 the direct and the weak formulations are not
the same. With x and y still related by (1.1.3), the direct form (1.1.7) still

approximates (1.1.1), whereas the weak form, with the test functions given
by (1.1.8c, d)9 approximates instead the équation ut + V • (au) = 0.

Remark : In the context of hyperbolic problems and shock-modelling, a
third formulation has been used for what have been called characteristic
Galerkin methods but which are equivalent to Lagrange-Galerkin methods
for linear advection — see Morton & Sweby [14] and Childs & Morton [4],

1.2. Some properties of the exactly integrated schemes

If finite éléments are used for which ^ ^ s 1, which it will be assumed

always holds, then conservation for either of the formulations follows

IVPAN Modélisation mathématique et Analyse numérique
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LAGRANGE-GALERKÏN METHOD WITH NON-EXACT INTEGRATION 629

immediately. Suppose also that we dénote by Eàt(t) the solution operator
a(- , t + At) = Eàt(t) u(- , t) and similarly E^x(t) u{* , t + At) = u(- , t)foi
the équation (1.1.1) over the time-step A* ; that is from (1.1.5)

£ * ( ' ) « ( • , 0 = « ( - , ' + A/) = w(X(. , f + A* ; f)> 0 • (1-2.1)

Now, where ||* || dénotes the usual L2 norm over W1, and ||« j | * is the

correspondingly defined operator norm,

B « 0 . O I I

and from (1.2.1) and (1.1.10) this equals 1 and hence

11̂ (011. = 1= ||V(0||.. (1-2-2)

The unconditional stability of the direct or weak methods will now follow
immediately.

For the direct method we can write

(U" + \ ^ ) = <£*(*»)£/",<!>,> • (1.2.3)

Multiplying by U" + 1 and summing over / gives

||C/n + 1 | |2= (EAt(t
n)Un, f/n + 1)

s | | ^ ( r" ) t / « | | . | | t / « + 1 | | .

Hence

Similarly for the weak method, we can write

<tf" + 1,4»,> = <£/»,J5iV) <!>,•>• (1.2.4)

By virtue of (1.2.2), and the Cauchy-Schwarz inequality, we have,

to again deduce unconditional stability.

THEO REM 1.1 : The direct Lagrange-Galerkin method with C° finite
éléments ofdegree k (k^l) converges with order k in the f°°(0, T ; (L2)d)
norm, provided that u0 e (Hk + 1)d, a e L°°(0, T; (Whco)d) and the corre-
sponding solution u of (1.1.1) belongs to the space Hx{0, T; (Hk+1)d).

vol. 22, n° 4, 1988



630 K. w. MORTON et al.

Proof: We introducé if = un - Iun and £" = Iun - Un, where un dénotes
u(- , n At) and Iu" is a piecewise polynomial interpolant of u" of degree
k. From (1.2.3) we have

Thus, by using the Cauchy-Schwarz inequality for all inner products and
(1.2.2),

r+1 nri
Now it remains to estimate the right-hand side terms in (1.2.5). Following
the convergence proof in Süli [17],

so that

Assuming that U° has been chosen to be /w°, standard interpolation results
yield the desired estimate ;

II U - Uhœ(0fT; (L2)d) ^ ChkW U II ^ ( 0 , T; (Hk + 1f) *

Remark : In some special cases, the order of convergence in Theorem 1.1
may be improved. For example, for one-dimensional constant linear
advection, the Lagrange-Galerkin method with piecewise linear éléments
on a uniform grid is third order accurate, Furthermore, when a is a smooth
fonction, the method is second order accurate in the £°° (0, T ; P) norm on a
non-uniform mesh.

Remark : For a generalization of the flux-corrected transport algorithm of
Boris and Book a resuit similar to Theorem 1.1 has been proved by Lesaint
[12].

Modélisation mathématique et Analyse numérique
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2. THE EFFECT OF QUADRATURE

2,1. Introduction

Except for some one-dimensional flows, the évaluation of the intégrais in
either the direct or the weak formulation is going to require some form of
approximation and then the two methods will not in genera! be identical.
Even for the relatively simple flow of the rotating cone problem to be
described in the last section, the exact évaluation of the intégrais (1.1.8) or
(1.1.10) is not practicable.

Some analysis of the influence of quadrature on Lagrange-Galerkin
methods has been performed by Lesaint [12] and by Russell [16] and this
shows that 0(hk/àt) terms are added to the error, where k is the degree of
the element. For linear éléments on a regular mesh this can be improved to
0(h2/At), which suggests that if we choose At ^ C Ax the scheme will still
converge, albeit at a reduced rate.

In this section we will present results that show that, for certain

quadrature rules, it is not so much the mesh ratio — which must be
Ax

bounded away from zero but the CFL (Courant-Friedrichs-Lewy) number

ja | — . Ho wever, in gênerai, we may not be able to bound this away from
zero unless a(x, t) is a constant. For other important classes of intégration
rules our results give a severe stability restriction.

For the sake of simplicity, each result on the influence of quadrature will
be presented for just one of the Lagrange-Galerkin methods, the proof
being similar for the other. The analysis in d dimensions can be greatly
simplified by the following result.

LEMMA 2,1 : For constant linear advection in d dimensions the Lagrange-
Galerkin method is just a tensor product of d one-dimensional Lagrange-
Galerkin methods, assuming that the basis functions themselves are tensor
products of the corresponding one-dimensional basis functions on a grid
which is uniform in each coordinate direction,

Proof: We shall prove this lemma only for d = 2. The gênerai case can be
handled by induction. In one dimension it is necessary to evaluate, in the
direct method (1.1.7) for example, the following intégrais :

where Tx f(x) ••= f(x - a At ). This is rewritten in a more convenient form as

I x * i ( x ) T x U n ( x ) V Ï , (2.1.1)

where the Ix just represents the intégration in x.

vol. 22, n 4, 1988



632 K. w. MORTON et al.

In two dimensions the mass matrix is clearly the tensor product of two
one-dimensional mass matrices and so it remains to see if this is also true of
the right-hand side. Clearly, (2.1.1) becomes

IXlX2 h(*i) 4»,<*2) TXlXl U
n(Xl, x2) Vj, j (2.1.2)

where

so that
'T
1X1X2

since at and a2 are constants. The following relationship also clearly holds,
since a uniform rectangular mesh is being employed,

Now TX2 and IX2 have no effect on a function solely of xx and similarly

TXl and IXi have no effect on a function solely of x2 and so (2.1.2) becomes

(*i) +y(*2) TXiX2 U*(x) = (IXi <M*i) TXl)(IX2 fy(x2) TX2) U»(x) .

Therefore the two-dimensional case is just the product of the one-dimen-
sional cases. •

A second simplification is the following ;

LEMMA 2.2 : For one-dimensional constant linear advection the weak and
direct Lagrange-Galerkin methods are equivalent, provided that the basis
functions and the quadrature rule are symmetrie.

Proof: See Morton & Priestley [13].

2,2, The instabüïty of quadrature with linear éléments

Thus we consider here only one-dimensional constant linear advection,
and it is most convenient to work with the weak form. Generally one will
want the scheme to reduce to the identity when the advection speed is zero.
Thus if the exact mass matrix is to be used for the left-hand side of (1.1.9),
the quadrature rule to be used on the right should be exact for quadratics.
Such cases are covered in the main theorem below. But there are two simple
quadrature rules that we deal with first. In all results the CFL number v can
be replaced by v + m, where m is an arbitrary integer.

LEMMA 2.3 ; The (weak) Lagrange-Galerkin method with linear éléments
on a uniform mesh is unconditionally unstable when the mass matrix and the

Modélisation mathématique et Analyse numérique
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right-hand side are both evaluated by centroid quadrature : when the exact
mass matrix is used it is unstable for CFL numbers v e [1 / \/6, 1 — 1 / \fè\ ;
and when the lumped mass matrix is used it is unconditionally stable.

Proof: Our scheme is

\) j (2.2.1)

where y = x + a At. We shall consider only CFL numbers v e [0, 1/2] for
which the three éléments between (i - 2) h and (i + 1 ) h may contribute to
the terms in (2.2.1) ; the interval [1/2, 1] is handled by an analogous
argument. We need to compute the right-hand side of (2.2.1) and apply
Fourier analysis. Contributions to the right-hand side are tabulated below :

Element centre Contribution to £ wUn(x) <f>, (y)

(i - 3/2) h 0
h

Hence, with the mass matrix obtained by setting v = 0 here, the scheme
(2.2.1) becomes, in operator notation,

]T. (2.2.2)

The Standard notation has been used here :

h2Ut :=Ul + 1-2Ul + £ / f _ i , (2.2.3Ö)

Ao U, - (l/2)(£/ l + 1 - Ut_x) , (2.2.36)

A_l/f «=C/, - C/,-1 . (2.2.3c)

Replacing the operators by their Fourier transforms gives

[1 - s2] \ = 1 - s2 - 2 vise , (2.2.4)

where s = sin (ih/2) and c = cos (%h/2), and \ is the amplification factor.
For stability we require | \ | 2 ^ 1 for all Ç in [- ir, TT ] which can clearly never
hold for v :> 0.

If we were to use the exact mass matrix, the left-hand side of (2.2.4)
would become [1 — 2s2 /3] X and stability would require

it is easily seen that we must have v2 ^ 1/6 for this to be satisfied.

vol. 22, n° 4, 1988



634 K. W. MORTON et al

Finally if the lumped mass matrix is used, so that the term in the brackets
on the left of (2.2.4) were removed, it is easily checked that |X|2 =
1 - 2 S 2 ( 1 - 2 V 2 ) + 5 4 ( 1 - 4 V 2 ) ^ 1 for al ls2€ [0,1] if v € [0,1/2]. •

LEMMA 2.4 : The Lagrange-Galerkin method, with linear éléments on a
uniform mesh, is unconditionally stable when both the mass matrix and the
right-hand side are evaluated by vertex quadrature : but when the exact mass
matrix is used it is unconditionally unstable.

Proof: Proceeding as with centroid quadrature we get contributions to
the i-th component from only two different nodes and obtain the familiar
first order upwind scheme :

Uf^^Uf-v{Ut-Uf_^, (2.2.5)

which is stable for all v e [0,1].
However, the exact mass matrix introduces the operator [1 + S2/6] on the

left to give, after Fourier transforms,

_l£_l \ = l-2v(s2+isc). (2.2.6)

Hence

which requires for j X | 2 =s 1 that

v ( l - v ) * i - £ V*2e[0,l]. (2.2.7)

Since the maximum value of the left-hand side is only 1/4, (2.2.7) is not
satisfied for any v e [0,1]. •

Remark : Eastwood [7] with his EPIC algorithm, which is identical to the
direct method? uses a compound trapezium rule. The same quadrature rule
should also be applied to the mass matrix in order to obtain an uncon-
ditionally stable scheme. Ho wever, to avoid significant loss of accuracy
compared with the exactly integrated scheme, the mass matrix has to be
approximated quite accurately.

Of all the common types of quadrature, centroid (lowest order Gauss-
Legendre) and vertex (lowest order Gauss-Lobatto) are the only two that do
not integrate quadratics exactly. Having dealt with these, we can deal with
all the higher order quadratures by the following theorem. In what follows,
the usual abbreviations of Gauss-Legendre to Gauss or Gaussian and
Gauss-Lobatto to Lobatto are made.

M2AN Modélisation mathématique et Analyse numérique
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THEOREM 2.5 : If the right-hand side of the (weak) Lagrange-Galerkin
method, using piecewise linear éléments on a uniform mesh, is approximated
by a quadrature of the form

f' ƒ ( * ) dx ~ w0 / ( O ) + | w k f ( x k ) + w m + 1 f ( l ) , ( 2 . 2 . 8 )
*o i

where the weights wö, ..., wm + x and the quadrature points
0 < JCi < • • • < xm < 1 are free to be chosen except that we assume that the
quadrature évaluâtes the intégrais of quadratic polynomials exactly, then the
method is unstable for v e (2 wm + l9 1 — xm) if

2wm + 1 < l - x m . (2.2.9)

Proof: We just consider v e [0,1 - xm] and proceed in the same way as
for centroid and vertex quadrature by looking at all the quadrature points
that give non-zero contributions to <$>i(y) in (2.2.1) :

Element centre Contribution to Y wUn(x) <f>?- (y)

( ï - 3 / 2 ) A wm + 1Ui_1v

(i - 1/2) h £ wk[(l -xk) U},_, +xk Ut](xk + v ) + wm + l C/,(l - v)
* = o

(i -1/2) h £ wk[(l - xk) Ui + xk Ui+l]{\ -xk-v).
k = 0

This gives for the right-hand side

" £ wk(l - vA_ + xk S
2 - x\ Ô2 - xk vh2) + wm + 1 vô2] Uf . (2.2.10)

. o J

Since the quadrature rule intégrâtes quadratics exactly, we have

£ wk = 1 , *£ wkxk = 1/2 , "f wkxl = 1/3 . (2.2.11)

Using (2,2.11) to simplify (2.2.10) and replacing the différence operators by
their Fourier transforms the scheme gives

- ^ j X = 1 - ? i ? - 2 ivsc - 4 wm + 1 vs2 . (2.2.12)

vol 22, n° 4, 1988



636 K. w. MORTON et al.

For |X|2=s 1 we require, upon simplification,

~ 2 w m + 1 + | w m + 1 s 2
 + 4w2 + 1 vs 2 + v ( l - 5 2 ) ^ 0 Vs2€ [0 ,1] .

This means that for stability we require

v^2wm + 1 and wm + 1 {wm + 1 v - - J ^ 0 .

In most cases ? the first inequality is more restrictive than the second and
hence the claimed instability results if

2wm + 1 * l - x m . (2.2.13) •

Thus? by combining Lemma 23 with Theorem 2.5, we see that any Gauss-
Legendre quadrature that intégrâtes quadratics exactly and has no quadrat-
ure point at x = 1 will lead to a method with a région of instability. The
natural choice might therefore be a Lobatto quadrature ; but we have the
following result.

COROLLARY 2.6 : All Lobatto quadratures except the vertex quadrature
lead to conditionally unstable Lagrange-Galerkin methods.

We need first the following lemma.

LEMMA 2.7 : If zn is the n-th zero of Pf
n + 1, where Pn + 1 is the (n -h l)-st

Legendre polynomial, then

4 >0. (2.2.14)
n (n + 3 )

Proof: Since

Pi + 1(z) = z P ; ( z ) + (

and P„( l ) = 1, it follows that

We also have

(1 - *2)P"n + i -2zPn + i + (n + 1)(« + 2 )F B + 1 = 0 . (2.2.16)

Differentiating (2.2.16) gives

(1 - z2) PB
W

+1 - 4 z P ; + 1 + {(n + 1)(» + 2) - 2} p ; + 1 = 0 , (2.2.17)

and putting z = 1 into (2.2.17) yields

f ; + i ( l ) = W ( n
4

+ 3 ) ^ + i ( l ) - (2.2.18)

M2AN Modélisation mathématique et Analyse numérique
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By Rolle's Theorem, P%+1(z) ¥= 0 for all z in [z„, 1] and hence by (2.2.18)
P„ + 1(z) > 0 for all z in [zR, 1], By a similar argument the third derivative
can be shown to be positive in the entire interval [z„, 1 ]. The error after one
step of Newton's method for finding zn from the initial value 1 is given by

error = — -

where e0 is the initial error and iq e [zB, 1]. As can be seen this error is
always négative and so Newton's method gives us the following result after
one itération

*-*1-?Hn- (2-2-19)
Now using (2.2.15) and (2.2.18) in (2.2.19) we obtain the desired result.

•
Proof of Corollary 2.6 : It is a well known result, Krylov [11], that for

Lobatto quadrature w0 = wm +1 = -— — , and that the quadrat-
(m -f 1 )(/n + 2)

ure points are the zeroes of Pl
m + l{z), Abramovich & Stegun [1]. Rearrang-

ing (2.2.13), transforming the interval from [Ö? 1] to [- 1, 1 ], since this is the
région on which the Legendre polynomials are defined, and substituting for
wm + 1 we see that Lobatto quadrature is conditionally unstable if zm5 the
w-th zero of P!n + I(z)> satisfies

^-(^dWr (2-2-20)
Lemma 2.7 gives the required result, except for vertex quadrature where
m = 0. •

Remark : As can be seen from the proof of Theorem 2.5 and Corollary
2.6, the Lagrange-Galerkin method based on Lobatto quadrature with
m > 0 is stable for v e [0, 2/(m + 1 )(m + 2)], and so its instability can be
rectified by choice of time step. Ho wever, for higher order quadratures this
condition puts a severe restriction on the time step.

For the Newton-Cotes formulae, wm + 1 can be shown to satisfy (2.2.9)
asymptotically for m-»oo since 1 - xm = l / (m + 1) for all m and as
m -+ oo

vm + l (m + l ) l n (m + 1) L \ (m + l) ln(#n + 1) / J "

Moreover, for at least m «s 25 (which includes all rules of any practical
interest), one can easily check (see, Kopal [10]) that the formulae satisfy this
inequality.
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As with centroid and vertex quadrature, lumping the mass matrix
stabilizes the scheme but drastically reduces the accuracy of the method.
This is particularly true in more than one dimension, where the diagonal
éléments of the mass matrix are less dominant, making the expensive
calculation of the right-hand side unjustifiable.

2.3. Stability with quadratic and constant basis functions

To gain accuracy some authors, e.g. Benqué et al. [2], have used
quadratic éléments. This, however, does not improve the stability.

THEOREM 2.8 : The (weak) Lagrange-Galerkin method, using piecewise
quadratic éléments has régions o f instability ifthe right-hand side is evaluated
by using an interior quadrature that évaluâtes the intégrais of quadratics
exactly and the exact mass matrix is used.

Proof: There are now two types of basis functions to consider. For that
centred at an element boundary, the relevant row of the mass matrix is

[ C / , _ 2 + 2C/ I_1 + 8 t / ,+2C/ ( + 1 C / , + 2 r 1
) (2.3.1)

which has the Fourier transform

4 ( ? a t s2=o) . (2.3.2)[10 + 8s

We shall use a quadrature of the form

| < . . . < j c m < 2 , (2.3.3)

and assume that the relations (2.2.11) hold with right-hand sides 2, 2 and
8/3, respectively, and k ranging from 1 to m. As before we just consider
v e [ 0 , 2 - x J .

It will be sufficient to study only the case s2 = 0, that is we can take
Un(x)=z 1. Then the contributions to the right-hand side of (2.2.1) from
<t>, are as follows for each quadrature point :

Element centre Contribution to Y w$t (y)

i - 1 - [xl + 2 xk v + v2 - xk — v ]

i + 1 x [xf + 2 Xfc v + v2 - 3 Xfc - 3 v + 2]
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So the right-hand side of the Lagrange-Galerkin method becomes

^wk{x2
k + 2xkv + v2 -2xk-2v + 1} . (2.3.4)

i

Using the assumptions about the accuracy of the quadrature to simplify
(2.3.4), we obtain that the Fourier transform of the ï-th component of the

right-hand side evaluated at s2 = 0 is - + 2 v2. Combining with (2.3.2)

- + 2 v2 -^ _ I which is

clearly only satisfied if v = 0, and hence the scheme is unstable for
v e ( 0 , 2 - x m ) . •

On the other hand we have the following resuit for constant éléments.

THEOREM 2.9 : The Lagrange-Galerkin method, using piecewise constant
éléments, is unconditionally stable provided that the weights, wk, used in the
quadrature are all positive and that the sum of the weights is 1.

Proof: We may write the scheme for 0 =s v === 1 as

where j ^ m, so with the given hypotheses the unconditional stabüity
follows from the maximum principle. •

3. A STABLE IMPLEMENTATION OF THE METHOD

3.1. Introduction

We have seen that in most cases quadrature leads to unstable schemes.
The range of instability, in terms of the CFL number, is (2 H>m + 1 , 1 — xm)
and so clearly Lobatto quadratures are better placed than Gaussian
quadratures or any quadrature with purely interior abscissae. Indeed
Douglas et al. [6] do use Lobatto quadratures. Unfortunately, these are still
conditionally unstable. This is a serious deficiency compared with the
unconditional stability demonstrated with exact intégration for simple
problems in Section 1 and for the Navier-Stokes équations by Süli [17]. The
unconditional stability of the exactly integrated scheme with linear éléments
can be recovered with the use of a compound trapezium rule on both sides
of the équation (2.2.1). Ho wever, to achieve comparable accuracy by this
means, many quadrature points are needed and hence the évaluation of the
right-hand side becomes very expensive.
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An efficient technique developed here to recover the stability properties
of the exactly integrated Lagrange-Galerkin schemes is derived from a
device employed by users of partiële methods and is referred to in their
literature as area-weighting (see Harlow [8] and Hockney & Eastwood [9]).
The basic idea is as follows : in the conventional use of quadrature
considered above it is supposed that the trajectories x -* y are calculated

exactly (or very accurately) for each quadrature point and then the
consequential inner products (1.1.7) or (1.1.9a) evaluated approximately ;
in area-weighting we instead calculate the trajectories only approximately in
such a way that the résultant inner products can be evaluated exactly. In the
simplest case only the centroid of each element is tracked and the whole
element deemed to move without distortion and rotation.

3,2. Area-weighting for the Lagrange-Galerkin method

In the (direct) Lagrange-Galerkin method we need to evaluate intégrais
like (1.1.7)

where x = x(y) is as defined in Section 1. This is assembled from a sum of

intégrais over the éléments EH,

[ Un{x{y))^,{y)dy Wij. (3.2.1)

If a square mesh is assumed and yc is used to dénote the centroid of element

(k, l) then (3.2.1) becomes

rh/2 rh/2
I Un(x(yc) +3)^^ + 3) ds V / , / . (3 .2 .2)
M J-h/2J-h/2

To apply area-weighting to this problern, x(yc + s) is approximated by

x(yc) + 1 so that in place of (3.2.2) we calculate

rh/2 rh

k,i J-h/2 J -

/ W ( x ( y c ) + s ) <$>l}(yc + s ) d s . (3.2.3)
h/2

for all the <t>i;'s. These intégrais can then be calculated exactly.
It is not necessary to restrict ourselves to a square mesh as the algorithm

clearly works equally well on a rectangular grid. Also we have assumed no
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distortion of the square/rectangle about its centre : but this assumption is
not necessary and for domains within fixed boundaries one has to relax it.
However, we do only allow the square to distort to a rectangle so that the
intersections with the underlying grid remain rectangles and hence exact
intégrations remain possible. This also places a limitation on the theoretical
results that can be obtained for the scheme.

Finally, it is clearly a simple matter to subdivide each element into
subrectangles and treat each of these by area-weighting. In this way there is
no limit to the accuracy that can be achieved stably by the area-weighting
technique.

3,3. Theoretical results for area-weighting

For constant linear advection it is clear that area-weighting is exact so the
scheme is then unconditionally stable. Thus to study the effect of the scheme
we must consider the more gênerai problem (1.1.1)-(1.1.2), for which we
cannot use Fourier analysis. This we do for the direct method ; the weak
method can be handled in a similar way.

Before proceeding with the stability and convergence results some
notation is defined : w"is the true solution, Unis the exactly integrated direct
method solution, U%w is the area-weighted solution ; y is the end point of a

trajectory, x = x(y) = X(y, tn + l ; tn) is the true foot of the trajectory,

xh = xh(y) ~ y — yc + X(yc, tn + 1 ; tn) is the area-weighted approximation

to the foot of the trajectory with end point y in the element whose centroid

is yc. Also <€h will dénote a tensor product grid in Rn, uniform in each
coordinate direction.

The area-weighted direct Lagrange-Galerkin approximation £/"w
+1 can

then be defined by

ƒ C(**) *i00 dy (3.3.1)

which is to be compared with (1.1.7).

LEMMA 3.1 : Ifthe velocity field a belongs to L°°(0, T ; (Wh °°)rf), then the
distance between the true foot of the trajectory and the area-weighted
approximate foot is of the order h At.

Proof: From the définition of the trajectories (1.1.4) we have
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and therefore
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&(jc + s.)- (î(yc) + s.)\ = ï , ï " + 1 ; r " + T ) , r " + T ) .

ÇAt

Jo

where L = ||û||L«(Oir; (w
1-00/)*

For piecewise constant éléments, the following lemma leads to a very
simple stability proof.

LEMMA 3.2 : Ifa belongs to L°°(0, T ; (Wh °°)rf) then, for every fonction V
which is piecewise constant on the mesh ^^

Proof:

\\V{xh)\\
2-\\V(x)\\2= {V(.xhf-V(x)2}dy

Whenever xh (y) and x (y) fall in the same element the integrand is zero, and

so it is only necessary to consider the situations where this is not the case. As
can be seen from Figure 3.1, where the hashed area is where V(xh) may

Figure 3.1. — Incidence of error in area-weighting technique. The curved (resp. straight)
lines inside the square E indicate the inverse image of the intersection of xb(E) with the mesh
lines under the transformation x ^
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possibly differ from V(x), the area within an element where the integrand
may be non-zero is at most O ^ " 1 ) 0(h àt) or 0(hd &t). A summation of
non-zero contributions over all éléments, yields the desired estimate. •

THEOREM 3,3 : Ifq belongs to L°°(0? T; (Whw)d), then the direct area-
weighted Lagrange-Galerkin method with piecewise constant éléments is
stable in the tm(O,T; (L2)d) norm.

Proof : For any basis functions the scheme may be written in the obvious
notation as

W U i ) = <£Cfe*),*«> Vi . (3.3.2)

Multiplying (3.3.2) by the /-th nodal parameter of U^1 and summing over
i yieids

IJ Tjn + 1112 /jm r \ rr« + l \ II rrn / \ II (I jrn + 1II
\\Uaw II = \UawV£h)> Uaw ) ^ ||^awV&)|| \\Ua ||aw

This implies

« c AT n ̂  f + | [ i e II2

by Lemma 3.2. This means that

| |£C + 1 | | 2 *(1 + CAO| | IC | | 2

and so stability. •

For higher order éléments, the same resuit requires a different proof.

THEOREM 3.4 : The direct Lagrange-Galerkin method evaluated with the
area-weighted approximation is stable in the f°°(ö, T; (L2)d) norm for
piecewise linear (and higher order) éléments provided that a belongs to the
space L°°(0, T; (Whco)d).

Proof: Let Ej dénote an arbitrary element of cêh and let Cj be its centroid.
For y in Ej and 0 ̂  6 ̂  1? we define

where xh(y) = x(cj) + y — Çj is the area weighted approximation to the foot

of the trajectory ending at y. It is easy to show that there exists a positive
constant Co, independent of j and the discretization parameters, such that
for àt =£ Co,

I 2\y^y2\ V ^ ^ e ^ V6€ [0,1].

vol. 22, n 4, 1988



644 K. w. MORTON et al.

Hence HQ is a quasi-isometry of Ej onto HQ(Ej) and the Jacobian of the
mapping HQ : yeEj-+ H%{E}) is not less then (1/2)d for At =s Co. The
relation

implies that

| | ^ + 1 | | ^ ll^ll + \\U^(XH)-U^(X)\\ . (3.3.3)

It remains to estimate the second term on the right-hand side.

X [ |*00-&(y)|2 f

de dy ,

by virtue of Lemma 3.1. Using the properties of the mapping He to change
variables,

Un
aw(x)-Un

aw(xh)\\
2^Ch2At2 f h [ |V£CO0|2dy) dB.

Since there is only a finite amount of overlapping,

As the integrand is independent of 9, we have

II Un
aw(x) ~ £C(&)| | « Ch At || VJ7^|| • (3-3.4)

Finally, (3.3.3), (3.3.4) and the inverse property

imply

and hence stability.
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LEMMA 3.5: If u belongs to H\0,T; (W1'00 n Hk + 1)d), k**l, and
uoe (W1'tonHk + lyl then

\\U"(x)-Un(xh)\\^ChAt,

where Un dénotes the exactly integrated direct method solution with
C° finite éléments of degree k.

Proof: Dropping the superscripts we define w(* ) = £ƒ(.) — u{- ). Then

\\U(x)-U{xh)\\ *s \\u(x) - u(xh)\\ + \\w{x)-w{xh)\\ . (3.3.5)

For the first term on the right-hand side,

\\u{x)-u{xh)\\^ | | * - & | | . ||M||lffl0^CAAr||w||1)fl0. (33.6)

For the second term, following the stability proof, we have

\\w(x)-w(xh)\\ ^Chàt\\Vw\\ . (3.3.7)

It now remains to show that || Vw || is bounded by a constant, independent of
the discretization parameters. To begin with,

\u-Iu\l

where lu is the interpolant of u. Hence

\u-Iu\l . (3.3.8)

But \\U-u\\ =0(hk) from Theorem 1.1, and \\u - Iu\\ = {
| u — lu | x = 0(hk) from standard interpolation results. Hence

||Vw|| = O^*"1) which in the worst case of k = 1 means that ||Vw|| is
bounded by a constant, independent of the discretization parameters, and
we have from (3.3.7) the estimate

\\w(x)-w(xh)\\^Chàt. (3.3.9)

The lemma follows from (3.3.5), (3.3.6) and (3.3.9). •

THEOREM 3.6 : The direct Lagrange-Galerkin method with C° finite
éléments of degree k, k^l, is convergent in the 1^(0, T ; (L2)d) norm with
error Q(h) when the intégrais are approximated using area-weighting,
provided that the function a belongs to the space L™(0,T; (WUco)d),
uQe (W1'00 PI £f* + 1)rf and the corresponding solution of problem (1.1.1)
belongs to H\Q9 T ; (W1'00 n Hk + l)d).
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Proof: By the triangle inequality,

From Theorem 1.1 we know that the exactly integrated direct method
converges at a rate 0(hk), where k is the order of the element being used. It
now remains to put a bound on || [/"w

+1 — Un +11|.
Recalling the définitions (2.2.1) and (3.3.1) of the exactly integrated and

area-weighted direct methods, forming their différence, multiplying by the
i-th component of Un + 1 — U**1 and summing over i gives, after applying
the Cauehy-Schwarz inequality,

Un(x) - Un(xh)\\ + \\Un(xh) - £ C f e

hAt+ \\Un(xh) - U

by Lemma 3.5. Using the same result from the proof of stability that was
used to change variables in Lemma 3.5 we can write

\\Un(xh) - U»aw(xh)\\ * (1 + C M)\\U"(x) - U"aw(x)\\ •

Another change of variables can now be made to obtain

Assuming that both methods are started with the same initial data, i.e.
U° = U®WJ then successive substitution into (3.3.10) gives

and hence the result. •

Remark : Numerical évidence indicates that the area-weighted Lagrange-
Galerkin method for one-dimensional linear advection, with a smooth and
piecewise linear éléments on a smoothly varying mesh, is second order
accurate.

4. NUMERICAL EXPERIMENTS FOR THE LAGRANGE-GALERKIM METHOD WITH
NON-EXACT INTEGRATION

4.1. Numerical testing of the method with quadrature

It was shown in Section 1 that the Lagrange-Galerkin schemes with exact
intégration are unconditionally stable, but in Section 2 that by approximat-
ing these methods using standard quadrature rules this property is lost. Here
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we show that, for a small number of time-steps, despite the predicted
instability of a scheme, accurate results may be obtained. When the number
of time-steps is increased, instability manifests itself, with this occurring
sooner the fewer the number of quadrature points.

To demonstrate these effects we consider the model problem of a cône in
a fixed, rotating velocity field governed by the équation :

ut + 2 <rr(- y, x) . Vu = 0 (4.1.1)

on the domain O = (— 1, 1 ) x (—1,1), with periodic boundary conditions.
The initial data consists of a cos2 cone centred at (— 1/2, 0 ) and of radius
1/4, If r2 = (x + 1/2 f + y2 then

fcos22w for r * l / 4
[ 0 otherwise. v /

This initial data on a 40 x 40 square mesh is shown in Figure 4.1 and is
interpolated rather than L2 fitted.

Although the theoretical results obtained earlier are strictly speaking only
for bilinear éléments on rectangles, no qualitative différence has been found
between the behaviour of such schemes on a 40 x 40 grid with a tensor
product Gaussian quadrature and the behaviour of linear éléments on
triangles with various quadrature rules. Also, for this test problem, there
was little qualitative différence between the behaviour of the weak and the
direct method. Indeed, although in the following we may just give results for
one of the methods on one of the meshes, similar results can be obtained
with the other method or on the other mesh.

The results in Table 4,1 have been obtained on a 32 x 32 x 2 triangular
grid after 25 time-steps with àt = 0.02, i.e. after one half-rotation.

The results confirm that the weak formulation conserves U dx more
j

accurately, although the direct method is, in the cases shown hère, more
accurate in the î\ norm. However, when the vertex scheme is taken to five

f
révolutions (250 time steps) U dx is still 15.32 for the weak method and

j

the maximum shrunk to 0.123, while for the direct method U dx is 17.6

and the maximum has shrunk to 0.005. Without considérable element
subdivision seven Gauss points are needed for results which reliably reflect
the accuracy of the exactly integrated scheme, with the weak and direct
formulations agreeing well.

The CFL number, with these standard grids, is almost one at the centre of
the cone. The Fourier analysis predicts instability for the Lagrange-Galerkin
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TABLE 4.1

Quadrature

Vertex
Vertex

Centroid
Centroid

Mid edge
Mid edge

3 interior
3 interior

7 Gauss
7 Gauss

Formulation

Weak
Direct

Weak
Direct

Weak
Direct

Weak
Direct

Weak
Direct

lud*
14.970
14.980

14.965
14.938

14.967
14.919

14.961
15.006

14.964
14.965

Max

0.422
0.424

0.611
0.608

0,930
0.933

1.034
1.010

0.996
0.991

Min

0
0

- 0.014
- 0.007

- 0.047
- 0.043

- 0.025
- 0.024

- 0.014
- 0.013

f 2 error

1.6
1.6

1.2
1.1

1.6 x 10-1

7.9 x 10-2

4.8 x lu"2

1.5 x 10-2

2.2 x 10-2
2.0 x IQ"2

method with small CFL numbers, which for this problem occur at the centre
of the région irrespective of the choice of At, and hence the région that will
give us difficulties is well away from the cône. Figure 4.1 shows the direct
method on the triangular grid with linear éléments, evaluated using a three
interior-point quadrature, after 1, 5 and 20 complete révolutions, Clearly,
after 20 révolutions, or 1 000 time-steps, we see that the calculated solution
is completely dominated by the oscillations at the centre, the région of low
CFL numbers. A similar situation occurs for the weak method on the
40 x 40 bilinear grid evaluated with 2 x 2 Gaussian quadrature.

With the 4 x 4 Gaussian quadrature on rectangles, and seven point
quadrature for the triangles, instability is difficult to demonstrate because
for most CFL numbers they are extremely accurate. Ho wever for a similar
one-dimensional linear advection problem with Ax = 0.05 and At = 0.003,
the weak method with 4 point Gauss quadrature was unstable after 1 600
time-steps.

Figure 4.2 shows the solution of the same problem as in Figure 4.1
calculated by Lobatto quadrature after 2 and 20 révolutions. In contrast
with Lagrange-Galerkin methods based on Gaussian quadrature, this
scheme can be stabilized by choosing a sufficiently small time-step.
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lAX(U) = 0.842 MIN(Ü) - -0.048

MAX(U) = 20.247 MIN(U) = -22.226

Figure 4.2. — Rotating cone problem with Lobatto quadrature on rectangles
after 2 and 20 révolutions. The CFL number at the peak of the cone is 1.265.

4.2. Numericai testing of the method with area-weighting

The area-weighted Lagrange-Galerkin method has also been tested on
the rotating cone problem described above. We use the 40 x 40 rectangular
mesh with bilinear éléments, At = 0.02 and perform 25 time steps, as for
Table 4.1. The results are given in Table 4.2 where they are compared with
4 x 4 Gaussian quadrature : timings are for a VAX 11/785. This demonstra-

TABLE 4.2

Method

Weak, 4 x 4
Gauss
Direct, 4 x 4
Gauss
Weak, Area
Weighting

Max

0.991

0.993

0.987

Min

- 0.009

- 0.008

- 0.008

t\ error

4.64 x 10~3

4.47 x KH

6.17 x 10"3

CPU secs.

419

440

159
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tes that for comparable accuracy the area-weighted Lagrange-Galerkin
method is significantly f aster. Greater accuracy can be achieved by using
area-weighting with subdivided éléments.

To demonstrate stability, the area-weighted scheme was run for 500 time-
steps (10 révolutions) for the direct method and 1 000 time-steps (20
révolutions) for both the direct and the weak methods. The solutions are
given in Figure 4.3. In this quite severe test the methods maintain their

MAX(U) = 0.790 MIN(U) = -0.011

Figure 4.3. — Rotating cone problem with direct area-weighting after 10 and 20 révolutions
and weak area-weighting after 20 révolutions. The CFL number at the peak of the cone is 1.265.
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accuracy and show no inclination to become unstable. As with the
quadrature experiments of subsection 4.1 there is no qualitative différence
between the weak and the direct method.

5. CONCLUSIONS

In practice the inner products peculiar to the Lagrange-Galerkin method
must be approximated by using non-exact intégration. This can be per-
formed in two ways : the first, and most natural, is to approximate the
intégral by numerical quadrature and evaluate the trajectories of the
quadrature points exactly (to all intents and purposes) and hence calculate
the integrand exactly at these points ; the second option is to approximate
the trajectories of all points so that the intégrais may be performed exactly.

It has been shown here that with Gauss-Legendre, Gauss-Lobatto, Radau
and Newton-Cotes quadrature formulae the unconditional stability of the
exactly integrated Lagrange-Galerkin method is lost. Lumping the mass-
matrix stabilizes the scheme in all these cases but the resulting method is so
diffusive as to make the expensive calculation of the right-hand side
unjustifiable. One stable implementation of quadrature that has been
proposed is to use a compound trapezium rule for both sides of the
équation, but again this introduces too much diffusion unless inany points
are used, making it very expensive.

This leads us to the second of the two options which, with area-weighting,
yields an efficient, stable and convergent scheme with the same order of
convergence as the exactly integrated method, for both linear and constant
éléments.

As a conclusion then, the Lagrange-Galerkin methods have shown
themselves to be a very po werf ui class of methods although subject to
stability problems with non-exact intégration. The technique developed
here has been proved theoretically and shown experimentally to retrieve the
désirable properties of the exactly integrated Lagrange-Galerkin method.
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