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ELASTIC WAVE PROPAGATION IN FLUID-SATURATED
POROUS MEDIA

PART II. THE GALERKIN PROCEDURES (*)

by Juan Enrique SANTOS (*) and Emesto Jorge ORENA (2)

Commuhicated by J. DOUGLAS Jr.

Abstract — Biot's dynamic équations describing elastic wave propagation in fluid-saturated
porous media were analyzed in Part I where some resuit s on the existence and uniqueness of such
équations were derived. Hère in Part II the continuous and discrete-time Galerkin methodsfor obtain-
ing approximate solutions of Biot's équations are definedand the corresponding error analysis is per-
formed.

Résumé. — Les équations dynamiques de Biot qui décrivent la propagation d'onde élastique dans
un milieu poreux saturé de liquide ont été analysées dans la l r e partie de ce travail où des résultats
d'existence et d'unicité de solution de telles équations ont été obtenus. Dans cette 2e partie nous donnons
les méthodes de Galerkin continues et discrètes en temps pour l'obtention des solutions approchées
des équations de Biot et nous donnons aussi les calculs d'erreur correspondants.

1. INTRODUCTION

This work is the second part of a two-part paper dedicated to the analysis
and numerical solution of Biot's dynamic équations describing elastic wave
propagation in fluid-saturated porous media. In the paper denoted as Part I [6],
the existence and uniqueness of the solution of such équations were analyzed.
Thus we refer to Part I for the statement of Biot's model and the notation
to be used in what follows.

The paper denoted here as Part II consists of two additional sections. In
Section 2 the finite element spaces to be used are described and the continuous-
time Galerkin method is defined and analyzed In Section 3 the discrete-time
Galerkin procedure is given and the convergence analysis is performed.
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130 J. E. SANTOS

2. THE CONT1NUOUS-T1ME GALERKIN METHOD

Let k $5 1 be an integer and let 0 < h < 1. Let 1^ and T5{ be quasiregular
partitions of Q into triangles or rectangles of diameter bounded by h. Boundary
triangles or rectangles may have one curvilinear edge. Let Jth <=. [H1(Q)']2

be a standard finite element space associated with TSJ such that

i n f { \ \ v ~ X ||0 + h \ \ v - X \ \ 1 } ^ C \ \ v \ \ r f f , l ^ r ^ k + l . ( 2 . 1 )
XeMh

Also, let Wh be a fînite dimensional subspace of if(div, U) associated with
TS{ such that

(i) inf || w- Z | | o < C| | w||k/ïk ,
(2.2)

(ii) inf || w - Z ||H(div,n) ^ C[|| w ||fc + || V. w y /*fc.
Z e EK*,

The space Wh can be taken to be the vector part of either the Raviart-Thomas-
Nedelec [3], [4], [5], [7] space of index k — 1, or the Brezzi-Douglas-Marini [1],
[2], space of index k associated with *£{. In the particular case in which Q is a
rectangle and 1B{ is related to a tensor product grid, the vector part of the
Raviart-Thomas-Nedelec space of index k — 1 can be described as follows : let
S = {y0 yn) and

8) = {ç e c a * , yJ) - C/[^-1, ƒJ e Pm}

where Pm dénotes the polynomials of degree not greater than m. Then if 6^ and
5{2 are quasi-regular partitions of each side of Q in subintervals of length
bounded by h, we have that

wh = [^ro(k, ô^) ® Jt^{k - ï, 8£)]

Let Vh = Jth x PFfc. Then it follows from (2. l)-(2.2) that

(i) inf || i; » i;J|0 ^ C || Ü ||t h
k , ve \Hk(Q)]4 ,

(ii) inf || v - vh \\v < C[|| Ol ||k+1 + || v2 \\k + || V.t>2 y h",
vheVh

(2.3)

v = (v1,v2), Vle[Hk+1{Q)f, v2e[Hk(Q)Y, V.v2eH\Q).

The continuous-time Galerkin approximation to u is defined as the twice-
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differentiable map U : J -* Vh such that
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= (F, o) + < * , » ! > + < »2.v, Ti >, v = (» l t v2) e Vh, teJ. (2.4)

The argument given in (4.7)-(4.11) of Part I implies that

dt
+ II U | |L„ ( , ,n < C[D0 + II 1/(0) H „ + ^ ( 0 ) 1 ,

L» (j,u.2(n)]4) l! oJ

so that there exists a unique solution of (2.4) for every choice of U(x, 0) and

We now turn to estimate the error generated by the procedure (2.4). Set

E - 1 ^
k ~ Sf

dt

Pu
dt2

E°k = II " ? " 2

V.^IU

(ï) By(U(0)-u°,v) = Q, veVh,

THEOREM 2.1 : Assume that Ek < oo anrf Ek° < oo /or 5ome k > 1. Lef

U(0) e Fh and-^-(0) eJ^, be definediy the projections

(2.5)

ïAe solution U(x, t) of the procedureel. 4) satisfies the error estimate

d(u - U)
dt ° +Ek]h

k.
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132 J. E. SANTOS

Proof : Let £, = (Çt, Ç2) = («x - ü „ «2 - l/2). Choosing t> =
X — u° in (2.5 (i)), x being an arbitrary element in V& and applying (4.5 (ii))
of Part I we conclude that

c2 IU(0) «? <

Thus,

K < C inf || u° - x llr < C£j A*. (2.6)

Similarly the choice t; = -^(0) + x - «° in (2.5 (ii)) implies that

< CEk h . (2.7)
o

Next recall that the true solution u(x9 i) satisfies the relation

= (F,v) + < <|), vt > + <t?2.v, tl >, v = (vl9 v2) e F , f e J . (2.8)

Combining (2.4) and the équation above we have

) = 0 , v e V h , t e J .

Choose the test function v = ^- (^ + % — u) where

X = (Xi, X2) : J -» ^* •

Then

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



WAVE IN FLUID-SATURATED POROUS MEDIA. PART II 133

+ c 2

"2 - Xl)

dt

II2

2
+

0

d(ux -

d

dt

- X i )

t

Adding

to the inequality above we obtain

dt

(2.9)

~ X)
dt

We shall integrate (2.9) from 0 to t, but first we shall get a bound for the intégral
of the first term in the right-hand side.

Using intégration by parts with respect to time,

' 3 = dt2 ' dt
ds

Hence,

[u - x3
dt

2

d2[u - X]
dt2

vol.20.nP 1, 1986



134 J. E. SANTOS

Then if we integrate (2.9) in time use (2.6)-(2.7) we have

S.a « + c2

°)2 h

[u - X]

dt

2k [»-x1
dt

L2(J,V) et2

m \\2 +

It follows from the approximation hypotheses (2.3) that

inf|~
* L

8[u - x]
dt

5[« - XJ

LHJ-V)

dt2

CEkh
k.

>14H

(2.10)

Thus the conclusion of the theorem follows from a Gronwall argument. This
complètes the proof.

3. A DISCRETE-TIME GALERKIN PROCEDURE

Let L b e a positive integer, At = T/L, gn = g(n At\ n = 0, 1,..., L Set

Tjn + 1/2 _

= i e/""1 +\u" +\ Un+1

5C/n =

_ jjn

At

d2U" =

TKt
[7"+i _ 2 [ƒ" +
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The discrete-time Galerkin approximation to u is defined as the séquence

\ v) \ v) \ v) =

* i?) + < 4>"'1/4, vx > + < v2.v, tl"-1'4 > , (3.1)

Ü = (vl9 v2) eVh, n = 1, 2,..., L - 1. The initial values U° and t /1 must be
specilied, but we shall delay their sélection until the error analysis has indicated
what is needed to maintain optimal order convergence.

We no wproceedto dérive estimâtes for The error £" = un — Un. Set

-3„ II2

P2 =

<Pu

Pu

L2(J,[i2(Q)]<)

8*U

dt*

THEOREM 3 . 1 : Assume that P < oo and Ek < oo /or some fc > 1. TAe« iAe
error generaled by the solution (U")0^n<L of the procedure (3.1) is bounded by

max

: First note that

0V'1'4

and

where

§ï

Then from (2.8) we see that

u", v) OM", »)

\\l *k C(A03

-1/4, o) =

= (F"'1'4, V) + < (|)"-1/4, O l > + < B2.V, Tl"-1

+ (j/8ï, f) + (« 55, o)^

for » = (»!, Ü2) e V and n = 1, 2,..., L — 1.
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136 J. E. SANTOS

Combining (3.1) and the relation above we obtain

2^, v) + (V dÇ1, i?) + B^»'1 '4 , v) =

= (j/8?,ü) + ( « 5 5 , » ) , for Ü G F A and « = 1, 2,..., L - 1.

Choose the test function v = 3(£ -f x ~ w)" where %:J^Vh and note that

&n+l /2 112 _ Ij e n - 1 / 2 j | 2 \ <

°

Thus>

'-1 \\2o

'1 \\l

+ Hn+1'2 IIJ +

lig + II dff-1 II2 ( 3 . 2 )

II2- + II5? lig + II 5"21|§

W e shall sum (3 .2) from n = l t o w = m , l < m < L — 1, but first we shall
bound the sum over « of the last term in the right-hand side. Using summation
by parts,

Since

At

At

d[u - x ] B + 1 - d[u - TOT 2 <£
o At
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it follows that
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-
2

d&m II2, + cl"II dg> ||2 d[u ~

dt2 + E il ̂ n

Now we multiply (3.2) by 2 A* and sum from n = 1 to n = m. Applying
the estimate for Sx we obtain

\\l + c2
At

n=l

||2 + P\Atf

a[« - xl
dt

d2[u - X]

[» ~ Xl
dt (3.3)

+ £ |2 + r],) Ar], 1 < m < L - l .

Then the discrete Gronwall's lemma applied to (3.3) implies that

CÏ\\ d£° ||2

[« - xl
dt J' m < L - 1

Now the conclusion of the theorem follows from (2.10) and the inequality
above. Thus the proof is complete.

Finally we shall indicate a way of choosing U° and U1 such that

ll<tt°ll + H112 Wv < C[(A02 + * * ] , (3.4)

so that the accuracy of the method (3.1) is preserved. Let U° e Vh be defined
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by the projection

By(U° -u°,v) = 0, veVh

Next let

w* = u° + t;0 Ar + J * ^ [ F f e 0) + Jïf (ii°

and note that from (2.6)-(2.7) of Part I we have

ul = u(x, At) = M * + 5 3 5

where

|| 53 ||K ^ C(A03 .

Then defme U1 e Vh by the projection

Assume that w°, Ü°, F(X, 0) and the coefficients of the matrices sé and # are
suflRciently smooth. Then it can be seen that

il Ç° UK + II <%? Ho
and

II S 1 U K

so that the estimate (3.4) holds.
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