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A MIXED-LAGRANGE MULTIPLIER FINITE ELEMENT METHOD
FOR THE POLYHARMONIC EQUATION (*)

by James H. BRAMBLE (*) and Richard S. FALK (2)

Abstract. — A finite element method requiring only C° éléments is developed for the approxi-
mation ofthefirst boundary value problem for the polyharmonic équation, based on the reformulation
of this problem as a system of second order équations. The resulting linear System of équations can
be easily preconditioned and efficiently solved by the conjugate-gradient method.

Keywords : Mixed methods, Error estimâtes, Polyharmonic équation.

Résumé. — Une méthode d'éléments finis qui exige seulement des éléments C°, est développée
ici, en vue de l'approximation du premier problème aux limites pour l'équation poly harmonique ;
cette méthode est basée sur une reformulation du problème comme un système d'équations du second
ordre. Le système linéaire, ainsi obtenu peut être facilement préconditionné et efficacement résolu
par la méthode du gradient conjugué.

1. INTRODUCTION

In this paper we wish to consider the approximation by finite éléments of
the first boundary value problem for the polyharmonic équation, i.e., for
an integer p > 2, we seek a solution of

Apu=f in Q (1.1)

Aju = 0 on T, ; = 0,1,..., l(p - l)/2] (1.2)

dAju/dn = 0 on I \ j = 0, 1,..., [(/> - 2)/2], (1.3)

where Q is a bounded domain in R 2 with smooth boundary F and [s] dénotes
the greatest integer contained in 5.

The approach we take will involve a combination of the techniques of
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520 J. H. BRAMBLE, R. S. FALK

Lagrange multiplier and mixed methods. In following this approach we will
use many of the ideas formulated in Bramble [4] for analyzing the Lagrange
multiplier method for the second order Dirichlet problem introduced by
Babuska [2]. In terms of the use of mixed methods, the formulation will most
closely resemble that given in Falk [il] for the biharmonic problem, although
the method of proof will be that of [4],

For the case of the biharmonic problem (i.e., p = 2) we also note the work
of Ciarlet and Raviart [9] and Ciarlel and Glowinski [10]. Fufther ideas in this
direction for the Stokes and biharmonic problems can be found in Glowinski
and Pirroneau [12]. The techniques of this paper have also been used previously
by the present authors to analyze two mixed finite element methods for the
simply supported plate problem [5] and by Bramble and Pasciak [7] to study
a method for Computing the linearized scalar potential for the magnetostatic
field problem.

The basic ideas in the approach taken can be described as follows. By the
mixed method technique of introducing new dependent variables for appro-
priate derivatives, we are able to reformulate the problem as a lower order
system of équations so that a conforming finite element method can be used
with only continuous finite éléments. Following [4] we show how the linear
system of équations resulting from the Galerkin method applied to the refor-
mulated problem can be easily preconditioned and efficiently solved by the
conjugate gradient method. In order to do this, we first introducé appropriate
Lagrange multipliers so that the itération scheme produced will involve only
a séquence of second order boundary value problems with natural boundary
conditions. Thus a code which implements the Lagrange multiplier method
tbr the second order Dirichlet probkm will, with minor modifications, be able
to solve the first boundary value problem for the polyharmonic équation.

The approximation scheme we develop is based on the following variational
formulation of (1.1)-(1.3).

Let ü? = (w0, ..., wp_x)andc? = (crls ...,CT [ (P+1)/2]).

Problem (P) : Find ï£ o e {Hl(Q))p x (H"1/2(r)) [ (p+1)/2] such that

Aa(wp-l9 v) = - (ƒ, v) + < <jl9 v >

VueiJ^Q), (1.4)

4 K - J , V) = - (Wp+l-j, V) + < <*/, V >

VveH^O), ; = 2,3,...,[(/> + l)/2], (1.5)

Aa(wj_uv) = - (wpv)

^ (1.6)
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THE POLYHARMONIC EQUATION 521

and
< w i _ 1 , e > = 0 V9e i f - 1 / 2 ( r ) ; j = 1, 2, ..., lip + l)/2] , (1.7)

where (., .) and < ., . > dénote the L2 inner product on Q and F respectively,
and Aa{u, v) = (VM, VW) + a < u, v > with a > 0 constant.

To understand the relation between Problem (P) and the polyharmonic
problem (1.1)-(1.3) observe that équations (1.5)-(1.6) imply that

Wj = Awj._ l s 7 = 1,2, ...,/? - 1

and (1.4) implies Awj_1 = ƒ. Hence w,- = Ajw0 and so

A X = AA'-^o = Awp_! = ƒ.

Condition (1.7) then implies AJ"w0 = 0 o n F for j = 0, 1,...,[(/?- l)/2].
From (1.6) we also have that

dwj.Jdn + awj_! = 0 on F , j = 1, 2, ..., |>/2 ]

and the preceeding easy implies

dAiwo/dn = 0, J = 0, 1, .., [(p - 2)/2] .

The purpose of this paper is to introducé and analyze a fînite element
method based on this variational formulation. This will include both the
dérivation of error estimâtes for such a scheme (Section 5) and a discussion
of an efficient itération method for its implementation (Section 6). Preceding
these results we shall, in Section 2, present some notation and state some a priori
estimâtes for the continuous problem. In Section 3 we defîne the approximating
subspaces to be used in the fmite element method and collect some results
on the approximation properties of these spaces. Section 4 then contains the
description of the approximation scheme along with some additional esti-
mâtes, the discrete analogues of those in Section 2.

2. NOTATION AND PRELEVQNARY RESULTS

For s > 0 let HS(Q) and HSÇT) dénote the Sobolev spaces of order 5 of
fonctions on Q and F respectively, with associated norms || . ||s and | . |s
respectively (cf. [13]). For s < 0, let HS(Q) and HS(T) be the respective duals
of H~S(Q) and H~S(T), with the usual dual norm.

To simplify the exposition of this paper we shall also use the norm ||| . |||s
defined on fonctions in HS(Q) with traces in HS"1/2(F) by ||| $ \\\s = || $ \\s -f-
I $ ls-i/2 anc* *he vector norm

1 ^ 1 . = Z \OJ
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522 J. H. BRAMBLE, R. S. FALK

defîned for

where

ïts(T) = Hs(r) x

In order to analyze Problem (P) and its finite element approximation, it
will also be convenient to introducé the following notation.

Defîne operators

T:HS(Q)-+ HS+2(Q)
and

G :H s(r)-H s+3 /2(Q)
by

A,(Tf v) = (f v) for all v e C°°(Q)
and

AJGo9v) = <o,v> for all Ü G C ° ° ( 0 ) .

We then have the following estimâtes (cf. [5] and [14]).

LEMMA 2 . 1 : There exists a constant C independent of a and f such that
for all real s

| r / | , _ 1 / 2 + | | T / | | I < C | | / | | , _ 2 > (2.1)

and
\Go\s_1/2 + || Go II. < C | a |,_3/2 . (2.2)

Using the operators T and G we may write

wp-i = - Tf+ GOi, (2.3)

wp_j = - Twp+ !_j + Goj, j = 2, 3,..., Op + l)/2] , (2.4)

and
WJ.^-TWJ, j= 1,2,..., [p/2]. (2.5)

Hence

u = wo = (-ï)pT*f+ ^ (- \ y j T?-J Goj. (2.6)

Let us now defme

where m = min (/> —
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THE POLYHARMONIC EQUATION 5 2 3

Then
w - w ^ + l - i r ' T ' - ' / , 1 = 0,1,..,/» - 1. (2.8)

Since we will be working mostly with the bilinear forms we note that { W;(c?) }
satisfy for all i;ei/1(Q) the foliowing variational équations :

Ajwp_1(3),v) = (auvy, (2.9)

A{wp-j0), v)= - {wp+ 1 _0), v) + < dj, v > , j = 2, 3 , . . , lip + l)/2] ,

(2.10)

and
Ajwj-i (3). ») = ~ W »), 7 = 1,2,..., [p/2]. (2.11)

We further note that (2.9)-(2.11) imply that

= Ajw0(3), 7 = 1, ...,p - 1, (2.12)

(2.13)
and

0 = {m +

(2.14)

In terms of this notation it is then possible to restate Problem P in the form :

Problem (Q) : Find ^ = ( o 1 , . . , o [ ( , + 1 V 2 ])6(H- I ' 2(n)" '+ 1 ' ' 2 1 such that

w,(3) = ( - l ) " - ' + 1 T"-lf on T , f = 0, 1,..., lip - l)/2] , (2.15)

where wf(cj) is defined by (2.4).
As in [4] and [5], it will be from this point of view that we will approximate u,

i.e. we will approximate G, T, and c? to obtain an approximation to u.
In this section we wish to prove several a priori estimâtes relating the

functions c? and wf(c?). To do so we first state some Green's formulas and
Standard a priori estimâtes for solutions of the polyharmonic équation Apz = 0.

Using the Green's formula

(A'z, v) = ^

vol. 19,11° 4, 1985



524 J- H. BRAMBLE, R. S. FALK

we easily obtain for any 1 ^ j ^ p that

(A'z, v ) = t
i = l

Hence for any 1 =% j ^ p

(Apz, v) = (Ap-Jz, AJv) +

+ ,=i 1 \ V^ + "/ / \ \on ) l
(2.16)

Using (2.16) we can immediately obtain the following equalities.
Choosing j = p/2 we get for p even and ail z e HP(Q) with Apz = 0 that

PU
(Ap/2z,APl2v)= X

(2.17)

Choosing j = {p - l)/2 we get for p odd and ail z e HP+1{Q) with Apz = 0
that

Since
-1 ) / 2z,A ( p-1 ) / 2 i;) =

= (VA(p-1)/2z, V A ( " - 1 ) / 2 D ) + a < A(p"1)/2z, A(p"1)/2t; >

l. + a\ A(p-1)/2z, A(

we further obtain for p odd and all z € HP(Q) with Apz = 0 that

T
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THE POLYHARMONIC EQUATION 525

Choosing; = p we get for all z satisfying tsPz — 0 and all v satisfying Apv = 0
that

In particular, choosing z = wo(&) and recalling from (2.10) and (2.11) that

A + a\ Ap-jw0(cï) = oj, j = 1, 2,..., l(p + l)/2]

and CjL + «^ A^^oCÖ) = 0, j = 1, 2,.., b/2],

we get for all Ü satisfying Apv = 0 that

J < ai5 A-1!; > = ^ ^ A'-'Wo(S), ( ^ +

Replacing p - i by i - 1 in the right hand sum, we get for all v satisfying
Apv = 0 that

f<aJ,A'-1ü>= f ^A'-Xfcf), fe + a) A'"1» ̂ . (2.20)fe
We now dérive another result relating "^and

LEMMA2.2 :

p

V / „ «, ^ s = i - (AP/2wo(^, A"'2M;0(^) , p even
k ^ l'Wi-A)> \Aa(^-^Wo0),A<"-^Wo<^), podd.

Proof : From (2.9) and (2.10) we have

1 = 1

= Z
i = l

vol. 19, n° 4,1985



526 J. H. BRAMBLE, R. S. FALK

Forp even, [{p + l)/2] = [p/2] and so by (2.11)

S
P/2

Z '
i=2

For /? odd,

1 = 1

M±±

t = 2

We shall also require the following a priori estimate satisfied by solutions
of the polyharmonic équation (cf. [14]).

LEMMA 2.3 : Let z be a solution of the polyharmonic équation bPz = 0 in Q.
Then there exists a constant Ç independent of z such that for all real s

S-3/2-2J

Using these resuits we now estabiish two further a priori estimâtes which
are the basis for our error analysis.

LEMMA 2.4 : There exist positive constants Co and Cx such that

ll/2-p

: For 1 < j <[(/? + l)/2] with j fixed, let u be the solution of the
boundary value problem Apv = 0 in Q,

= \|/, on T .
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THE POLYHARMONIC EQUATION 527

Using (2.17) and (2.18) with z = wo(p) and recalling (2.13) that

j = f J j + a J Ap-jw0(3), j = 1, 2,.., [(/> + l)/2], we get that

/>even

podd.
Hence

p even

odd.

Applying Lemma (2.2) we get in either case that

1/2

1/2

lp-1/2-20'-1)

(using Lemma (2.3)).
Hence

1-P+2U-1) sup

1/2

Summing from 7 = 1,...,[(/? + l)/2] gives the first inequality.
To get the second inequality, we use Lemma (2.2) and some simple estimâtes

to see that

Now using (2.7) and Lemma (2.1) we have

-J Ga, | | p < C p-j)-3/2

= C

vol 19, n° 4, 1985



528 J. H. BRAMBLE, R. S. FALK

LEMMA2.5 : There exist positive constants Co and Cr such that

Co I '?Ul/2-2p < E | Wi(3) \s-m-2i

^ Ci] G ls+l/2-2p

/or all real s.

( p \
j - + a J Ap"Jw0(q) we have for 5 > 0that

^ C II Ap JWo(a)||s+3/2+2(;-i) (by the trace theorem)

^ C || WQ(G) ||s+3/2+2(p-l)

< C £ | w£(S) |s+3/2 + 2(p-i)-i/2-2i (by Lemma (2.3))

i = 0

[ 'T1]

Hence

I "? I < C Y I vv-fd̂ ) I (2 21)

For s = 1/2 — /> we have by Lemma (2.4) that

•> ^ C / \ CT;. Wi 1 (d ) /

ï = l

i = 0

Hence (2.21) also holds for s = 1/2 -p. By interpolation, (2.21) holds for
s >-l/2 -/>.

For s < 1/2 - p we observe that s + 20" - 1) < - 1/2, ; = 1, 2,...,
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THE POLYHARMONÎC EQUATION 529

[O + l)/2]. Using Green's identity (2.20) we get for ail v with Apv = 0 that

<ai)A
i"1O= I ( A'-̂ oCd), (é + a (2.22)

Now let Ï; satisfy the boundary conditions

/.= 1, 2, ..., [0? + l)/2] ,

Then (2.22) becomes

<crJ,v|/>= t
• - j , -f

* Si ]Wi

Now for s < 1/2 — p

- s - 2(p - i + 1) + 1 > p - 1/2 - 2p V 2(i - 1) + 1 = 1/2 - p + 2(î - 1) .

Hence from the preceeding results we have that

ô

i = O

Then

sup

i = 0

vol. 19, nö 4, 1985



530 J H. BRAMBLE, R. S. FALK

Summing from j = 1, ...,[(/> + l)/2] gives (2.21) for s < 1/2 - p. The
left hand inequality follows by replacing s by s + 1/2 — 2 p.

To prove the right hand inequality we have from (2.7) that

K 0 ) 1,-1/2-2* < Z I T ^ - ' G G , . ^ . ^ .

Now for i + j < p, we have by Lemma (2.1) that

I T'-1-* Goj |s_1/2_2ï. ̂  C || T ' - ' - ' " 1 Ga,- ||s_2_2/

< C || Gâ  ||s_2_2j-2(p-i-j-i)

< C | ̂  \s-2(p-j)-3/2

and for i + j = p that

| T*-£- ' Ga ; |s_1/2_2i ^ C | oj L-i/2-2^!

= C | dj |s+i/2-2p + 20*-

Hence

3. APPROXEMATEVG SPACES ON n AND T

For 0 < A < 1, let { Sft } be a family of finite dimensional subspaces of
ff1 (O) and Vh = { wh : wMeSh, / = 0, 1, ...,/> - 1 }. Let r ̂  2 be an integer.
We shall assume that for <() e Hl(Q), with 1 ̂  / < r, there is a constant C
such that

inf l l ^ - x l l ^ C t f ^ H I I , , j < 1. (3.1)
XeSh

We now define operators Gft : H~ 1 / 2 ( r ) -• Sh and Tft : H 'X{ÇÏ) -* Sh by

and
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THE POLYHARMONIC EQUATION 531

These are just the standard Ritz-Galerkin approximations to G and T.
It follows from the approximation assumptions and standard duality argu-

ments that we have the following well known results {cf. [3] and [6]).

LEMMA 3 . 1 : There exists a constant C independent of a, f and h such that

| (G - G„) a | ;_1/2 + || (G - G„) a ||, ̂  Ch1^ || Ga \\t

and

| (T - Wb-x/2 + || (T - TJflj ^ Chl-J || Tfh

for 2- r^j ^ 1 ^ l^r,oe Hl-3i2{T\ and f e H ' " 2 ( Q ) .

Note that the restriction to Q of continuous piecewise polynomials of
degree r — 1 on a quasi-uniform triangulation of R2 or a rectangular mesh
of width /* are examples of spaces Sh satisfying Lemma (3.1)

In the analysis in the subséquent sections we shall require additional esti-
mâtes for the approximation of the operators T and G by Th and Gh. These
are contained in the following theoreim

THEOREM 3.1 : There exists a constant C independent of h and f such that
for integer l ̂  1 andfeH\Q)

\ (Tl — Tl\-f\ _i_ li (Tl Thfïï ^ /-t.f+2I+min(r-21.-i) ij f jj
I v- *h/J | j - 1 / 2 ' || V 1 " " AhJJ \\j ̂  ^ n 117 Ut

for all - 1 < t ̂  max {r -2 1, - j) and all 2 - r < j ̂  1.

Proof : The case / = 1 is Lemma (3.1). We now prove the gênerai resuit
by induction on /. Assuming the resuit holds for some integer / ̂  1, we write

Ti+i _ Ti+i = Tnj _ Th) + ( T Ï _ T ^ (Th _ T ) + ( T i _ T ^ T

Then

^ C/ïï+2(/+1)+min(r"2(I+1)!"-/) H/11

for all - 1 ̂  t ̂  r - 2, by Lemma (3.1).
By the induction hypothesis, we have for all — 1 < f < max {r — 21, - j)

that

(Tl - Tl) Tf\\\j ^ c/*?+2i+min(r-2''-J^ |[ Tfh

vol. 19, n°4, 1985



532 J. H. BRAMBLE, R. S. FALK

We now consider three cases :

(i) If 7 > 2 / + 2 - r, we get for - 1 ^ t ^ max (r - 2(1 + 1), - j) =
r -21 -2 <indt= t + 2 that

Hl (T1 - TjJ) T/IHJ < c ^ + 2 ( Z + 1)+min(r-2i'-^ || ƒ ||t

(ii) If 2 - r < 7 < 2 / - r, we get for - 1 ^ t *£ max (r - 2(1 + 1), - 7) =
— j and f = t that

Tf\\\j

(iii) If 2 / - r < y < 2 / + 2 - r, we get for - 1 < t ^ max (r - 2(/ + 1),
- 7) = - 7 and r = t + r - 2 / + 7 that

III (T1 - r ö Tf\\\j
F_2

where we have observed that for t in the above range,

- l + r - 2 / + ; ^ f ^ -7* + r - 2 / + 7 = r - 2 / < max ( - 7, r - 2 /) .

To estimate the remaining term, we again use the induction hypothesis to
see that for — l ^ t ^ r — 2 and r ^ 3

Hl (T' - Tl)(Th - T)f\\\j < cA

To complete the lemma we need only consider this last term in the case
r = 2 and 0 ^ 7 " ^ 1. Using the induction hypothesis we have for — 1 ^ t ^ 0
that

(T1 - T^)(T, - T)f\\\j < CA-^ 2 1^^ 2- 2 1 ' -^ II (Tfc -
11 r M
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THE POLYHARMONIC EQUATION 533

The last inequality follows since 0 ̂  j < 1 and

min ( 2 - 24 - 7 ) " 7 =

and

f - 2 , / = 1
m i n ( 2 - 2 ( / + l ) , - ; ) = { 2 _ 2 / _ 2 j ^

The theorem now follows by combining these results.
The following is an important special case of the theorem which we shall

frequently use.

COROLLARY 3 . 1 :

I (Tl — Tl\ f\ -+- II (Tl — Tl\ f II < Cht + 2l~j II f II
| K1 J h)J |j-1/2 + || l J x h)J \\j ^ ^n 117 Ut

/ o r all 2 1 — r ^ i ^ \ and — l ^ t ^ r — 2 1 .
In an exactly analogous manner one can show the following.

THEOREM 3.2 : There exists a constant C independent of h and a such that
for integer l ̂  1 and a e Ht+1/2(T)

Tl~x Ga - Tl
h

cht+2l+minir-2l>-j)\o\t+1/2

for a// - 1 < t < max [r -21, - j) and all 2 - r < ; < 1.

COROLLARY 3 . 2 :

Tl-1Ga-Tl
h-

1GhG\j_l/2 + || Tl-'Ga - Tl
h~

1Gho\\j

For 0 < k < 1, we shall let { Sfc } be a family of finite dimensional subspaces
of Hn(T\ n > max (0, 2[{p - l)/2] - 1/2), and let Vk = { # : at e Sk, i = 0s

1? —j [(/* — l)/2] }. Let r ^ 1 be an integer. We shall suppose that for <j) 6 iï l(T)
with 7 '^ n and j ^ l ̂  r, there is a constant C such that

inf | <|> - X Ij <Ck ' - ' ' 14 )1 , . (3.2)
xeSk

vol. 19,n°4, 1985



534 J. H. BRAMBLE, R. S. FALK

We further assume that for j ^ i < n there is a constant C such that

|<H<CfcJ-'IH> (3.3)
for all (j> e Sk.

The conditions (3.2) and (3.3) together imply that for any given j 0 ^ n
there is an operator Uk : Hio(T) -* Sk with

\b-nkb\j<cjok
l-t\$\l, (3.4)

uniformly in j and / for j < n and j 0 ^ j ^ / ^ r. This result can be found
in [8]. Finally, we dénote by PQ the L2(T) orthogonal projection onto Sk,
Le. for <t> e L2(F) - H°(T)9

< P o <|>, 0 > - < <|), 0 > for all 0 e Sfc .

We now note for further référence the foUowing properties satisfied by the
projection operator P o .

LEMMA 3.2 : For — i' ^ j ^ n and max (— nj)^ l < r rAere /s Ö Cons-

tant C l

Finally we prove the foUowing result which we shall need in Section 6.

LEMMA 3 . 3 : For all o,QeSk

< Po 7 7 Gh a, G > = < a, P o T? Gh 8 > , m ^ 1 .

Proof : We fïrst observe that for all uh9 vh e Sh,

AAJh uh> üft) = («h» »h) = ^«(«h, ^ ^ ) •

Hence it easily follows that

4 , ( 7 7 G, o, GA 0) = Aa(Gh o,T»" G, 9 ) .

But

< P o 7 7 G, a, 0 > = < 1 7 GA a, 6 > = ^(T»» Gh a, G„ 0)

= ^(Gfca,rrGà9) = <a,rrG lke>
= < a, Po TZ Gh 6 > .
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THE POLYHARMONIC EQUATION 535

4. THE APPROXIMATION SCHEME

We now are ready to define a finite element method for the approximation
of the first boundary value problem for the polyharmonic équation, based on
the variational formulation of Problem (P).

Let wh = K ) 0 , ..., wKp-x) and #k = (aM , . . . , akj[(p+1)/2]).

Problem (Pjj) : Find wh, ̂ keVh x Vk such that

4 K P - i , vh) = - (ƒ üfc) + < c M , i?fc > Vu* e Sfc, (4.1)

AJ)vhtP_j, vh) = - K , p + W , «O + < a M , i?fc > \/vh e Sh,

j = 2, 3,..., [(/> + l)/2] , (4.2)

; = 1,2, . . . , M , (4.3)

and

< ^*j-1, 6fc > = 0 V0, e 5., ; = 1, 2,.... [(p + l)/2] . (4.4)

Using the operators Th and Gh we may also restate Problem (P^) in a form
analogous to Problem Q. From (4. l)-(4.3) we get

wKp_1 = - Thf+ Gh aK1, (4.5)

wKp_j = - Th wKp+ ! _j + Gh akJ, 7 = 2, 3,.... l(p + l)/2] , (4.6)

and

"*j-i = -Th whJ, j = 1, 2,..., [p/2]. (4.7)

We will approximate the functions wj by whJ (and w = w0 by uh = wft 0).
From (4.5)-(4.7) we get that

«* = wfci0 = (-l) |FTir/+ I (-iy^rr j"G f cakJ . (4.8)
i=i

In an analogous manner to (2.7) let us now define

ww0)= £ ( - ï y ' ^ T r ^ G » ^ , i = 0,1 /i - 1 (4.9)

where m = min (/7 — /, [{p + l)/2]).
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Then

ww = Wk,0ù + ( " ff-* Trlf, i = O, 1, ...,ƒ> - 1 . (4.10)

In terms of the bilinear forms we note that { wht0) } satisfy for all vh e Sh

the following variational équations.

Ajwh.p-i@), vh) = < al9 vhy (4.11)

M"k.P-0), »*) = - (wh§p+x-0)9 vh) j = 2, 3,..., lip + l)/2] , (4.12)

and

^ ( ^ j - ! ^ ) , ^ = - K j 0 ) , vh), j = 1, 2,.... b/2]. (4.13)

In terms of this notation it is then possible to restate Problem (Pjf) in the
form :

Problem (Qfc*) : Find o* = (akil,..., a M ( p + 1 ) / 2 ] )e7 t such that

p0 Wfcfl(S) = P 0 { ( - i y - ' + 1 r r ' ƒ } , / = a ï,.... lip - i)/2], (4.14)

where whi(<?k) is defined by (4.9).
Our aim is now to study the functions wM(c?) and prove estimâtes analogous

to those in Lemmas (2.4) and (2.5).
To simplify the analysis, it will be convenient to first prove the following

result.

LEMMA 4.1 : Lel_w$ê) and wAf£(S) be defined by (2.7) and (4.9) respecti-
vely. Then if ^elft+1/2(T) we have for - 1 < t < 2 f + max (r ~ 2p,
— s — 2 i) and 2 — r ^ s ^ 1

Proof :

Hl w 0 ) - w w 0 ) Hl, < f II [T*- ' - ' G - T r l ' J Gh] oj Hl..

We now consider three cases :

(i) - 2 i + 2/? - r *$ s < 1, - 1 < t ^ 2 i + r - 2p. Then

- 1 < f + 20' - 1) < 2 i + r - 2/> + 2(/ - 0
= max (r - 2(p - j - i + 1), - J)
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holds for i ^ 0 and j > 1. Hence by Theorem(3.1)

(ii) — 1 ^ t < — 5 and 2 — r ^ s < 2(/? — z — m + 1) — r. Then — s

— 2(/? — i—j+ï) for 7 = 1,..., m and we get using Theorem (3.1) that

7=1

f Ctf+'

(iii) - 1 ̂  t ^ - 5 and 2(p - / - Ï) - r < s < 2(/? - / - f + 1) - r where
/ = 1,..., m — 1. Then by Theorem (3.1), we get for

- 1 ^ tj < max (r - 2(p - i - j + 1), - s) (4.15)

and 2 - r ^ s < 1 that

f; c^+2(p- |" j+ i )+mintr"2( i'-'-- /+ i>--' ) i oj

< t Ch^'\Oj\tj+l/2+
3=1 j=l+l

Choose tj = t for j - 1,..., / and t} = t + s + r - 2{p - i - j + 1) for
j = ƒ + 1,..., m.

Since

max (r — 2{p — i — / + 1), — s) = < ' / /
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and r + s — 2{p — j — i: + 1) ^ O for j — l + 1,..., m, we observe that for
- 1 ^ t ^ - 5 this choice of tj does give values in the range required by
(4.15).

Hence we have

CA r | a7- \t + r + s-2(p-i-

Now 5 ^ 2{p - l — i + 1) - r implies

f + r + 5 - 2(p - i' - j + 1) + 1/2 < t + 20' - 1) + 1/2 + 2(1 - /)

^ t + 20* - 1) + 1/2.

Hence ||| Wf(3) - wfc>j(S) |||a < Cht+r | ^ |
Combining these results we see that

Ui/2 for

t 2 - r < s < 2 / > - r - 2 i
for 1

We can further simplify this to the form given in the statement of the lemma,
i.e.

for - 1 < t ^ 2 f + max (r - 2p , - s - 2 0 and 2 - r ^ s < 1.

LEMMA 4.2 : For - 1 ^ t ^ 2 i + r - 2 ^ and 2p - r < s < 1 + 2 i

Proof : Replace 5 in Lemma (4.1) by s - 2 i and observe that for

2 / > - r < s < l , 2 - r ^ s - 2 / < l ,

and that min (r — 2 p, — s) — — s.
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LEMMA 4.3 : Suppose that r — 2p ^ — 1. Then for h < zk with e suffi-
ciently small, there exist positive constants Co and Cx such that for all <?e Vki

C 0 | c? l/2-p ll/2-p

: By Lemma (2.4) and the triangle inequality, we get

. (4.16)

Now

r Ii 1 - 1 / 2 -1 /2

(by Lemma (4.1), assuming r — 2p ^ — 1)

(by(3.3))

Hence

Î
The lemma follows for p ^ 2 and h ^ de with 8 sufficiently small.

LEMMA 4.4 : TAere exzst positive constants Co and Cx independent of ~o
and k such that for all - r + 2[(p - l)/2] + 1/2 ^ s ^ min (p, n + 1/2) and

i = 0
s-l/2-2i < Cl
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Proof : From Lemma (2.5) and the triangle inequality we have

[Ezl]

^ Ul/2-2p - I W-Po) ™itf) 1
i = O

,-1/2-2*

Now for -
we have —

E
i=0

+ 2[(/> - l)/2] + 1/2 ^ s ̂  n + 1/2, and 0 sj i < [(/>-1)/2]
< s — 2 Ï — 1/2 < n and so by Lemma (3.2),

- P o ) V>

, _ „ (by2.12)

Now by (2.7) and Lemma (2.1),

Wn Ga j HP

| <*,,!, „ . , « S !ajU(!

Ê I CTjl
7 = 1

Hence from Lemma (2.4) we get for

- ; + 2[(p - l)/2] + 1/2 ^ s < min (p,n + 1/2)

i = l
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where a£ = min (n, p - 1/2) - 2(i - 1). Note that since

1/2 p ^ 3
n ̂  max(0,2[(/>-l)/2]-l/2), -a~2(/-l)-min (n^-1/2) <

0, /? = 2

and hence — ot; < n. From (3.3) we have that

I rr I < ^jp+l /2-2p + min(n,p-l/2) i _ i
I a i I-a* ̂  C K r I a i ls+l/2-2p+2(i-l)

and
I P M; n^l I < r^s-l/2-min(n,p-l/2) I p /^v j
| r 0 W i - l l ^ k ^ O /C I r 0 wi-llCTJ |s-l/2-2(i-l)

since for s ̂  min (p, n + 1/2), s - 1/2 — min (n, /? — 1/2) ̂  0 and

s + 1/2 - 2p + min (n, p » 1/2) ̂  2 { min (n + 1/2, p) - p} < 0 .

Combining these results we get that

S-1/2-21 •
i=0

Applying the arithmetic-geometric mean inequality we easily obtain for
any p > 0

i=o
rzuTI

c 2

+ "o E l P 0 ^ ( ^ ) | s- i / 2-2i-
P t = 0

Choosing (3 sufficiently small, we obtain the left hand inequality and choosing
P sufficiently large gives the right hand inequality.

THEOREM 4.1 : Suppose p > 2 and that

max(2p-l,2p-n- 1/2) ^ r ^ ; - 2[(p - l)/2] - 1/2 + 2^ .

TTaen /or h ̂  ek with e sufficiently small, there exists positive constants Co
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and Cj independent of~o, h, and k such that for alllp — r ^ s < min (/?, n +1/2)
and~ae Vh9

2p < £ \PoWk.ifà\,-U2-2i < Cl
( = 0

Proof : Since for

r < r - 2 [ ( / > - l ) / 2 ] + 2 p - l / 2 , 2/>-r ̂  - r + 2[(

we have using Lemma (4.4) and the triangle inequality that for

2p - r ^ s ^ min (p, n + 1/2)

p-n
Co I^L+l/2-2p " I I Pofritf) ~ n ^ ) 1.-1/2-2*

i 0

£ |^0WW(Ö)|.-l/2-2<
i = 0

Pi1]
I | 3 3 1,-1/2-«• (4-17)

Now by Lemmas (3.2) and (3.3) we get for 2p—r ^ s1 ̂  min (/?, n+1/2,1+2 i)
that

For 2/> — e < s ^ 1 + 2 ; we have from Lemma (4.2) that

and from Lemma (4.1) that

Hence

|P0(^(^) - WW(S)) 1.-1,2-2.
< C{/î2 p- s

(using (3.3))
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When 1 + 2 i ̂  s < min {p, n + 1/2) we get using (3.3) and Lemmas (3.2)
and (4.1) that

CA:1-s+2ï/i2p1 - s + 2 ï / i 2 p - 2 + 2 i

Hence for h < &k, e < 1, p ^ 2

- 2 -

i=0
(^) - w,(i(Ö)) \s-1/2-2i ^ Ce | a |

and the result foliows immediately for e sufïïciently small.

LEMMA 4.5 : Suppose that r = 2, p ^ 2 and Sk ̂  Hn(V) with

n ;>max(0 , - 1/2 i 2[(p - l)/2]).

Let a = - min (0, n - 2[(/> - l)/2] - 1/2). Then for h ̂  efc2(p~Œ)/(2"a) w/tA
e sufficiently small, there exist positive constants Co and C1 such that for all

C o l a | ? / 2 _ p ,

Proof : Let a = - min (O, n - 2[{p - l)/2] - 1/2). Since

H ^ m a x ( 0 , 2 [ ( / > - l)/2] - 1/2)

we get that O < oc ̂  1 and hence using Lemma (4.1) with t — — a we have

' I rr I
; ! u i l -a+1/2
' i l

= I a t l-a+1/2

- l ) I a\lj2-lj2-p

Hence
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The lemma follows from (4.16) for p ^ 2 and h < efc2(p-«>/<2-«) w j th s Suffi-
ciently small.

THEOREM 4.2 : Suppose that r = 2, p 7* 2 and Sk a Hn(T) with

- 1/2).

Let a = - min (0? n - 1/2 - 2[(p - l)/2]). TAen /or e sufjiciently small
there exist positive constants Co and C1 such that for all c?e Vk9

[̂ ]
C0 I #l,+1/2-2, < E |^0W*.i(^

> = 0

holdsfor 0 < s s: oc w^en /i < ^p-u-sviz-a) and holds for

a < s ̂  min (/?, n + 1/2)

< efc(2P-2«)/(2-a)

Proof : Since r ^ n + 1, we have from Lemma (4.4) and the triangle ine-
quality that for 0 < s < min (p, n + 1/2)

Ë
i=0

i 0
E | M \s-H2-2i
i=0

< C, I ^U, / 2 _ 2 n + X ! Po(w,(̂ ) - wu0)) |s_1/2_2i. (4.18)
i = 0

Now for 0 ^ s ^ 2 / + a, we have that

But since n ̂  max (0, 2[(p - l)/2] - 1/2),

1/2 p ^ 3
a - 1/2 - m a x ( - 1/2, 2[{p » l)/2] - n) <

1° /> = 2

and hence a - 1/2 ̂  n for /? ^ 2. Since one easily sees that a - 1/2 > - n,
we have by Lemma (3.2) that

(by Lemma (4.1))

+l/2-2p *
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For 2 i + a s$ s < min (p, n + 1/2),

.-1/2-21

a |s+i/2-2p •

Hence we get that for 0 < s < min (/?, n 4- 1/2)

0\Wi\vj - whiyo}) \s-u2~2i ^ ^ " «- I " ls+l/2-2p

2 - ^ " - 2 " I a U 1 / 2 _ 2 p , a < s ̂  min {p, n + 1/2).

Using the relationships between k and /* given in the hypotheses of the theo-
rem and inserting this result in (4.18) complètes the proof.

5. ERROR ESTIMATES

We begin this section by proving a preliminary result.

LEMMA 5 . 1 : Let c?and ~ok be the respective solutions ofProblems Q and Qt,
let Hk lï be an approximation to 7? satisfying (3.4), and suppose wt(<?) and
wKi(p) are defined by (2.7) and (4.9) respectively, Then for c? suffïciently
smooth and h ^ k we have that

w (n k 3) |s-2£-l/2 + || Wi(°) ~ WhAnk°) \\s-2i

hr~s I 7?l , iLr-2[(p
n | a |r_2p+i/2 + K

\s-2i-lJ2 + II W,0) - W^^fc) \\s_2i

/ (5.2)

for alllp - rt^s^l + 21

Proof : By the triangle inequality,

i-2i < III W (0) - WKi<$) \t-2i

+ III Wfc>£(? - f ) - W£{? - F) Hl,-2i + III W£0) " " S ) \l-2i •
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From Lemma (4.2), we get for 2p — r ̂  s ̂  1 + 2 i that

III w , 0 ) " wh(1-(S) |||s_2i ^ C / T 2 * " 5 | tf | t + 1 / 2 , - K t ̂  2 ƒ + r - lp

and

III wM(^- F) - wtf-f) \l-2i < Ch-1+2»-°\cî-f\ll2 .

Using (2.7) and Lemma (2.1) we get that

III *<(*) - w $ ) \l_2i < £ Hl T'-'-J G(Gj - p,.) |||,_2i

< C Ê || G(cr_, - p̂ ) | | . _ a i _ 2 < p _ f _ j ,
.7 = 1

m

^ C Z ICTJ ~ Pjls-2(p-j)-3/2
l

m

Z I a j ~ Pj ls-
l

2p+l/2 + 2ü-

Choosing ^ = IIfc <?, we get from (3.4) that

I r ? — T T f? l ^
I a 1 Xk a 1 -1 /2

and

ir?—TT f?l
I a 1Xk a \s-2p+l/2

Combining results we have for h

1
ƒ •

Choosing p = <?k we first use (3.3) to write

. - 2 1 , + 1 / 2

Again using (3.4) we get for h ̂  k that

C { /Ï"-S | #\
s_2i p l

-2[(p-l)/2] + 2p-s-l/2 I -z±\ 4-17? 7? I \
I ̂  lr-2[(p-l)/2] + I a ~~ ak ls-2p+l/2 ƒ •
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THEOREM 5 . 1 : Let c? and (?k be the respective solutions of Problems Q and

Ql If max (2p - l , 2 p - n - 1/2) ^ r ^ r - 2[<> - l ) /2 ] - 1/2 + 2p and

h ^ sk with e sufficiently srnall, we have for c? and f sufficiently smooth that

l * - ar* i,+1/2+2p ^ c {/rs(i + {k/hf){\\ f \\r_2p + \<?\r-2p+ll2)

for all 2p - r < s < 1 w/xere a = max (0, - n - s + 1/2 -h 2[(/> - l)/2]),
Sk

: Let Ï I ^ e F ^ be an approximation to <? satisfying (3.4). By the
linearity of wh ,(c?) and Theorem (4.1) we get for 2p — r ^ s ^ min (1, n + 1/2)
that

Coi^jt - n k a | s + 1 / 2 _ 2 p ^

Using (2.15) and (4.14) we have

( y oirf- T'-tf) + P0

Hence from Lemma (3.2), we get

c|c?fc-ntc?|s+1/2_2p< X
i = 0

«) ƒ |aj

w h e r e o^ = m a x (— n, s — 2 / — 1/2).

U s i n g C o r o l l a r y ( 3 . 1 ) w i t h l = p - i , j = s - 2 i , a n d t = r — 2 ^ w e g e t

I (rrp~i — Tp~l>\ f\ < Chr~s

I l J J >i JJ |s-l /2-2i ^ U "
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and with j = at 4- 1/2 and / and t as above we get

r~2i —Of— 1/2
r-2p>

where we have observed that 2{p — i) — r < a; + 1/2 < 1.
From Lemma (5.1) we have

2i_1/2 < c {hr~

and

where we have observed that 1 + 2 i" ̂  a; + 2 / + 1/2 ^ 2 /? — r for 2 /? — r
s < 1. Combining these results we obtain

c x (tf-' {(i + ( w ~ s + 1 / 2 + 2 i ) } {II ƒ llr-
i=0

l ) , l i 2 [ ( p l ) / 2 ] s + 2 p - l / 2 1^1 \
\r-2p+l/2 S ^ K I a lr-2[(p-l)/2y

{/f(i + (fc/Ayo(
Lr-2[(p-l)/2]-s+2j»-l/2

c { / f ( i + (fc/Ayo(ii ƒ iir_2p

where a = max (0, - n - s + 2[(p - l)/2] + 1/2).
For min (1, n -f 1/2) < s ̂  1, we have by (3.3) that

Now using (5.4) with s = n + 1/2 and the fact that h ̂  k gives us (5.4) in
the full range 2p — r ^ s < l . The theorem now follows from (3.4) and the
triangle inequality.

THEOREM 5 . 2 : Suppose the hypotheses of Theorem 5.1 are satisfied and
that wt and whiaredefinedby (2,8) and(4.10) respectively (inparticular u ~ w0

and uh = whö). Thenfor all 2p — r ^ s ^ l + 2 / ,

II Wt ~ W W I I . -2I + I ̂  - Wh4 \s.2i.ll2 < C { / r - ' ( l + (k/hf) (II ƒ ||r_2p

•4- I t ? l ^ 4 - j ^ - 2 [ ( p - l ) / 2 ] - s + 2 p - l / 2 i ^ i l

T- I cr | P _ 2 p +iy 2 ; -h /r | a | f _ 2 [ ( p _ 1 ) / 2 ] ) ,

where a = max (0, - n - s + 2[{p - l)/2] + 1/2).
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Proof : From (2.8) and (4.10) we have that

III wt - wk.i I-a < III ̂ ( S ) - wKi(<?k) \\\s_2i + m r * - 7 - Tr'fWls-ii •

Applying Corollary (3.1) with t = r — 2p, l = p — i, and j = s — 2 /, we get

III T P - ' ƒ _ y p - t ƒ 111 < C h r ~ s II f II
Hl- 1 / 1 h J \ \ \ s - 2 i ^ < - " l l / l l r - 2 p -

The result now follows ünmediately from Lemma 5.1 and Theorem 5.1 in
the case 2p - r ^ s ^ 1. For 1 < s < 1 + 2 /, we have from (3.3), (3.4),
and Theorem 5.1 that

|3/2_
2p

The result now follows from Lemma 5.1 since h ^ ek.

Example 5.1 : p = 2 r = 4 f = 2, n = 1, s = 0, a - 0

II ̂  - ww ||_2i ^ C{h\\\f\\Q + |^ | 1 / 2 ) +^ 1 1 / 2 | ^ | 2 }.

Choosing h = k11/8 we get that h ^ ek for A: sufficiently small.

Example 5.2 :p> 3, r = 2p - 1, r = 2[{p - l)/2] + 1, n = 2[{p - l) /2],
5 = 1, a = 0

LEMMA 5 . 2 : Suppose the hypotheses of Lemma (5.1) are satisfied. Then
for ? sufficiently smooth, h^k and all ffe Vk, we have for all s ^ 1 and r = 2
that

, - 1 / 2

F t + 1 / 2 + C | Cf - Fl s + 2

w/zere - 1 < t < min (0, - s) and - 1 < 7 < min (0, - s, « - 1/2).

Proo/ : Following the proof of Lemma 5.1 we have that

W ( ? - F ) - * , ( * - F ) III, ^ - Fl,+2.-2,+1/2
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Now from Lemma (4.1) we have that for 0 ^ J^ 1

III W,(3) " H > M ( 3 ) Illï < Cht+1 I ̂ l i + 1 / 2 , " 1 < f < - ï .

Hence choosing I = max (s, 0), we get for s ^ min (1, n -f 1/2) that

III w,(S) - w j $ ) Hl, < Ctf+2 | cT| t + 1 / 2 + C ^ 2 | c T - F t + i / 2

+ C | < ? - P |s+2£-2p+l/2»

where — 1 < t ^ min (0, - s) and — 1 < 7 < min (0, — s, n — 1/2).

THEOREM 5 . 3 : Let <? a^ii ^ k be the respective solutions of Problems Q and
Qi. Suppose that r = 2, p ^ 2, and Sk cz Hn(T) with n ^ max (0, - 1/2 +
2[{p - l)/2]). Let OL= - min (0, n - 2[{p - l)/2] - 1/2). Then for e suffi-
ciently small, we have for c? and f sufficiently regular that

\*-% I.+ 1/2-2P < C { h2-°(k/h)™*0--"-°+1'V (|| ƒ | j _ f + | C?|1/2_s)

+ ^ ' - s + 2 p - 1 / 2 | ^ | t } (5.5)

holdsfor O ^ s ^ o , - 1/2 < t < r - 2[(p - l)/2] w/zew A

(5.6)

holdsfor a ^ s < 2p - 1 and -1 /2 ^ t ̂  f - 2[(p - l)/2] wAen A < sk2^-^2 ~a).

Proof : Following exactly the proof of Theorem 5.1 we get by Theorem 4.2
for 0 < s ^ a and h < e/c<2p-a-w-°o that

Pi1]

where af = max (— n, s — 1/2 - 2 /).
Using Theorem 3.1 and Lemma 5.2 and observing that s — 1/2 — 2 i

- 1/2 for i > 1 we get

) | ï ? _ n^|min(1/2_Sin) + c i ^ - n ^ |
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Now for 0 < s < a, h ^ k, and n ^ 1,

CA2+mi„(-s,B-i/2) ( ^ _ n k c f Lin(1/2_Si(1) < Ch2~° | c? |1 / 2_ s (by (3.4)),

and for n = 0 (and hence p = 2), 0 < s < a = 1/2, and /î < &

CA2+nU„(-,.»-l/2) | # _ n ^ L n U / 2 - ^ ) < CA 3 ' 2* 1 ' 2" ' | C?|1/2_s

<CA2-'|tf|1/2_,.

Hence we obtain

For« ^ 1 we note that oc,- ^ — 1/2 for ƒ ̂  1 andoc,- = * — 1/2 for» = 0. Hence
we get

m i n *~s-"~ 1 /2) I et—

For n = 0 and 0 < s < 1/2 = a, at = 0 and so we get

_1 / 2

a 3 ' 2 1 c?i0 + ch3121^ - nkc?|0 + c i tf - n f c^|2 i

The above can also be simplified since n = 0 implies p = 2 which implies

Corabining results we get for n ^ 1, h ^ at(
2P-a-s)/(2-Œ)5 and 0 < s ^ a

that

ch2-%\\ƒius + i^|1/2_s) + c | c ? - n f t

i = 0

- 1/2 < t < r + 2[(p - l)/2] (5.7)
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and for n = 0 (and hence p = 2), h < £k<7-2s)'3 and 0 ^ s ^ 1/2 = a that

| ^ L - 1/2^ t^r. (5.8)

Now for a ^ s ^ lp - 1 we have by (3.3) that

Now using (5.7) and (5.8) with s = a, we get for n ^ 0, h ^ e/c2(p"a)/(2"a),
and a ^ s ^ 2p — 1 that

2p < ck«-\h2-* « ƒ ||_„ + |^|1 / 2_J

- 1/2 ^ t ^ r - 2[(/> - l)/2] .

The theorem now follows from (3.4) and the triangle inequality.
THEOREM 5 . 4 : Suppose the hypotheses of Theorem (5.3) are satisfied, and

that wt and wh<i are defined by (2.8) and (4.10) respectively (in particular u = w0

and uh = whj). Then for all a < s < 1 and h < ak2ù'~")/(2~')

t - whtl |s_1/2 < C { h2

+ (h2-sk°-° + A2-»*«-'-2i)(ll/II-,

1 = 0, 1, ...,p- 2.
For i -p - 1, t£e estimate holds with || ƒ ||_, replacsd by \\/||0.

Proo/ : From (2.8) and (4.10) we have that

III M>, " w»,, IIL < NI wt(c?) - Wktl@J II, + Hl T ' - ' / - r r ' / Ï H , •

From Theorem 3.1 we get for 0 < s < 1 that

I-. , / = 0, 1, ...,/7 - 2

From Lemma 5.2 we obtain for 0 ^ s ^ 1 that

min ( - s,n~ 1/2).
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Nowby(3.3),

ck-ï-p {\#- n t c?|1 / 2_p

Hence for 0 ̂  s < 1, we get using Theorem 5.3 and choosing t = — s and
7 = m i n ( - s,n- 1/2) that

ƒ ||_.

Hence

Ctt+2\#-#k t+1/2

Now for a < s < 1, - s ^ - a < n - 2[(p - l)/2] - 1/2 < n - 1/2 so
that 7 = - s. Hence for a ^ s < 1 and h ̂  efc2(p"a)/(2~a) we get

+ Ch2-sks-«(\\ f |U„ + I c?|1/2_a) + C I ̂  - c?k | s + 2 i . 2 p + 1 / 2 .

Noting that for a < s < 1, a < s + 2 i < 2/> - 1 for i" = 0, 1, ...,p - 1 we
get by Theorem 5.3 that

i tr-2[(p-l)/2]-s-2i+2p+l/2 i -j* i
+ K I a l;-2[(p

Combining our results we have for a ^ s ̂  1 and h ̂  ek2{p~a>/<2~a> that

+ (h2~sks-* + / z 2 - a / c a - s - 2 i ) ( | | ƒ II-,
_i_ jLr-2[(p-l)/2]-s-2i + 2p-l/2 17^1 1
^ K \ ° lr-2[(p-l)/2] ƒ s

i = 0,l,...,p - 2 .
For z = p — 1, the estünate holds with || ƒ ||_s replaced by || ƒ ||0.
Although we will not do so here, we remark that similar arguements can

be used to dérive estimâtes in the case s < a.
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Example 5.3 : /? = 2, f = 2, n = l, h ^ zk2, s = 0, a =

|| u - uh ||0 ^ C/*2(|[ ƒ ||0 + | c?|1/2) + Ck^2 | c?|2 .

Choosing A = C&11/4 we get that h ^ efc2 for A: sufficiently small

Example 5.4 : p = 2, r = 1, n == 0, A ^ efc2, s = 1, a = 1/2

/2 + || f \ \ _ x )

ƒ || _ 1/2 + | tf lo) + ^7/2 I ^ li } = 0(A) + 0(fc7/2) .

6. EFFICIENT SOLUTION OFPROBLEM(öJ)

In this section we show how some ideas developed in [4] can be extended
to develop methods for the efficient solution of the linear Systems of équations
arising from Problem (g£). TO describe these ideas we fïrst define a discrete
boundary Laplacian

lk:Sk^Sk by < / k c | ) , 0 > - < ( t > , 9 > + <(t)s,0s>

where <|>s is the tangential derivative of cj) along F. We note that lk is positive
defînite and symmetrie and hence /£ may be defîned in the usual way by taking
powers of its eigen values.

The method we present dépends on the following property of the operator
lu {cf. [5]).

LEMMA 6.1 : Let Sk <= H 1 (F). Then for — r < s < 1, there are constants
Cx and C2 such that for 4> e Sk

c t I <t> ls
2 ^ 14S/2 • 15 < c 2 1 * |s

2. (6.1)

Combining Lemma (6.1) with Lemma (4.3) we have for r — 2p > — 1,
1&1/2-P + 2[(p - l)/2] ^ - r, and h < ek that

|2
j lo

for all~&eVk.

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



THE POLYHARMONIC EQUATION 555

Defining Xj — ll/4 pl2+ij 1J Oj and using the équivalence of vector norms
and the symmetry of /£ we get

1 = 1

(6.2)

Further defining

x.

we have that G-D p 0 «-,,._,(?) So that (6.2) becomes

(6.3)

Hence if instead of solving the system (4.14) we solve the equivalent system

z*i(^=/,r1/4+'/a"'(-i)p"'+1rr7, *=o,i,...,[(/>-i)/2], (6.4)

then (6.3) impiies that the matrix induced by this system will have a condition
number bounded independent of k and h. Thus the conjugate gradient algo-
rithm will pro vide an efficient means to solve (6.4) and to use it we need only
be able to compute the action of the operators Th, Gh and /£ for appropriate s
(cf. [1]). The action of Th and Gh are easily computed and so is /£ via discrete
Fourier transform when Sk consists of smooth splines on a uniform mesh.

If we wish to avoid the computation of /fc
s for non-integer powers of s we

can also obtain a well conditional system by using Theorem 4.1 with s = 3/2
(provided n ^ 1) and Lemma (6.1).

We then get for

and h

2p - 1
sfc, that

r - 2[(p - l)/2] - 1/2 + 2p

Co E Mi

I (6.5)
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Now set Xj

J. H. BRAMBLE, R. S. FALK

/fc
1-p+°-1)CTJ.. Then

Pi1]

Pi1] Pï1]

( = 0 j=l

Pi1]
ir21

where we have used Lemma 3.3 and the symmetry of l£.
If we now define Z^j(X)

Pi1]
i = 0

(-i)"-'--'/ lr
1+jF-ü-1)Poï'r'"-'G lk/Jk

i-2'i>o

PÎ1]
m = l

then

k _ Pi 1]
i=0

so that (6.5) becomes

c0

[p±l]

a E IMS- (6.6)

Hence if instead of solving the system (4.14) we solve the equivalent system

_ Pi1]
2Lw= I (-ir-'-j4-1+p"°-1)Po7'ri~j^41"2iPo(-i)p"i+1 np"'/

i = 0

j = 1, 2,..., \_{p - l)/2] , (6.7)
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then (6.7) implies that the matrix induced by this system is uniformly well-
conditioned (independent of h and k). Once again the system can be efficiently
solved using the conjugate gradient method. In this case only the action of
Th, Gh and integer powers of lk need be computed.
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