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SPECTRAL PROPERTIES OF A TYPE
OF INTEGRO-DIFFERENTIAL STIFF PROBLEMS (*)

by J. CAINZOS (*)

Communiqué par E SANCHEZ-PALENCIA

Abstract — We consider an integro-differential stiff problem, which can be used as a model for
the vibrations of a body with hnear viscoelasticity at large times First, the problem is introduced
in the framework of the theory of semigroups in Hubert spaces and then, an asymptotic expansion
ofihe solution is obtained Fwally, it is shown the double convergence, when e —• 0 + , ofthe eigenvalues
of the problem to the eigenvalues of two associated problems These problems are related to the
behaviour ofthe stiff problem on two different domains

Résumé — On considère un problème raide intégro-différentiel qui mode lise les vibrations à* un
corps viscoélastique à mémoire longue On introduit le problème dans le cadre de la théorie des semi-
groupes de contraction et on obtient un développement asymptotique de la solution On étudie le spectre
du geneiateur et on démontre une double convergence, lorsque E —• 0+ , des valews propres du pro-
blème vers les valeurs propres de deux problèmes associes qui rendent compte du comportement du
problème raide dans deux domaines différents

0. INTRODUCTION

Let Qu Q2 be two connectée bounded domains of M" with smooth bounda-
ries, located as shown m figure 1. We also consider the " total domain "

Figure 1.
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180 J. CAINZOS

We defïne n as the outer unit normal to I \ .
Let us introducé the spaces :

Hfra» r0) = { v e HKQJ/v |r„ = 0 }
and

Ht(Çl29 r 2 ) = { v e H\Çl2)lv |ra = 0 } .

We consider the following stiff problem :

Problem Pe : Find two functions of (t, x), defmed on (— oo, oo) x Q :

u2 : [O, oo) -• H*(a29 F2)

satisfying :

—î^(0 - AMl(0 + s(f - T) AMl(x) dx = / ,(0 in

e -T-j s Aw2 = f2 in Q2

with the transmission conditions :

u^t) = u2(t) on r\

^(' ~ T)-^fW * = 8 i r ( 0 o n

and the initial conditions :

Ul(t) = <j>(0 e H*(Q19 r 0 ) V r e ( - oo,0]

w2(°) = i e ^o(fi2» r2> » -^r (° ) = <t>i e L2(Q2) .

The integro-differential operator which acts on the domain üj has the same
characteristics as the one used by Dafermos in his papers on viscoeiasticity
(See Dafermos [2, 3 and 4]).

In § 1, the problem is reduced to the theory of contraction semigroups in
Hubert spaces, using the method of Dafermos [4]. Furthermore, following
Lions [5], some results on the existence of a regular asymptotic expansion are
given.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 181

Section 2 is devoted to study the spectrum of the problem Pt, It is well known
that the eigenvalues Ç are related to solutions of the foliowing form ;

u(x, t) = u(x) e~^

ie. steady solutions of exponential type.
This study is carried out using a modifîed version of Lobo-Sanchez's method

[7], It is shown that there is a double convergence of the eigenvalues of the
problem Pt, when B -* 0+, to the eigenvalues of two related problems. The
first of these two problems, satisfying a Neumann type condition, shows a
viscoelastic behaviour on the domain Qv The other problem, satisfying a
Dirichlet condition, exhibits a merely elastic behaviour on the domain Û2.

Similar problems without the integro-differential term have been studied by
Lions [5] and their spectral study has been carried out by Lobo-Sanchez [7].

1. EXISTENCE AND UNIQUENESS OF THE SOLUTION. ASYMPTOTIC EXPANSION

In the sequel, we shalî assume that the influence function g : U+ -> IR
satisfies :

o), c = 1 - || g ||Ll(O(eo) > 0 (1.1)

as well as the following exponential majorization :

Xx e'** ^ 0(9 ^ X2 e-* X 1 , X 2 , n > 0 . (1.2)

1.1. Existence and uniqueness of the solution

Following the method used by Dafermos [4], it is possible to reduce the
problem JP£ to the theory of contraction semigroups in Hubert spaces. So,
by making the following change of variable : t — % = Ç, and introducing the
auxiliar variables v = w' and w(t, 9 = u(t — 9 ~~ w(4 which sums up the
history of % we can formulate the following equivalent problem :

W + ^u = F (1.3)

U(0) = Uo

where U = (u, v, w) and l/0 = (u09 vOi w0), with u0 \Qi = 4>(0)

% \a2 = <t>o » t>o In, = <l>'(0), ^o ln2 = <t>i a n d w 0 © = c|>(- 9 - <|>(Q).
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182 J. CAINZOS

Both, U and Uo belong to the following Hilbert space :

Hz = H£(Q) x L2(Q) x L2(0, oo ; H^(QX9 To)) (1.4)

endowed with the inner product :

< U, U* >e = c f Vu Vü* dx + £ | Vw Vw* rfx + I uü* dx += c \ Vu Vu* dx -f £ Vw VM* dx +
Jn : Jn2 Jfi

r r00 r -
vv* dx + \ g(Q Vw(%)Vw*(Qdxa\ (1.5)

Jn2 Jo Jnl

The operator séz is defined by :

r - v

(1.6)
Jo

+ v\Qt

where ^4e G L ( ^ Q ( Q ) , /f~1(Q)) is the operator associated with the form :

aE : (u, Ü) e ^ ( Q ) x ^ ( Q ) ^ az{u, v) =

= c \ VuVv dx + & \ Vu Vv dx G C (1.7)
JCÏI Jn2

and A e L{H^(Çll9 To\ H'1(Q)) is the one associated with the form :

a : (u, v) e HQ(Q1, TO) X H£(Q) -+ a(u, v) = VuVv dx e €. (1.8)

Jo,
Finally, the domain of séz is :

e 1 r
D(stf) =z 1 U e H iv G ifo(Q), A u — \ g(Q Aw(t) d^ e L2(Q),

l Jo
w' G L2(0, oo ; Ht(au ro))5 w(0) = 0 j . (1.9)

Remark 1 .1 : When we define Ae, we are considering that H£(ÇÏ) is a sub-
space of L2(Q) i.e. L2(Q) is the space L2(Q) endowed with the following inner
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 183

product :

(«, v\ = uv dx + 8
}al Ja

(u, v\ = I wu dx H- 8 l wi? dx Vw> Ü e L 2 (Q) .
Jn2

The previous choice of the space HE and the définition of the operator séz

allow us to prove the following proposition, using already known results
(see Brezis [1] and other authors).

PROPOSITION 1 . 1 : The operator — stfe is the infinitésimal generator of a
contraction semigroup { Ts(t) } t ^ 0 that allows us to obtain the unique solution
of the problem (1.3).

1.2. Asymptotic expansion

Let us dénote by w1 (resp. u2) the restriction of u to Q1 (resp. Q2).
The search for an asymptotic expansion of the form :

- vT1 + u° + ew1 + £2 u2 + - + ek uk 4- - (1.10)
o

leads us, by formai substitution in the variational formulation of the problem
P£, to obtain coupled équations. These équations, independent of £, allow
us to calculate the terms of the above expansion (1.10).

In short, the functions iJ[ (resp. ŵ X restriction of «* to Q1 (resp. Q2), are
the solution of :

Case k = — 1 : w~x is the solution of the problem :

(f) — Aut
 1(t) + g(t — T) AU, (T) dx = 0 in Qi (1.11)

ut

u'1 | ro = 0 , - ^ — ( 0 - g(t - x) - j — (x) A = 0 on r t
J-oo

w-!(r) = 0 V f e ( - oo,0] .

Therefore, u'1 = 0.

On the other hand, w2
 x is the solution of :

^ - A u " 1 =f2 in Q2 (1.12)
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184 J. CAINZOS

Case k = 0 : w° is the solution of :

f
J —

- x) A«?(x) A = A(0 in Q± (1.13)

»»(! ) - +(1) VI 6 ( -00,01

o»

As a conséquence, M° is the solution of :

d2u°
= 0 in Q2

"SCO) = <|>0, ( « 2 ( 0 ) ) ' = «K
«S lr i = «S Ir,. «°lr2 = 0

General case k = 1, 2,... : The functions ÎJ[, restriction of uk to Qv are the
solutions of the following problems :

}(t) - Attfr) + f g(t- x) Awï(x) dx = 0 in Qx (1.15)
J — ooÓf2

•/ -

= 0 W e ( - oo,0]

) on r \ , wï | ro = 0 .

On the other hand, the restrictions to Q2 are the solutions of :

\i% = 0 in Q2 V/c =1,2 , . . . (1.16)

uk
2(0) = 0, (w2(0))'=0

Remark 1.2 : As we progress in the actual calculation of the terms of the
expansion it becomes, as it is usual, increasingly difficult to establish the
sufficient conditions to justify the calculations. In fact, it is only possible to
calculate the term ü~x and the restriction to Q1 of the term u°. The lack of regu-
larity results prevents us from going on.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 185

It can be shown that, under convenient regularity hypotheses, this asympto-
tic expansion is rigorous. Through similar procedures to those used by Lions [5],
we can prove the following proposition.

PROPOSITION 1.2 : If uk e CO([0, T] ; H*(Q)) and (w*)' e C°([0, T\ ; L2(Q))

V* = - 1, 0, 1,..., n + 1 and if also (if + i)' e L2(0, T ; H*(a)) and

then :

(«"+ 1)"eL2(05T;L2(Q)) ;

u. - [-u~l -f w° + - + e" un

+ U° + •" + S"W"

Ce"

- W " 1

2. SPECTRAL STUDY

The study of the convergence of the restrictions of ue to each domain Q̂
i = 1, 2 may be described in terms of two associated operators Ax and A2,
closely related to séz.

2.1. Location of the spectra of A19 A2 and séz

a) The operator A x

The operator Ax is defined from the Hubert space

H = H*(Civ r 0 ) x L ^ O J x L2(0, oo ;

into itself and it is given by :

— v
f00

cAu —
Je

19 To))

(2.1)

H>' + V

Being 4̂ a linear bounded operator from ~H£(QV To) into its dual, associated

vol. 19, n° 2, 1985



186 J. CAINZOS

with the form :

a : (u, v) e H'(QV To) x H£(QV TO) -+ a(u, v) = f V w W à e C . (2.2)

Finally, the domain of A l is :

= j (a, z;, w) e H/v e H^(QV ro), c^w - f g(Q Aw(Q dt, e L2(QX),

oo^H^To)), w(0) = 0 j .

The operator ^ i , studied by Lobo [6], has a résolvent set p{Ax) containing
the whole semiplane Re r| < 0 and the points of the strip 0 < Re r] < JJI/2

which satisfy :

/»00

Jo

(2.3)

where the b\, which belong to the A spectrum, form an unbounded séquence
of real positive numbers. On the other hand, Ax has a point spectrum ap(^4x)
formed by the points of the above mentioned strip which do not satisfy the
inequality (2.3). lts residual spectrum GR(A^) is the semiplane Rer| ^ JLI/2.

b) The operator A2

The operator A2 from H*(Q2) x L2(Q2) into itself is defined by :

At u, [ ; ; (2 4)

where A e L(i/J(Q2), i/"1(Q2)) is associated with the form :

a : (w, i?) e H£(n2) x [

As it is well known, A2 is a skew selfadjoint operator whose spectrum
consists of the points + idk such that { d£ } form the spectrum of A.

c) The operator séz

Now, let us study the location of the spectrum of the operator séz.
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 187

PROPOSITION 2 . 1 : The eigenvalues of Mt lie on the strip of the complex plane
0 ^ Re r\ < u/2.

Proof: First, because of proposition 1.1, the whole semiplane Rer| < 0
is contained in the résolvent set.

On the other hand, the discussion on the eigenvalue problem allows us to
assert that the third component w of the eigenvector U must have the form :

w(Q = u(e^- 1) (2.5)

where u is the first component of U. A necessary condition for w to belong to
Lg

2(0, oo ; H£(QV To)) is that Re r| < u/2, thus the point spectrum is contained
in the strip O ̂  Re r| < u/2.

Finally, in a similar way, it can easily be shown that if Re r| ^ u/2 then r|
belongs to the residual spectrum.

2.2. Existence of eigenvalues of the operator jéz

Now, let us discuss an equivalent formulation of the eigenvalue problem
that allow us to proof the existence of eigenvalues of the operator séz when s
is sufficiently smalL

Moreover, we proof that the eigenvalues of Ax and A2 are accumulation
points of the eigenvalues of séz i.e. it is possible to obtain a séquence { ÇE }, so
that Ç£ is an eigenvalue of séz and the séquence { Ç£} converges to Ç when
8 -» 0+ , where Ç is an eigenvalue of Ax or A2.

Let us write the eigenvalue problem :
Find rj e C and U = (u, v, w) e D{séz\ U ^ O such that :

~ v - T)u = O (2.6)

Atu-[ g(Ç)Aw(Qc%-T]v = Q (2.7)
Jo

W + vx - J\W = 0. (2.8)

If we obtain v from (2.6) and substitute into (2.8), we can assert that w is the
solution of :

w' — r[W — r\u

w(0) = 0. (2.9)

As a conséquence, w has the following form :

w(Q = i4ët- 1). (2.10)
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188 J. CAINZOS

Now, the substitution of v and w into (2.7) allow us to obtain the following
equivalent eigenvalue problem :

Find Ti e C and u e H£(Q)9 u # 0 such that :

ax(j\9 u, v) + za2(u, v) + i ^ f e v) + EZ>2(Z/, I>)) = 0 WeH^O) (2.11)

where :

a^u.v) = (l - f ff©e*d^ f VwVïïrfx (2.12)

») = f

) = j

(2.13)

(2.14)

(2.15)

p
In the sequel, we dénote 1 - g(Q e^ d^ by G(y\).

pCO

- ö © ^
Jo

In order to solve the problem (2.11), we use a modified version of the method
of expansion in powers of e used by Lobo-Sanchez [7].

In this way, the following problem is considered :
Let be F e L2(Q). Find uz e H$(Q\ depending on r| and F, such that :

<*M> u, v) + &a2(u, v) + r\2{bx(u, v) + EA2(M, V)) = Fvdxy Vt> e ^ ( Q )
Jn

(2.16)

First, let us find and asymptotic expansion of the kind :

-u-1 + u° + eu1 + - +ekMfc + - , iteHàin) V k = - l , 0 , . . . (2.17)
o

By formai substitution in (2.11), we obtain the équations that allow us to
calculate the terms of the above expansion :

^(îl , «~\ v) + n2
 *I(M~\ v) = 0 Vu G ̂ ( f i ) (2.18)

a2(u~\ v) + TI2 * 2 ( « - \ y) + fll(Ti, M0, v) + îi2 i^n0, y) = Fïïrfx (2.19)
Jn
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INTEGRO-DIFFERENTIAL STIFF PROBLEMS 189

ö2(w
fc-\ v) + rj2 è2(w

/c"1, v) + afy, u\ v) + TI.2 b^u*, v) = 0 , k = 1, 2,...

(2.20)

PROPOSITION 2.2 : Lef be F e L2(Q). Le* F Z?e an open set ofC contained in
p{Ax) n p{A2). Then, the functions uk : r| G Va C ™> wk(r|) G HO(Q)A: =
— 1, 0, 1, 2,... exist and are holomorphic.

Proof : First, taking into account the équation (2.18), u{1 is the solution of :

- G(r|) AM"1 + r|2 M"1 = 0 in Q1 (2.21)

—̂— = 0 on Fi .
dn

Since r| G p ^ J , — ïl2 belongs to the résolvent set of the above problem,
therefore w^1 = 0.

On the other hand, if in the équation (2.19) we take v e HQ(Q) such that
v = 0 in Ql5 wjl is the solution of the following problem :

- Au-1 + TI2 u2
 1 = F2 in Q2

Since r| e p(A2\ — r|2 belongs to the résolvent set of the Laplace operator
with homogeneous boundary conditions, therefore u2

 1 e H£(Çl2) n H2(Ç12)
and is holomorphic. Moreover, u2

 1 satisfies :

C^Cï!) (2.23)

where C_ x is a continuous function of r\.
In short, w~x is holomorphic and satisfies :

II «"Hn)!^)^-^)- (2-24)

Now, using the équation (2.19) we obtain that MJ is the solution of :

- GCn) AM? + T]2 K° = Fx in i^
(2.25)

• 4 h - 0 . « ( 1 ) ^ - ^ on F,.

As a conséquence of the previous calculation of u2
 1(r\\ du2

1jdn is an holo-
morphic function of TI into Hll2(X^ Thus, u\ belongs to H£(tlv To) n H2^)
and is holomorphic.
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190 J. CAINZOS

In a similar way, we obtain that u2 is the solution of the problem :

- Aw° -f T]2 u\ = 0 in Q2

(2.26)
«Slra = 0, «Slr^KÎIn

and, as a conséquence, u2 e HQ(Q2, F2) n H2(Q2) and is holomorphic.
In short, we deduce that u° is holomorphic and satisfies :

II «°(ïl) L t o < C0(T!) (2.27)

where Co is a continuous fonction of r|.
In an analogous way, we obtain that w* is holomorphic from F c C into

HQ(Ü) and satisfies :

I! «*(*) L t o < [Q(ïl)]k Vfc > 1 . (2.28)

PROPOSITION 2.3 : Le? K be a compact set contained in piA^ n p(/l2).
be F e L2(Q). T/ẑ n} /ör e sufficiently small, the asymptotic expansion :

is uniformly convergent in H£(Q) to ue(r\\ ie. to the solution ofthe problem (2.11).

Proof: Since K is a compact set and the fonctions C_ls Co and Ct are
continuous, they are bounded.

Thus :

I e" u-(Ti) ' l

n= - Î

As a conséquence, if s < l/k the conclusion follows.
Now the principal resuit of this paper is stated.

THÉORÈME 2.1 : Let be Ce op{Ax) u o(A2). If e is sufficiently small, then
there exist eigenvalues of séz near to Ç

Proof : We consider a simple closed curve y enclosing Ç It is possible to
choose y such that y is contained in p(^x) n p(A2) and y does not enclose any
other point of o^A^ u o(A2) because a(A2) is contained in the complex axis
and if g ^ 0 then the eigenvalues of Ax are not purely imaginary numbers.

First, we assume that Ç e ap(v41). Let F be an element of L2(Q) such that Fx

is an eigenvector of Ax associated with Ç and F2 = 0. The existence of a solution
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of the problem (2.11) can be easily deduced from the previous results when
v[ e y. Then uz(r\) becomes :

uM= I e" «"(TI). (2.29)
n = - 1

Integrating along y, we obtain :

f Me(ri) dr\ = i f u- HTI) A I + [ w°
Jy Jy Jy

(2 • 30)

Taking into account (2.22), u~l has no singularity in the région enclosed by y
and using the Cauchy's intégral theorem we can assert :

= 0 . (2.31)

In a similar way, considering (2.25), we obtain :

f M°(ÏI) dt\ / 0 . (2.32)
Jy

Then, by taking the limit value as e -> 0+ in (2.30), we get :

L i m f u£j\)dï\ # 0 . (2.33)

Me is holomorphic because it is the uniform limit of holomorphic functions,
hence we can easily verify that, for sufFiciently small 8, u£ has a singularity in
the région enclosed by y and consequently, this singularity is an eigenvalue.

On the other hand, let be Ç e <J(A2). If we choose F e L2(Q) such that Fx = 0
and F2 is an eigenvector of A2 associated with Ç, we have that ut(r\) exists and
it is defined by the series (2.29). Integrating along y, we have that :

f u,(n) dr)=\[ u-^r)) dr] + f K°(TI) dr\ + - . (2.34)
Jy Jy Jy

Now, taking into account (2.22), we can verify that :

0. (2.35)
Jy
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192 J. CAINZOS

As a conséquence

Àm e u{Lime uz(r\) dx\ ± 0 (2.36)

and, following the procedure above, the conclusion follows.

COROLLARY 2 . 1 : Let be^e <sp(A^) u a(A2). There exist a séquence { ̂ n },
where Çn is an eigenvalue of séz^ such that Çn converges to Ç, when sn —» 0+ .

3. COMPLEMENTS

Similar results are obtained by considering some problems closely related
to the one here discussed For example, if the rôles of the domains Qx and Q2

are interchanged (i.e. the parameter e acts on the outer domain) or if the ïntegro-
düferential operator is defined on the domain Q2.

The problem discussed in this paper may be taken as a model applicable to
several situations appearing in other fields of science. In this way, it may be
applied to the study of the elastic vibrations of a non-homogeneous bounded
body, with a viscoelastic layer immersed in other merely elastic, layer having
a very small density and rigidity with respect to the first one.

An adequate dimensional analysis leads us to the following problem, where
the displacement vector u and the strain tensor atJ are used.

dt2 dXj

where atJ is defined in Qt by :

1 J-oo *

and in Q2 it is given by :

The transmission conditions are :

ui = u\ on I \ i - 1, 2, 3

alrnj = **l*nj o n r i -
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The numerical study of several particular cases, such as the acoustic waves
interaction with layered elastic or viscoelastic obstacles in water can be see
in Peterson-Varadan-Varadan [8].

Acknowledgement ; I am grateful to Ldo. E. Patino for his advice in the
préparation of the manuscript in English.
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