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ADDENDUM TO THE PAPER « FINITE ELEMENT SOLUTION
OF QUASISTATIONARY NONLINEAR MAGNETIC FIELD » (*)

by Milos ZLÂMAL (*)

Communieated by P. G. CIARLET

Résumé, — Une version corrigée et étendue du Théorème 2 du papier ci-dessus (ce journal, vol. 16
(1982), pp. 161-191) est établie.

Abstract. — A corrected and extended version of Theorem 2 of the above mentioned paper (this
journal, vol 16 (1982), pp. 161-191) is given.

In the above mentioned paper (this journal, vol. 16 (1982), pp. 161-191 ;
in what follows it is denoted by [Z]) we proved Theorem 2 on a weak as well
as on a strong convergence of a fully discrete approximate solution [/ô to
the exact solution u of the problem P'. The assertion || uR— t / | Hc([o,r];HR) ~* 0
is not correct because the approximate solution Ub is not continuously extended
on the interval [0, T]. Hère, we correct it in two ways and prove it even without
any regularity requirement on w. Before doing it we remark that (1.1), (1.2),...,
(2.1)? (2.2), etc. mean équations from [Z]. The équations in this addendum
are denoted by (1), (2), etc. Further, we extend the discrete values Ul eVh

defîned by (3.24) continuously on [0, T]. We defîne a new approximate
solution. %h G C([0, 71; V\ by

in HUJ, %h = V1-1 + t
A W l / 1 in (t^, tj, (1)

2 S i S r, r - T At~x

(AU1 = U* - U1'1).

(*) Received in September 1982.
(*) Technical University, tfida Obràncû mira 21,602 00 Brno, Czechoslovakia.
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408 M. ZLAMAL

THEOREM : Let the assumptions (l)-(5) of [Z] be fulfilled, let

fMeUf(^T\Vf
M), M = R,S, 1 < p < oo, - + 4 = 1 and uoeHR.

Then there exists a unique function

ueWR = {u\ue 1/(0, T;V);uRe 1/(0, T;V'R)}

satisfying (3.17) and (3.18). Further, the approximate solutions UB and %h

defined by (3.24) and by (3.25) and (1), respectively, exist, are unique and for
S = (h, At) -> 0

U* -> u in Lp{0, T;V) weakly, (2)

sup | uR(t) - UR(t) \R - 0 , || uR - * « llcao.ri;^) - 0 . (3)

If in addition,

a(u, u — v) — a(v, u — v)^ y[u — v]p Vu,veV, y = const > 0 (4)

where [.] is a seminorm with property

[v] + X\vR\R^$\\v\\ VU e F , X, P = const > 0 (5)

then

\\u~U6 \\LPi0>T;V) - 0 , || u - ^ ô | | X W ; K ) - 0 - (6)

Remark 1 : Let H be a Hubert space which is dense and continuously
imbedded in a separable reflexive Banach space V, let w0 e H, ƒ e 1/(0, T ; V')
and let >4(fi) be a nonlinear operator from V in F'. We consider the problem

iï + A(u)=f9 u{0) = uo (7)

and we assume that

i) A(u) is hemicontinuous and monotone, || A(u) \\v. £ C\\u\\p~x and
< Â(u), u > ^ QL[U]P Vw e F, a = const > 0 ([.] satisfies

[v] + X | Ü | ^ P || i; || Vü e F, X, p = const > 0).

Then
t / s - > w in Lp{0,T;V) weakly,

sup | t i ( 0 - t / 8 W h 0 5 l |M-# 8 l lcao > r ] . f f ) ->0-
0<t^T

R.A.I.R.O. Analyse numériqùe/Numerical Analysis



QUASISTATIONARY NONLINEAR MAGNETIC FIELD 409

If, in addition,

ii) < A(u\ u — vy — (A(v\ u~vy ^ y[u — v]p Vu, v e V, Y = const > 0
then

II u ~^ U \\LP(0,T;V) ~* 0 ? \\ U — % \\LP{0,T;V) ~^ ^ '

These assertions foliow from the Theorem {HR = H, Hs = 0 ) .

Remark 2 : We consider the problem (7) with a linear operator A(u) from V
in V'. We assume that

i) < A(u\ u y ^ a[u]2 Vu e F , a = const > 0 .

Then

From i) it follows

( A(u), u-v } -( A(v), u-v } = < A{u-v\ u-v > ̂  a [ t i - u ] 2 Mu.veV .

Hence 4(u) is monotone and satisfies ii) of Remark 1 with p = 2. From
monotonicity and linearity it follows that A{u) is continuous. Evidently, the
assumptions i), ii) of Remark 1 are fulfilled.

Remark 3 : Theorem 3 of [Z] is true without assuming u e C([0, T] ; HQ(Q))

if we correct (4. -8) as follows :

sup || u(t) - Ub(t) \\LHR) - . O , || u - %h ||C([O.r]:i*JO) ^ 0 ,
0<tST

Remark 4 : We consider a set of, in gênerai, nonuniform partitions of the
interval [0, T] : 0 = t0 < tx < ... < tr = T. We dénote At = max At£,

Atf = t£ - tt_u and we assume that the set of partitions has the following
properties : 1) at -> 0, 2) min AL ̂  a0 At for all partitions where <r0 is

a positive constant which does not depend on the chosen partition (nor on h).
Let the approximate solution be defined by means of the Euler backward
scheme, i.e. by

(Ul
R - Uk'\ zR)R + At, a(U\ z) = At. < ƒ ' , * > \JzeV\ t/K° = u0

1 f1

where now ƒl — -r— ƒ (x) ^T. Then all results of the paper [Z] as well as

of this addendum are true for the extended approximate solutions l/6 and °Uh.
The changes in the proofs are very small.

vol 17, n° 4, 1983



410 M. ZLÂMAL

Proof of the Theorem : We have to prove (3) and (6). The other assertions
are proved in [Z].

AsuRe{<o\<oe 1/(0, T ; VR) ; CÖ' e 1/(0, T ; V'R) } uR belongs to C([0, T] ;
fl^) (see lemma 1 in [Z]). To prove the first part of (3) we use a discrete version
of an idea which is used in [4] (see références in [Z]) in the proof of Theorem 1.2,
pp. 209-210. We dérive an estimate for max \Ul

R — vl
R \R where v is an arbi-

trary function from Cx([0, T] ; Vh\ Then we take for v an approximation of u.
Let v° = Ü(0) and let vAt dénote the function vAt = vl = ü(tt) in (tt_1? rt,

; = l,...,r. First, we consider { l / 'K= 1 defined by (3.29). Using (3.23),
(3.9) and (3.10) we get

i i j
_ I TTJ __ j)J I2 __ _ I r / ° ii° I2 < V (\(TIl Dl \ TI1 i)1 \ —5 I UR VR IR ^) \ UR ~ VR \R = 2^ K^yVR ~ VRh VR ~ VR)R ~

/ i , U'R - v'R)R - £ (AvR, U'R - v'R)R =
1 = 1 1 = 1

= - At £ a(U\ V' - v') + At X < ƒ', L7' - v' >

- S f f v'dt,UR- (vàt)R) = - [ ' a(U\ U5 - Ü A ( ) dt1=1 VJ,, _, /« Jo

Jo Jo

= - fJ [a(l/5, C/5 - u) - a(u, Ub - «)] A
Jo

+ f [a(u, M - vJ - a(U\ u - vJ] dt + f < u'R - v'R, UR ~ (vAt)R}R dt.
Jo Jo

From (3.37) and (3.13) it follows that the second intégral is bounded from
above by

C || M - VAt \ \ L P i O i T ; V ) ^ C { \ \ U - V \\LP(OiTtV) + \\V - VAt \\LP{0>TiV) }

^ C { II u - v \\WR + At || v Ilci([o,r],n } •

Here || u \\WR = || u ||LP(O,T,K) + II UR ÜLP-co.r.Fk) a n d C i s a ê e n e r i c constant
not necessarily the same at any two places. C as well as Ct (i = 0, ..., 3) intro-
duced later do not depend on 5 = (h, At) and on the functions v, z (C dépends

RAI R.O Analyse numérique/Numencal Analysis



QUASISTATIONARY NONLINEAR MAGNETIC FIELD 411

on u)..The third intégral is bounded from above by

II WR - V'R \\LP>{0,T;VR) I UR - (Vàt)R \\LP(O,T;VR) ^

S C || U - V \\WR II UB - V + V - VAt |iLp(O,r;F)

S C || U - V \\WR { C + || V ||Lp(0)T;F) + II V - VAt 11^(0,7^) }

S C{ || u -V\\WR -f At II v ||ci([O,r];n }

if we assume that

II u - v \\WR ^ 1 . (8)

The result of all these estimâtes can be written in this way :

Jo
[a([/5, U* - u) - a(Ui t/

5 - M)] A ^

^ I t/R0 " v°R II + C { || u - i; | | ^ + At || v Wc^rv.v) } •

As (see lemma 1 in [Z])

\U£-V°\R=\ U(O)R - V(O)R \R S II % " ^R llc([0,n;HR) ^ .C II U - V \\WR

and

I 4 ~ U R \R S II UR ~ VR \\C([o)T];HR) + \ U L - VJR \R

it easily follows that

7S ^ Co { || u - v \\WR +At\\v Ilc.([o.n;n } (9)
where

F6 = max | wK - t / i \2
R + [a(t/0, t/5 - w) - a(«, t / s - M)] d t .

! ^ ' Jo

By means of (9) we prove that

7Ô -> 0 . (10)

To this end we remark that C *([(), T] ; F) is dense in WR (the proof is the same

as in case HR = H,HS = 0; see, e.g.s [4], p. 144) and that U C 1 ^ T]; Vhj)

is dense in C ̂ [O, T] ; V) if fy -> 0 (the proof is the same as the proof of lem-
ma 1.5 in [4], p, 209). We also remark that

|| Z\\WR£ CX II z \\cH[O,n,v) V z e c l ( [0 , Tl ; V).

vol. 17,n°4, 1983



412 M. ZLÂMAL

If (10) is not true there exists an s0 > 0 and a séquence

{8„}r=iA = (fc n ,AO-0,

with the property Y5" ^ s0 for n ^ 1. Let w e C^O, T] ; V) be such that

1
u — w

and n0 be so large that

At"

A s U C *([(), T] ; Vh") i s d e n s e i n C x([0, T ] ; F ) t h e r e ex i s t s c e C ^[O, T ] ; Vh»>)
n=no

with nl ^ n0 such that

We may assume that e0 < min (2 Co, 4 Co Cx). Then

II « - « IITTR g II W - W H^ + || w - v \\WR < -r-fr s0 +

+ Cx II W - V ||Ci([0)r];K) < JTT £0 < 1 .

Therefore we may use (9) with this v and we get

f 1 A „ „ 1
! o _|_ Af y, I

01 ") f"* 0 "̂  ui II I'C1([O T}'V) ILz co J
which is in contradiction with Ydn ^ 80 for n ^ 1.

Now we show that (10) is true in case that { Ul }[=1 is defined by (3.59).
To this end we remark that (3.61) is true if we replace U^ by any cô  e HR

such that a>£ = œ^1. Estimating the term — (^R^R1)R fr°m below by

- l<oili - ^ l ^ i T 1 II we ê e t

t
= t flAœi-iAœÎT1,©^ . (11)

R.A.I.R.O, Analyse numérique/Numerical Analysis



QUASISTATIONARY NONLÏNEAR MAGNETIC FIELD 413

We choose cô  = Ul
R — vl

R (as before, vl = v(tt\ i = 0, ..., r; in addition,
we define v~l = v° so that Av° = 0) and we extend uR by zero outside (0, T)
keeping the same notation uR for this extension. Similarly as before we obtain

I I JIJ _ ,J |2 _ i | TjO _ 0 |2 < y (lij1 — 2 f/1'"1 4 - - ï 7 ' ~ 2 f/1' — l/ I —
J\UR VR\R ô l U K V R \ R — Z^ \ 0 R LKJR ^^JUR *UR VR
4 l i=i\z z JR

( I i ^1, UR
( = 1 Z Z

+ 2i = 2\Jtl_l
VRt R VAtRjR~ Jo

- a(u, C/s - u)] d£ + f [a(w, M - üAt) - a(U\ u - vAt)~] dt
Jo

C3 < 3 f'' '
\ RW» R V AtJR /R 2 \ ^ R^ " R ^ At'R ' R

Jö Jo

The fîrst two intégrais on the right-hand side are the same as before. The last
three are equal to

[ <u'R(t) - vR(t),uR - (vAt)RyRdt -
o

- 5 fJ < «kW —«k(t -
Jo
f A t « >R
Jo

The fîrst two terms can be estimated as before. The last is bounded by

Ca(A?)(l +At\\v ||ciaOiri;n) ' a(A t) = il *4(0 " uk(f ~ A 0 lli^o^Fk)-

Y5 is bounded from above by

Y" ̂  C2 { || u - v \\WR + At || v WCHIO^V) } + C3 a(At). (12)

As uR e 1/(0, T;^) it holds a(At) - 0, hence Yb -> 0.

vol. 17, n° 4, 1983



414 M. ZLÂMAL

LetM(8) = max | M^ — UR\R9m{At) = max | i^ ( t i ) - uR(x2)\Rix1,x2e[0i T],

| %x - x2 | ^ At Then

M(5) -» 0 , m(At) -> 0 if 5 -• 0 .

We have | uR(t) - UR(t) \R S m(At) + M(5) -> 0 which proves the first part

of(3). Now, let || uR - %£ ||C([O.T];HH) = I %(xo) " #*(*<>) \* If^o e [0? t,] then

- U 4 - Uk \R è m(At) + M(S).

[f x0 e («£_!, tj), i è 2 then

I «*(To) - **fro) U ^ I «K(*O) - «4 U + I "k - t / i IR + I U*(x0) - <%£{Ï0) \R é

^ m(At) + M(ô)

As
we see that || uR -

g m(Aî) + M(ô) +

s i VR - «k IR + I *•
1 \R S m(At) + 2 M(8)

^ 2

f
If a(u, v) satisfies (4) it follows from (9) and (10) that [u - UB]P dt -> 0.

Jo
Further,

i = l t i - i

g T[m(A£) + M(S)]P -> 0 .

Consequently, \\ u — U& \\LP(OIT;V) -* 0 owing to (5).

Finally, from | || «(t) - U\t) f dt -» 0 it follows
Jo

{t - At) - t /60 - Ar) ||p dt ^ 0f
Jo

(hère u and (7 are extended by zero outside (0, T)). As

\\u(t)-u(t-At)\\LPiOiT,r)^O

R.A.I.R.O. Analyse numérique/Numerical Analysis
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we get I U\t) - Ub{t - At) \\p dt -> 0. O n the other hand

Jo

CT

f Ub(t) - U*(t - At) \\p dt - At { || U1 \\p + X
Jo i = 1

thus At £ || AU1 \\p -> 0. We have
i=2

415

Tl,
Jo

l\ f ||a- f/6|r^+ f

and

f 'dt =
At

•AU1 dt ^ At

which proves the last assertion of the Theorem.

} .
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