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ON THE EXISTENCE AND THE REGULARITY
OF AN INITIAL BOUNDARY PROBLEM

OF VORTICITY EQUATION (*) (**)

by C. BARDOS C1) and Kuo PEN Y U (2)

Abstract — We consider the Euler équation for incompressible fluids in a two dimensional domain
depending on the time. In this situation we prove the existence of a weak solution and the existence

..œuLuniqueiLess jof_a smooth solution when the size of the domain increases fast enough with the time.

Résumé. — On considère Véquation d* Euler dans un domaine à deux dimensions variant avec le
temps. Dans cette situation nous prouvons Vexistence d'une solution faible et Vexistence et Vunicité
d'une solution forte quand la taille du domaine augmente avec le temps.

I. INTRODUCTION

This article is devoted to a slightly generalised version of the Euler équation.
This équation is used in numerical weather prédiction (cf. Kuo Pen Yu [2, 5]).
The main différences with the classical Euler Equation are the following.
We deal with non homogeneous boundary conditions and we assume that
the domain dépends on the time. We will study the existence of a weak solution
and in some cases the existence and uniqueness of a strong solution. The proofs
follow for weak and strong solution the methods of Bardos [1], Kato [2],
Wolibner [8] and Schaeffer [7], However the main improvement is the following.
With non homogeneous boundary conditions it is in gênerai impossible to
prove the regularity of the solution. This is due to the very singular behaviour
of the solutions of the transport équation in a bounded domain with change

(*) Received in February 1982
(**) This work is an improved version of a report presented by the second author in the meeting

on non Hnear hyperbolic équations and reaction diffusion Systems. EI Escorial Spain, 21-26 January
1980.

(*) Département de Mathématiques, Université de Paris-Nord, Avenue J. B. Clément,
93430 Villetaneuse.

(2) Mathematical Department Shangai University of Science and Technology, Shangaï, Chine.
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6 C. BARDOS, KUO PEN YU

of type of boundary condition. This situation may be improved when the
domain increases with the time. To ensure the regularity this increase of size
of the domain must be large enough with respect to the size of the initial data.

Computational expérience have been made for the Euler équation with
artificial boundary condition and it has been noticed that the computation
becomes stable when the size of the domain increases with the time. The regu-
larity result which we prove here is the continuous version of this observation.

To make the reading easier we focus on the a priori estimâtes, when these
estimâtes are proven the rest of the work is mere routine and we leave it to
the reader. In section II we present the équations and we prove the existence
of a weak solution. In section III we prove the regularity result and the unique-
ness of the solution.

H. DESCRIPTION OF THE EQUATIONS AND EXISTENCE OF A WEAK SOLUTION

We will dénote by G an open set of Ux x Ut, and by T a positive number,
T is finite but needs not to be small. For t e [0, T] we introducé the family

and we assume that O(0 is a bounded nonempty simply connected open set
of IR2 with smooth boundary.

In two dimensions the usual Euler équation in an open set Q of IR2 is :

I + M V M ^ - V ^ , V . W = 0 (1)

with the homogeneous boundary condition :

« . v l a n ^ O . (2)

Using the relation V.w = 0 one can introducé the stream function O and
the vorticity co ; we then have :

fdQ> ÖO\ du2 dul
u = ( â — > ~ 3 — ) i © = à à —

\dx2 dxx) dxx dx2

and therefore œ = — AO.
Now taking the curl of (1) we obtain the classical system :

^ + (V A O). Vco = 0 , - A® = <D . (3)

R.A.I.R.O. Analyse numérique/Numerical Analysis



VORTICITY EQUATION

If we dénote by dj ds the tangential derivative on the curve 3Q, we see that (2)
can be written in the form :

ds = 0 or

Now the généralisation of (3), (4) will be the following :

^ p + V A<D.VÜ) = 0 in GT = U
<" 0<r<T

- A<D + X2 <D = œ + ƒ in Gr

O = *F(x, /) in r r = U 50(0

(4)

(5)

(6)

(7)

(û(x, 0 = £(*' 0 in (dGT ) (8)

in (6) X dénotes a non négative smooth function, ƒ is also a smooth function.
With <I> given on dQ(t) the solution of (6) and (7) is uniquely determined, when co
is prescribed

In (8) the expression dG? dénotes the part of the boundary of GT where
the vector fields (V A *, 1) defined in U2 x Ut points toward the interior of
GT. More precisely let (v, vt) dénotes the unitary outward normal to GT then
dG-f is defined by the relation :

ÔGj = { (x, 0 e dGT | 0 > vt -h (V A O).V } .

Now let 5 =(<Xi>a2) dénotes the unitary outward normal to Q(0 in U2 ;
between vl5 v2 and a l s a2 we have the relation :

a, = - v?)1'2

Figure 1
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8 C. BARDOS, KUO PEN YU

and therefore the relation :

0 > vt + (V A 0>) v (9)

can be written in the equivalent form :

- v,(l - vf)'« + § = v,(l - v?)'» + | f . (10)

In (10), d/ds dénotes the tangen tial derivative along the curve dQ(t). As a consé-
quence of (10) we see that dGj is completely determined by the data : GT

and \|/ which is the prescribed value of O at the boundary.
It is clear that dGf contains the set Q(0) = { x | (x, 0) e G } and does

not contain Q(T) = { x | (x, T) e G }.
When d) and Ç are given, the solution of (5) and (8) is completely deter-

mined by a classical transport équation. Indeed, assuming that the vector
field V A O is lipschitzian, we can consider the family of curve x(s) = Ut(s) x
defined by the ordinary differential équation :

x(s) = ( V A 0>) ( x ( s \ s ) , x ( t ) = x . (11)

We dénote by x(x, /) the first value of s (less that /) for which x(s) reaches
the boundary of GT. Clearly we have :

T(X, /) e [0, t]

and t/r(x(x, t)) x e dGf.
Then the solution of (5) and (8) is clearly given by :

©CM) = « W*. 0) M . 02)
We can now state and prove the following :

THÉOREM 1 : We assume that the data X(x, t) > 0, / (x, t) defined in GT,
\(/(x, t) defined on TT and C^x, t) defined on dG-f are continuously differentiable (*)
then there exists a weak solution (co, <I>) e ^(Gj) of the following system :

^ + (V A<D).VCO - 0 w G r (13)

- A O + Ï I 2 O = Ö) + / m GT (14)

C1) We make no attempt for weakening the hypothesis of regularity for the data.
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VORTICITY EQUATION 9

0 = WM) in TT= U Gr (15)

co(;c, t) = Ç(x, 0 in öGj (16)

dénotes the set of points of dGT such that :

is négative. Furthermore the function O satisfies, for any p (1 < p < oo) the
estimate :

sup ||O(., /) \\W2,Pm)) dt < + oo . (17)

Remarks : Since (14) and (15) define the classical Dirichlet problem, with a>

and ƒ in U°{GT\ <S> and -r—^— belong to LP(GT) for any /? (1 ^ /? < oo)

and in particular the value of <ï> on r r is it self well defined. On the other hand
we say that (co, O) e U°{GT) is a weak solution if O satisfies (14)-(15) and if
for any test function 0(x, /) e@(GT) which satisfies :

0(JC, 0 = 0 for (x, 0 e dGf = j (x, /) e 3GT | vr(l - v(
2)1/2 + ^ > 0 j

we have :

[ O T - + ©.(V A <D).ve J Jx rfr = (vt + v.V A O) 9.

(18)

Oi course (18) means that in the distribution sense we have :

| + V . ( ( V A O).©) = 0

and that in some weak sense the restriction of co to dGj is defined and satis-
fies (16).

We recall that the set 2(T) = (Q(T), T) belongs to dGj and that the set
1(0) = (Q(0), 0) belongs to dG? .

Proofofthe theorem 1 : As we have said we give mainly the a priori estimâtes :
we consider the following itérative method : given d>n we define œ n + 1 by the
transport équation :

vol, 17, n° 1, 1983



10 C. BARDOS, KUO PEN YU

^ . Û ) B + 1 = 0 in GT (19)

<ö"+1(x,0 =£(*, ' ) in dGr (20)

Ç(x, 0 and öGf are independent of « and the solution of (19), (20) is well defined
and belongs to L°°(GT), next we define On+1 by the équation :

- AOn+1 + X2 <Dn+1 = ƒ + (on (21)

<Dn+1 - T on F r . (22)

We will have from (19)-(20) the estimate

\\<ün+ih<°<GT) ^ K I w T > (23)

and for 1 < p < oo

|| *"+ 1(- , 0 |U2.p(iK„) < Q7 { K L»(^) + I ƒ iL-(Or) } (24)

where C dénotes a constant depending only of the open set GT.
Now from the family (af, $n) one can extract a subfamily converging in

(L°°(Qr)) with the weak star topology, the fact that (V A O") (., /) is uniformly
bounded in WUp(Q(t)) and the équation (19) are used to obtain the limit
(V A O). Vco (in the sense of distribution) in the non linear term(V A O"). VÛ>"+ *.

m . CONSTRUCTION OF A SMOOTH SOLUTION

In this section we will assume that the domain increases fast enough compared
with the size of the data and we will show that with this hypothesis the method
of Wolibner [8] can be adapted Wolibner has noticed that from the estimate
curl (o e L^iGj) one cannot deduce an estimate on the sup norm of V̂ w.
Therefore the first step is to prove, using an analysis of the pair dispersion, that
o is bounded in some Holder space COa. From this bound one deduces that
Vxu remains bounded in the same space. Then it is easy to prove that the
solution will be as regular as the initial data.

To make a précise statement, we will assume that F = U dil(t) is
defined by a smooth C2 function F(x, i):

GT = {(x, 0 | 0 ^ t < T, r(x, t) < 0 }

F = { (x, 0 I 0 < / < T, IXx, 0 = 0 } (25)

and for the transport équation we will prove the following.

R.A.LR-O. Analyse numérique/Numerical Analysis



VORTICITY EQUATION 11

LEMMA 1 : Let GT = U O(0 = { (*, 0 I 0 < t < T9 T(x, t) < 0 } be an

o<r<r
ö/?en 5e? of Rl x Rt. We assume that the open sets 0(0 are simply connectée! and
that their boundary dO(0 is smooth. We dénote byua smooth vector field defined
in Gr. We assume that V. w = 0 inGT and we assume that there exists a strictly
positive constant y with the following properties

^ ( x , 0 < - Y and ( y - | V x r ( x 1 / ) | | i i | J > S > 0 (26)

for any point (x, t)eÙl x Ut.
T hen for Ç e Cx (3Gf ) the solution of the transport équation

^ + i i . V < o = 0 , © l a s ï - C (27)

satisfies for any pairs {x, t) e GTand(y, i) e GT the estimâtes :

| C, 0 | ^ | Ç | L « ( 5G- , ^ ~ — (28)-

, 0 - o** r) l/l x - y rKt < C | C icN5G7 ) • (29)

In the relation (28) the constant K dénotes the sup norm of V A U in GT, C dépends
on the sup norme ofW A U in GT, of the open set itselfand of the value ofu.v in
C1>a(r). But it is independent of the other properties of the vector field u.

Proof : We will use the fact that o is constant along the caracteristics of the
vector field u. Since we assume that u is smooth we can extend it in R* x [0, T]
by a smooth vector field still denoted W(JC, t\ We may assume that u and
VM = (dujdxj) are uniformly bounded in R%. x [0, T]. As it is done in the intro-
duction we dénote by Ut(s) x the value at the time s of the solution of the ordi-
nary differential équation

k{s) = u(x(s\ s), x(t) = x.

From the transport équation we deduce that we have

|«V)=O (30)

and therefore that oo(x, t) is given by the relation

œ(x, 0 = Ç(l/f(T(x, 0) x) (31)

where t(x, t) dénotes the largest time, in the intervalle [0, t] where the curve
s -+ Ut(s) x reaches the boundary of GT. Now the relation (28) is a direct conse-

vol. 17, n° 1, 1983



12 C. BARDOS, KUO PEN YU

quence of (31), To prove the relation (29) we will adapt the method of Wolib-
ner[8].

Since the open sets Q(0 are simply connected, we write, using the relation
V. u = 0 the following équations :

- A<D - V A u in O(0 0 < t < T (32)

dO/Ôs \da{t) = u.t (33)

u = V A <I> in GT. (34)

As in the introduction ûc = (a1? a2) dénotes the components of the outward
unitary normal to 30(0 in ^2-

It is known (cf. Wolibner [8] or Ladysenskaia and Uraltceva [6]) that there is
no uniform bound of the gradient of u in term of the uniform norm of V A U
and of the norme of u. a in C1(dQ(i)). On the other hand assuming (for sake of
simplicity) that w.oc is bounded in C2(dQ(t)) one can prove (Wolibner [8],
Kato [2]) the following estimate :

| w(x, 0 - <y, 0 | < CK | x - y | sup ( 1, Log | ^ [y \ (35)

where C dénotes a constant depending only on the open set Q(0, and the boun-
dary condition M. oc in C2(dQ(t)) and K dénotes the norm of V A U in L°°(Q(0)-
From the relation (35) one deduces, for two solutions Ut(s) x and Ut(s) y of the
differential équation (29), the classical pair dispersion relation :

I Ut(s) x - Ut(s) y | ^ C | x - y T CK(t^J O . (36)

For the two points (x, t) and (y, t) appearing in the relation (29) we will
dénote by x and r| the numbers t = T(X, t\ r| = x(y, t) and by a and b the points
Ut(%) x and Ut(y\) y. We will consider three différents cases.

(i) a e S(0) and b e X(0)
(ii) a e T and b e F

(iii) aeT and i e l (O) .

In the first case we have x = r) = 0 and from the relation (36) we deduce the
formula :

x , 0 - œ ( 7 , 0 \l\x-y \e'CKt ^ C | (o(a, 0) - œ(è , 0 ) \/\a - b \

(37)

(*) For the rest of the proof C will dénote any constant depending on the open set GT, on w.ot
and on the norm of u in L^iGj) but of nothing else K dénotes the norm of V A U in L™(GT).

R.A.LR.O. Analyse numérique/Numerical Analysis



VORTICITY EQUATION 13

In the second case we use the relation (26) and we write :

f1 â
- r(6, Ti) = -^(

Jo
o = r(a, x) - r(6, Ti) = -^(r(aa + 0 - a ) b " a T + 0 - a ) *n)da

Jo

V ^ a a + (1 - <j) b9 ar + (1 - a) r|) (a - 6) da

+ [ J ( a a + (1 - a) 6, at + (1 - a) TI)(X - n) da (38)

Jo

to obtain, with — y > ôT/dt, the relation :

Y l T i - T K I V ^ r U a - ô l . (39)
Since y(s) = Ut(s) y is a solution of the differential équation y = u(y, s) we
have :

| a - b | = | Ut{i(x, 0) x - [/((x(r, 0) ƒ | < | l/,W*. 0 x - Ut«x, t))y\ +

+ \Ut«x,t))y- Ut(x(y,t))y\

< | Ut«x, t) x - Ut(x(x, 0) y | + | T - n 11 « |œ . (40)

With (40), (39) and the estimate (36) we obtain finally the relation :

I x - TI K c(\ v x r U Y ) ( I - \ V X T L \ U L / Y ) " 1 . I x - y r C K t ( 4 i )

or with a change of définition of the constant C

| x - T i K C | x - ^ | e . (42)

An other use of the mean value theorem gives :

/,(T(X, 0) x - Ut«y, t))y\^\ l/,(x(x, /)) x - l/r(x(x, t)) y \

Ut(T(x,t)y-Ut(T{y,t))y\
CKt + I x - -n | | M |œ
CK'. (43)

Therefore in the second case we have :

| co(x, 0 - co(y, t) \l\x-y T K t = | co(a, x) - <o(è, TI) |/| X - y |e"Kt <

< C | «(a, x) - œ(ô, Tl) |/|(a, x) - (6, TI) | < C | Ç k , , » - , . (44)

vol. 17, n° 1, 1983



14 C. BARDOS, KUO PEN YU

Finally for the third case we use the relations F(a, x) = 0, F(&, 0) < 0 and
we write :

0 ^ r(o, x) - F(è, 0) = f ^{oa 4- (1 - er) b) x do +
Jo

+ f Vxr(aa + (1 - a) b){a - b)do. (45)
Jo

From (45) we deduce the relation

\Vxr\m\(a-b)\da (46)f
Jo

and the rest of the proof is similar to the case(ii).
Now we can state and prove the main :

THEOREM 2 : Assume that the latéral boundary F of GT is definedby a smooth
function F(x, t) satisfying the relation

^ ( x , f) < - y < 0 V(x, O e i 2 x [0, T] (47)

and assume that the data Ç e C1(dGf\ f e C1(GT) and v|/ e C2(ôGf) are small
enough in thefollowing sense :

I Ç l^OGï) + | ƒ |L- ( G-) + | \(/ |L - -0C f ) < £ (48),

where e dénotes a suitable constant.

Then the problem :

§p+(V A O).Vœ =0 ih Gr

— A<I> -f À2 $ = (Ù + f in GT (X being real and smooth)

<D = v[/(x, 0 in TT - U SIX/)

©(x, f) = Ç(x, i) in dGj

has a unique solution which satisfies the additional regularity property :

(., 0 \c^m)) + | <D(., 0 |c2,*(fi(r)) < C . (49)

R.A.I.R.O. Analyse numérique/Numerical Analysis



VORTICITY EQUATION 15

In (49) a is taken srnall enough and C is a constant depending only on the C2

norm ofy\f and of the WltCO norm ofC, and f,

Proof : We will only show that the Holder estimate is uniformly preserved
by the itérative scheme defined by :

_ A<D"+1 + X2O"+ 1 = o" + ƒ in GT (50)

O"+ 1 = \|/ in TT = U SQ(t) (51)

- ^ — + (V A <Dw+1).VG>n+1 = 0 in GT (52)

co"+1 = Ç in ÔGT . (53)

Nowifo)" is uniformly bounded in L^ (G r )byX = | Ç | L ^ G - ) , the solution of
(50) and (51) <D"+ x is bounded in W2>p(Q(t)) by Cp where C dénotes a constant

4ndependent of u; the vector field i/ t + 1 = V A O"+ 1 satisfies the relations^

V.w"+1 = 0 , V A w"+1 - - AOn+1 = ü)n + ƒ - A.2OM+1

and

K « + 1 . 3 = ^ on r .

Therefore V A W"+1 is uniformly bounded in U°{GT) by a constant Kx inde-
pendent of m Using the classical Sobolev theorem we have w"+ x = V A d>n+1

uniformly bounded in L°°(GT) by a constant D which dépends only on | ƒ | j * (G-},
I œ" lL°°(Gf) = I ̂  IL°°(5GT) anc^ °f I ̂  ICMD- Therefore if the constant y which
appears in (26) is large enough, compared to D, we can apply the Lemma 1 for
the équations (52), (53), co"+1 is uniformly bounded in

L™(GT) by X = | Ç \L^dG-T)

and the quotients :

are boun4ed by E \ Ç |Ci(aG-) where £" dénotes a constant independent of (x, t\
(y, i) and of n. The proof of the estimate is complete.

The rest of the proof is simple routine it is left to the reader. In particular with
the estimate on co"(., t) in C°'a (with a = e~KlT) one deduces from (50) and
(51) that the vector field w"+ *(-, 0 is uniformly bounded in C1>Qt(Q(0) then it is
easy to prove that the solution is as smooth as the initial data.

vol. 17, n° 1, 1983



16 C. BARDOS, KUO PEN YU

Finally we notice that the proof of uniqueness given by Kato in [2] can be
adapted in the present case for the class of solutions which satisfy the hypothesis
of the Theorem 2.
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