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L -CONVERGENCE OF FINITE ELEMENT
GALERKIN APPROXIMATIONS

FOR PARABOLIC PROBLEMS (*)

by Joachim A. NÏTSCHE (*)

Abstract. — Using weighted norms L^-error estimâtes of the Galerkin method for second
order parabolic initial-boundary value problems are derived.

0. INTRODUCTION

Let the model problem

ù-Au = f in fix(0, T],

u = 0 on dQx(0, T], (1)

be given. With Sh^H1 being a finite dimensional space-we will consider only
finite éléments — the standard Galerkin approximation uh = uh(t)eSh is defined
by

(Üfc,x) + Ö(tt*.x) = (/X) for %eSh and te(0, T\ (2)

with

Here(., .) is the L2 {Q)'Scalar-product and D{., .) the Dirichlet intégral. Qh may be
any computable projection onto Sh. Substitution of ƒ by u — Au gives for the
error e = u — uh the defining relation

x)=0 f o r XeSh. (3)

(*) Manuscrit reçu le 6 avril 1978.
O Institut für Angewandte Mathematik, Albert-Ludwigs-Universitat, Freiburg i. Br.,

République Fédérale d'Allemagne.
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32 J. A. NITSCHE

Because of the Hilbert-space setting error estimâtes in Sobolev-norms are
available primariiy. This part of the convergence analysis is solved now in a
satisfactory way. In part {b) of the bibliography a number of papers dealing with
this question is listed.

With the help of special techniques in one space dimension there are also
results in the maximum-norm. We refer to Archer [1], Cavendish-Hall [4],
Douglas-Dupont [6], Douglas-Dupont-Wheeler [7], Thomee [15], Wahl-
bin [16], and Wheeler [17]. Seemingly Lm -estimâtes for gênerai space
dimensions are only treated by Bramble-Schatz-Thomee-Wahlbin [3]. The idea
is to write (3) in the form

e + Thè = (I-Rh)u. (4)

Hère to any ƒ the element Uh = Rh A " 1 ƒ = Th ƒ e Sh is the Ritz approximation on
— A"1 ƒ de&ned by

D(Uh,x)Hf>X) for XeSfc. (5)

In this way L^-estimates for the elliptic problem give rise to corresponding
estimâtes for the parabolic problem. Using Sobolev-type embedding theorems
Bramble et al. dérive Z^-estimates in terms of L2-estimâtes of time derivatives of
sufnciently high order depending on the dimension of Q.

The aim of this paper is to give estimâtes the type

Hère we consider only the case uh{0) = Rhuo. More gênerai initial conditions
and also the discrétisation in time will be discussed in a forthcoming paper.

Similar to the elliptic case extensively we use weighted norms, see Natterer [8]
and Nitsche [10] and [11]. The corresponding approximation properties of finite
éléments are derived in sections 2,3. A needed generalization of the boundedness
of the L2-projection is given in section 4 and the main error analysis in 5-7.

1. NOTATIONS, FINITE ELEMENTS

In the following Çl^RN dénotes a bounded domain with boundary 3Q
sufficiently smooth. For any Q' ̂  jR̂  let W\ (Q') be the Sobolev space of functions
ha ving Lp-integrable gêner alized derivatives up to order k. In case p = 2 we also
adopt Hk(Q')= W%{Çl'). The norms are indicated by the corresponding
subscripts. Hx (Q') is the closure in H1(Q') of the functions with compact
support.

R.A.I.R.O. Analyse numérique/Numerical Analysis



L^-CONVERGENCE OF FINITE ELEMENTS FOR PARABOLIC PROBLEMS 33

For T> 0 fixed the spaces Lp ( W\ (Q')) = Lp (0, T, W\ (Q')) consist of functions
u = u(t)eW\(Q') such that || u(t)| | ^(n,}is Lp-integrable (respective a. e. bounded
for p = oo) in (0, T) with the norms

l / p

In case Q' = Qwe drop Q, i. e. Hk = Hk (Q), etc. If there is no confusion we will also
simply write u instead of u(t).

In addition we consider weighted semi-norms. Let — | • j dénotes the euclidian
distance in RN :

^ = | x - * o | 2 + p2 (1-2)

with xoeQ, and p > 0 . We define

l|V*v|U={ V £jn-« |ö^ | 2 rfx | . (1.3){ V
(•» -)Ö.Q' is the corresponding bilinear form. According to above we drop Q' in
case Q' = Q. Furthermore, the Lp(0, T)-norm of || M ||fl== \\u(t) \\a Q is denoted by
|| .|| with subscript Lp(a).

By Fh a subdivision of Q into generalized simplices Af is meant, i.e. A£ is a
simplex if A£ intersects dQ in at most a finite number of points and ortherwise one
of the faces may be curved. Th is called x-regular if to any At e Th there are two
sphères with radii x " 1 h and x h such that A t contains the one and is contained in
the other.

The finite element spaces Sh = S(Th) have the foliowing structure: Let the
integer m be fixed. Any % e Sh is in C° (Q), i. e. continuous in Q, and the restriction
to Af G Th is a polynomial of degree less than m. In the curved éléments we use
isoparametric modifications as discussed by Ciarlet-Raviart [5], Zlamal [18]. Sh

is the intersection of Sh and H1.

By construction we have Sh E H t but in gênerai Sh 4 Hk for k > 2. It is useful to
introducé the spaces H'k = H'k (Th) consisting of functions in L2 the restriction of
which to any A,- e Th is in Hk (A;). Obviously Sh g H'k for all k. Parallel to (1 . 3) we
use the "broken" semi-norms

In order to avoid difficultés we will use three different letters for the
"constants" in the estimâtes: k, y, and c with the following distinctions:

(i) kltk2, . . • dénote numerical constants depending only on N and m (the
space-dimension and the degree of the finite éléments used);

vol. 13, n° 1, 1979



34 J. A. NITSCHE

(ii) the parameter p in (1.2) is independent of x but will change with h. Most
of the lemmata and theorems are only valid if p is not too small compared
with h. The corresponding conditions are formulated by "for yt h g p" respective
"let yt h — p". Of course the y's depend on N, m, the domain Q and the regularity
factor x of Th;

(iii) numerical constant with the same dependence as the y's but entering
directly the estimâtes are denoted by c, clf c2, . . . Normally just c is used, it
may differ at different locations. In order not to loose control in section 5 the
constants c are numbered.

The case m = 2, i.e. linear finite éléments, need special treatment. Then
logarithmic terms of h will appear in the error bounds, see [12] for the elliptic
problem. In order not to overburden the paper we assume

mè3. (1.5)

Furthermore we consider only regular subdivisions with some fixed x. Finally
we remark the powers of (i for the weights \ia are always within the limit

2. APPROXIMATION PROPERTIES IN WEIGHTED NORMS

Let AieTh be any simplex as described in section 1. Then |i(l .2) does not
change too fast if p is not too small compared with h :

LEMMA 1: Let yr h<p with Yi=2x. Then

)£3inf|i(x). (2.1)
x e A,- x e A£

Proof: Let x, xe At be points with

(2.2)

Since in A; :

we get

We have x-X g>

=~ u. ( x ) ~l~ (x — jç ̂  V

{/i and therefore

^ ^ | i + 2x/i

R.A.I.R.0 . Analyse numérique/Numerical
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L^-CONVERGENCE OF FINITE ELEMENTS FOR PARABOUC PROBLEMS 35

Schwartz's inequality in the form

gives

~ 2 / I 2 . (2.6)

Now — independent of x:
2 (2.7)

and therefore the lemma is shown.

The approximability property

\\Vk(v-7Ù\\lw£ch2»-*>\\V' V\\IM mkïlZm) (2.8)

with a proper interpolation resp. approximation % e Sh is well known. Because of
lemma 1 we get from this

| | | L ^ | | | | . (2-9)

and after summation over A^eF,,.

LEMMA 2: Let yxh^p, To any veH[ there is a%eSh according to

\\Vk(v-x)\\'aSchl-k\\Vlv\\'a ( O ^ f c ^ m ) . (2.10)

REMARK: Since (2.8) holds also for veH1 with a % e Sh lemma 2 remains valid
if H\, Sh is replaced by Hl n Hx and Sh.

The proof of the next lemma follows the same lines and is omitted here.

LEMMA 3: Let Jih^p. Then Bernstein-type inequalities holà: For any %sSh:

(2.11)
o

Multiplication of a function in Sh resp. Sh gives no longer a function in these
spaces. But still a certain "super-approximability" property of such functions is
valid (see Nitsche-Schatz [13]):

LEMMA 4: A function \i ~b <p with <peSh (resp. Sh) can be approximated bya%eSh

{resp. Sh) according to

| |Vk(r f ccp-x)| |^c{ft '»- t | | (p| |a + 2 ( > + m + /J
2-k | |Vcp||<1+21,+1}. (2.12)

Before proving the lemma let us consider e. g. the case a= —b and k = 0. Then
(2.12) means

| | { | | | | | | | | 1 } . (2.13)

vol. 13, n° 1, 1979



36 J. A. NITSCHE

Now using (2.11) with / = 1, k = 0 and the obvious inequality

| |cp | | b +^p- 6 ' | | (p | | b (2.14)

for b ' ^Owe get

||&. (2.15)

By choosing y in yh^p sufïïciently large the bound on the right hand side
becomes as small as wanted.

In order to prove lemma 4 we apply lemma 2 with / = m and get

(2.16)

Since q> e Sh is piecewise a polynomial of degree < m and because of

\Dt\i-b\£c\i-b-W/2 (2.17)

Leibniz's rule gives

I 1 . . (2-18)

The term with n = 0 in connection with (2.16) leads to the first term of the right
hand side in (2.12). Using lemma 3 and (2.14) we get for the rest
m—1 m—1

E ||v>||;
m-X

1"". (2.19)

The last sum is bounded because of h^p, thus the lemma is proved.

3. SHIFT THEOREMS, "A PRIORI" ESTIMATES

Solutions of boundary value problems obey certain shift theorems. Assume
weH, and fc^O. Then the norm of u in Hk+2 i§ equivalent to that of AM in Hk:

c'MIwIL < | | A M | L < C | | W | L (3.1)
II t l « k + 2 II l ! « f c II l l « k + 2- V '

A direct conséquence is :

LEMMA 5: Let k^2 be an integer. Then for any ueH1 nHk:

. + l t _ 2 _ . + | |V« | | ( 1 + l k - 1 + | | « | | . + l k j . (3 .2 )
J

R.A.I.R.O. Analyse numérique/Numerical Analysis



L^-CONVERGENCE OF FINITE ELEMENTS FOR PARABOLIC PROBLEMS 37

In order to prove the lemma the shift theorem (3 .1) has to be applied to \i~bi2u
withb = aresp.a + l,<2 + 2) . . . andfcresp. k-\,k-2, . . . The details are left.

There are some exceptions if a is an integer and one of the indices a + k — 2 — n
in the sum of (3.2) is zero. We will oniy need

LEMMA 5' : Let weHlnH^. Then

IIV'HI-^cflIVAwll^ + llAwH}. (3.3)
| | V 3 M » [ | _ 2 ^ c { | | V A u ; | | _ a + | | A w | | _ 1 + | |Vwt |} - (3 .4)

We will only give the proof of (3 .3). We have

IIV'wH^p'IIV'wp + J;, [L-xo/i)
2|V3M;|2. (3.5)

The shift theorem gives for the fïrst term

^ c {|| V Au; || _ ! + || Au? || _ ! } ^ c {|| V Au; || _ ! H-1| Au71| } . (3.6)

For the other terms we apply (3 .1) with fc=l and u = {xt — xo/i)u;. Since V3 u
differs from (xt — x0(i) V3 w only by derivatives of w up to order 2 and the same is
true for V Au and (xt — x0{i) V Au? we get

{Xi-xoii)
2\V3w\2 ^ci ï f fe-Xo^lVA^^+IV^P+IVw;! 2}. (3.7)

The first integrand is bounded by || VAM;||la whereas the rest is bounded by
\\Aw\\2.

In gênerai in (3 .2) the terms with u and Vu are present. But depending on a
and k they may be interchangeable resp. can be dropped.

o

LEMMA 6: Let ueH1nH2. Then:
(i) for b<0 the norms || Vw||b and | |u| |& + 1 are comparable modulo \\Au\\b-lt

i.e.:

| « | | . + i ^ { | | V « [ | , + | | A « | | b _ 1 } . ' - ( 3 - 8 )

(ii) for 0<b<(N/2)-l(N>2) both terms are bounded by the last, i.e.:

| |w | | b + 1 + | |Vw | | 6 ^ /c | |Aw| | b _ i . (3.9)

vol. 13, n° 1, 1979



38 J. A. NITSCHE

(iii) the case b~(N/2)—l gives

^ - 6 M ) . (3.10)

(iv) for arbitrary b the term with V u is always bounded by the others

(3.11)
The relation ff

||Vw||2 = D(u, u" bw)- U u V ^ (3.12)

is an identity which may be written also in the form

^ fpAu"*. (3.13)

Now direct differentiation gives — r= |x —xo| :

AyL~b=-2b[i-b-2(Np2+(N-2b-2)r2). <3.14)

We prove only case (i) in detail, the other proofs follow the same lines. Now let
b <0. Then A\x~b is positive and \xb +i A\i~b is bounded and bounded away from
zero (3.13) then gives

\-k-l\\u\\i+l. (3.15)

Now the assertions of the lemma, part (i) follow from this and the obvious
generalization of Schwarz's inequality — b' being arbitrary:

(u, v)b^\\u\\b.b,\\v\\b+b,. (3-16)

For the sake of completeness we note also

D{u, v)^ || Vu|| _b,|| Vv||b,t (3.17)

In section 5 we will introducé to Q> e Sh an auxiliary function w defined by

- A u ^ u " " - 1 ^ in Q, 1

w=0 on5Q. ƒ ( 3 - 1 8 )

Some of the needed estimâtes are handled here, the rest will be given in the
appendix.

0 0 O

Because of Sh = Hx we have the regularity weH1nH3. We will need a bound
for the ( - a)-seminorm of the third derivatives. With the help of lemma 5 we get

|| A w | | - f l t + i + d V ^ I I - a + a + I I H I - a + a } - ( 3 . 1 9 )

R.A.I.R.O. Analyse numérique/Numerical Analysis



L^-CONVERGENCE OF FINITE ELEMENTS FOR PARABOLIC PROBLEMS 39

First we have
| i | j | ] | | 13.20)

Next we get

^ } . (3.21)

Lemma 3 and (2.14) give

| |VA W | | _ B +| |Au; | | - B + 1 gc/ i - 2 ( fc /p) | |* | | a + 1 . (3.22)

In this way we have shown.

LEMMA 7: Let w be defined by (3 .18) with a arbitrary. Then

||a + i + | | V u ; | | - a + 2 + | lu ; | |_ a + 3 } . (3 .23)

In deriving this lemma we have applied lemma 5. According to lemma 5' there
is the modification.

LEMMA 7': Let w be defined by (3 .18). In case of the exceptional values oc= 1,2
instead of (3 .23) the estimâtes hold true

4. L2-PROJECTIONS

To any v the approximations % e Sh guaranted by lemma 2 may be replaced by
Vh:=PhveSh with the L2-projector ph defined by

(Vh,%)=(v,x) for %eSh. (4.1)

As a first result we mention :

THEOREM 1: Ph is bounded with respect to any weighted norm, i.e.for afixed
there is a Y2âYi depending only on N, m, x and a such thatfor y2h^p:

| |P fci>M2||!>|| f l. (4.2)

This was presented at Second Conference on Finite Eléments, Rennes 1975,
and appeared in the proceedings of that conference, see [10]. But those were
distributed only in a limited number. With the above préparations the proof is
rather short and will be reproduced her e. Let<p = Phv and % e Sh be arbitrary. Then
with Schwarz's inequality (3 .16):

IM|« =(9, M-"» = (q>-^ ^~ö<p-X) + (^ <p)fl

vol. 13, n° 1, 1979



40 J. A. NITSCHE

The conséquence (2.15) of lemma 4 gives

| |<p| |^c(fc/p)| |9 | | f l
2 + (l+C(*/p))| |i; | | f l | |(p| |a . (4.4)

Now we choose Y2 = Max (ylt 3c) and get in case of y2h = P*

A well-known conséquence of theorem 1 is the "almost best" approximability

| | | | | | | . (4.6)

In addition we have the property of simultaneous approximability of Phvonv
which we formulât e only in the way needed below:

COROLLARY 1: With the assumptions of theorem 1:

\ \ \ . (4.7)

Proof: Let again cp = Ph v for abbreviation and let % e Sh be arbitrary. Then in
using lemma 3 applied to <p - % e Sh we get

l l l l H l l llo-xll- (4.8)
and therefore with (4.6):

| | | | | | | %)\\a}. (4 .9)

Since % e Sh is arbitrary (4.9) is also correct with the infimum taken on the right
hand side.

REMARK: All of the above statements hold true if Sh is replaced by Sh.

REMARK: If v e H[ resp. veH1n Hl then according to lemma 2 the right hand
side of (4.7) is bounded by ch'| |V'i;| |i. This gives the simultaneous error
estimâtes

llV^ü-P^Jll^cfc'^IIV^Hi (* = <U). (4.10)

For completeness we mention the result of Bramble-Scott [2] on simultaneous
approximability which could be applied also hère. But since the question of
interpolation in weighted norms is not well-developed the direct proof is shorter.
Another possibility would have been to apply the ideas of [9].

R.A.LR.O. Analyse numérique/Nuinerical Analysis



L^-CONVERGENCE OF FINITE ELEMENTS FOR PARABOLIC PROBLEMS 41

5. ESTIMATES IN WEIGHTED NORMS FOR FIXED TIME

In order to dérive error estimâtes for the Galerkin method it is convenient to
compare the Galerkin solution uh with an appropriate approximation Uh on u in
the subspace Sh. We will take the Ritz approximation Uh^RhueSh defined
by~see (5):

D(u-Uh,%) = 0 for %eSh. (5.1)

The error
e = u-uh (5.2)

can be splitted

e = (u-Uh)-(uh-Uh) = z-<I> (5.3)

with the effect that now $ is an element of Sh. The defining relation for <I>
is — see (3):

) = (è.x) f o r XeSfc. (5-4)

Since estimâtes for s, i. e. the error of the Ritz method, are available it will be
sufficient to bound O in terms of 8 resp. e. The aim of this section is the proof of

THEOREM 2: Let a = N/2 with N^3 and let y3 h :§ p with y3 properly chosen.
Then

Hlî+i + l lval l î^p- 'Hâ-*^-! , (5.5)
in case JV = 3:

Firstly we will give the proof of (5 .5) which is divided into three steps. In order
to control the constants in this section they are numbered. c dénotes in this
section an upper bound of the constants in the previous sections. In step 1 we
show the validity of

| | | | { | | | | 1 | | | } (5.7)

for oc, N arbitrary. Using (5 .4) and (3 .13), (3 .14) we get with %eSh arbitrary

- 4 ) , <D)a + c | |O | | a
2

+ 1 . (5 .8)

Using Schwarz's inequality (3.16), (3.17) we dérive

+ ||V(ji-"<D-x)||2_a + \\ii-^-x\\la+1. (5.9)

vol. 13, n" 1, 1979



4 2 J. A. NITSCHE

Now let x be an appropriate approximation on u. Lemma 4 with k = 0,b = a, and
a = — a -h 1 gives

| | | | | | | | 2 } (5.10)

and because of (2 .14) and fi/p < 1:

| | j i -* -x | | -« + i^c 4 ( fc /p){ | |* | |« + 1 +| |V4 | | a } . (5.11)

In the same way we come to

||VGi-»*-x)||-«^c5(fc/p){||<D||.+ 1+||V<&||.}. (5.12)

With the last two bounds (5 .9) gives

Now we choose Y3 = Max(y2, 4(c4 + c5)). Then obviously the coefficient of
|| VO||5 on the right hand side is less than 1/2 and so (5.7) is shown.

In order to get an estimate for || €> ||a + 1 we introducé an auxiliary function w
defined by

w = 0 on ^Q. J ;

Then with any % e Sh we have

||^>||a
2

+i=ö(O, w) = D(®, w-ti-fc-Ü, fü-x) + ( ê - * . w). (5.15)

In step 2 of the proof of (5 .5) we will show

) | | 8 - Ô | | a _ 1 (

with S > 0 arbitrary. The two terms with 8 come from

(è-*,H;)g | | s -* | | ._ 1 | | io | |_ ( I + 1 ^Hw\\2-a + 1+~\\k-é\\2^. (5.17)

With x chosen properly next we have

|h2||V3u>||_a. (5.18)

Firstly let us consider the case N > 4. Then we have to apply lemma 7. Since

R.A.I.R.O. Analyse numérique/Numerical Analysis



Lx-CONVERGENCE OF FINITE ELEMENTS FOR PARABOLIC PROBLEMS 4 3

then — ot + 2 = —AT/2+ 2 is négative part (i) of lemma 6 can be used. In this way
we get

D ( ® , w - % ) ^ c 9 \ \ V ® \ \ a { { h / p ) \ \ ^ + 1 + h 2 \ \ V w \ \ _ „ + 2 } . ( 5 . 1 9 )

An essential aid is the next lemma the proof of which is given in the appendix:

LEMMA 8: LetN ^ 4 and a = N/2. For w defined by (5 .14) the a priori estimate

| |V«;| |2_a + 2 ^ C l 0 p - 4 | | c & | | a
2

+ 1 (5 .20)

is valid.

Obviously the right hand side of (5 .19) is bounded by that of (5 .16).

For N = 4 we have by lemma 7' — note oc = 2 in this case:

M;||. (5.21)

Applying lemma 8 also here shows that the term D (O, w — %) is bounded by the
right hand side of (5 .16). Finally for N = 2 lemma 7' gives directly

| | | | + ||<D||2+i}. (5.22)

It remains to bound the middle term in (5 .15).

We have

( è - * J i ü - x ) ^ | | a - * | | a _ 1 | | u ; - x | | - a + 1 (5.23)

and

||w —X||-- + i ^ c/i3|| V3u;||_Œ+1 ^ c/i2|| V 3 IU | |_ Œ . (5.24)

With the help of the bounds given above for || V3 w \\ _Œ we see that this term is
bounded in the same way by the right hand side of (5.16).

In step 3 of the proof of (5 .5) we apply a lemma which also is proved in the
appendix.

LEMMA 9: Let N^2, a = N/2. Then for any weHinH2:

\\w\\lK+1£cllP-2\\Aw\\la-x. (5.25)

For w defined by (5 .14) this gives

HI-.+i^iip~2ll<i>ll«2+i- (5-25)

Therefore we may rewrite (5 .16):

||a>||î+1g{c7(fc/p) + cu5p-2}{||<I>||î+1+||V«l>||î}

+ c 8 ( l+ô- 1 )P- i> | | a
2 _ 1 (5.27)
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44 J. A. NITSCHE

and compare this with (5 .7). If

{c7(*/p) + C l l 5 p - 2 } { l + c 2 } < l (5.28)

then ||<D||a+1 and || VO||a are bounded by ||Ê — Ôj^-i- We may choose

5 = p2{4c11(l + cf)}-i (5.29)

and y4 h ̂  p with

Y4 = Max(y3,4c7(l+c2)) (5.30)

to guarantee this. In this way (5.5) is proved.
Now we turn over to (5 .6) of theorem 2. We have already

| |V<D| |^c 2 { | | é -è | | 2 + ||O||!} (5.31)

since the power a was not restricted in step 1. Similar to above we define w by

-Au; = |a~2<ï> in O,
= 0 on dQt

 ( ( 5 ' 3 2 )

and get now —using lemma 7':

| | | | 1 é ê-Ô, w)

||2 }. (5.33)

In the analogue way (5 .6) is then proved with the only différence that instead of
(5 .25) now the following lemma — see appendix —has to be applied.

o

LEMMA 9': Let N = 3. Then for any weH1 nH2'.

6. ERROR ESTIMATES IN WEIGHTED NORMS

Theorem 2 gives in case N = 2,3:

Since by differentiation of (5 .5):

)=(ë.x) for %eSh (6.2)
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we get putting % = $> and integrating

| |è(t) | |2^| |Ô)(O)| |2 + 2 r | | ë | | . | |Ô | | dT (6.3)
Jo

and therefore by Gronwall's lemma

j | (6.4)

Since our initial condition - see (5.3) and the remarks in the introduction
regarding the choice of the initial value of uh—is

<ï>(0) = 0 (6.5)

X = Ó(0) in (5.4) gives

||è(0)||2 = (è(0),è(0))^||è(0)||2. (6.6)

Therefore we can rewrite (6 .4) in the form

In connection with (6 .1) we have shown — note that Lm (a) is the Lœ (0, T) norm

o f I I - I k
THEOREM 3': Let N = 2,3. Then

In the case N ^ 4 the (oc — l)-norm of Ô in (5 .5) still is a weighted norm which
has to be discussed further. The structure of the defining relation of O and Ô is
the same. Therefore we will work with <D firstly and show

THEOREM 4: LetN^A and p = ( N / 2 ) - l . Then

|è||gift. (6.9)
o

Now we will apply this with <D, e replaced by <£>, ë. Further we have — the proof
is given below.

LEMMA 10: Let 3>(0) = 0 and a, N arbitrary. Then

(6.10)

With the help of (6.9), (6.10) theorem 2 leads to the counterpart of
theorem 3'.
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THEOREM 3: Let N^4, a = N/2 and P = o t - 1 . Then

Proof of lemma 10: We take

5C = Pfc(n-°ê(0)) (6.12)

with Ph being the L2-projector in (5 .4):

||Ó(0)||a
2 = (0 (0) ,x )=-ö($(0) , / )+(è(0) ,x )^ | | ê (0) | | a | | % | | _ a . (6.13)

Because of theorem 1 we get

| |x | | -a^c | |n- f l*| | - f l = c||*(0)||fl. (6.14)

Proof of theorem 4; We start with the identity — % e Sh is arbitrary

(6, 0% + D(O, (i-pO) = (6> ii-ïQ-tf + DiQ, \i~t<I>-%)

è,<D)p. (6 .15)

The choice x = ^(( i~P^>) causes that the first term on the right hand side
disappears. Further in our case of p (3 ƒ10) gives

\\m 2)^p2\\m + 2. (6.16)

Therefore with the special x̂

( è ,O) p + | |VO| | ^ + fcp2||O||^2

= D(Q, \i-V<ï>-x)-(k, ^ " p O - x ) + ( i O)„. (6.17)

Now lemma 4 with b = — a = p and k = 0 resp. k = 1 in connection with theorem 1
gives

}- (6.18)

In this way we get for the first two terms on the right hand side of (6.17):

| | p + 2 } . (6.19)

In the way analogue to the proof of theorem 2 — see especially (5 .27) —we get
with y 5 h S P and y5 ^ y4 chosen properly

è | | | | 2 2 | | | | ^ { | | â | | 2
p | | | | 2

p } (6.20)
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respective

j } . (6.21)

Then Gronwall's lemma gives (6.9).

7. POINTWISE ERROR ESTIMATES

Up to now we had conditions on p of the type yt h S P- Now we fix p = y5 ft.

Let te[0, 7] be fixed. There is an x = xteQ such that

®(X.O=±| |<I>(O|L. e7-1)

We identify x0 entering ji (1.2) with this x. Further let A G Th be the simplex (or

one of the simplices) with x e A .

The function d> restricted to À is a polynomial of degree less than m, i. e. an
element of a finite dimensional space. Therefore any two norms are equivalent.
Because of the x-regularity of A there is a k^k(N, m, x) such that

| | .^{JJ} (7.2)
Since xoeA we have in A:

{y2s + %2)h2 (7.3)

and therefore with ot = JV/2:

h~N [ U2dx^cp2 f L-«-1O2dxgcp2||*||ï+1 (7.4)

resp. combining (7 .1), (7 . 2), (7 .4):

1 (7.5)

With the help of theorem 3 we deduce for iV^4 with p = J V / 2 - l :

| |^ | |Lœ(u)^^{| |ê | |L B c ( P )+| |ë | |£ 2 ( P )}. (7.6)

In case JV^3 the same arguments give — see (7 .4):

h~N
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Because of theorem 3' (7 .6) is valid for N ^ 3 with (3 = 0.
At the end the weighted norms may be replaced by Lp-norms. The factor (i"p

is Lg-integrable for q<N/{N-2). Since then q' defmed by q~1+q'~1 = l is
greater than N/2 for any p>N:

I I » I I P ^ F | | P | | V (7-6)

In this way we get

THEOREM 5: Let p = 2 for IVg3 and p>N for IV ̂ 4 . Then

l^lkw^cdlèl^+lIëlU^}. (7.9)

Scott [14] and Nitsche [10] gave the error estimâtes for the Ritz-method

||8||^=||u-,RAM||L^cfek||M||ÏK* (7.10)

for k ̂  m. Because of e = u — uh = £ — <D — see (5 .3) — we have the final resuit :

THEOREM 6: Assume the regularity of the solution u of the initial-boundary value
problem (1);

(i) ueL^O.T, W
(ii) ueLTO(0, T,
(iü) üGL2(o,r, w
Then the error e = u — uh between the exact solution u and the Galerkin

approximation uh defined by (2) is of order hk with k^m — the order of the finite
éléments used.

REMARK: For iV^3 the regularity assumptions on u, ü can be lowered:

Û e Lm (0, T, W\ (Q))f ü e L 2 (0, T, W\ (Q))

is sufficient.

REMARK: Having theorem 5 in mind one would expect assumptions of the type:
(ü') ueL^(0,T, Wk

p(O));
(iü') üeL2(0, T, Wk

p(Q)),
instead of (ii), (iü) of theorem 6. As was pointed out by Scott the estimâtes (7 .10)
togehter with the L2-bounds

| | | k | M U (7-11)
do not imply

| | E | | L ^ C / 2 * | | U | | ^ (7.12)

This is the reason for the formulation with Lœ-norms in theorem 6.
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The convergence rate up to hm is optimal with respect to the power of h.But in
order to get this bounds for the second time derivative are needed. We can get
from (6.9) a reduced convergence resuit but without needing ë. With O (0) = 0 we
have

For p = N/2 —1 nowc | |O | | p i sanupperbound of/ï||<D||Lac if x0 (1 -2) is chosen
properly. This gives

THEOREM 7: Let N^3 and p>N, Then

The counterpart of theorem 6 is then

THEOREM 8: The error of the Galerkin approximation is of order
provided the regularity assumptions

(i) ueL^O, T,
(ii) ueL2(0,T, W

hold.

8. APPENDIX : PROOF OF LEMMATA 8, 9

For bounded domains Q'^=RN let

Vu; 2

~a+2 -n' w e i î ^ n o ^ ^ w y (8.1)

and
r " 171 I I 2

"M -Qt+3 . f l '
2
- c t - 1 . f i '

(8.2)

Because of the définition of w (5.14) lemma 8 is proved if we can show
A,(Q)^cp~4. Firstly we consider the case N>4. Then — ot + 2 is négative and
lemma 6, (i) gives

MQ')^/c{A(Q') + P ~ 4 } , A(Qf)Sk{X(Qf) + p~4} (8.3)

with /c independent of Q'. Obviously A is monotone in Q', i. e. A (fi') ^ A (Q") for
Q ' i Q " . Next let K = KR(x0) be a sphère of radius K = diam(Q) with center x0 .
Then Q^K and hence A(Q)^A(X). The supremum A{K) is attained for a
positive function wK with — AtoK > 0 because of the maximum principle, and wK
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solves the eigenvalue problem

in K,
= Aw — 0 on dK.

(8.4)

sinceWithout loss of generality we can assume wK = wK(r) with r= \x — xo

dépends only on r, for otherwise the spherical average of wK solves the same
eigenvalue problem and is also positive. Therefore we can restrict the space of
admissible functions without changing A:

- a + 3 . K weVR (8.5)

with VK = È1{K)nH2{K)n{w\w = w(r)}. Now with lemma 6, (i) we get

^ weVK}\. (8.6)

Functions weVK have the représentation (w' = dw/dr):

Jo

Schwarz's inequality gives

f{r) \ sN~1\ia+1\Aw\2ds

with

because of a = JV/2.

Therefore

, = k

(8.7)

(8.8)

(8.9)

^k [Rr{-Nsia'2f(r)dr f
Jo Jo

- a - l . r. (8.10)
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The last intégral is bounded by c p~~4. This complètes the proof in case N>4.
For iV = 4 without using lemma 6 we directly consider the supremum of
|| VIÜ ||211| Aw || 13 and get the same result with the same arguments.

Proof of lemma 9 : The proof follows the above lines. In the définition of À,, À we
replace the indices of || Vw; || resp. || MJ || by —aresp. —ot+LThen — a = JV/2is
négative. Up to formula (8 .9) nothing is changed. But then

- r^-V'l^'l2 dr ^llAiüJli^^ r
Jo Jo

(8.11)

and the last intégral is bounded by c(l + R2 p ~ 2 ) ^ c ' p ~ 2 .

The proof of lemma 9' is analogue to the preceding one and is omitted here.

There is an interesting remark to be added. In (8 .1) resp. (8 .2) the ( - a + 2)-
norm of the ûrst derivatives resp. the ( — oc + 3)-norm of the function itself is
compared with the ( — a — l)-norm of the second derivatives. Roughly speaking
each differentiation in weighted norms may be considered as reducing the
weight-power by one. Then || V vo || _a + 2 and || w || _a + 3 would be something like
|| Au>||_a+1. Since this is compared with || Aw;||_a-i the behavior X, A ^ p ~ 4 is
"understandable". Of course this "rule" is only valid for special a and has to be
checked in each case. Just lemma 9 is an example that it may be violated.
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