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R A I R O
(9e année, août 1975, R-2, p 77-84)

APPROXIMATION BY FINITE ELEMENT
FUNGTIONS USING LOCAL REGULARIZATION (*)

p a r P h . C L É M E N T (l)

Communicated by P G CIARLET

Abstract — The aim ofthis paper is to give an elementary proof of a theorem of approximation
of Sobolev spaces Hq(Q) by fimte éléments without to use classical interpolation The construction
which we give hère allows us in some cases to fit boundary conditions

1. INTRODUCTION

The mathematical problem of approximation by finite element functions
has been first studied by Goël ([2]) and Zlamal ([3]). In [4], Bramble and
Zlamal give estimâtes for the error in terms of Sobolev norms, however their
results are based on the existence and continuity of the interpolate ; but the
interpolate may not exist; for example if u e Hl(Q) where Qis a two-dimen-
sional domain, by Sobolev's imbedding theorem, the pointwise values of u
cannot be defined and consequently no interpolation is possible. In [5]
Strang defines an approximation by considering interpolâtes of regularized
functions.

The purpose of this paper is to give an elementary construction of an
approximation based on « local » regularization ; the results are slightly less
restrictive than Strang's ones. As shown by an example, the construction may
be modified to fit boundary conditions. Most of the basic tools are known
in the literature and their proofs will not be reproduced hère; however ail
details are contained in [1].

(*) This paper is drawn from a thesis presented at the Fédéral Institute of Technology
Lausanne The author wants to express his gratitude to Prof J Descloux for his suggestions and
helpful assistance

(1) Ecole polytechnique fédérale de Lausanne, Departement de Mathématiques
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7 8 PH. CLEMENT

2. RESULTS

For the sake of concreteness and simplicity, we shall restrict ourselves
to the case of triangular finite element subspaces described by the following
situation.

A is a closed bounded two-dimensional domain with polygonal boun-
dary F. One considers a set £) of décompositions D — { Tx, .„, Tn } of A in

n

closed triangles Tl9 T2, ..., Tn called «éléments» such that : 1) A = \J 7},

2) two triangles IJ and 7J e D are either disjoint, or have a vertex in common
or have a side in common, 3) n dépends on D. To each D = { Tl9 ...} Tn } e fD
is associated a set { cp1? cp2, ..., <pm } of independent real functions defined on A
(m dépends on D) and to each cpf is associated a point Qt e A called « node »;
the ô i ' s a r e n o t necessarily distinct; let Sl9..., Sm be the supports of cp^ ..., cpm.
5f is connected to Qt by the relation : S. = (J T.. Furthermore to each <pf

is associated a functional yt : ^ ( A ) -> R of the form 2J

lt is called the « order » of yt.

V = J J] a,<Pi : a ; 6 R is the finite element space associated to D.

For spécifie examples see [2], [3], [4], [5], [6], [7].

Let <ï> c: A ; d(<&) is the diameter of O ; ja(<p) is the measure of <ï> ; Hq(Q>)
dénotes the Sobolev space of square integrable functions on O possessing
square integrable derivatives of order < q. For u, ve Hq(Q>) and w G C°°(A)
we define the scalar product and seminorms :

(u, i>)o = MI? , |w|fc
2
><D = X

forafunction ueHq{TXj = 1, 2, ...,« weset|«|JA = 1] H f c T ^ < ^

In the following c will dénote a generic constant independent of D e 2).
We introducé the following hypotheses.

HL For any /? 6 (Fp (polynomials of degree < p), where p is independent
of D e 3), one has for each T}eD :
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APPROXIMATION BY UNITE ELEMENT FONCTIONS 7 9

The functions <pf are the basis functions associated with functionals Yf.
H2. If ƒ G C°°(A), for any <pt- with l{ < p and any 7} e Z>, one has

#3. For any 7} the number of Sf => 7} is bounded by c.
H4. For any D € 3), all the angles of the T{s are ^ c > 0.
Now we define the linear mapping n : H°(A) -• K by the following

construction. Let u e H°(A); to each St we associate the polynomial pt e (Fp

which is the best approximation of u with respect to the norm |-|0,s, i-e-
(« - Pi. .pJsi = ° f o r a11 P e ^p ; w e s e t

Let h = /z(f>) = max d(TX Under the above situation and hypotheses

we shall prove :

Theorem 1

For u e Hq(A)9 q < p + 1, one has

\u - n« | k ) A < ch*-k\u\^K , fc = 0, l , . . . , g ; (1)

furthermore if q < p one has also

= 0. (2)|

As mentionned in the introduction, n can be modified in order to fit
boundary condition ; we restrict ourselves to the case where the function u to

approximate takes the value 0 on the boundary F of A i.e. ueH1(A).
We define ft : H°(A) -> Fby

i-l

where 2 ' means that we omit in the sum the terms relative to indices i for
which Qt G F and l{ = 0. Then under the above hypotheses we shall prove :

Theorem 2

For u G H1 (A) n Hq(A), q < p + 1 one has

\u - Uu\ktA < ctf-fc|u|4iA , fc = 0, 1, ..., 9 ; (3)

furthermore if q ^ p one has also

Km \u - nuj,jA = 0. (4)
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REMARKS

1. TLu will not automatically belong to H1(A); however if

b) for all Qi e Y one has lx = 0, then spécifie examples show that
UueH^A).

2. For one-dimensional finite éléments H4 has to be replacée by :
if Ti n Tj # 0 then d(7])/d{7]) ̂  c > 0; here the Tt

fs are segments and d(T{)
is the length of 7].

3. The local character of the définition of II clearly implies the following
property. Let u e H°(A), O c Q c A where <D is closed and Q open,
ueHq(Q); then for m ^ p + 1 one has \u - Tlu\k<s> ^ chq~k\u\qtSÎ and
for q < p one has lim \u — IÏM|3 O = 0.

h* 0h~*t 0

4. There is a great number of alternative possibilities of defining II in the
same spirit.

5. One can without any difficulty give the same results for A c R".

3. PROOFS

In this section we use all the définitions, notations, hypotheses introduced
in section 2.

Lemma i

Let S be any of the supports Sl9 52 , ..., Smi u e Hq(S), q < p + 1, t e iTp

such that (u - t, p)s = 0 for all p e !Tp. Then

\u - t\kjS ̂  c(d(S)f~k\u\qtS , 0 < k ^ q.

Lemma 1, which supposes H4, has analogue in the literature, see [3],
[5], [9] ; however, we give below a sketch of the proof.

We restrict ourselves to the case where S is formed by two adjacents
triangles ; the other cases are treated similarly. Let us consider first the case
where d(S) = 1. Let A1? A2 be triangles in the (£, r\) plane with vertices
at (0, 0), (0, 1), (1, 0) and (0, 0), (0, - 1), (1, 0) respectively. Let A - A1 u A2.
Let in the (JC, y) plane S be the domain formed by two triangles Tt and T2 having
a common side. Tt is the image of Az by the application cpf :

(n5) ̂  Ml) + bt = (*)i = 1,2.

cp is the application of A -* S such that <p | A. = (pf. We consider a set £ of
domains <S of this type satisfying the relations :

\\Ai\\ < c and H^T1]! < c where c is a generic constant which doesn't
depend on S e £. Let us show that («, l)s = 0 implies |w|os ^ c\u\lsiïu^H\S\
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APPROXIMATION BY FINITE ELEMENT FUNCTIONS 81

Letu = u o <p : A -» R. Weverify that t; belongs to /f1(A)andif weput

we get \v — OC|O,A ^ C MI,A- The hypothesis on the matrices At imply that
|« - «IO.T, ^ c\v ~ *\OtAiand |t;|lfA| ^ c\u\UTi. So

Mo,s < Mo,s + |a|SiS = \u - a|3i5 = |w - a|g-Tl + \u -
= *|» - a|o.A < Hî.A < C\U\uT-

This allows us to prove the lemma for k = 0. Indeed, let u e Hq(S), q ^ p + 1,
t e Pp such that (u — t, p)s = 0 for ail pe Pp* Let j? the unique polynomial
belonging to Pp such that (Z)S(M - p)9 l ) s = 0 for 0 ^ | j | < q - 1 ; then by
applying the preceeding resuit to Z)s(w — p) for | j | — q — l9 q — 2, ..., 0 we
get : \u - p\OtS ^c\u - p\qS = c\u\qy9 then |M|OJS ^ |w - p | o s ; hence we are
done. We obtain the gênerai case from the interpolation formula
\u\k,s < C(|M|0)S + \u\qêS)VueH*(S) and from the fact that \p\ktS ^ c\p\0>s

V/? e Pk, (These relations can be established by returning to the fundamental
domain À by the application q>). Indeed, for p = q — 1, 0 < k ^ q we get :
\u ~ t\ktS < c(\u - t\OtS + \u - t\qtS) ^ c\u\€tS. For q < p + 1, let tePq.l
such that (u - t, p)s = 0 Vp e Pq„ l ; then |u - / | w < |w - 7 | w + \t - t\KS ;
\u ~ ^ks < c \ u \ q , s and | ? - f|fctS < c\t- t\Ofs <c(\u- t\0>s +\u- t\OtS) ^ c \u\q>s.
We obtain the case d(S) # 1 by a dilatation.

Lemma 2

Let rGD 5 j p6( r p ; then

bk«>.r < c(ii(T)yHd(T))-k \p\0,T , * = 0, 1, 2, ...

Lemma 2, which supposes H4, is an elementary property based on the
équivalence of all the norms for a finite dimensional space (see [8]).

Lemma 3

a) If Tj a St then d{St) ^ cd(7]).
b) The number of éléments 7J. contained in any support S{ is ̂  c.

Lemma 3 is a conséquence of H3 and H4.

Proof of theorem 1

Let T be a particular element of D, Qlf Q2, ..., ô« the nodes belonging
to T, <pl9 ..., <p8, yl9 ..., yas / l s l29..., 4,/?!, ...,/?a the corresponding basic func-
tions, functionals, orders and polynomials. Let ueH9(A)9 q < p + 1. One
has on T :

a at a

nw = X Yf(p>i = I Yi(Pi>Pi + Z YI(P* -
i = l i = l » = 2

n°août 1975, R-2.
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because of Hl, the first sum on the right side is equal to px ; by lemmas 1
and 3, one gets for 0 ^ k ^ q :

|n« - «|k>T < <*•-* | « u + t Uvt - PI)I N>ikr; (5)
i = 2

in order to estimate the second term of the right side, one remarks that one
has by lemmas 1 and 3 :

\Pi ~ PI\O.T < |« - Pi\o.T + I" - PI\O.T < I" - />.lo,s, + |« - /»i|0>Sl

by lemma 2 and H2, one gets :

introducing this last inequality in (5) one gets by H3 (ex < c) :

this relation is valid for any Tx e D ; using again H3 and lemma 3, one gets by
summing for * = 1, 2, ..., n precisely relation (1). Now suppose q ^ p; for
any v e Hq+1(A) one has by (1) :

\u - n« | € f A < \v - I H , A + \(u - v) - U(u - v)\q,A

M — v\qA < e/2 ; let h0 > 0 be such
| f A < e which proves rela-

let s > 0 ; one first chooses v such that c
that ch0 \v\q+1$A < e/2; then for h < h0,
tion (2).

Lemma 4

Let T e D, x a side of T, u e H^T) ; then

d(T)\u\lT< c{\u\lT + (d(T)f\u\lT}.

Lemma 4 is a conséquence of the trace theorem (see [10]); for a detailed
proof, see [1],

Proof of theorem 2

Let u e H1^) n Hq(A)9 1 ^ q < p + 1. Using the notations and argu-
ments of the proof of theorem 1, one remarks (see [6]) that for pro ving (3)
it suffices to show that for Te D one has

\Uu - Üu\lT < ch2ü-v £ | „ | J A , O^k^q. (7)
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Let Qx e T and /, = 0 for i = 1, 2, ..., p and for p < i < a, Qx £ T
or /, > 0 ; if p = 0, uw = Üu on T so that we can suppose p > 0 ; by H2,
one has

É yi\Uu - hu\ktT =

let T . c T b e a side of an element G, satisfying the relation Qt e x, <= Gt <= S„
o

i = 1,..., p. Since ue Hl(A\ \u\OtXi = Oand Ipjo.t, = |« — PJO,T(» fromlem-
mas 4 and 1, one gets :

d(G,) \p,\lxt <c{\u- Pl\lSi + (d(S,))2 |« - / » , | ï A }

a one-dimensional version of lemma 2 allows to write

where L(z) is the length of x ; by H4 and lemma 3, (9) and (10) imply :

replacing in (8) and using H3 one obtains (7). It remains to prove (4);

let ne H1(A) n Hq(A\ q ^ p; by theorem 1, it suffices to verify that
lim |n« - ftîi|4fA = 0; let J = {j : T} n T # 0 } and 9 be the union of all St

containing a 7J with j e J; by (7) H3, and lemma 3, one has

|n« - ÏH2
A = X \Uu -

since lim n(0) = 0, one also has lim Illu - IÎML A = 0.
fc-0 li-0 ' iq'
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