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Singular integral equations of the]irst kind am! those

related to permûtability and itvration ;

BY W. J. TRJITZINSKY.

/

"INTRODUCTÏONÇ
' — In this work we study the following related

-p_rohlems.
‘

Î. Integralequations of thefirst kind
_

f K(æ, t)<p(t)dt=f(æ) [oéxét;f(.t)CLfl,

where K(æ, y) is possibly non symmetriq, is measu—rahleiand is such
that there exist correspondig linear functionals L_L.—, R...— as stated in
section 2—.

Il, ' The perh_zutabÏl£typroblem.

« f p(æ,t)q(t,y)dt=f q(æ,t)P(t,y)dt,

Where p(æ,y) is given L2 in'æ, Lil in y, and q(t, y) is to be found.

III. Inversion of Schmidt kernels; that is given a symmetric f(æ,y),
L, in a:, in y, to find a possibly non symmetric q(x, y) so that

‘ f(x:y)=f q(æ,t)q(y,t)dt.

IV. 'The inæration pïoblem of finding a symmetric q(æ, y) whose
, 'n..—th itÿI‘-flflt is equal to an assigned symmetric f(æ, y) (Lfil in .::,

L, inïy). '
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284 w. J. TRJITZINSKY.

The term singular in our title is justified by the fact that in III, IV,
f(x,y)is a given function merely L._. in J: and in y, but not necessarily
L2 in (a:, y), that in Ilp(æ, y) is La in a:, La in y, but not necessarily
L2 in (ce, _v) and that in [, K(æ, y) is stilless restricted. The regular
cases adequately treated in earlier literature are those in which
f(æ,y), K(æ, _v), p(œ, v) are L2 in (œ, y). The present author has
not seen the regular cases of 111, treated anywhere. -

The transition from the regular to the singular cases involves two
distinct methods.

A. Begularisation of a given function f(x,y), L,in æ, L2 in y. ,

This consists in finding functions a(æ), b(y) (è1) so that
i l f2(æ, y) ,

£ ” ;l—2-(_——__T)b2(j) (la? d) <+ OO.

Developments are then based on use of the characteristic values and
functions of the regularized functions.

B. Spectral theory. —— The background with respect to the
methodB is- given by T. Carlèmàn’s (‘)work, especiaHyin the field
of integral equations, in the sequel referrred to as C. Most ”of the
results in C are valid for symmetric kernels K(_æ, y) more general
than originally postulated in C; in fact, they hold for K(æ,y),
L, in a: (in y); this circumstancè follows by another work of
Carleman (“‘). Whenever we make reference to a result in C, it'
will be understood that the result in question has been adapted to
kernels which are L,, separately in each of the variables, dre are
more general as in sections 3, 4.

In sections 1, 2 we adapt some of the spectral theory of C- to non
symmetric kernels. '

In section 3 ' problem 1 is treated on the basis of method B (andof ' 
(‘) T. CARLEMAN, Sur les équations intégrales singulières a‘ noyau're‘el et

symétrique, Uppsala, 1923, 13. 1-228. ‘

(*) T. CARLEIAN, La théorie des équations intégrales singulières el les
applications (Annales de l’Institut H. Poincaré, 1931, "p. 401—430).
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sections 1 , 2). In Theorem 5. 10 existence of solutions is established
when the sequence p,, (5.1b) is bounded. In section 4 the sense is
indicated in which Problem I can be solvcd When the sequence p,, is
unbounded; for this purpose use is made of section 2. The regular
case of Problem I is well known; it has been studied by G. Lauricella,
É. Picard; in this connection the reader is referred to a book b_v
V. Volterra and J. Pérès ('), in the sequél referred to as (VP).
Certain dévelopments relating to the singular Problem I can be found

‘ in a previous work by the present author (“). The regular cases of
Problems I, Il are presented also in a work of J. Soula ( 3); this work

- will be referred to as (S° ).

Problem Il is treated in sections 5, 6 on the basis of method A. —
Theorem 5.9.p1‘esents a very simple solution of an equation [(5.7),

.(5.8)], related to the permutability equation, without any use of
characteristic values and functions. Theorem 6. 4 , on the other hand,
gives a completely general (but more‘ complicated) solution, ou the' basisbf four sequences of characteristic function. The regular case
of Problem II has been solved by Lauricella [reference may be found

-

il! (SO]-

Problem III is solved in- section 7 (Theorem 7 . 15) on the basis of
‘ method A. Under certain conditions the solution of this problem

satisfies a second order iieration problem.
Problem [V , with n: iz, is treated in Theorem 8 . 19 on the basis 0]

method B. Problem IV, with, "any cdd n, is solved in _Theorem 9.14”
with theair! ofmethod B. - The combination of the two theoremsenables
one tb treat the case when n is even. lt appears inconvenient to apply
method A toiteration problems. The regular problem has been
solvéd by Lauricella [cf. ( S,)]. '

..

(1) V. Vownnns et J. P8aEs, Théofie générale des fonctionnelles, Paris,
1936,.p. 308—31b.

_

(2) W. J. Tnnrzmsxr, Singular Lebesgue-Stieltjesintegral equations(Acta
Matheinatica, vol. 71», 3—4, 1942, p. 197—310). /

_

(3)'J . SOULA, L’équation intégrale de première espèce à limites fixes et les

fonctions permutablesà limitesfixes (Mémorialdes Sciences Mathématiques,
Paris, 1936).
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!. Non svnuma1c ananas. — In this section K(æ, y) z's L, in a:,

L, in y. We define K,,(æ, y) by the relations
, K,.(.fr,_)-)=K(æ,y) [wherever|K(æ,y)lén],1.< ‘> 1K,.t.,—,.->=i—n ,.......v..i……>nt

Let the u,…(æ), v,,,,(æ), #: 1, 2, . . ., be the characteristic functions
associated with K,,(æ, y); thus

. l
“uk-(d‘):

Ànkf
Kit,(æo S) "nk(‘) LIS,

0(1.2) ,

v,,k(.r) ::
7…kf

u,,k(s) K,,(s, a:) ds

and
‘—

u,,;,(æ)—_ in,/' K,,(æ, s) u,,k(s)ds,
.

\
1

\
v,,k(æ) :_ ).Î,,f E,,(æ, s) vu,-(s) ds,

(1.3) "
n— l
K,,(.r, s)=f K,,(æ, t) K,,(s, t)dt,

0 ‘ °

1 .

5…(æ, s) =f K,,”(t, œ) K,,”(t, s) dt.
. 0

In accordance with a remark in (VP; 306) the 71,,,, will be considered
positive. In fact, if ‘A is a characteristic value and u(æ), v(x) are
correspondingcharacteristic functions we shall havei u(æ), ï o(æ)

‘as characteristic functions for — ‘A. If we admitted both positive and
negative characteristic values, the set of all u(v) functions could not
be arranged as an orthogonaLsequence. Each sequence (u,,,,), (v,,,) is
arranged as an orthonormal sequence. The )t,,,_, u…,(a:) are the charac—
le11st10 values and functions of K,,(æ, y) and the X,Î,,r,,,_(æ) are those
of K,.(æ, y).

[11 acc01dance with a device of Pe'rès (VP) form the symmetrio
kernel. - —

‘H(æ,y)=o (o<x,y<1;r<x,y<2),
H(x,y)=K(x,y—°r) (o<æ, y-—1<1),
H(æ,y)=K(y, æ—1)

\ (o<æ—r,y< |).
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We define H,.(æ, y), as above, with K,. in place ofK; H,.(æ, _r) will
be symmetric. Let the y,… wnk(æ) be the charactefistic values and
functions of H,.(æ, y), with the sequence [u…(x)] orthogonalon ( o, 2 ),

- chosen so that

(1-4) [ W,”,k(æ)dx=2.

It is observed that the y…. consist prècisely of the numbers
l…, )…, . . .; — )…, — J.,… . . .;

to fix ideas we shall put
(1.4a) '

vn,2k=—7.nk, y,,,_2k_1=7.nk (k=1, 2, ...);
furthermore, it is noted that

_ unk(x) (o<.r<t),(1.4b)
‘vn’2k—l(æ)—{Vü(æ—l) (I<Œ<2)

and
_

'

, _’ unk(x) (.0< «T < ' )»(1.40) ' “"’2k(x)_l —Vnk(æ—l) (! <æ<2);

w… 2k_,(æ) corresponds to )…k (> 0) and w,,_ 2k(a:) corresponds
—to — )…; clearly these two functions are orthogonal on (o, 2).

.While in general H(æ, y) is not L2 in (a:, y), the integral

f H—=(x, _y)dx
0

exists [almost everywhere on (0, z)]. Accordingly the theory
developed in C applies to H(æ, y). ‘ However, note must be taken

. that the second member in (1 . 4) is not unity
—Form .

/

2 \Pnv(æ)%v(y) (for l>O).
o<r…<À '

—- 2 %.(æ)4…@) (forl<o),
ÀSï…<0

(1.5) 0;(æ,/y|Â)_—:
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0,‘,(æ, ylo): o, where
(1.5a) il»…(æ)= 2—%W…(.æ).

As a consequence of C and of Carleman’s developments(ef p. 284)
there exists a sequence ni (independent of a:, y, X) so that the limit
(1.6) un.pe;j(æ, y|Â)=/O*(æ, …).)

exists, for all (a:,y) in (o_éæ,‘yéz) except on a specific set E.,
(independent of l) of plane measure zero; convergence takes place
at all points of the diagonal y=æ (within the square) except,
perhaps, on a set of linear measure zero. At points of convergence the
limit (! .b') defines “ a spectralfunction ” of H(æ, y). A particular
spectral function 0*-(æ, yik) is thus uniquely defined eæcept on En;
in particular, 0*(æ, a:

]
1) is uniquely definedfor almost all a: on (0, 2)—

\Ve write

u«—» ‘°’""”u"”*>=°ä<x»3'iï>» 9:‘:“<æ,yl>——>=e;(x+n,y+xm,./' l0ii'”(an'l)‘)=9;(æ,y+1\7.), Oÿ“(æ,y|l)='6;(x+l,yll),
on (o<x,y<1). On taking note of (1.4a), of the fact that
?… > 0 and of(‘l . 5), (i . 5a), one obtains

0;(æ, } |
l) =

à 2 wn,,k_,(a:) wn,2k_i(y) (for 71 > p),
‘ Yu,sk—t<* -

\

0,‘,('æ,y{l)=-â Z “’n,gk(x)Wn'gk(y)
_

(for Â<o).
XSYn,SE

Thus by(l.7), (1.4b, c)

; 2 u…x)…y> (>-—>o>,

. (1.7a.)
_

Or,—"(x,ym='
I"_“‘"<* _ .

\
""

'2' 2 unk(x) unk()’) O‘<°):
ÀS—'Ànk

'
‘

à— 2 Vnk($)V«k()’) ' Uk>°)i _.
7—nk<'— .

'

(1-76) 0ï:"(iæ;yll)=
1 _

.

‘
—; 2 vntçx)onk.(y) (A<o),

" S‘“ "uk
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and

3 2 …… …… (R>°>v
(170) O‘,î'"(Œ, ),

|
>“) : À…k<k

___—à 2 —— llnk(æ) Vn£°(.Ï) (Â<O),
A_ç-l_æ

{ 2 l’nk(Œ) up./((y) (À>O)’
2

(1.76!) 6;,u(æ’ );I)_)=g '—,.k<)k

' "" 2 **‘uk(ï)'lnk()') (7‘<°’°
2

)‘.(.— "ul:

It is observed that 0‘,;"‘ is 62°“ with the a,… and the v…. interchanged.
Oli the basis of (16) we infer existence of four spectralfunctions

Of K(æ, y)
(1.8) {°“'“(âä

y'll)=9'(x, yi>—) =lim02;”(æ, VI)—),

6"*"(æ, y |
).) : 0*(æ+ !, y +1[).)=lnm0‘,ÿf (a:, )' |

).)

. and
(1.8a)

{6“’"(—73x

J’”) =9 (%)’+1|7.)=lnmfl,.f(æ, )’|).),
9”»“(x, y |

À): 6*(æ+ 1,y|Â)=lim0ï.;”(æ,y|7.)

for— 0 < x, y < 1. Furthermore
(1.86) 0‘,‘;"(ix, y |

X) : 02*“(y, a:] ).), 0'“"(…v, 3' | 7.) = 0‘“"(_)', a:] ?.).

In _aqcprdance With (C; 40)f[ H(æ, y)g(x)h(y)dde '

=£:;d)ffei(xvyl))g(x)h())dxdy,
whenever g, hc L, [011 (0, 2)] and

(1- 9) fH$$)1g($)ldæ<+°° [“‘(fi)=[-Hz(æ,y)dy].

Ifm the above we put
€‘(Œ)=Oi (I<Œ<2), h(y)=o (o<y<z),
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it is inferred that

£ [ K(.r,()g(;v)h(t+1)dædt

:: œ—d)ff0*(æ,t+1|l)g(æ)h(t+l)dædh_:
As & c0nsequence of (‘1 .8a) onefinds that

(I.…) f [ K(w,y)g(.v) h(y)dædy
:: l l !

=f ? (hf [ 0"»'°<æ, y
|
A)g<æ>h(y> dædy_

wheneverg, I: C L._, on (o, 1), while [by (1 . 9)]

(1.100) ] K’(.v)lg(æ)|d.r< oo [K"—’(.r)=[ K2(x, t)aft].
On letting

£(«r)=o (o<æ<1), h()')=° (I<J'<2),
we deduce ’

ffK(æt>g<t+r)h…dtdg
=f_:_d,ffl*fe<t+wlk>g(t+x>h<y>dtdy

Thus, in view of(l .8 a), (l .9), one has

(Lu) f f K()3 x)g<æ)h(y>dædy

=[:âdx£1£19"’“(æ;J’IÏ)È(Œ)h(Ï)d—Üdy

whene«erg, hCL2 on (0,1), whale [by (1. g)]

(1.11a) [ K”(æ) |g(@)|dæ<+ oo
[K”’(æ) =fK2(æ, t)dt].

Similar to the theorems i/n ( C; 43) are the following résults
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previously. indicated by the present author (') and. really a conse-
quence of(1 . to), (1.1 1 a).

The relation

(1-12) [ K(æ, t)g(t)dt=£_â d—,_£
0ü-"(æ, llZ)g(t)dt

__holds, whenerer g(t)c:L,. Similarly
,.

1 ,. 1

, (1.13) . [ K(t, æ')g(t)dt=f %d‘,_f (!"—"(.v, t|*7.)g(l)dt
0 —ao (? '

.° _ t:] %d—.f
0""(I,æ|À)g(t)d£

f0r all g“(t)ÇD2. It is to be noted that (i . 12), (l . 13) are limits of
the sarhè formulas with K,, , O,, inplace of K, 0.

It is known [cf. (C; 47, 19)] that the solutions, CI… of the
equation
(1.14) * f—H(æ,y)cp(_y)dy=o

form a ‘ " linear closed set ”; thus there existsa “ base ”

”(1-14_a)- ‘, . q>.<æ). «.o.(w>.

which may be chosen as a sequence orthonormal on (0, z), so that
”for every solution <p of(1 . 14)there exist numbers c, , c., . . . for which

(1-i4‘b) ‘ qo<è)N2c.ç.<æ>,
'

Ecä<+œ. ,

With _N’ deriotingconvergence in the mean square. In accordance with
__(C; 48)e_yery h(x) C La [on (0, z)],‘is expressible in the form/ N

(« .
l 2 _

Id). 'lz(ie)N20vev(w)+/ldif0*(w,yll)h(y)dy [asN, l—++°°]-

—_
({ )W. J. Tnnrzmsn, Sùægular non linear integral equations (Duke Math.

Journal, val. il,— _n° 3_, 1944, p. 517-564”); ef. in particular, p. 518—521.
. ‘ Î ‘ Journ. de Math., tome XXVL — Face. 4,

1942.
’38
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Also, with h, fc L., [on (0, a)], on has .
'

2 "‘f fh (1.1::Hf,,h,,—2H,,,,,f,,h,,
° I‘ rw

+f_:"‘ffi°'(ws J' | Â)f(æ)h(y) dæ dy,

where

f=ff<w>ç.<æ>dæï h.,=['h(æ)…x)dæ,

"r.v'—'—"f
d}. [ f 0‘(.r, y|).)cp,,(æ)cp,,(y)dæ dy.

We observe that, if cp is a solution of (1 . 14), the functions
(1.15) u(x)=ç(æ), v(æ)=zq>(æ+t) [on (o,1)]

satisfy the equations

(|

| 1 .

(1.150) f u(.r)K(.r,y)dx=o, [ K(x,y)v(y)dy;o,
0

respectively. Conversely, if u, v are soluti0ns of ( 1 . 15a) the function
ç.(æ\ defined on (0, 2‘) by the relations (i,. 15), Will constitùte
a solution of (1 . 14). In view oÎ these considerations it is seen that
the kernel H(æ, y‘) is closed [that is, all the cp,(æ) are zéro] if and
only {[ K(æ, y) is closed on the left and on the right. In this
connection closure of K(æ, y) on the left (right) sz}griifies tha-t every
solution u[v], C L,, of the equation ‘

[ u(æ)K(æ,y)dæ=o [[ K(æ,y) v(y)dy=o]°0
..

cs necessarzly zero.
With the aid of (B) and (1.8) we conclude that forf, h, cL_2 on—

(o, 1), one has

(il 15) ffhdæ=zfphp_;Hp.hqqu -
\

+f__e,ff9uu(æ,y1x)f<æ>h<y>dwdy,
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where _

l \

S

fl‘=f f(w) up(æ)dæ, h,,=f h(.r) u,,(.r)dæ,

(1.16a) ![ ”1)(—'L‘) K(.”L‘, _}') dæ:: n

[HP—'} 35 i" (5); “fl(æ): ‘Pfl(-") 0“ (ON)];
moreover,

(1.17) jf}.d.:2/sz,.…ZH,,,_,f,,h.,
/' '!

+fa d)ffl"';fl“(æ,_a l.'('œ)f(æ)læ))d1:lt,

51 1

f,,=/ f(w)v,,(w)däy Iz,,=:f I:(x)v,,(æ)dx,

where

(1.17a)
_[ K(a:, y…(y)dy=m

\

Iri « we let h(x): 0 on(1, 2), obtaining
! N [_ :

1' - h _ ., _ d—,_ fr , ‘;).I ; d' d.:
_;3n ]" (æ>_ Zc<p (ar) f_ [. (w

.» >»… )

. 1 2

,=1'- & — ,.
—f:d.]on , 1h d d

J?3f
… Ë°‘ u(x) (x ) > … y x

+f|—Zcvv(æ)—f_îdlf°“:'“(£)Ü)"(_ï)dj d—L‘ =0;

necessarily each of the terms in {. . .}, above, being positive tends
to zero; accordingly

  

 

‘ N ' l’ 1
* h … … + -d— .eu-ü,').h'd

}…
<x> Zea… f_(f (ægl><g>y

and, szmzlarl_‘y,

(af*)
'

_

h(æ)mZôæW(æ)—i—fîd;f6"”(æ,ylA)h(y)dy,

.
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the two formules being valid (for some c., for wich cÏ+cî+. . . con—

verges) wheneverh(æ)c La on (0, 1).
It folîows, further, that !

l . l i ‘
(1.18) [ fhdæ=f d1ff0“°"(æ,J'E>—)f(w)h(y)dde3

wheneverK(œ, y) is closed on the left [cf. (1 . 16a)]. Also

(i.…) ffle dæ=.[_:d)‘f1fl°””’ y1‘Mf<æ)h<y>dædy.

lfK(.l‘-, )°'.')11 closed on the ”°“ht [cf. (1. 17a)].
The above, incidentally, implies that 0""(cv, ylk) is a closed spec—

[ralfunction (that1s, leads to & relation of Parseval type) ifK(æ, y)
is closed on the left; 0""y(x, |Â) is a closed spectral function !fK(æ, y)
is closed on the right.

2. Non summum saunas (commun). — In this section K(æ, y)js
measumble, possibly non symmetric, such that there exist linear func—
tionals (of the type previously used by Carleman)

Lv(E l°° °!) Rx (” l°° °) '

«Were.,, ?; are parameters of any kind, with K,.(æ, y) from (1.1), one
has the following
(2.10) - Lx(£| K(æ, y)) c L. in y;
(2-20) °

\1..(£_| K,.(æ. y)) \
<Y(Elï>»

_

where y(E | y) {independentof n) is.L, in y
(2.30)

‘ \

lî;nLgc(îlKn(-”y f))=L.v(EIK(Œ, y)).
(2-40)

‘
liyLæ(ëlfn(;x))_=îæ(z|f<æi).

when f,,_(æ) Taïf(a:) (weâk convergence in L—2 on (0, 1)
_ _ . .-

(2-50) f ha.—(EI K.(aî, y)) <P(y) dy==
L...—(£—   n(æ{y) <?(y) dy)
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for all çcL,
<2.r°) R,-(nlK(æ, y).) : L, in x:
12.20) |a,(…K.<:î, y>)|<a<mæ>,

Where 3(n |æ) is L2 in œ;
(2.30) . li:nR,(-glK,,(æ,y))=R,-(nlK(J‘, y)).
(2.45)‘ li;n R,.(n |f,,(y)): R,=(°fl lf(y)),

when f,,(;>_)f on (Q, 1 );

 1
.

+(æ) K"(Œî )’) (IJ)
 

(2'50) [ LIJ(æ)R)‘(WIKn(æ1y))dæ= Ry<°fl\
3 for all li_C L,.

When K(æ, y) is symmetric one may take
R(1;|.. 3=L(êl-- …)

L( E [K(æ,J)),' R(n {
K(æ, y)) may be non mea.vumble … the para-

-metersE, T,. .

DEFINITION 2.1. — W'edefineafunet:bnalT, (Zlh(æ)), whcre h(x)
'z's defnedfor oéæ‘ézas_follous

'

’ (2. ICI—)
‘ ‘T,(Ç | h(æ)) &: L,,(E | h(æ)) + R,(n |

h(l + x)),
&h'ere Z standsfor (&, 71); the above is statedonly forsuch h(æ)(oéæé2)
forwhich the two term»; in the second member exist.

We looserve that T.,1s a liñear functional. As a consequence of
the definition of H(ax, y) (as,,<riven in section 1) '

_(2 2) T(CIH(æ,y))=R.(nlK(y,w)) (y on(o, n)).

_

,
_1(:|H<æ y>)=L(a1K<æ.y—r)) (yon'<x,z>);

(2. 2) also holds with H,,(æ, y), K,.(æ, y)in place of H(æ, y), K(æ, y).
By (..2 z), (2. 1.,)—(2. 5 .,), (2. 1°)—(2.5°)one has fora:, y on (0, 2)—

(2,1, …_
, T,(çln(æ,y))cL. iny;-

(2,11) : T.,—(Cllfln(i‘,y))l<a(tly)3 
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where
._(;15.)=a(…-) (you (0. r)).
a(C\J')=1(EU-Û, (yon (., .))

and a(‘Ç\ y) is L, in_y_
(2.111) 11…1‘,(ç |

1—1…(æ, y)) : T_,(Ç1H(æ,y));
(2.1\j) li:11T…(çÏf,.(æ)):T_,.(ç]f(x)) —

when f,.(æ) \—3) [(x) on (0, 2)

«2N> [ T..—(:1H.<æ.y))+<y>dy=T.(c\fH.<æ.y)+<y)dy)

forail+(y)ÇL,. _,
°

.

Corresponding to the equation (1.14) we have
'

(2.3)
_ [T..(cl,H(æ.y>)q>(y>dy‘=a

The kernel '
.

' T(t. y)—T.(cn H<æ y))
has a ‘ ‘ base” consistingof a sequence of functions { ç,(æ)}(v=,1 2, )…,
orthonormal on (0, 2); t_hatIS,

“ "

(2-3a) [T(C.}')<Pv(yldy=o,

while e‘very solution cp(y), L, on (0,2), of (2.3)is representable1n

the mean square es ‘

_ -.

(2-3b) Ÿ(Ï)NECVÇPV()) (Qi+ ‘°ä+-——-<°°)-

With e_;, ef,. denoting measnrable sets on the interæ£alsi

‘ °éæé21 . 0"éyi,é2æ

°respectively, we fo‘1‘_tfi
' ‘ '

_.

—<2.4> Q.(e3.. e'. l1)=fffi..(—r.yll)âflèay-
s'—’ÏJ
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where 0; is from (1 . 5). One has

9,,(e_Ë… e}. |
)1) :: 2[+…(æ)dæf«p…)d1 (1>…),

e1'u o<y,.—.<i

nn(eg.,eg.|1)=_ 2 faP…(æ)dænp…())m (>.<..).
A51…<

'

Thus ,
.‘

. 2 ‘ ,
Qä(e£…

e;.IX)éz<f«p…(a—)dæ) 2_<f@……dy)
.

Accordingly
Qâ(ef…eg— Ll)ém(e;)rn(e“,) .(n_—.1,2,…);

here m(e)=measure of e. The above inegualities signify that the
absolutecontirîuity of the additive function Q,, of two sets (e',, e) is
uniform With respect to n. -We infer existence of a sequence (nt-)
(nf—> oo withj) so that the limit

.‘(2-.5.) , - _limflni(efri, c'r[ 71): Q(e&., e',.
|
7.)

L exists (n,— independent of the sets and of/ ); Q15 additive and absolu-
tely Continuous in the sets e','e. ;one has

IQ'<e'…eg.1k')lé[m<eg)m<eç)li-

Let eœ be a measurahle set in the interval o_éœé 1, designate _

hy eæ+; the set of points .cn—+ 1 such that a: is in e_,; c….. will be a set
”on the interval (1 , 2). Similarly__we define sets e,., e_…... We write

(2 6)
QZ"(e_… e)” i

)): SZ,,(e_,_…, e)“ i Â)! Q:“ (8_,_-, By ' A): Qn(eæ+t, €_.+1 !
>—),

... ' Qäv (ie—1“! e)
!
Â): Q" (&… eJ'+î i ;“)! 9211 (€_,_-, e)“ i l) : szn(e.v+h €,

!
7),

-ai1d hy (2.5), in the limit,
.

(2 6a) Quu (em, e.)” i
1) : Q(e… e)“ i >“): ' gov(€-t1 ei” i 7‘): _g(eæ+h ey+1 ' 1)1

‘ .
' Qu” (ca”) ey Il): "Q (el—, .er+1 | À)r’i Qi'“(e:v1 er i )‘)‘= “(em—+1, e, i À).

By (2.4), {1.5a), ‘(1 .40), (1 .4çj) it is inferred that”

(27) Quu(e…e,|1)_ffeuu(æ,y|1)dædy [of.(i.7a)].
e, e,.
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With suitable adaptations most developments in (C.; 130—146) Will
hold for (2; in this connection the symbols ‘

-

d à%, ()_y’
..., “

\\hen applied to an additive function of sets, are to denote “ deriva-
tion’’in set-functional sense. ‘

We shall …… state without proof a number of formulas [cf. (2.8)—
(2. Se), beh… ], closely analogous to certain resulte1n(C;13o—143)

(2.8) {Ia(7.)d—fg(æ)
[(—Üfgda——

Q_(e…e,l7t) h(y)dy] da_c
“

).,

, =f2or'(-l‘)dæ [f a(A)d,fîdà} Q(è…_-…e,lÀ) h(y)dy]dæ'

=fg("”){âîf ä% [fia(7x)dy‘Q(eæ-,e,—|Â)Ïlh(y)dy%dæ -\/
g,]:ÇL, on (0, 2); —œ<7t<XZ, <+œ; «(X) ofbounded varià—

_

tion forl471_éÀ,];
(2. 8a) [:d—,fh(æ)[——fæd;,—9(vnegll)h(y)dy]dæ4fh2d_—wt_

.

for hc L.,; Q is.defined to be closed if (.2 . 8 a) holds With the eqùality‘
sign for all hc L,; if 0 is closed one has

(2. 81») fd,fg(æ)[dæfady-}Q(e…,_,e_,-7)h(y)dy]dæ=fglzdæh

for all'g, hc L, on (0, 2); if!) is clo‘sed one has
. ‘

”__“L °°
. 212. _

' ,…)_
dæf_œd1f dy9te.… e.

Il)h(y)d)_

(for almost all æ)for all hcL_,;
_

,

there exists a function F(æ), c L,, so that
. z, : '

_

- (2.8c> ‘

F:<æ_{=…fl@—â[ ld1f %,Q(ex,ëyll)fly)dy,

.+)F(æ) (as l-—>œ ;’àll fÉ'L2-î; *
(«v — " *
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the function F(æ), involved above, satisfies

(2.8d> f'Tæ(;|n(æ, y>)F<y>dy=œ

if
(2-8e> f T.,(cuH<æ,y))æ<y>dy=o

has no solutions, C L2 on (0, 2) with] <p” dx# o, then (] is closed.

We shall now pnove the following analogue of (C; Theorem IV,
1). 48). '

'TuEOREM 2. g. — With {cp,,} designatz‘ng the base introduced subse-
quent (2 . 3) given h(æ)cL2 on (0,2), there eæz‘st c,, so that on writing

N

(2.961) qN,l(æ) =Zcv?v(æ)++l(æ)r

d ' ’ a .(2-95) ‘Pl(æ)=glfæ£1dk[[ äÿQ(eæ, eyll)h(y)dy],
we have '

(2.9 c) q…(æ) … h(æ) (on (0, 2); as N, l—+oo).

" Iffis also L, on (0, 2) one has

(2.9d) fogf(æ)h(x)dæ=zfphp—ZHquphq+fœd—Aff(w)p DJ! “"‘ °

>'< i ’
da:

0

with ‘”
(2.9e>' fp=ff<xm(æ)dx, h,,=f h<æ>cpp(æ)dæ,

'
°° ’ d a

' (2-9f) Hpq=f dlf ‘Fp(“f')
[%[äÿg(eæ,ey|Â)<pq(y)dy]dæ.

By (2,80), (2. 8d) for some H(æ), cL,,

d
Îyfl(e… e,- l 7‘) h()’) d)’]dæ’

h(æ) —- $,(æ)
(—+)_H(æ). (as t——_>ao ; a: on (0, 2)),

.
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where

[ T...—({ | H(æ, y)) H(y) dy= 0—-

Hence by (2.3b)
H (x) …Ecvçv(æ) (on (0, 2))

for some cv such that of + câ+. . . converges. This establishes(2 . gc).
We shall now prove that there exists & function tv(x), cL2, so

that
d

<2.m> C—,;f d…—î—Q<a…
eyl7\)<Pv(y)dyw tv<æ),

2HVP q>,,(æ) rv tv(æ) (on (0, 2)).
p

As & consequence of (2.90), applied to h(y) = %(y), we obtain
N

(2.11) EC,… <pv(æ) + \})î(æ) … <pp(.æ) (as N, l-—>oo; on (0, z)),
\Î=l

(some c,,v ), Where
d

‘ ' ’
M’<Œ>= dîf_,d‘l[ äÿÿg(eæ’ e"'…’”…dyl;

hy(2.8c)
‘l'ï($) +“P”($)»

(w)

where an(æ) is some function cL,; convergence here is, in fact, in
the mean square. In view of (2 . 1 I)

@

c…=%f (%(æ) — +P<æ>)%<æ) dæ

=ôvp—lip1£ uÿî(æ)<pv(æ)dæ
_

2 d ! sa
]=av_rfv —fdff_n … i d d,,

"?“ 0 v(æ)[dæ -; x
0

ay (8 eyl )<Pp(y) y 66

l 2 2,
— d 0

_—-—av_r d \, — ——.Q .… i d d," ‘?‘L ‘fo ? (æ)ldæ£ dy “ eyl …… y] x
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where &…= I, &,,,= o(v ;£p). Thus by (2.9f)
CPV: ôVP— Hyp-

Hence (2 . 1 I) becomes
N

_2Hvp@v(æ)+tpÿ(æ)mo (as N, l—>œ);
V:!

(2 . 10) will follow.
We observe that cv in (2.9a) is the v—th Fourier coefficient of the

function H(æ) introduced subsequent(2.9f). One has

cv=fo H(æ)cpv(æ)dx=lilm[ [h(æ)_tp,(æ)‘|çv(æ)dæ
!: hv—— 1i…f +,(æ) çv(æ)dæ=hv— lima,(æ),

l 0

where
,,2 '

d l ! .
au(x)=] Qv(œ){Æf1dx[f %Q(e…e,ll) If()')d)f]}dæ

- 2 d l
_

! d: h(y)l:_fdl f —Q(e.c;e‘ik)
v(æ)dæ:ld'y

—
[) dy-_z

04
dx

_

) °? )

Now—, by (2. 86), (2.8d)
d ’ ’a
a;f_ldxfo ô—æsz<eæ, eyl7\)<Pv(—ï)dæ

convei*ges Weak1y (as l—> oo) to the function
,/

d «\ 2 .

My>=;,;f dif £Q(eæ,eyll)ev(æ)df—

Therefore

cv=hv—f h(y)7u,(y)dy.

-In view of (2. 10)-
'

N!
(2,12) cv=hv—liân[ h(y)2Hvpçp(æ)dæ=lzv—2Hvphp.

p=i p

_ 'With q,…(æ) defined'by (2.9a) (N=n, l=n) we form the
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integral
! N

«_.

f,; f(“')9mn(“') dæ=ECVfv+f f(x)

><{äÎzf d;[f %Q(e…e,lÂ)h(y)dy])dæ.
By (2.8) and (2. 12)

[1<Œ)qnn(æ)dæ=2(hv—ZHvp"p>f.+f:d,ff(æ)

X[£fæd-d—)—,Q(eæ,
e,|Â) h(y)dy] das.

Since, in view of (2.90), q,…m h, in the limit wé obtain (2.9d).
This establishes the theorem.

If <p, C L, ou (0,2), is a solution of

f—Tæ(CIH(Œ:Ï))<P(Y)dÏ=O,
then the functions

\
- -

(2.13) u(æ)=cp(æ), v(æ)=cp(æ+1) ' ((L‘ on (o,1))
satisfy the equation

(2.14) [) [Rl(nlK(y,æ))u(y)+Lx(älK(æ,y))v(y)]dy=o.

From the above we conclude that if R.,,(n [ K(y, x)) or La: (5 [ K<æ7 y))
is not closed then _ŒT({ |

H(æ, y))is not closed.
In (2. gd) we put

f(æ)=h(æ) (on (0, i)), f=h:—Lo- (on (I, 2));
with the aid of (2. ôa) it is then inferred thatff’(æ)dæ=ËfZ—-2Hmfpfq+f_”d1jf(x)

(2°15) X[âdæfiäd“gu“(eæreYl)‘)f(y)dy]
dx, &

fp=_[f?pdæ° .
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By virtue of (2 .8a)

(2-16) f dxj f(x) [%f %Q““(8…eHÀ)h(y)dy1dæéffl(æ)dâ
for allfC La on (0, 1). When 9 is closed [that is, when TŒ(C|H(æ,y))
is closed in La] then (2. 16) will hold with the equality sign.

5. THE: FIRST KIND EQUATION. — Supposef(a:) subject to

HYPOTHESIS 5. 1 , -— On writing
1

(3.1a) f,,,£=f f(æ)unk(æ)dæ,'
,

0

we have
,

(3.16) pg=2Agkfgn<+œ (n=1, 2, ...).

By the Riesz Fisher theorem we infer that there exists a func-
tion h,,(æ) such that as a consequence of (1 . 2)

(3.2) h,,(x) NZÀnifnivni(x), f 'h,.(æ) v…(æ)dæ=l…f….

The function
'

\

(3,2 a)
; _

Fn(æ)E[1Kn(x,8)hn(8)ds—f(x)

has the’property

(3-26) f1Fn(æ) unz(æ)dæ=0 (i=1, 2, ...)i;

_ wc also have
0

.

æ
(3.20) flhâ(æ)dæ=pä.
\Now by (2.50)

0

Læ(EIFÀ(æ)):] Læ(gl K,,(æ, s)) h,,(s) ds— Læ(g |f(æ))_

Hence, as a consequence of (2. 2.{),(5.2c), \

"'(3..3>“ ‘[n(æ1r4<æ>)léle(z|f<æ>)l+fw<z|s>|hn<snds
él Læ(E,lf(æ))l+f(£)9…
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where
(3.3a> T"(î) =f i"(£l8) ds.

If the (on) are hounded,
pnép<+œ (n=n1,n2,… ),

then by (5 . zc) one can choose & subsequenceof (hn(æ)) , say
hn‘(æ)! hn‘(æ)r

converging weakly (in the space L,) to a function h(æ),
(3.4) ha,—(a:) 3h(æj (as nÎ—>oo).

In view of (2.30), (2.20) and (5.4); on making use of & theorem of
Carleman (C; p. 20) it is inferred that the limit

(3.5) liznf L_.(5|Kn(æ,s))hd(s)ds=f Læ(g|K(æ,s))h(8)ds

(as n: nf —+ oo). Hence by the formula precediné (5 . 3)

(3.6) lim Læ(51 F,.(æ)): F*(E) Ef Lx(£| K(æ, s)) h,(s) ds _ L_..(g |f(æ));
moreover, by (5.3)

' \

lF*(E)lélLæ(älflæ))l—+T'(E)P [cf— (3.3a)1.

We write

(3.7) Fnÿ(x):f K,,(æ, s) hn,v(/s) ds ——f-(4x), - {zn,v(s)=Z Ànifntvni(s).
.

0
fi i=1

_

By (5.2)
hr,v(5)Nhn(3) (as v+°°)i

hence
.

1imF…<æ) =[ K,.(x, s)‘Ms)-ds ef(æ); ’
in view of (2.2a) \,

_

(3.7a) , F,,(æ) =:IiÆnF…(æ).

\
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By (5 . 7) and the first relation (1.2)

F…(m)=fä,v(æ)—Y(æ), fMæ)=2f…u…<wh
the limit
(3.7 b)

'

li5nn,v(æ)=f;=2f…u…(æ)
!=!

exists in the sense of ordinary convergence; moreover,
(3-70) Fn(æ)=fâ(æ)—f(æ)-
In view of(5.7b), even though the sequence (u…—(:p)) (l': I, 2, . . .)
may be not complete, one has

[1fâ2(æ)dw=2fäv
° :

Hence by Éessel’s inequality one has

(3°8) -

.

f01fä2(,x) dæé£1fz(æ)dx-

As a consequence of (5 . 7c)

. f1Fä(x)dæ=flfÿl(æ)Fn(æ)dæ_flf(a—) Fn(æ)dæ

and
1

fFä<æ>dxé %fÏf;2<æ)dæfFr<æ>d—ægz
1

—

+{£1f2
(a:)dæ

01F;2(æ)dæîz.
Thus by (5Â8)

\ [flFä(x)dæ]%éz[flfl(x)dæ]â< °°:

where the second member is independent of n. Hence there exists a
function F(æ), C L, , so that for a sequence n,-

(3-9) Fnj(x)(—‘ËF(Œ) (as n,-7+oo).
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We choose (n-) as a subsequenceof (M) [from (5.5)]. Thus by (2.40)
and (5. 6) one has

L.(z|F<æ>)=fL (EIK(æ,s))h(—°)ds—Læ(£\f<æ>)

We form the expression
3 {

Iävl3=f âd)f F,,(œ)0‘,ÿ”(æ, y|7t)dæ,

where oz< ?. Now, in view of(l . 7c)

O‘:.fl'<æy|A+A)—62W(æ.y…=â— 2 unk<w>vnk(y),
>.g…<i+A

foroéX<X—l—Aand
ez»v<æ, y

| A + A) — 6:‘.»“<æ. y1}> =—â 2 _…x) …(y)
hS—Ïnk<'À+A

for 1 < X + A _4_ o; accordingly
1

lgfi=â 2 %f Fnk(æ) unk(æ) vnk(y)dx
ag)‘nk<B nk b

for 040: < @, as well as for et < 340; inasmuch as the 7t,…# o, it is
seen that the above formula holds for all ou < @. Thus, in view
of (5.2b), Iäfi=o, 1;°°*"'”= o.

Hence by (1. 13), applied to the kernel Kn(æ, t) and the
fune-tion F(t), one has

fiFn(t) Kn(t, y) dt :: I;°°»““°= O.

Consequently, Fn being L2 , by (2 . 5°) one obtains

\f Fn(t) Ry(n !
Kn(t, y)) dt= 0—

By virtue of (2. 3°), (2.25), (5.9) and the theorem in (C; p. 20), in
the limit we obtain ’

[1F(t) Ry(n—| K(t, y)) dt =o
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We have proved

THEOREM 5. 10. —— Supposef(a:) satisfies Hypothesis5. 1, with
pä_4_ p2 < oo .

One can then find a function
h<s> c La [cf— (3.4), (3-2)J

so that

(3-10 a) f L..(ë. ! K<æ. s)) h(s) ds — L..(g |f(x)) : L..-(a| F<x>).

where F(æ) is a certain solution, C L,, of the equation

(3.10 b) flF(t)Ry(—nlK(t,y)) dt=o.

NOTE. — IfR(t, n)= R,(nlK(t, y)) [which by (2. 1°) is L.2 in t]
_is closed L2 , that is if '

! zÿ(t)R(t,n)dt=o, 4»(t)< L,,

i_mplies a]; = 0, the function h(s) in the theorem will be a solution of
(3. 10 e) f L,;(E| K(æ, s)) h(s) ds: L,,(E|f(x)).

'
If, in addition, L(E, s) = L,, (E |

K(æ, s)) [which by (2. 10) is L, in s]
is right closed L2 (that is, if ‘

flL(g,s)cp(s)ds=o, cp(s)CL2,

impliestp = 0), the solution h(s) of (5. we) will be unique in the field
ofsolutions L,. '

4. Tin: CASE os UNBOUNDED (p,,). — We shall establish the following

THE0RE}W 4. 1.‘ —— Suppose f(x) is such that PÎ<+°‘3[n= 1, 2, ,,,;
of. (5 . 1 b), (5 . 1 a)], the sequence (pi) not being necessarily bounded.
Suppose T(Z, y)=T,,(C|H(æ. y)) (Definition 2.1) is closed. The
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equation
(4.2) I(æ|lz)sf(æ)=flK(x,s)h(s)ds=o
can then be satisfield in the following sense. There exists a func-
tion h,,(s)Ç L.,, say
(4.2(l) h-n(8) N2Ânkfizk Vnk(5):

k

so that the integral

(4.2b) f lÏ,(.T|/t,,)dJ
[In(æ|hn)Ef(æ) —fiKn(æ’ s)

hn(3)'ds]
‘

is arbitrarily smallfor n suitably great.

On writing

[… (a:) =2 Ankfnk vnk(œ),
k=1

we obtain
h,,…(æ) rv h,;(æ) (as v—> oo ).

Hence
_

(4.3) limf Kn(æ, s) h,…(s) ds=[ K,,(æ, s)h,,(s) ds.

Now

flKn(æ, s) It,…,($) ds=21nkfnkflKn(æ, s) Vnk(8) ds
0 k=1

‘
0

and, by (1 .2),

f K,,(æ, s) h,…,(s) ds=2fnkunk(x);
0 k=l

in view of (4. 3)
(4.3a) f K,,(æ, s)hn(s)ds=2fnkunk(x).

° k

it has been n9ted before that the series last [displayed converges.
We observe that

_

' '

Ekfnk
unk(x)2    dnkfnkun .

 .— Pn“ nkunk(x)
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and, by virtue of (1.2) and Bessel’s inequality,

Z_fnk Lfnk(æ)
k 

1 2

2épâZ{f Kn(æ, s)vnk(s)
ds]

épân’.
[( 0

 

By (4. 3a)
mm la”) =f<æ> “2fnkunk(æ)-

k

Hence
1 ‘!

Iâ(æ|h,,)dæ=ffldæ— f},.f, 0 >;
*

Accordingly, the theorem is proved if it is established that for
some n4 < n2<. . . one has

(4.4)
lim2fn1k=f

f2dæ.

Now by (1 .7a)
Bä’”(w,yll+A)—Oä'“(w,yll)=â 2 unk<æ>unk<y>,

XSX…&<A+A
for o_ék<l+A, and

0ä’“(x,yll+A)—0ä'“(x,yll)=â 2 unk<æ)unk<y>
kg—‘Ank<k+A

when X<X+Aéo; hence

f f ezru<x,y|k+A>f<æ>f<y>dædy

—f ] 0%‘ï(æ,yll)f(w)f(y)dædy

=-;— 2” fâk <oé>«<fot
XS‘A,.1;<A+A

__ 1 2

__2 2 f,,k (À<À<Aéo).
' lg—)…k<A+A

Acebrdingly

f°°de [ Gä’“(æ,yll)_f(æ)fly)dwdy

—=fo dxffiôä'“(æ,yll)f(w)f(y)dfvdy=â2jâk-_.° 0 0 ' k -
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Therefore as & consequence of (2. 7)

(4-5) fn d 9‘î“(
» |Â)f( )f( )d d

%
.—f_æ 1_/j xy x y xy

=f°°”dkff(—T))gÎ—[xf—Sl““(eæ,eyll)f(y)dy]dx=bnw
[11 view of the concluding statement of section 2 and of the assumed
closure of T(C, y)

i :o l. d 1(Ma) ff2dx=f .“ f<æ)[c—üf %fl““(eæ,eyl1)f<y)dy]dæ=b«-

By virtue of (4. 5), (4. 5a) and Bessel’s inequality we have
b,…ébœ-

Hence the sequence (nj), involved1n the definition of Qu“, can be
chosen so that

lirnbnlœ=v, véb….
"!

ll v =b_ the desired relation (4.4) holds. ÎAssume now the con—
trary,
(4.6) '

v=b…—2e (somee>o).

Since the integral in (4. 5a) over (— oo, + oo) converges, we have

Oébw——b1<€,
4.6a( )

{bl=fl[dl/f(x)[dxfdôy—Q"”
(e_—r,eÿ|À)f(‘y)dy]dæ

for ! sufficiently great. We recall Helly’s theorem, according to
which

b .b

limf c(Â)dml;n(À')=f c(7t)dnÿ(À)

[finite interval (a, b)], provided c(l) is continuous for aé)._4_b,
qu1(>\) —> '—P<>\> and Var. qJn()\)é A <+ oo. Thus

(466)
limfdiff(æ)[d—æfä%flweæ,ey|1>f<y>dy]dx—bh
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We write
(4.60)

rn,z=<£_l+[œ>dxflflæ)
d ‘ àX

[Eiêäfo 5ÿQ‘â“(eæ, ey—ll)f(y)dy] dæ.

Now
! 1 1d ()

bn,œ=À/—lldl£ f(æ)[aæ£ 5y—Q:“(8_… e)l1)f(y)dy] dæ+ '.".1;

thus, in view of (4.6b) and the existence of the limbn}__, it follows
that the limit

lim r,, ,: r,‘.>. o
n,—

], _
exists; by (4.6) one has

11mbn)”: [);—+ 17: b… — 28.
"i

Since rlè o it is inferred that
b,éb…— 25

and
28éb…— b1,

which contradicts(4 . 6a). Thus(4 . 6) is impossible and the Theorem
is proved.

- COROLLARY 4. 7. — The conclusion of Theorem 4. I still holds when
Tæ(C [

H(œ, y)) is not closed, providedf(œ) is orthogonal on (0,1) toi
every function cp,,(ïv)(oéæ_4_1) {cp,,(æ) from the “ base ” of
T,,(ClHÇæ,y)); cf. the text after(2.3)].

We repeat the developments up to (4. 5). In place of (4. 5a), as

a consequence of (2 . 1 5) it is inferred that

(él—8)» fîf2 dæ:ZfË—ZHqupfq
‘" p p,?

en 1 .d 1

+f_œdX‘/O‘.f(æ)[âæ£ %Quu(eæseylh)f(Ï)dyîl dæ’



312 w. J. 'I‘RJITZINSKY.

where
(4.8 a) f,,= [ f(æ) cp,,(æ) de:.

By the hypothesis imposed on fwe accordingly obtain
f,,=o (p=1,2,….). …

Thus (4. 5 a) again holds.and the reasoning given subsequent to (4. 5 a) ,

continues to be valid; this demonstrates the Corollary. *

TùEOREM 4.9. — Let f(æ) be such that pî<œ(n= 1, 2, ...), the
sequence (pi) not being necessarily bounded. We do not assumeclosure
of T(C, y). There exzÇytg then a functional T[f], such that

(4.9a> OéT[f]_—éQlf], QI”f]=ZfË—ZHqupfq
pxq “

(f,» Hpq from (4.8a), (2.9f), so that the difl“erence

('t-96) f Iâ(æ|hn)dæ—T[fl,

with hn(æ), I,.(œl. . .) from Theorem 4.1, is arbz‘trarüy small for n
suitably great. '

'

We note first that Q[f] _>_ o, inasmuch as in (4.8) the integral
displayed in the second member cannot exœed the first member, as a
consequence of « a generalized Bessel’s inequality ». As in the proof
of Theorem 4 . 1 , it is inferred that

(4.…) Iä(x|hn)dæ= j‘ldæ— fäk= jadæ—tn,;(èo)[ f. _ % f.
\

[ba,œ from (4. 5)]. Now by Bessel’s inequality and (4. 8)

(4.10a) bn)…éf f“2dæ=Q[_fj+b…

where b… is the secondmember in (4.5 a). Thus forsome‘sequence(n]) , \

for which lim St…-= Q , the limit
(4°11) ' limbni,œ=g'

"i
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exists; one has
v éQ[f] + b…

Since b,,…=r,,),+ b… in view of (4.6b) we conclude that the limit
“,? rnb,= r,

exists. Inasmuch as r,èo,
‘

oéb;éb,+ r,=véQ[f]+ b…

On letting [ + oo it is deduced that
(4-12) OébœéVéQlfl + b….

By (4. 10) and (4. 1 1)
1 1 -

lim Iä(x|h,,)dæ=f f‘ldæ—v=T[jl;
"i 0 0

here, as a consequence of(4. 12) and (4. ma),
<4na>‘ oéT[f]=Qtf}+b…—véQ…

_The theorem is accordingly established.

COROLLARY 4 . 1 3. — For the functionalT[f] of Theorem4.9 one has

(4-13a) Tlfl=Q[fl»
provided
(4.13b) râ=27täŒfäkér2<+ oo (somen>o).

_ k.

NOTE.'— The condition (4. 13b), With ?] < 1, is less slringent than
that involved in the requirement that pîé p“ <+ oo.

We have
rn,z=2fäk [cf- <4.6c>1.

- k

”Where the prime over the summation symbol indicates that the sum
is taken over all those values of k for which the X,… are on the
interval (1, +00). One obtains '

_1_ 1

. “ fk
,

2 2
2 fil: î

…,.=Zn.f..Êé[zzn ...] [ZÆ]
—

/
k k k .

 
v

1 "
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ln view of (4. 13h) and since Ànk}_l, it follows that \

1

…,éd-n[zf,…]'“éu—n[zfgkÎérz—n[f‘fldæÿ-
Thus r,… tends to zero, with -Il-, uniformly with respect to n. Together
with (4 . Bb) this implies '

lim b"i»°°: b°° ;

that is, v of (4. 1 1) is I)…. The conclusion of the Corollary ensues
by (4. ma).

5. THE pannunmurv PROBLEM. — We shall now investigate the per—
mutability problem referred to in the introduction. We thus consider
the equation
(51) f …, t>q(uy>dt=f q(æ, t)p<t,y>dt,

wherep(æ, y) is a known kernel such that
(5.1 a) p(x, y)cLa (in x), p(æ, y)cLa (iny),
while the unknown q(x, y) is to be found subject to the properties
(5-1b) q(x,y)cL—z (in—v), q(æ,y)cLz (iny)—

Use will be made of
DEFINITION 5.2. — It will be said that a function h(æ, y) is regu-

lar [a, 6] is
'

(5 2a) ffhÏ2‘Î——L—{)dædy<+œ, ff%%—’ÿî£dædy<+œ.
In the sequel we shall always choose a(æ)—, b(y) so that

(5.2 b) a(æ)}_l, b(œ)èl.

Adunction h(æ, y)c L,(in (œ, y)) is regular [1,1].
Every function h(æ, y),i such that

h(æp y)CL2 (in ‘”): h(æ,_y)CL2 (iny),

is regular [a, b] for a suitable chbice of a(æ), b(y); in fact, on
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writing

/Î(æ)=lf h“(w,y)dy] ,
!}<M=\ ] h“(æ,y)dæ]

,

it is observed that

fifiIla(gîîx{)dxdyi:£1Ë2(.r)£â‘Î’ffh2b__(__2—Î:{)dœdj'=fütêg(‘li)âæl,
‘

so that one may choose for example

a(æ)= _\1 (whenê(æ)éx),
h(æ) (when h(æ)>1),

 
_ 1 (when Ë(y)é_1),

b(y)—{ Ë(æ) (when Ë(y)>1).

315

We note the following. Given functions F, G of æ and y, C L, (in a:),

C L, (in y), a pair of functionsa, b can be found (the same for F, G)
_

so that F and G are each regular [a, b].
Suppose q(œ, y)IS a solution of (5.1), subject to (5. lb). We

think of this function substituted… (5.1). Let a(æ), b(y) be func-
tions so that the funct10nsp(æ, y), q(æ, y) are regular [a, I)]. Mul—

ïiplyihg (5_ . 1) by a:" (30) b“‘ (y)dædy and integrating,'weobtain   
  f.,‘fÿ ‘fâîazî”âîfi>dæd”‘

_

, =f. f. [. îf.î;î”âî%)dædyd‘°

=f[ [. ;;?H;i.;>4[ Lf ;æ?\lq;fi’lwldædy 

 4—f.f. ; . '”———;£äî”… q2——£-’—î__z).>..]
. ——f[ £-———-——àî’?dtÎdæ£[ 0

qb‘-(T-—Ê’y%3)')dt]
dy;

—.Jourm de Math./tome XXVI. — Fasc. 4, 1947. ° / Â [
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applying the Schwartz’s inequality once more we obtain

1.__;[fuîfoiplîîäldædtÎ[f foi‘l—_’——2Ëfy)
y>dtd

y]—S

since p(œ, y), q(æ, y) are regular [a, b] the integrals in the second
member above exist.” Hence the order of integration in the first
member of (5.3) is immaterial. A similar property is established
for the second member of (5. 3), by merely interchanging the roles
of p(æ, y) and q(x, y). Accordingly, (5.3) may be rewritten in
the form

p(æ,t) ,ffq(t

’tî'y)[b(’)°
a_T—æ)

dÎ]dtd)‘p(t ))

On replacing x, y, t by 1, $, y, respectively, in the last member, the
_

latter becomes
1 1

, I 1'P()JÏ/)
fo fo q<"“la(t> b<æœ) dæ_l

“”“”

 
    

Consequently
]

(5.5) ] flq(t,y)H(t,y)dtdy=0_
where

0 0 .

(5.4a) H(t,y)=—‘_ 1Mdæ——I— P<y’æ)dx. b()’)
0

M$) a£(t).0 b(æ)

By (5. 2h) one has

lH(Î: J')‘léH1(l)+Hg(y), HÎ(z)=f P2(æ2 ”dû“a-”(x) 
.1

llîä(y)=
P—},——Ÿ,{’æÿ)dæ ] Hï(t)dt<+œ, fHä(y)dy<_+œ,

0 ' .0 .0

inasmuch as p(æ, y) is regular [a, b]. Whence the integral

(5.40) "2=f f H2(t,y)dtdy

\exists . Ifc=o, i. e. ifH (32, y)=o almost everywhereon (oléæ,yél)
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then b(æ)“‘ a(y)‘1 will be a solution of the permutabilz‘ty problem.
If n(t, y) is any function regular [a, b], we have

<+œ.(5-40)
 

! .!
jL/wJ…mmw@

0 ' 0  

To demonstrate this it is sufficient to show that

_ ‘Hm4) pmu
__]; [ ——b()’)[0

a—-(——æ) dæ]dtdy|<+œ;

W,u “2î—z—4—.æ>drï [£ Pzfi+.;w,.
[ff””“dzd] [ffol;2(P“'Î")dædt]:

thus the assertion ensues since p(æ,y) is also regular [a, b].
Suppose (: # 0; let at be any constant and form the function

 

_ HOW   
(5-5) « 7T(t’y)=q_(t,y)+wf' ”(hs)-

Since q(t, y) is regular [a, li] and H(t, y) is regular [l, 1], n(t, y) will
be regular [u, b]. Multiplying(5. 5) by c“ H(t, y), integrating and

«taking note of (5. 4), (5 . Ab), we obtain", a;fjäœwwHmmaw
Thus, provided H(t y) îÉ o, our solution (which we hss11med as

existent) has the form
(5 6) 61(t )’)=7‘(t y)—[f jo 7T(C,n)C“H(C,W)dCdn]0—‘H(t

y),

where n( t, y) is some function regular [a, b].
_—Ccinsider now the converse. Let a(æ), b(y) be chosen subject

to (5. 2h) so that p(æ, y) is regular [a, [2]. We construct the func—

_tion H(t, y) (5. 4a) and evaluate the constant c of (5.412). Sup
pose H;éo; then c<o. Let n(t, y) be au arbitrary function

‘ (C1…111 t, cL2,m y), regular [a, b]. We take note of the state-
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ment in connection with (5.40) and define q(t,. y) by (5.6). This
function will be L2 separately in t and in y; moreover, being a sum
of functions regular [a, b], [r, 1], q(t, y) will be regular [a, b].
Multiplying (5.6) by H(t, y)c*‘ dt dy, integrating and taking note
of (5. Ab), it is observed that q(t, y) sa_tisfies (5.4). Substitution
of(5.4a) in (5.4) will yield ’

. . !

l ‘
, 1 P__(___æat) ,f f q“’“lbm a(æ> “"'”ld‘d’

I P_(__Mw) ,:fo flIq(,y)[a-—(——Ï)0 b———(—Œa:) dæ]dtd3.

Replacement of t, a:, y, in the second member, by a:, y, t, respec—
tively, will result… the equality preceding (5…. 4). In this equality
the order of integration is immaterial, in view of the developments

“subsequent to (5. 3) (valid since p, q are regular [a, b]). Hénce we
can retrace the steps back to (5.3) and, in fact, write (5. 3)m the

 form f f., lfP(æ")q”—”dla<æ>b<—yî

=ffl _1…0 Q(æ»t)P(tfifi]…dæ
)ÎÜ’_)

'

We thus have
»

‘ ,

(5.7) £1£LL(æ,yl.q)dædy=o,
\

where ' '
-

(5-8) ‘L(æ»ylf_1)=Wf [p(æ, t)q(t,y)—q(æ, t)”‘p(ë,y‘)_]_dü

Accordingly, ofihand thereis no assurance that every function q (z, y)
of the form (5.6)is a solution of the problem; however, we have
just shown that, provided c;£ô, every such function

satisfies
the

related equation (5. 7). - ‘/

THEOREM 5. 9. -—If Q :S a solutzonofthe permutabilztyproblem(5. 1),
L‘, separately m each off./œ varzables, and 1fa($), \b(y) are chosenZ>1
so that P? q aire_regula—r [a, b]— (Definition—5..2) , W_lzil&H‘(æ;ÿ) of (5.461)
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is'not identieally zero, then q will be necessarzly of the form (5.6),
where n(t, y) is some function regular[o, b] and c( >o) is from (5. /| l)).If a, b(è_ 1) are suchthatp is regular[a, b] and H(æ, y) is géo,
then every function q, as given by (5.6), will be a solution of (5.7),
(5.8), provided that c is defined by (5.46), while n(t, y) is on arbi—

' trary function, L, int and L, in y, regular [a, b].

6. PERMUTABILITY (CONTINUED). — We shall now obtain a complete,
though_more complicated solution.

With a, b (31) such that p(œ, y) is regular [a, b], introduce
kernels
(6'1) P(æ:Ï)=f—âäâÿîy—)r P*(æ,y)=_p2{;‘î).
We hâve

‘1. l l 1f f P2(æ,y)dædy<+œ, [ ] P”(æ,y)dædy<+œ.
0 0 0 0

_Letthe u,—, v,—, 7\,— be the characteristic functions and values of P(æ, y)
and let the w,—, z,—, p.,- be the characteristic functions and values

of P*.(æ,_y); thus _
‘

(6.«1a) “E‘—Lâ‘Î—)='fp(x,t)pl(ndt, ”_‘Ëf_)=f u,(:)P(t,æ)dt, (“G-Ib) —“ïâiî)=f P"(x,t)z:(£)d£, z“(Ï)=f w,(t)P*(t,æ)d:.

The sequences‘
, (ui): (W): (W:); (zz)

'will‘he chosen orthonormal. We complete them by sequences'\ ' (ui—), (V'z), (Wi), (Zi),
‘?

respectively; that is, each of the four sequences

[<uz>,<uz)], [<vt>;(vê>J, [<m).<w2>1. [<z.—>,<zç)]

"are complete orthonormal. Moreover, we shall h ave
'

1 _ 1

(6.1 c) — 0:f u2(t)P (t, a:) dt =f P (a:, t) v}(t)dt
. . 0' 0

.

- ‘ 1
'

1

* :] w}(t)P*(t, æ)dt=f P*(æ, t)zQ—(t)dt.
'

o - o -
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Form the sequence nil—(œ, y) (i, j= 1 , 2 , …) consisting of the functions

MM-MMM uç(æ> w'.<y)(6.2)
À» M… a(æ) -———W

,
———a(æ)zn(y), v,(æ)———b(y)

(v, n = 1, 2, ….) Since a, b__ë1, the functions (6.2) do not exceed
in absolute value the functions

 fx£fiäfaiût+\îfifï_“ü 1u'.<æ)zn<y>l, \-vv(w>w;(y>!,

respectively. Clearly the 1q,-](æ, y) are all L, in (ce, y). By ia fami—
liar process ne orthonormaàze the n,—,—(æ, y) on (0450, y_ér), desi
gnating the resulting sequence by
(6.3) — p.;,—(æ, y) (i,'j=r, 2, ...);
we have

f f uâ—(13 y) dædy= 1, f f us,-(w, y) p«p(w, y) de: dy=.°

[for (… # (a. mi-
The following result Will be proved.

Tascam 6.4. — Suppose q(æ, y) (L, in a:, L, in_y) is a solution
of(5.1). Choose a(æ), (; (y)(è1)so that p, q are regular [a, 6];
with these a, b coMtruct the sequence{ p.,1(æ, y) } (6. 3). Then q Will
be representable in the form ‘

(6—Yia)

q(w,y)wfl(æ,y)—Z[ffn(t.'t).ùii(t,f)dfàf]eÿi(æ,_y)
[m is symbol of convergence tn the mean square over (0Ax, y4 l)] ,
where 1t(æ, y)ts s0me function L, in æ and L,iny, regular [a, I)] and
such that
(6-46) { _ (t, ) .--(i, )dtd.]"< \ \.,. %£H£fl_‘rp,t r-w /

The converse. Let a,] b (à!) be chosen so that }) is regular [à, b].
Let n(æ, y) be any function, L, in :D and L, in 35, {egular [a, 6] and'_
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such that (6. 46) holds. Then q(æ, y), as given by (6.4a), will be a
solutzonof(5.1),L,inœ and L, in y, regular [a, b].

Suppose g, a, 6, p.,—,— are functions as specified at the beginning of
the theorem. We think of (; as substituted in (5. 1). One may thus
write   (6.5) F1(æ, Ï)=F2(æy)')y

' _ .M%ûqUJÙ _ t)MtflFi(æ1y)_‘
“ Œ(Œ) b()’ ) dt! F2(‘T’J) “"‘/“…a(æ) b(_}’

(‘Il

Designate by (5,— (æ)) the sequence consisting of the u(a:) and
the u'(æ) and by («v,—(y)) the sequence consisting of the (or,-(y)),
(W}(y)) The sequence

_(6.6) {üi<w>cîj<y>} <i.j=r. ., …)

is complete orthonormal on oé'æ, y_4_1, inasmuch as each of the
sequences (ii,-), ($,—) has this property on (0, 1). One has

(6.6 a) ui“: u… tt,-:_: u',,; Wi”: W… W”;;= wÇ .

It follows without difficulty that F , (a:, y), F,(æ, y) are L, in (a:, y),
inasmùch as the four functions

/
p(x,y), q(æ,y)’ q(w,y), p(æ.y)

a(æ)- b(y) a(æ) b(_y)

have this property. Accordingly (6. 5)is equivalent to the relations

‘(6-7) a_.—,—=fi.—,—,

where
.

l l_ , t,
<6_—7a) a.—=fÛfüfP,‘,Ïæf)qâ(y{)ä.<æ>wimdædydt

êv=fffqÂÎ;,?P,fiffiu(æ>wfly>dædydz
Now the order of integration here is immaterial. In fact, if we
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consider the integral for oc,-,—, for instance, it is inferred that

f…fofo a(æ) b_(;) ui(“")‘—Vi(J')ldædydt

:fo Lf,ap(a,
(.rt)ui(æ)\dæ][ 0 1_»__âîy)),)Î—V;(y)dy]d

é_[rf\P_‘—‘—Ë,Îæ;)dæÎ fqbgî,))d]d“-
éij 0

Pî—Î_îîèî)d dt, À… q2(.tî,,y)dydt] <+oo.

We obtain

Œij:b£ Â [Â —Ji(œ)P(æ7 t)dæ:lg(t,)’) b——i((y)) dtd_Y

and, by(6.1a), (e.1c>,(c.ca>,

(6—8) ffflifl[ 7,’—((—))]dtdy, ai…i=o

similarly
__

. 1 l
”l.—. * ' .

;}(æ) -

fifi—f, [, U …) ”î’fi“‘”’ ,
so that, in view of (6. 1 b), (6. 1 c), (6,6a),

(6.8a) fi…—y=f f q(æ, t)[îÏ-%Ë% î}£âl]dxdt, fin,—;: 0.

Vanishing of the cc,—,, ,, (3,—,— is a consequence of (6.1c) and is not con—
tingent on q; however,1n view of (6. 7) the vanishing of these nnm-,
bers necessitates that

P(l‘ t) (IN 9)—
  

 

 
1—9|

-— 
 

   
az,i;= 0 = M.,/;

here one may discard, as superfluous, the values :_-— z, j—_;,, whichgives as a necessary condition *

aimfl;= 0= @in:iy (n? vl=I7 2J ' "');
in fact, (6. 7) is equivalent to the above and to

a, I'“: pin-if _
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In view of the expressions given in (6.8), (6.8a) for the Oli…_p B.,…
we thus conclude that (6. 7) is equivalent to

(6.9) , fo[ q(.1, )) ()…; dwdy

:] f0‘(q_l y)[£(æw)z)vHy) dvd)»

“(6.9a)
. fo [1

q(æ,y )l_vn(.z)w)—-—b————(

(‘)—————)— d.L‘(/)‘=O

    
 ('.?)

_
:f0…foq(æ,y)[lÿ(îææ))zv(fi’) dæd)’i

(6.9) we rewrite _in the form

‘;
1 l

_
Vn(æ) “"V(Ï) un(-ÏL) 5v(_}’)

(6-9), fofoq(æ,y)[ ," ,)… —
a… PV Jdæd)'=0-

The relations (6.9a),(6.9’ ) accordingly imply that, if q is a solu—

tion‘of (/5. 1) (With the stated properties), then q is orthogonal to all
the functions (6 . z); that is

 
  

1 1f f 9(Œ,y)n1j(æ,y)dædy=o.
0 0

As & consequence one has
0

- 1 l \

(5.10) f f q(æ, y) …;(æ,.y) dædy=o [l',j=1, 2, . . .; cf. (6.3)].
0 0 ,

The integrals in the left members here existinasmuchas the integrals
in (6. ga), (6.9’) exist, while any pt,—,— is a linear combination with
constant coefficients of a finite number of “I)…. The following is, in
fact, true. If s—(æ, y),L ., m x, L_ … y, 13 regular [a, b], then the
integrals -

-

(6.11) [ f s(æ,y)pu(æ,y)dwdy

gèæzlrt. This follOws from the fact that the s(æ, y)n,—,—(æ, y) are inte-
, grable1n (a:, y), Which ensues by virtue of inequalities, of which the

_Journ. de Math., tome XXVL — Faso. 4, 1947. 42
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following is typical

f0‘f01\s(æ,,)Vn(æ)Î_((yy))‘dde

élfolflî——Ëwîg"—“+ï)da-dy]z[fo folvn(æ)wv(_y)dædy]î_

Let the v,-,-(i,j: 1, 2, . . .) be a set of real constants Such that

. 27â—<+œ.
î.i

There exists (by the Riesz—Fisher theorem, for example) a func£
tion y(æ, y), such that
(6 12) “((—93, )”) "’2Yîi P—ii(x: Y):

(61m)ffï(æ,ywv(æ,y)dwd1y=m ffï(æ,y)dædy—Ztu
We put ,

(6-13) n(æ,y)=q(æ,y)+ï(æ,yh ‘—-
”

_

Tu (a:, y) is L, in œ and in y and is regular Ü[a, b], since g (a:, y) has
these properties and since y(æ, y) is regular [I, 1]. On taking’
account of the italics1n connection With (6.1 1) and of (6.10), (6.12a),
from (6.13) it is inferred that —

1 1

.

'(6-13I) f] 7r(‘”7.7) P'ii(æ:y) dæ dy =f f Y(æ7y) P‘ii(æ1 J’) dæ dy=Yii°
o o -

This fact, together With (6. 13), (6.12), implies that the postulatcd
solutzon (] (av,y)13 representable as stated… thefirstpart of the theorem.
The inequality (6. 4h) holds by (6.13’),m view of the convergence
of the sum of the v,j.

To prove theremaining part of the theorem assume that a(æ),
b(y), «(x, y) are functions as specifiedm the converse part of the
theorem. The numbers

. 1 1
'

(6. 14) y,—,—=f f 7t(t, ‘t) puy—(t, r)dt d‘:
_

_ 0 0
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can be defined in view of the italics in connection with (6.11).
By (6. 46) the sum of the 73 converges. Accordingly, (6.40) can
serve to define a function q(æ, y), '

q(æ,y)=fi(—r,y)——1'(-T,y), Y(a',y)N2‘rtiW/(æ,y%
(6.15) !.i

».t 1] f t(w, y) PU<î‘: y) dæ dy =1’u—

Multiplying by p.,—,(æ, y)dxdy and integrating, as a consequence
of (6.14) it is deduced that

\ ..tf fq(æ,y)t—tzj(æ,y)dædy=fj 7r(w.y)w,—(cc.y)dwdy—ïu=0;
() 0 0 0

that is, (6.10) Will hold. Accordingly q(æ, y) is orthogonal to
' the n,,(œ, y). In other words, the function q(æ, y) defined by (6.15)
satisfies ”(6.9a), (6.9’). However, it has been indicated previously
that the latter relations are equivalent to (6.7), which in turn

implieS (6.5). Whence q(æ, y) is a solution of (5.1). Now
in (6.15)

ff‘{2(æ,y)dxdy=2Tä-<+œ;'0 0 " "”

thus y(æ, y) is regular [l, 1] and q(æ, y) is regular [a, b], as is the
case with n(x, y). This completes the proof of the theorem.

It is worthnoting that, as we'proceed const_ructing a solution q(æ, y)
of (5. 1), in accordance with the theorem, 71(æ, y) can be always
choseh not L in (a:, y.) This is due to the fact that p.,—,(æ, y), being
a linear combination with constant coefficients of a number of‘ n,,.,(æ, y),consists of twoterms

“t‘/“(*”! J’), l’“Z(“3 J'):

where p{,(æ, y) is a linear combination of terms u_,___(æ) uv(x)/ ‘
.

'
CZ(£U)

Mn( )) a(æ) Zn(J')

and p…'},(æ, y) is a linear combination of terms
,, W',,

Vv'(x)î_((ÿyî)’ W( )
bî%“'—_)'
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[cf. (6. 2)]. It1s the presenceof the factors a”1 (a:), b“‘ (y)1n p.,, , pu,, ,

respectively, that enablesus to choose 11(æ, y), if desired, regular [a, b],
so that the inequality (6. ’.;b) holds, while the integral

1_ 1f [ 1r‘3(a', y)dxd_y
() 0

diverges. The correspondzng solutzon q(æ, y) Wtll then certainly be
not L in (.v,y

7. INVERSION OF SCHMIDT KERNELS. — In the Schmid—t theory of non—
symmetric regular kernels, given a non symmetñc kernel q(aË, y),
there is associated With it a symmetric kernel

(7.1) . f(x. y)=f q<æ. t)q<y. t>dti

In this section we shall conszder the converse of this problem; that is, '

given a symmetric functzon f(æ, y), to find g (à:, y) (possibly non
symmetric) so that (7.1) holds. Furthermoœ, this problem will be

considered'm the singular form'… the sense that we mérely assume .\
(7.2) ' f(æ.y)cL. (i…), cL<iny)

Choosea(æ)(>1)so that F(æ, y)=a“'(x)a*'(y)f(æ, y)'1sL‘2
_

in (a:, y). Suppose (7.1) has a solution, L2 in a: and'm y,
such

that \

(7.3) fo-<w)dædy<'+—œ. Q<æ.y>—l(—”U—)“($)

We think of q(æ, y) as suhstituted in (7.1),writing (7. r)'1n the
forni \/
(7.… jQ<æ.t>Q(yit>'_dt=F<cfày_>- _\
Since F (cv, y')1s L in (a:, y) and 151 symmetric, F(æ, y) has‘refil

characteristic
values and

functions
k,, u,('.æ)

.
\ -

(7.4) ' ._ £'—vî(fl=f'F(æ,t)u,(t)dt' (v::_1,2, ...).
V ‘

0 — ‘ - « .

/
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Let (uf,(æ)) be the sequence complementary lo (u.,(æ)); thus

(7.421) [ F(æ,t)uÇ(t)d£=o.

We arrange to have [(u,(æ)), (ui, (r))] orthonormal and write

WAÆ Emm=muw, 5Mw=wMn ‘
[(i,, l',, ...), (f,, i,, . . .):(1, 2, .. )] If one thinks of the first
member of (7 . 1’) as a kernel, it is observed that it is positive definite.
Hence, if there exists a solution, as stated, the characteristic values
of F(œ, y) must be positive,
(7 - 5)

.

X.,> o,

Which is a necessary condition. The sequence

(7.6) - {LÎ,-(cL‘)ü;()/)}

is complete or‘thonormal on (o_éæ, y_4 1), By (7 _ l’) .

aw m;fmewämümæo
‘ :]: [fOÎQ(æ,

tl)L_ti(æ)
dac] [£1Q()', t)Z,—(y)dy]

{it.

The last member here is obtained on making use of the permissible
change of order of integration in

…“ fff’Q<æ t>Q<y, t>äi<æ>äi<y>dædydt.—

\

a,fact ensuing from (7 . 3). In view of(7 .4), (7 .4b)
1

_
.. Fi…j:f -un()") Ï%Zld)’, Fan/‘: 0_

0 Il
/.

Inasmuch as F;,—= Fji, one has

(727 a) Fiu:in= XI,—1,

, Fiai= 0 [for (i, J.) # (in? in)]’
\

.Actzordingly, on lettingiz'À—_j= i,, and then i=j= ii,, from (7.7) it
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is inferred that

fîlîle(æ, t)u,,(æ)
dæ:|2

dt: à, fil:fiQ(æ,t)ttg(æ) dæ]2
dt=oÿ

Thus
(7.8) f u$.(w)Q(w. t)dt=o;

/

furthermorc, since F…—=o (i# :_), in view of (7.7) it is deduced
that the sequence

(7—8a) vn(t)=7Êflun(w)Q(æa t)dx .in=‘l, 2; …).

is orthonormal. It Will be now shown that

(778 b) un(æ)=ÀÈfiQ(a—, tj…,(t)da

In view of(7 .8a), by.(7. 1’) one has

Aîf Q(as t) vn(t> dt=>…f [] Q<æ,;>Q(y, t)
dt]

u,,(y)dy

1
.

=Ânf F(æ,y)un(y)dy;
‘ 0

\

(7 . 8b) will ensue from (7 . 4). Thus, u… r… iî are etridently the -
characteristic functions and values of the non symmetrickerpel Q(æ,— _y)

[note (7. 8) and completenessof the sequence (m)]. Let the vÇl com-
plete the sequence (vn), .

(7.80) — ] Q(æ, t) v.'n(.t) dt“: 0.

We form & sequence ($,—), With
(7.8 d) 5,—y= …,, 5,-;= vs.

The sequence .
_ _

“

(7.9) - {EK-”) 55m} +” j
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is complete orthonormal on (oéæ, yé !). Correspondingly

(1… m@nN2@fimfimo, il\

(convergence in the mean square in (ac, y)), where

(73 10a)
-

Qlj=f f Q(œ, y)ü,(æ)Ï,-(y)dædr.

Inasmuch as Q(æ, y) is La in (a:, y), the order of integration here is
immaterial. By (7.46), (7.8d) and (7.8), (7.8c)

Qi;_J=o=Q…-ç (n,v=r,2,….).

.For the remaining Q…— one has
.'

Q%îffmammmmwæe
and, by virtue of (7 . Sa),

Qin’i"=f À;ÎV"(J/) Vv(y) d.)"

Thus
(77— 16 b)

_ _
Qin,in= À;îr Qi,i= 0 [for (": l‘) # (“n, /.n)]

. Whence,.(7. 10) takes the form

(TW) …amNZ%%wwmm
Il

while [by (7.3)]

- (7-«II)
. Zi[=2QËi=f1fiQ‘(—%y)dïdy]<+œ.

.
n i,} o 0

This is another necessary condition _for existence of the postulated
solùtion.

_

/

We now consider the converse. Assume (7 . 5), (7. 1 1) and let (vn)
dbe_àny ortlzonormalsequence. Designate by (du) the set complemen-
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tary to (m,) and let (E,) be thq_totality of the 9… v',,,_

(7.12) CV—jv= Vw E= "Ÿ: \ \

In view of (7 . 1 1) we can construct a function Q(äc, y),
(73—13) hQ(æ3)’)N£%un(æ)Vn(Ï)-

’3;_ n .

As a consequence of (7 . 1 i) o<æ, ÿ> is L, in @, y). On writing

Qw=fÙ fo Q(æ,J')ÜE(—fv)3}(y)dædy=fo U. Ë(à)Q(æ,y)dæ]c—ë(fidh
' one has (7 . mb). _Furthermore,by (7 . 4b)

Q‘*»i=f [f u3.(Œ)Q(13J')dæ]ÎI-(y)dy=o

(] = 1, 2, ...); since («j')15 a complete sequence, this implies that

.—

f uk(æ)Q(æ,y)_dy=o (n=1, 2,' -. . .).

 

On the other hand, —

'

°1 1 ' — ‘- ° (j#jn),
Qin.i= [ un(æ)Q(æ, y)dx]v-(y)dy= _,.

_

_
1. f.

_

, ,”. (.:—,.),

(J = 15 2, . . .); also, inasmuch.as ($,—) is complete,, ‘

\ 1f m(æiQ<æ.y>dæ=Üà<y>=fiîv.<y>

Accordingly, the fùnctzon Q(æ, y), gwen by (7.13), satisfies ( 7. 8),
(7. 8a); (7. 8a) signifies that the sequence

_-
_ _1_

1
_‘(7.13 a) Ââf u,,(æ)Q(—æ,y) da:

, (n=1_, 2, ...)°
' 0

'is orthonormal, inaSmuoh as the—sequence (vn) has this property.Consider the symmetrio function
‘\\

<a>' . H(w»y)=fQ(æ,t)Q<y,t)dt-”‘-_ —'

" ‘
.

\ ° {’ , 0 :
\

/
_

,]. .

\
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Since“ the séquence {Z,—(œ) ii,—(y)} is complete, equation (7. I’) will be

satùfied‘if
1 {

H:.-=f f H<æ.y>£<æ>îj<y>dwdy
0 0(5) . .

=Fzi[=j fF(æ,y)üî(æ)tÎI-(fldædy]-

Now the order of integration in

I=fj fQ<æ.t)Q<y.z>Œ<æ>îômdædydt

is immaterial, sini:e Q(æ, y) is L2 in (zi, y). Thus by (a)

H:.=l=f U îî.<æ>Q<æ.c>dæ]Ua;(y)Q(y,.)dy]d..

Clèarly HÜ_—_—_Hfi and, as a consequence of (7.8), (7.46), (7.8a),
Ha,/“= 0 : Hua,

Hz....:=f‘ U un<æ>Q<æ.
t>dæ] U u.(}>Qos t)dy1cü

=f1Ë£QVL(-th=
("#”),

)‘î 7\2
(11:31);

V  ?|“

O

thatis ,:

I
Html”: Î’_ HU,: 0 [for (i,j) # (i… ih)l°

Hence by (7 .7a) Hij= Fij (all (z,j)). The function (7.13) there—

fore satisfies (7. 1’) Multiplyingby a(æ)a(y), one obtains

f q(æ, t)q(y, t)ât=f(æ,y).
.

Where
.

(7.14) ' …, t>=a(æ)Q<æ. t);
'

q(æ, y) Will constitute & solutiôn of (7 . 1_). We thus obtained the
following result. ' ;

(cum. cie—Math., tome XXVI. — Faso. 4, 1947. 43
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THEOREM 7 . 15. — Consider the problem (7. 1), wheref (a:, y) is
symmetrz‘e, L, in x, L, in y. We look for solutions q(œ, y‘) not neces-
sarily symmetric.

‘

Iffor some a(æ)(è1), such that

F(æ, y)= MCL,«mum ““%”L
the characteristic values X,— of F satisfy

(7.15a) À;>o, Zi<+œ,
1

while the problem has a solution q(æ, y) (L, tn a: and L, in y) such
hatQ(æ,y)_ a‘(æ)q(æ,y) is L, in (a:,y), then necessarily q(æ, y)
must be of the form
(7.151?)

%‘î—>NëÈun(æ)
Vn(.Ï):

Il

where the u,,(œ) are the characteristicfunctions of F and (V,) constitutes
a certain orthonormalsequence [0f. 7 . 8a)].

The converse. If a(æ) is such that F(æ, y) (of. above) is L,
in (a:, y), while (7.15a) holds, then functions q(æ, y) of the
form (7 . 15b), where (V,) is any orthonormal sequence, will satisfy
the problem; furthemore, a“ (æ)q(æ, y) will be L, in (ac, y).

We observe that a solutiou q(æ, y) of (7 . !) satisfies the iteratton
problem
(Tm) jäwwmmww=flam,
if q(æ, y) is symmetric. It is of{interest to note thatfor symmetry
of q(æ, y) it is necessary and sufiîcient that

q(æt J’) _ ‘ —1 _W[—Q($:JM (y)—T(æ,y)]

be orthogonal to the functions of the sequence
(7.16a) n,(æ) u'J-(y)' (i,j=1, 2, . ._.),

2—î[un(æ) “V()’)°"‘ u,,(w) uü()’)] ("<”): ‘—

orthonormalon (0 é\æ, yé I). \
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In fact, T(æ, y) is L2 in (a:, y). Now

T(æ, y> …ZT,, îi:<æ> zz,…, To, æ> NEW-27m îq<a-).
hihi

Interchange of i, j in the latter relation yields

T<y. ……21«,.5,…22,…
li

Hence symmetry of q(æ, y) is equivalent to the relations T,-,—= Tj,;
that is, to

fo 0
QâÎ}{__lui(æ)üj(y)dædy=[Ûf

Q(
(æ__’_)y)u;(x)u,y)dædy_

The order of integration here being immaterial, One may write the
above in the form ,

' ‘ ‘— J—(y) __
‘

‘—_ , J.… ,[ [£ u_t(æ)Q(Œ,Y)dæ] ci(y)dy_£ [£ u,(Œ)Q(æ,3)dæ]——a(y)dj_

In view of (7 . 8), (7 . 4b) the above is equivalent to
1 Q_(__æær)') ...

fo [£ un(æ)——a(y) dæ]u'(y)dy_o,

Â[[ un(æ)Q(æ,y)dæ] a._'._(()—îl))dy=£ li]; u.,(æ)Q(æ,y)dæ]Zli_(__<})/’))d
)’

The conclusion (7. 16), (7.16a)ensues.
Let (W,—((L‘, y)) (i: 1 , 2, . . . ) _be a sequence compleüngg the

sequence (7. 16a) on (o_éæ, yé1) in such a way that the srl—(œ, y)
and the functions (7 . 16a) together form an orthonormal sequence.
Ifq(æ, y) is a symmetrio solution (with stated properties)of the second

norder iterationproblem (7 . 1.6), we necessarily have

 

q(x, y)
_(7-17) m NZY1W1(Œ,

J’)

in the sense 0fmean squareconvergence on (0 Lac, y._41). This fact
. ensues as aconsequence of the orthogonalityof T(æ, y), to the func—

tions (7. 16a).
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8. THE ITERATION PROBLEM(n= 2). -— We shall_now investigate the

second order iteration problem

(8-1) l‘?“<—TJ)E]f q(a‘, t)q(t,y)dt=f(æ,y),

where f(cr, y) is given symmetric, L, in a:, L, in y, and the solu—
tion q(æ, y) is to be symmetric, L, ”in æ (in y); the equation is to be
satisfiedfor almost all (x, y)1n the square (oéæ, yé 1).

We observe that for existence of a solution (or solutions) of (8.1)it15 necessary that j(æ, y) be positive definite, thzs we hencefôrth..
assume. One can representf(a:, y), in infinitely many ways, in the
form
(8-2) f(—'13 J') = “JPfm(filä J’):

where f…(rr, y) is L, in (a:, y) and f,,(æ, y) is symmetrio;positive
definite. Furthermore, the f…(œ, y) may be chosen so that ' '

(8.2’) [[f…(æ, t)dtÎéf(x)<+œ -,

almost everywhere, withf*(x) independent of m. An example of f…,
satisfying the above conditions,15 given by

f…(æ, J’) =f(ëb, J’) (Wherever lfl ém),
f…(æ, y):: m

‘ (wherever if> m).

Consider anyparticular representation(8. 2) (that is, assume & par—
ticular sequ'ence (f…(æ, y)). … Designate by X…, u,… the characte—
ristic values and functions of j…(æ, y),
<8-aa) u…(æ)=t…ff…<æ,t>umv<t> <v=x,z,…);

here ‘A…> o. Correspondingto a fixed m we break up the sequence
(v)=(1,2;.--)

\ _
‘

into two sequences —

(8.2b) ‘
_ (p,—), (n,—) {Jf—:x, 2, . ..)“
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and, correspondingly,write
(8.20) l‘âl'(aæ )’lM= 2 uni,/)](JÏ) Um,p,()’) ()>O)’

0<A…,<k
'

Œ"(@MM=° (À:—QG),

I‘îä”(æ, y|X)= o(Xéo), and

(8.2d) l‘t,ÿ,l"(æ,y…= 2 u…_,,,(w)u…(y> (i>o),
0<A…,,J<l

.l‘iä‘"(æ, y
| X): o(k éo). _The spectral function off…(æ, y) is

(8'3) riæ(x!yl)‘)= 2 umv(æ)umv(_y) ()->O)n" 0<)\m.<)‘

'_ P£â‘(æ,ylx)=o (Léo).
O.nehas ;

(8-4) I‘ä‘(w,yll)=l‘iä"(æ,yll)+M"(ŒJ…-
For sonic (m,—) (limm,—=+œ) the limit
(8-4')

_
1imI‘ïî}(û«”»ylÂ)=‘rl’l(æ»ylïl

exists and represents a spectral function of f(æ, y) [in the sense
of (C)]. We shall show that (m,—) may be chosen so that the limits
(3-5) HmÜË}'(®"> )’

|
X) : T”"(æ: )’,l 7\), liml‘iä}"($» ! l

7—) = P‘“"($» y !
1)

eæist also and represent functions of bounded variation in 7\ ( on every
finite real interval).

We write
,.

o=lo<ll<….<l,=l
and note that, by (8.2a),

&

Am,sEZI I‘lä"(æ, _y
]
[j) —— r}â'i(—T,Ï l lj—i) l .‘é 2 l umil'j(æ) u"'»Pj(—y)l

  

î=1 "m,g,<’
1 1

_4_ 2 if… [ fin<æ,t)u……(t)c{tf fm<y, t)u,,,,p—,<z)dz
.

"mm,-<’
o

. ‘
o

_

1
z

_4_lf
{ ? |foifm(æ,

t)
um,pl(t)dtr;|.£1fm(y, t)um,pl(t)a'llz}
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and, by Bessel’s inequality and (8.2'),
ul“

4/\m
, s /_ [2

 [ f::.<æ, .… [ f:.o. t>dt} él*f<w>r(y>
Hence

.

ll‘£â"(æ, )'
l
l) |, Val !' T‘?" (—'1_",

y
|
l—)é”f‘(æ)f(s')

for \Mél and for all !> 0. The latter inequalities signify that the—

sequence (vi,—), involved in (8. 4’), contains a subsequence, which we
still term (m,—), so that

liml‘},‘î}'(æ,yll)=l‘…'(æs…)
exists; in view of (8.4), (8.4’) the same willbe true for l",ä}"(æ, y| )t).

'

The italics with respect to (8. 4a) are thus demonstrated.
The condition (8.2’) may be deleted, if in some way we can

demonstrate that
A”'*‘°éG(æ,)', [) [G(æ,y, !) <+ oo almost everywhere, when o<l<+ co]

where the second member is independent of m, s, and if a similar
inequality can be established for I“…“’".

'

In view of (8. 4), (8.5) thereresults a decompositzon of the spectral
functzon l'”… off .

<D>‘ rl*l(æ. y
1
1) = l‘ifl'<æ. y | M + l‘…”(æ, y | 1)-

This decomposition has a considerable degree of arbitrariness.
_

The
formula (D) depends on the choice of ., the approximating func—
tions fm(æ, y) [cf. (8.2)], the choice of the sequences (p,-),
(n,) [(8.2IJ)] and on the choice of the sequence (m,—) in' (8. 4e).

Suppose q(æ, y) is a solution With properties as stated at the
*

beginningof this section. Define q…(æ, y) by the relations “

(8 5)
{

q…(æJ)=q(æ, y) [when |q(æ, ,“ <m‘]! '
_,‘

. Qm(æ,y)=i:m [wheniç(x,y)>m]î .

Let the p…, u…(æ_) be the characteristic 'values and functions
Of QM<xz Y)

1

(8.6 a)
_

u…(æ)=p… qm(æ, —t) u…(t) dt._



SINGULAR INTEGRAL soumons OF THE FIRST umo. 337
Designate by l‘…(æ, y| 9) the spectral function of q…(æ, y); thus

2 umv(æ) umv(Ï) (ÏOPP>°),
(8'6tb)

' Pm(æ,ylp)= °<9mv<P

_.
“"' 2 umv(£) umv()’) (f0rp<o),

PSPnËv<°

l"(aä, y|o) = o. Inasmuch as q(x, y) is L, in w, it follows by spec-
tral theory that for some sequence (m,) the limit
(8.60) liml‘…,(æ, y

| p)=l‘(w, ylP)‘
exists. The spectral function l‘(æ, y| p)of q(æ, y) is not necessarily
unique. The kernel

{(B-7) qa'<æ, y>=f à…(æ, c>qm<c, …u

is regular, that is c L, in (a:, y); it is observed that the
)\mv= Pr‘nv, “mv(æ)

_are the eharaeterzlstlcvalues andfunctionsofq‘“’(æ, y). Since q(x, y)”!
has been assumed to be a solution of (8.1), with the understanding
that existence of an integral related to an iterant_implies absolute inte—

grability, we note that the integral
,

_

,

1

(8-7') ‘ |q<x, y)|…=f lq(w,.t)q(t, …ou
0

exists; thus, inasmuch as —

lqm(x, t)qm(t, y) lé! q(æ, t)q(t, y)l,

we.obtain [for almost all (ce, y)]

(8-7a) limqlä}(x,y)=f q(æ, t)q(t,_y)dt=q‘“(æ,y)=t(x,y).

, -The kernel q…(æ, y) is therefore L2 in a: (in y)
fm(w, y)-£ qlä’(æ, y)

is a regular— approximating kernel off(57, y). Obviously [cf. (8. 7)] '

fm(æ, y) is 'positive definite. For any fixed m the sequence (v)
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consists of two subsequences (p,), (n,—) so that
_

Pn1,pj=\/,Àn1,pl> 0: Pm,n1=_ \/7Çm,nj< 0
_

(] = I, 2, - . . ).
,

We note that (8 . 2'), _as relating to the case at hand, may be dispensed
/

within accordance With the remark preceding (D); in fact, the ine-
qualities subsequent (8. 4a) may be replaced by

A”"_{ 2
l…,,<1

\/À…plo q…(y, t) u,,,,,J(t)dt

[cf. (8. 6a)] so that

\,…«_/_1:2‘fq,,,(.1,t)u,,,_,,(t)dt Elfq,,,(y,t)u…m(t)dt
2‘î

élq(æ)q(y) [q(æ)=fq‘(æ.t)dt]-
‘

A similar inequality will hold for I“,Ï;‘".
F,,,(æ, y[ 9) of (8. (it:) may be expressed as

\/Î——.mmf
q…(æ, t) u,,,,,,(t) dt

    

  

rm(æsÏlP)= 2 “mm,-(*”) “mm,—(J') , (forP>°)r
. )_m’pl<pl

. ,

rm(æs'ÏlP)=—' 2 um,nj(æ) um,nj()’) (f°rP<°)'
"m,nJ.SP’

.

In view of(8. 20), (8. ad)
(8.8) l‘nz(æ,ylp)=TlÊ"(—x,ylp’_) (p\>o)
and .

'

(8-8a) —P_m(æ,ylp)=l‘£â"’(æ,y,lp‘)+am(æ,ylP) (P<0). —

where ‘

(8.8b)
. am<æ,y|p>= 2'u…,(æ)u…<y>;

À,,,',,I=p’ ,
the latter sum is overvalues_] (if any) such that )…,,=ç>2 ,there may
be several 7t…,, equal to p” ; one has

(8.80) a…(æ,ylp)=o (forp#—VŒ). c

The sequence (m):£(m,) in (8.60) is chosen“.so “that the. limits
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in (8.4a) exist. Since, as mj—+ oo, the limits of the first member
and of the first term in the second member in (8 . Sa) exist and are of
bounded varialion , the limit

O'(æ, .y
| P) : limal"j(‘r’ ),

| P)
‘ exists and is of bounded variation (on every finite interval); by (8.80)

(8.9) a<awlp>l=o (F#—VŒJ, i=r. ., …)
In the limit {rom (8.8), (8.8a) one obtains

I‘(Œ,)’lp)= r[21'(æ,y|92) (p>0),8.( 9a) il‘(æ,ylp)=—TW(—r,ylpz)—v(«r,}'lp) (9<O)—

_It is to be noted that, in view of (8.9),
- «8

(8.10) ] c(x)ch_a(æ,yll)=o,

whenever C(7\) is continuous on the finite closed interval (a, B). la
ifact, let —

_
a=po<p.<…<pn=fi

and designate by C., a point on the interval (p…, p.,). Since the set
of Êoints 8 exclusive of the —\/Œ(m,j: 1, 2, . . .) is everywhere
dense on the axis of rçals, the 9. may be chosen in 8 so that the
maximum |

pv— pv_, | (v = I, . . ., n) is arbitrarily small. With such
& choice of the p., one has

' A.a(x, y
|
À)=a(æ, y

| m — …., y|p…> =o.
Whence

Sn: C(Ç.,)A.,U(æ,jf|Â)=0;

now a is of bounded variation arid cis continuous; hence the integral
iù:(8. 10) equals “lim S,.= o.

' 1
On writing !. = lÎ, by (8.9a‘) and with the aid of (8. 10) we obtain

: _ l1 : la / ’:
'(8.11_) —ëde.(x, ylp)=f %dpl‘m'(x, y|p*) --f êdprm"(æ, Ï|P2),

0 ' 0 ....]1
1 l

1 ‘
1: —dxl‘lîl'(æ,ylk) —f —:d>.l‘…”(æ,yll).

.
, … [. fl \

, . «a
_
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If the integral

"0[ îd.r(x,ylp>

converges in the ordinary sense or in the mean square“ in a: (in y), it
will represent q(œ, y). it will be shown that

] \/LÎd‘AÏW'
(d‘, )’

| M N (I' (50, J’)»

(8.12) 0 ‘

a I‘ " Ilf ——_:d}\l‘… (œ, J'l)‘)Nq (Œ1Ï)
0 W

/
in the sense of mean square convergence in x (in y) to some func-
tions q’ , q". By virtue of (8.1 1) this would signify that1n the indi—_
cated sense one has

(8.13) [ ; d.r<æ, y! 9) … q<æ. y) = q’<æ, y) — q”(œ, y).
_x

In order to establish (8. 12) [and hence (8. 13)] we shall first
prove that
(8.14) -\(æ) =f8 %d),l‘lfl(æ, æ\)t)<+œ

for almost all as, this being a condition necessary of the existence of a
symmetric solution q(x, y), L, in a: (for almost ally). We note that
for such a solution necessarily q…(æ, y) is L, in «: (foralmost en y).
We proceed nowWith q(æ_, y) having the stated properties. Applying

_

the spectral formula (l. 12), with «
'

-

K(æ,t)=q(æ,t), g(t)=q‘(æ, t), 0u»v=1‘ [cj.(8.ôc)],
we obtain

" co 1 ‘ .
,

(1°) fsfi(w.0a‘t=f êd,f F(œ,tlp)q(æ,t)dt[æTÿ]‘<œ
0 —Q 0 ‘ —

(in… the sense of ordinary convergence, for almost. à11 ce). As a conse-_
quence of (C; p. 33) we have

P 1

.

(2°) l‘;<æ. y:p)—=f >@>.f
…, tlk>q(æ. ç>dt;
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also, we note the theorem (C; p. 11) according to which

(; p b

(3°) . ] a<p>de …(1).…1)=f a<p>w(p>d«<p>

lwhenever a, co are functions continuous on the closed interval (a, b)
and on is of bounded variation on (a, I)). With o<3< l< ao, m'
{consider the integral

(4°) SÇ=<f+flâë>dl‘(r,æio).

In (4°) we substitute F(x, a:] p) from (2°) and then apply the theo-
rem (3°), With

a(p)= à, œ(À)=Â, a(7.)=[ l‘(x, tlÀ)q(.;.—, ;)d/;

«(l) is of course of bounded variation, since q(æ, t) is L2 in a: (in t)
and I‘ is a spectral function of q(æ, t). By (3°)

p —6 l 1

S =<f +f>ïdpf F(æ,t|p)q(æ,t)dt.
8 —l

_
8 P 0

Comparing the second members here and in (1°), one obtains

(5°)
limS!=T’° (as 3—>o, l—>+ oo).

Thus by (1°) and (4°)
,

. T°°=[Sj:] :—.:}/lP—I;ddpl‘(x,ælp)<+œ

(almost all x). As a consequence of (8.9), (8.90) it is inferred
that °

_

'_ .
T;°=A(æ) [cf. (8.14)].

'
Thus,1n viewof (5°), (8.14) has beenproved. By virtue of (8. 14)

‘
one has A: A’+ A", where

A’<æ>=f%dxl‘m'(æ.wll)<œ,
48.15)— . °_,
-

: , N(æ)=f %dxl‘m"(æ,æll)<oô.
0

,

(almost au a:); A'à 0, A”è o. \\
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We let o<l<l’ and observe that by (8. 26) and by Fatou’s
lemma

» 1 ['

Q”'=f[fifi_‘._-d rw(w.y\k)]dxélirn [fl fidxl‘lâl’(æ,yll)]dæ"11.0
‘ \rl,l'u ...,, *::

11111_ \:2 0“….P1>
_ um)äP1('”)

umjpl’i(y)]
dæ;

"I'‘
1

here the summation is over values i for which X,,…. is on (1, l' ). One
has

'

«1,1; .1, r. )_3- _

..
'

QI,I'=/ lim]:2 Z )‘,mîü)—ï“m ,p. u"'.Pt(æ) um,p,(-Ï) >< “mm,—(J') um,p'()’) d_æ
.

lili
[l,/u "

1
-

. '

——_lim —u;,, _.() )-—_. lim — d; l‘£,î"(y, )! | À).
m‘.
2 ” À

.
"li [

By Helly‘s theorem on the passage to the limit under the integral sign.
,. ‘ …

Q…4
—

!

Since the first integral (8. 15) converges, we have ' /
I [oé]Q”'<e for [, l'èl(e),

where [(a)1s suitably great. Hence the first integral in (8.12)
converges, as indicated, to some symmetric function q'(æ, y), CL2
in :D (in y). We similarly prove the other relation (8.12).
Whence (8.13) holds.

We conszder now the converse. It15 assumed thàtf(av,y)1s pôsi—
.

tive definite and that the integral (8.14) is finite (almost every—
where) for some spectralfunction 1“… off [then the integrals (8.15)
Will have the same property for any decomposition (D)ofl‘…].
Consider now & choice of f…(æ, y) so that (8. 2), (8. 2’ ) hold, as
well as a choice of sequences (p,), (n,) [cf. (8. 2b)] for m =1,2, . . . _‘

(these sequences may depend on m). Let (D) be a corresPondmg_
deeomposztzon of I:”), obtained for some suitable sequence(m): (m,—)

[involvedm (8 4a)]. We envisage (8.15) for this decor'nposition.
‘

We repeat the developments given subsequent to (8:13)up to the
"



SINGULAR INTEGRAL EQUATIONS or THE FIRST nine. 343
inequaÏity Q”<e, assigning to the symbols involved their present
meanings; the latter inequality will ensue by (8. 15). A similar
result is obtained for IT…”. On the refore has

1—\. fœjîdxl‘f‘1'(af,yl1)Nq’(æ»y>»
(8.16) ° V

0fa \7IÎ'\dll‘l’1"(æ,,yl
1) … q"(w, J’)

[mean Square convergence in a: (in y)], where q' , q” are some sym—
metric functions, La in a: (L, iny).

We have'
.(8- 1-7) mm y)‘”<+œ, Îq(æ, y) = q’<æ, y) -— 9”(æ, y)]

almost everywhere. It will be shown that q(æ, y) is a solution of the
iteration problem.
, C‘ensi'der\the functions

êl(l’(æ,y)=folÿlîdxrm'(æy)’l71
),

‘
Q’-,”"(Ty)=le—=d>l‘”î (æ ) l')

ànd observe that
.

.

q"f’(æ, ?)
=.fol'ä

dpl‘m'(x, yl92), è”""(a‘,y)=£p %
dpl‘{21"(æ,ylp)

(l’: [%). Since by (8.16) q"" g”… converge in the mean square in a:

(111 y)“, as l—> + 00, to q’ , q”, respectively, we also, have
[;…,fP"I' dP rmî(æi y | 92) "' ql(*.æ: J')! [ lädp rmuçæ: J' | P!) "' q_ll(æv J’)—

. .
, .o ,.

,One at:cordingly has ‘ ‘

Q(-%,}’)wadPr[2l(æ1yiP)—f"p"dr{2](æ1ylp2)
—.o

":..

[of (8(17)];1hatls,
.

...

“,(8°18) . Q(ær )") "’f êdpe(æ1yip)x

Where °
' '

_

' « I“tflf—<'æ'ytp*1ç<p>o)a
_<Ë1%a) —, °<I"”’y‘-P_)£ifl‘fä"<gÏ…ytpflj <p<o).
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It is observed that 0(æ, y\ 9) is a spectral function (a denumerable set '

of values ;: possibly excepted) of q(æ, y). Using this fact and
observing that the lines of reasoning employed in (C; 124, 125) are
now valid as a consequence of the fact that q(æ, y)1s L in x, we
obtain ] -P—.d.0<æ,ylp>=qM<æ,y>

in the sense of ordinary convergence. Thus

m ,: °°ïalo ,,_—‘…£d0 —'q (%)) f. ?
(e……) f. ?

. (;… v.p>.

and, by (8. 18a),
[a] ,-= œîd [2I' , œîd l‘…” ,- .q (…) f ?

p1‘ ($.)lP)+fo p" (a…)

Whence by virtue of(D)
qm (œ. y) =f Ëd-°

PM<æ. y
:

p)..—
0 \

Now I‘[°l(æ,y \0) is a spectral function of f; the last member above
is hence a spectral representation of f [valid for almost all (ce. y)].
Consequehtly q(œ, y)1s a solution of the iteration problem.

Tnsoasu 8.19. — Conszder the iteratzon problem (8. 1), where f(æ, y)
zs posztue definzte (a necessary condztzon)

If q(æ, y) ts a solutzon of (8.1),Lfzn a: (tn y), there ts on handa
correspondzng decomposztïon (D) of a spectral junctzôn I‘… of f,
say l‘…—_-— I‘…’+ I‘m”, so that

…, y) …f—‘=dà
l““'(æ, y

|
%) —fÏfi d.rwl'f(x;y

| A)
\ 0

,
—\ \

.

[mean square convergence tn a; (tn y)] and so th‘at.

A(æ)
=-fælt

—— dxl‘iîl(sc, a: |
À) <+œ (l‘or almost/all sc).

The converse. Envisage a decomposition (D ), I‘ll] =I‘[;"—{7 l‘”]” , of "
‘ a spectral functiohl‘… 0]f, for which A(æ) <+ oo (foralmostall w)f
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Then

co
'1 , °° [—:d r… , } N / , , _: …,, ’ N ” , "fo W

* (æyl ) q<°”” ” [) “Adil”
(x,)… ‘l(Œ))

convergence being in the mean square in a: (in y) to some functions (”, q".
The function

q(æ, y) = q’(æ, y) -— q”(æ, J’)

Will represent a solution of the iterationproblem.

59. THE ITERATION PROBLEM (n ou»). — We now turn to the general
iteration problem
(9-1) q…(æ, y)=f(æ, y),
where n is any cdd integer,f(æ,y) is given symmelric and is L, in æ,

\ in y; here _

[V] : [v—t] .

(9_-I a) 9 (av, y) ]; q(æ, t)q (t’y)dt,
q…(œ, y) = q(æ, y) (v = 2, 3, …)—

We seek symrhetric solution g(æ, y), L2 in a: (in y).
Suppose q(œ, y) is a solution of required type. Define q…(æ, y) by

the relations -

qm(æ,y)=q(æ,y) [wheniq(æ,y)l<ml,
q…(æ,y)=im [when iq(æ,y)>m).

“Let the p…, u}…(æ) be the characteristic values and functions
Of lq"!(æ: Y)

1 _

. u…(æ) ï:p…f q…(æ, t) u…(t)dt.

W'e designate by I‘…(æ, y 19) the spectral function of q…(æ, y)
\

‘ 2 unÇv(æ) u…(y) (p 59),"
\.I 0< …—»<(°‘) , l‘…(æ, J’|P)= P P

"' 2 “mV(æ)umV(ÿ’ (P<°)° "
PSPm”<° :…‘

Since q(æ, 3!) is L2 in a:, there exists a sequence (mi) so that_the limit
: (fil—_)“ < , 1‘(w,yl.P)-=—lifiï1‘m,(w,yl?)



346 . w.1.ranrzmsnz °

exists; I‘1s a spectral function of q(_æ, y). Inasmuch as we unde‘r—
'

stand integrability of iterants to imply absolute integrability,it is
noted that the integrals

|<](—“» ).Hm=f…f |q(.r, t.)q(t,, t,)...q(t;-,,y)ldt, . . .dt,.,
o o

(t': 2, . . .. n) exist. Furthermore, —

lqm(-r» ‘t)qm(th tt) ° ° - qm(tl-n “V)léq(ææ tt) ° ° ° qx(tl—H J’) l°

Wheuce -

(9.2) lim q"'(æ,y)=q…(æ,y) (i=2, ..., n).

lnasmuch as the integral
!

ffi<æ. z)dt=qlînl(æ, ac)
0

exists, it is concluded that the integrals
!

(9—3) f q“”(—T. t)dt= q"“(æ, w)
0

(t': a, . . ., n)
existL

Therefore q"'(æ, y)15 a regular approxima—
ting kernel [that1s,L,in (a:, y)] of the singular kernel q…(æ, y), the
latter being of the type to which the spectral theory applies (14 n).
The spectral function of q“'(æ, y)1s

l‘lff(x:ylPl= 2 umv(æ)umv(y) (forp>o),
(9_4) o<p:‘…<p

l‘lf.‘(æ.ylp)=— 2 u….<æ>u…<_y> <forp<o).
_' P<P‘…<0

I“…“(æ,y|o)= 0° this assertion is made on the basis of the fact that
the p…, u… are the characteristic values and functions of q”,,j(x, y).
For : even one has I‘"'(æ, y] 9): 0 for p<o. The sequence (m,-)
can be chosen independentof: so that the limits '

(9.5) li):il‘ä',(æ, y|p)=l‘{ä,… (i=1, . . ., n)

all exist; the second member here is a spectral function of q”1\(æ,y).
In particular, F‘"‘(æ, y| 9) is a spectral function of - f(æ, y), the
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approximating kernel of f(æ, y) being
fm(æ, y>——““ q"m”(a, ))

Since n is o_dd, (9. A) gives us

l‘lä”(æ,ylP)= 2 u…(æ)unw(y) (f0rp>0),
0<va<Pä

Pl3'(æ,ylp)=— 2 u…(æ)unw(y) <forp<o>.

P“<9…<°

Designating the characteristic values of q…(æ, y) by )…,… and acting
that 7.,…',= pm,, we have

1

__ 71, va ——- )\mw

where @… has the sign of "A…..
'

From the above one obtains

_
P}£'(æ,ylp)=rm(æ,y PE)

that is_ ' l‘m(æ, J’ I
?) =PL’.”(m, MP");

in the limit
(9-6)

_
I‘(æ, )’lPl= l“"‘(w, rip”).

To every spectral function I‘ (36, ylp) of a solution q(æ, y) there
i:o‘nrespofids a spectral functi0n l‘…(œ, y\ 9) of f(æ, y) so that (9.6)
holds. Iff(a:, y) has just one spectral function, say l“"‘ , then q(æ, y)
will-have just one spectral function F,; F will satisfy (9.6). "Whe—
never[ hasonly one spectral function, there is at most one solution.

Siñce q…(æ,y)1s positive definite and some of the higher1ter&nts
existthe spectral representation

19947)
q…<æ, y) =]: êd.l‘***<aæ

y | p)

[I‘m from (9. 5)] Will hold in the sense of ordinary convergence.
By (&) fôr ? > o we have. -

‘

2 u…(æ) ...…) = l‘m(æ. y»ldë).
,

.
0<9…<\’5 ,

‘

II. 2 u…(æ) umv(y)=—Pm(æ,yl—fi)—vm(ætfle),
_ —V5<9»: <o

JOurn. de Math., tome xxvr. —Fasc. 4, 1947
, 45.
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where
_

a…(æ. ylp)== 2 u…(æ) u….(y) [= 0 (for p#pî…)t
P…=—t’Î°

As a consequenceoft9. 4; c = 2) and of the above one has, when p>o,
l‘:…“<.z-, y

t p) =Pm(æ, ylv'ë) —— l‘…<au .vt—t/ë) — Umtæ, y
| ….

By \9, 5; i:.: 2) and (B) the limit
lim0…,t—I‘» .)”

| P) =°(a‘, ) l?) = U (P #p31,,v;j, v= 1,2, …)

exists—; it is of bounded variation (on every finite interval) in 9; we
have
(9.8) l‘"‘tæ. y

t p)=l‘(æ. fit/ë) — 1‘(-r, )'l -— dé) — 003 J' !
P)

(9 > 0). In view of(9.6)
n

Pï> — F'"'<æ, )' l
— Fg) — °'(—T: J' !

0‘)
 rm(æ, ylp)=rtnl(æ, ).

and, by (9. 7), (8. to),

(9-9) q”'(aæy)=f“âdp1“"'<—T’)'lPË>—fæ—;
dpl‘"“(æ,lyl—Pël

0 0!.
1:j —;d;l‘"”(æ,y|7t),

...};
the integral in the last member being convergent. More generally, we
establish that the Stz'elçjes—integml representations in terms of I‘… of
the q…(æ, y)(j= 2, . . ., n) all converge, a similar statement being
valid for the q',£‘(æ, y)(j= 2, . . ., n)i (for representations in_ terms

‘ of l“,:‘). Convergence in any of the above representationsis asserted
almost_everywhere in the square o_4_æ, yét. Since q(x, y)ÇL2
in cv (in y) the integral

'ftq‘(w, t)a't=q”‘(æ, a?)

exists almost everywhere for o._/__æé 1 . By reasons as in section 8,
we obtain '

(9. 10) A(æ): [q…(æ, a:) =]fœ -%dyl“""(æ, æ| }) <+oo"° 13
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almost everywhere on (0, 1), which is a necessary condition for the
existence of a”solution with the stated properties.

On letting 0 < l< [’ and writing
l' —( /,l'f 4'f =] 9

I —l‘

by (9.À; i: n; p,’,‘w_—_Ê X,…) we obtain
/, 1'1 z,r ' : . ' ' ' ’

qu'—_—[ [[ —â—d)_l“"'(æ,
y…] dæélimf |[ —‘,—d>fl3}(az

.vH-)J
d—v

« 0
_ "ll 0 'À" 7.’—‘

_

‘ u.m ;
'

*

=]1m [E —1"' u,…(æ)
u,…(y)]

d.r,
"‘] o " Âî'”l‘!

where the summation is over values v for which X… is on the inter—
vals (— l’, — l), (l, l’); one further has

(, I'
r -

l’,, —3 . l .,

Q”'éllmz )—,nÇ' uËw(}’) = l1m -—,dpl‘},;'(x, y |
).)

_1 ['

=<f +f >—£_dxf‘"'(æ,œf7t).—l' [ Ïâ

Since the integral (9. 10) converges, it is seen that

Q“'<e [for [, [’à [(s)].
-Theref'ore

(9-10, ' q(æ,y)Nfælldtl“"'(æ,yl1)
°° ).7'

in the sense of mean convergence in a: (in y).
Considernow the converse.— Envisage a spectral function I‘…(æ,y

|
1)

of f(æ, y). This implies that for & sequence f…(æ, y) of regular
kernels converging to f(x, y), and having characteristic values and
functions X…, u… there exists & sequence (m,—) so that the. limit

liml‘}{{}(æ, )!
]

l») =P'"'(rr, } |
).)
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exists; here

Flà"(æ,yll)=z 2 u….(æ)u…(y> (fort">a),
o<A…<l _

l‘},Ç"(.T,)'|À)=—— 2 “MV(Œ)umV(Ï) (fOr)t<o)'
‘A_<_L_,<o

Assume that for this spectralfunction I‘"” (9. 10) holds. Then, repea—
ting the developments preceding (9.11), with the present meanings
of the symbols, we conclude that, as l—-> + 00, the function

'
!

q*’«æ.y)=f l,dlr…(æ,yl)‘)
..l}ñ '

converges in the mean square in a: (in y) to some fundtion, which we
shall denote by q(æ, y). It will be now proved that if the integrals
(9-n) lq(x.y)ll”‘ (vén—r)
are L, in a: (iny), necessarily q(æ, y) willsatisfy (9. 1).

It is noted that '

!' 1

q…(æ,y)=£fäd,,l“"'(J:,J’|P") (”"—" l”)-
Thus
(9—l3) q(æ,y)winâdpf'"‘(w,ylp")

in the sense of mean convergence in a: (in y); accordingly
9(æ,ylp)=l“"‘(æ.ylp”)

is a spectral function of q(æ, y). Hence, in view of the statement
with respect to (9.12) and by virtue of the developments in
( C; 124, 125) we conclude that the integrals

[ àdpe(ævylp) (j=27—°-an)

converge (in the ordinary sense) to the iterants of q(æ, y),
q…(æ:J') (j=2:°'-yn)

respectively. In particular, forj= n one has
a ne l :o \

q'”'(—Tü’)=f plndp0(æ,ylp):f %de(æ,)/ Àn)=f ;d)_l‘l'u(x, y|)t). 
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The last member here is a spectral representation off for almost
all (æ,y)._ Thus '

q'"'(-i',y)=f(w,y>;
q is a solution of (9. i).

THEOREM 9. 14. —. Consider the n—th order iteration problem ( 9. 1),
with n add.

. If there ea:ists a solution q(æ, y), L, in a: (in y), then f(æ, y ) has a
, spectralfunction F‘"’(æ, y

|
À) so that

A(æ) =:f —l—zd1 l“'”(æ, $] )) <+ oo_. Âñ

(almost everywhere)and so that

q(æ,y)wf”—‘5dfl“"'(æ,yll)
—œln

(mean square convergence in a:, in y).
The converse. Let I‘…(æ,y| X) be a spectralfunction off(a:, y) for

which A(æ) <+ oo (almost everywhere). We then have

f°°îdprtnl(æ,y|pn), i.e.f —‘;dul“"'(æ,yll)
_..P ——;\î.

[l']. (9.13)]

convergent in a mean square in as (in y) to some function, say q(æ, y).
If the integrals

' |?(«%)')I““ (Vén—l)

'are L2 (in œ, iny), th‘en q(æ, y) will be a solution of the iteration pro—

blem. ,/

NOTE. — The solution is unique if j(æ, y) has just one spectral
function , -


