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On the harmonic: associated with an ellipsoid and

its application to the electrijication of two parallel
coaxial elliptic discs;

Br Dunn Pnosm BANERJIE,
Professor A. M. College Mymensingh, Bengal (India).

Dr. S. K. Bancrjie (‘) has written a paper on Harmonics associated
with an ellipsoid. In part I : Ishall consider certain new and inte-
resting properties of the function. On part Il : I shall define certain
functions suitable to the Boundary conditions of the elliptic discs
and show that these functions reduce to spheroidal Harmonics if the
ec_centricity of the ellipse be zero i.e if the disc be circular. Then
applying these functions I shall solve the problem of the electrification
of two parallel coaxial elliptic discs and shall show that when the
eccentricity of the elliptic dises he zero my result reduces to that
arrived at by Dr Nicholson (2) in his paper on Electnification of two
coaxialparallelcirculardiscs. My sincere thanksare due to Principal
B. M. Sen M. A. M. Se (cal. cantab) for kind suggestion and interest

—in the paper. 
(1) Da. S. K. BANERJIB, On the Harmonlcs associatedwith an Ellipsoid(Bull.

cal. Math. Soc., vol. X, n°& 2, 3).
(J) Da. Nmuotson, On the electrlfication of two parallel coaælal circular

discs (Ehil. Trans. Royal soc., series A, vol. 225, -p. 309).
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PART I.

The following results will be required (')
.r: ap sin0 coscp,
y : bp sin0 sincp,
- :: cp (3050.

p = çonstant denotes a set of similar and similarly situated ellipsoid.
p" CZ‘ (O, 9).—— p" C’”(ccosO)

ln + m "“
_ _p"C"‘= _, jo (::+tæcosn+zysmu)ncosmudu,

?!?—L:”
p" S'”(0, cp)=p" S"}(ccosO)    ln + m

_ . _ _=pS’”: au m"” 0
(: + zxcosu + ty smu)" 51nmy du,

FÎÏ'(°NP) _ FZ‘(CCOSÜ)_ ("‘)mlfi cosmudu ,
P"+‘ p"‘“ 27t—_\—_n — m

m(z
+ ia: cosa + i_y sinu)n+i

GZ‘(O,<p) _ Gÿ(ccosû)_ _<___“Û"" sinmudu
Pn+l

_
Pll+l

_ 2T—,! __ m (; + iæ cos u+ l‘y sin u)ïl+1
,

satisfy the differential equation A’v: o.

—p" C"‘(0,v)=(n+m)p"—’CZ‘.(0 <p),

ÈÊ _ 0050 00 _ sin6__, —_—————-
dz c dz c ,

Hence .

(ï—F‘dTJ—)C"+nPC'”=C(n+m)CZ‘_ .,

where p.= cos0:  Similarly
dS__,‘_{‘_(I'—F2)?—dP‘

+npS"‘=c(n+m)Sfÿ_«Ir
à F:?

'

F:?”5%_Pn+1_
_—(n+ "" +1)

Pn+2

(1— dF" +(n—m+1)Fn‘H=o. -             #
(‘) Da. S. K. Bmumm, lac. cit.
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Similarly
(1—pL")

dÎ——'—
—cp(n+n)Gj{‘+(n——rrc+1)GZ‘+,=o.

Let
?Z'=P"CZ',

à zi () () Zi Illw=;@=+y:;_=…
ln+m ""

_ _ _

2Îæp”C’”=mf (3+1.rcosu+zysmu)"“
'

><[cos(m+r)n+cos(m—1)n]du:_ p'1—1C’Zî' + (n + m) (n + m -— 1)p"‘l C':{_,,

d_p_ __ sinbcoscp
_ô_O_ _ cosOcosqæ ():p_ sinq;

âæ
_ a ’ da:

_ ap ’ ()æ_ ap sm0

Hence
,àCÇ_Ç_‘ , dC’”2(1—p‘-”)pp TP +2(1—p2)—d——Pÿ

=\/1—pfl' [2nC"‘+CZÏî'—(n+m)(n+m—1)C’{{:H,

where
p'=coscp’.

Similarly
ôS'” ôS'"_ 2 '._’_‘._ l22<I PM… a“

2(1— P )Îp—Z

=F—Î[2nSÇÏ+S'ZÏ'— (n+m)(n+m—1)S"‘:'],
FI)! Ffll+l m—l

2£;ä=—;—.:::+<n—m+a><n—m+x>iîü:-

Hence
'

€
. dCi” JC”!21-—-3 ’—â—L‘-—zl—’z—J-Ï-( pe )…»L P ( := )ôv

=\/Î__—p.2[2nC”‘—C’ÿîfl+(n+m)(n+m—x)C'jfij‘],

where
p.’: cos cp’3
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'

Similarly ‘

. , — Z‘ 055?2(1 — !*“)PP “;;,T— -—
S'ZI}P+ (n + m) (n + m — 1)S"“ ]

2 cosmu cosa dû

: V1 — p.‘[2nS"‘—
_(_l)m+liln+l 211[ (::.+ia:cosu+iysinu)"+2   () l‘”!

2()1:
{:”—T‘ ou n—m

F’21: ’îîîî=:
P"+2 +(n—m+a)(n—m+1)i—PM2_

-
ôF'” *,) "& __ __ __ "‘-'!-.](n+1)F,, +(1 |.L)p+L'dT‘ (I p)ô—Î,]

+![F'321:+(n—m+2)(n—m+1)Mä:i]=°-
Similarly

dGm ,! _d__Gm

?::l]=o—
a[(n+1)G'”+(r+vNH“ —3—

+:[G'Çîïfi +(n—m+ 2)(n—m+1)G

Follow1ng the method of Dr Bauerjie we can prove that
,.(ccosfi cosa + asin0 cos<p sin u-cosv + b s1n6smcpsmu s1nv)

Il \n-—m.. F,,(ccosô) P,,(cosu) + 22- n+m '   à1=1*
[F"‘(ccosô)P,,(cosu) cosmv + G”‘(ccos0)P"‘(cosu)sin mv].

\
Since-C3(ccos0)_ 1,[“[" C,.(ccosô)0

sin0 d0 dcp===

where ' .
‘ - 1 cos2 6 sin? 6 0052 cp sin’0 sin“ 9_ =

2 + : + ' : ° ‘
c _ a _ b - \

Pfi (cos 0,‘) cosm*%,x
‘ .

n

@" CZ‘(Ô, cp)=:r"
‘

_ ‘ ‘ — .

—£=rcosfl,î

 
Since

y = r sin 6, sinqm
where

a: = r siñ0, 005cp,,

Follow1ng the correspondingseries in Spherroal Harmomeswe have
3
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the following results

c°P°°$°J,,(psinO\/a2 cos‘cp +b’ sin“<p)=É ? C"((ficosO)’ 
&

__ .: : , , !
2(2n+l)Cn(ccosO)pn= ‘ P(0 005 0+a’ sin’0cos’çH—b sin Gain ?)

xä'

Where
X = 1 — 2p 0050 + p?[c2 cos’0 + a” sin”) cos’cp + b’ sin“) ain* cp ], we know

î—(äl=_l_f e—ÏZJ0(Àu)ÀNCD
L’: 0

where a: æ’+y2, z=rcosO;
Hence

Mn(âfiîîse)
|__—_n\/‘°°

e—chcosûJo(zpsin6p)7…
where

}) : \/az2 cos’cp + b2 sin’q; ;
we know

: =2p., P,,(cosy)
)/H—2WJH°°SY+FÏ ,, ** 

if p. > p.,, where
cosy: cosO cosû1 + sin0 sin0, cos(cp — (p,).

,—

Hence
'

!
\/pfl+ p.ï -— 2[zz,+xx,+yy,]

=Ê[g,£
P,.(cosô) P,,(cosO)

n

+22
n—m

P}?(cos6)P,,
(cosô,)cosm(q>—%)J

   n+m  m=1 ‘

n 9”,
P'«‘Cn(9’ <P')—£7ä'l=Ë

 
n—m n 0 m Gm eu, :;

+22===—=
[£me’0’)-—(—iÏ—+p.Sn <°'

?')—Ï.—flï—)]$»n—ÿ—m  m=1 '
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where

:. : vp, cosO', z'= cp cosO”,
.1: = a p, sin O' cosq3’, œ'= ap sin 0” cos cp”,

)...— bp, sin0’ s1nq> , _)": bpsin0” sincp”,

È p" C,.(c cosG)..—   1

V '_2‘—'PCÔS—m—“_—-—ë___—um—"Ÿ’P’(‘—" Œs’0+æ sin*Î=s*S‘<p+b‘ sin*0 sin‘q1)

PART [I.

… 1
m : — i(.rcosd+ 'sinu)\

Ln (P; 01?)= 5Î: q…( a
"

)cosmudu,
: — i(æcosu +y sinu) M},”(p,0,ç)=

2—‘1-r0 )sinmu du,  _j"<
a

RÏÏ'(P»Ov<P)= gino”1'n‘P(z
——c(æcosu+)

sinu))cosmudu,

T,’{'(p,6,ç)= ào°xnp(:
—1(æcosu+g

Sinu))sinmu du,

where
:. : ap cosO
a:: ap sinûcoacp,
y=bp3in0 sincp, and qn(t), Pn(t):

are the solutions of the differential equation

d : dy _â_t(1+t )_(Ï[ +n(n+1)y_o.

Then LZ‘, M'“, B:“, TZ“ are the solution: of the diflerential equa—
tion Av = O.

‘ LZ‘, MZ‘=0 at p=oo.

It is well known that if p > p.

n—-====mQî”. (p) P:Z‘(P)cosmæn+m   :1t
— Î‘Ît[ Q,, { pp +\/(1 — p.”) (1— p’)cos(u — <p) } cosmu du.
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.

The dormaponding formulæ (') in q functions will be

lil —- I”
757——… 751‘(.°) l’fî‘ ( y? cos m<p

21:

». :: ;%f q,, : pp —— iv'(1—— p.”) (! + p‘)ros(u -— <p) : emma du, 
' for unrestricted value of S. -

.Similarly ‘

ln.——
m

_q}î‘(p) P”‘(p.) smmzp
i”'| n + m "

271::
5%

q,,
{ pp —— iÿ(1— p’)(l-Î— p*)cos(u —— cp) : sinmn du.

0 ,

 
Hence when the _œcentricity of the ellipse be zero i.e, a=b and
consequently the discs circular we have

n—m
”'(p)cosmr ,Jm (,, = m )lit (9, ) 'P)

lmln+m
qn (P)!"

Ill—"l .lll(p)Pln(y_) s.‘nmç,m _Mn (P7O)CP)_
l‘rnln+m

qu !:

‘.‘fl '

m 7Ï [ . () . ,
L" I’ _,

CP
_ _ (l'“— ' °°“? 005“ + -— smçsmu cosmu du' 2 271' 0 a

‘ 211
1 _ _:

2—1:f
q,.—1{y I—ezsmz<P(‘Ofl(u—-—2'g)}cosmudu

5 0
.

n:—— ”l .:——l== qZ‘(o) P,’}‘(e smcp) cosmuÿ,
i'"|n + m

Where .

tang];=â—tancp, b’=a’(x—e*).

S”imilarlÿ' ,

' n — m' 7r ,, . .
\_ MZ‘(1, ;, Ÿ)=ÜTI=_='ln+mq,{(o)PZ‘(esm<p)smm4æ.

\

‘-

(1) Du. J. W. Nmnonsox, loc. cit., p”. 309.
Journî de Math., tome XXVI. — Faso. 3, r \7. 35

r‘ {



176 n. ?. nmsmm.
Ensmnmcumuor ou: numc msc. —-— Let the disc be situatedïuîtfiï

its een tre et the origin. Let V be the potential. V = 1 , When; ? = 1 ,
‘R

0=5'
V::2 2a2‘L,”'(p, 6,o)+È 2Mi‘M'”(P» Q:?)-

0 m=l ! ”!=!

Since V = 1 and consequently does not contain
. cos““ _ . _ ."“'—S…?)sinmq' _ for p._1,2,….,œ, m_1,2,.…,_n,

7!When ç=1,0=-.2

I)Z‘:020'” fOI‘ Il=l,2,———y°°fi "1:1191"'>"‘
Hence

_
.

2V _
%

L.,(p, 0, qu).
.

The surface densityLtä—;] ,,;,_("°°“çÿ‘:,…)=] q..—<apvrr—mœs+>d+
When the eccentricity of the disc be zero ( ),

_ 1

.y—%qo(P) —— %“… l(a)

 
-

The surfacedensity is_

! \ ‘ 18

!. '. - v-î , .
k!_[ q° (‘P°°sqj)d‘i’ ""

1ï

“__—wa?""T
Enscm1nc1nou os rwo unumc mscs. —e Let 0 and 02 be two

origin: on the axis of z. 0 being at z=——d on the left and 02
at : =o. Let (a:, y, z), (æ'y’') be the coordinätes of a point with

_ . A

( ) This result agree: with that given by Dll. J. H. JEANS’s, Electricity and
Magnetism, p. 249. \

‘ ‘ . . 7
\
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respect to 03 and 0. respectively.
!.L":: .1-, _y’=_y, ; :: : + d,

27: , - J . _, .
| z—zæ cosa—n smuLÏÏ'(PÜ O': CP,) == —— [ q,.(

'
)cosmu du  2r£ a

QT; . . ' . \
1 :+d—:.rcnsu—n smn:: — q,, ‘ cosmn du

9 7: a

l 271 d \:: —- q,,(a + X) cosmu du,

where ' -
X = : —— ia: cosa — i_)' sin (1,

1

n n 2 «”
LIH(P/, el,cpl)= 2 (|__ /21rl2n+ …, 

 
 

' (”+1)(Il+2) .XS——_— ' +-- 'Cosmudu([ n—+-1 (! n“: ,

)(_+X) 2(2n+5). (-—+X) ‘a a (

du cosmu
=(—1)ü%ln+h(D)fzd_—_.-Z+x

where
'

D:: %,
d..

/we know (')
1t.. ; =È<2"+I>Pn<swnu>,

’if.
UI>|.zi. ‘ ,

Putting
.

_
t=it1, 51=i5,

we have ' _

t, + "1 =E'(— ')" (2" + 1)Pn(51)qn(l, ).
,

0 _ 
(î) WhittakerModern Analysis, p. 322.
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Hence  %(_ ::

L::‘wflM'>*—= …? (5%) —'……>

x2(—|)P(ap+n)qp(ä>£ pëX)cc>smudu

2 (“' ')“(2P— + !) l{ç‘(P, 0, ?) (”_ !)"\/ËñJn+l(D)qY(Z>'

Let
J D

gxa<f)=<—M "à; ’mœ>\.

then

'J"'<P' 9' ? '>=-ÏË(— !)“(Œp+x)R'”(p @, ç)K"(d>.

Similarly
dMm(P 9’ ?): “Ê(-- l)“(2p+ |)T'”(p,0,€p)Kfl(a).

We know (‘) that 
p,. { .rœ'—— i\»"(l + 33) (1 — a:") cosa } =p,.(w) l’,.(æ’)

+2Ê_—_——L_—_———n—'Pl"! ”+ m
lll=1 L— Pn""(æ)Pî”($)cosmœ.

. Hence
lim Lm(Pl &! ?,)

(,,=…_>
=2(—1)P(9F+.)Î%-Inlf (°) P”‘(esincp)bosm$Kü(â)_-

"
\

“‘la

ÜHI=I

,;

(') Warruxu, loc. ôit.,“p. 3:48.
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Similärly

lim MÇ{‘(p’, 6’, cp’)

(p=1,0=%)œ _ _

.

___7: d=; ()——-1)(2p+)).Ï————I,l"%mlfl(o)P"'(esino)sinmn};K"(ü)
lim L$?('P, 0. °?)

(p'=1,0'=%>
\‘‘ d=;2( I)F(QP+I

)_l,,_lL_I___—_=l_ln—+Îî)'1)"c(o)
P'Ï'(”Sin?)cosmÿh”(— — )

( lir;1£22
ÜMÇ{‘(p,O,c9)

p'=l, '

Il —— IN . - ’n d
_—2(——1)“(2v—+ l)pîl==—l,,+…pzr<o)P::‘<esmwmmi"*( ')

Let» the discs be equallycharged. Omitting the actual charge for
general convenience the general expression for potential is

Il

v : Lo(p, &, (p) + Lo(p', 0’, <p’)

+ÉA::*[L5<p, M?)+(——U"Mä"P:°'o'>l
— ll=l

+ZBZ‘IMZ'(P,0,9) +……(.o' O’ ? '1_1II: 1\
by reason of symmetry.

Since V = constant over the discs and does not contain any term
_ . cos .

P2t(esmcp)sinmgb for n::1, 2, ..., oo; m::1, a, ..., le;

we have —

. AZ‘: BZ‘= O.
.

_ Lçt
V=V,\ when p_1,0_. ’

wlil.—4

œil—a

V=V2 _. when p’=i, O’:
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\ .—:2 A,, q,,(o) l’,.(e sinç)
0

"’ \ . d+ —3 Z(—-|)“(2p.+1)l’Mesmq>)pMo)Kfi((—;)2

.
‘ ‘

° ' ’n d
" —7l m::0

'

. d\..=«— 1>“<°f*+').— “là“—‘):(ZîA"(_‘)"“îî(ä>’

we know ( ‘\
['2u(°) __ 'î’ ['2p+|(0) :
92u(°)

_
77 72p+1(°)

Hence
A,n+,=o (re=o,1,î. .,œ),

d
A..=— ('. .. + u)ÈA..K%£(——)": 0

We know (") 1

we have
A [.

.
’Ï“d7'J 7

..

A J )_(pt+nfoe T. .()2... .()
°° id}.

(éu+x>f "'-_A—J .mm>

where

f(—I.)=ZA2”JËII+Î(XS’
‘

0

ZA=.J…;<.v>=—(e "‘ m>‘”‘Lsm
! ..

(') Da. Nmnox.son, lac. cit., p. 320.
(‘-‘) Da. Nmnonspu, loc. cit.‘, p. 312.
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and(‘) —

‘

sm : Vÿ{“”{ÿ” + °'",f*_““}. y — y , .\
Hence

.
/— “ Il ; o ' . .__ ____\_ï —; _cLÀ

snn(l+g)
s1n(Â——J}$f({’) J;()’)—— 7: j; e f<Â)VÏi———Â+J’ +__—'À—y

.

The solution of this integral equation will determine f(A) and conse—
quently A2n will be found out. This integral equation has been
solved by Dr. Nicholson. We know (°) from his_ result  \

1 l.8flh
'Z—‘p“(_ I)" [ Q23(P) Qu 1_q "P““‘ tanh —1—

A2": \ Al][ [Qan(9)Fde
—-1

where q — ——
'

7Tl- Î—‘ .: tanh —---

<p… f… _ (£) [ sinMdtQ ["'
\, À W 11" tanh ——

M
11 .: lanh —-—

+(î\)zf sinlldt lanh ‘ 4q
,

7Î 771' ‘ lanh —
— . 4q

for approiimate solution

2£%2

=É b2m12m}    _(___—1)…
‘

_(—i)mæ b
'

L=_g : :,

Î2_—__mm‘+1 L__1r1r2: ”'inm+1 k*"+10"l
where -

_

_ \

b2m""
‘.

When the—e'ccentricityof the disc: be zero i.e when the discs become " (1) Dn:NÎcnomon, loc. cit.; P- 322: _

“P)/Du. Nlflfl0Là0N, loc. cit., p, 334, 346 et 347_
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circular we have

v -...— «mm + qo(p') +2 A,…[P,..…ç…… + Pm(F')qzn(P')l-

This agree:exactly with the result given by Dr. Nicholsonin his paper
on Electrificationof two parallel coaxial circular'discs.

We knowt‘)
q.r(.r)

Î\/Ïfüe—)ŒÏPÎÈ(MÇ%. Hence '

2—:l -l |cn—_'u——hslllu) (l)\

.
_ ‘A\ a 1: " *“ " \/l

- l _
70”J ‘ ll,“ ’“

591 \—“l-—::‘sln‘:pcos‘?’d-
—/———_

c 1
(I) —-— e u

\ a 1: " * ; \ 'A. …

=\/Î "(…e”J(I.p\,l———Psm"… ;(7.)î%

where \l/=(: — 'la.

_rll\ =\/Îfe_%[Î1+eÎl<p(/)Jo(pl\1—e- sin’o)dl.

Following Dr. Nicholson (°) we have the surface density on the
outcr side of either disc-

0'. :â‘/Êf H! + e—ï")Jo(alp V1 — e’ sinfc'p) cp(ak).dl.

The surface density on themner side

a:___\/fZ(i—e—M)o(alïdlJo(laoV1—esm-co)'

which tends to zero as d -+ 0.
_

— ‘
(*) Dit. NIŒOLSOÈ, 100. cit., p. 312. ‘

'
‘

.

.
_

,
(*) Da. NIGHOLCÔN, (oc. cit., p. 348 et 349. . '

.- ———o.—-——.._


