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On the harmonics associated with an ellipsoid and
its application to the electrification of two parallel
coazxial elliptic discs;

By Durea Prosap BANERJIE,

Professor A. M. College Mymensingh, Bengal (India).

Dr. S. K. Banerjie (*) has written a paper on Harmonics associated
with an ellipsoid. In part I : I'shall consider certain new and inte-
resting properties of the function. On part II : I shall define certain
functions suitable to the Boundary conditions of the elliptic discs
and show that these functions reduce to spheroidal Harmonics if the
eccentricity of the ellipse be zero i.e if the disc be circular. Then
applying these functions I shalt solve the problem of the electrification
of two parallel coaxial elliptic discs and shall show that when the
eccentricity of the elliptic dises be zero my result reduces to that
arrived at by Dr Nicholson (*) in his paper on Electrification of two
coaxial parallel circulardiscs. My sincere thanks are dueto Principal
B. M. Sen M. A. M. Se (cal. cantab) for kind suggestion and interest

‘in the paper.

(1) Dr. S. K. BaNeriig, On the Harmonics associated with an Ellipsoid (Bull,
cal. Math. Soc., vol. X, n* 2, 3).

(*) Dr. NicuoisoN, On the electrification of two parallel coazial circular
discs (Phil. Trans. Royal soc., series A, vol. 22k, p. 30g).
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PART 1.

The following results will be required (*)
x=apsinl cosg,
>y =1bpsin0 sing,
5= cpcosl.

p = constant denotes a set of similar and similarly situated ellipsoid.
" Ci' (0, 0) = p" C*(c cos0)

n-+m P . L.
=p"Cl'= j (5 +ixcosn—+iysinu)* cosmu du,
o

att|ni™

p" Sit (9, ) =p" Si*(ccos0)

+ m £
=p"Sii= I-————f (s + {xcosu + {ysinu)" sinmu du,
0

Y3 I—lm

F7(0,9) _ Fm™(ccosh) (—1)"|n cosmu du
T o+ Y | n— m (0 +izcosu + iy sinu)"""’
Gr(8,9) _ GM(ccosh) _ (—1)*|n sinmu du
prtt T ptt T em|n— m (s + iz cosu + tysinu)iti’

satisfy the differential equation A?¢ = o.

—P Cl (8, 9)=(n+m)pt C}_, (6, 9),
ge cosf 29 sinf

2" "¢ &% <
Hence .
u—u) +nMW—cw+mﬂm.,’

where p.= cos:

Similarly
. dsm m m
(=) +rpST=c(n+m)S,,
o Fr Fr.
&bnl_“:—(n-l—ln"i-l PT"—;_,
a—p 2 mE PR =

(*) Dr. S. K. Baneriz, loc. cit.
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Similarly
Gm
(I-P') L —cp(n+1)Gpt 4+ (n—m+1)GP,  =o.
Let
on=p"Cl,
L0 0w ek
d.D +yY— 0 d)’ -+ 5= 0z nyy,
m |n+m e . o
’Z-d—‘ipllcnz-l-n——-mm—__—]‘/ﬂ‘ (:—F’-l‘cosll—l—[]s‘nu)ﬂ-‘i

x [cos(m —+1)n + cos(m — 1)n]du
=—p"1C"H 4 (n + m) (n + m —1)p"—' C™2},

d _ sin0 cos g d0 _ coslcosg do __ sing

ox « oz ap dx ~ apsin®
Hence
2(1— p*) d,,cf +2(1 —P")%(Z?
=V1— p[22C2 4+ C? — (n+ m) (n+ m —1)C™=! ],
where
P =cosg’.
Similarly
Y. 952 35;7
=\1— p[2nSP+ S" — (n+m) (n+ m—1)S™} ],
) ;xpl:_':_ FP?E,:+(n—m+2)(n—m+l)zF::.
Hence ’
2(1— p*) pp (,(Zn 2(1— ,2)43057
=V1— p2[2nC2— C"*! + (n+m) (n+ m —1)C"],
where

P =rcosg’.
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Similarly
asy dS{{‘ -
200 — ) o — (1= p) ==
=\1— p2aSP — S'}:i’+(n+m)(n+m—l)s'""],
0 Fm _ (=)mlin4r e 2 cosmu cosu di
252 "' T amln—m [ (3 + ix cosu —+ iy sinu )"+?
_Fm Py
= —x1 = +(n—m+23)(n—m+1)i—22 Ps H
- m m -
?‘l("+l)l“ (= ) S ZE — (- ")‘;F ]
IJ.
+i[F':::::+(n—m+z)(n-—m+x)F",t:.]—0-
Similarly
e dGm aG™
m — — I n
l(n+1)G + (14 pf) ou (1 Sl ]

+’[Gm+l +(n—m+ 2)(Il—m+l)Gn+l]—o

n+4

Following the method of Dr Banerjie we can prove that

(ccosBcosu + asinf cosg sinu.cosy + b sinb sing sinu sinp)

n
n—im

=F,(ccosB) P,(cosu) +2Z- —
“m==1

< [F*(ccosB) P} (cosu)cosmv+G"‘(ccosO)P”‘(cosu)smmv]

Since Cj(ccos) =1,
f C(ccosﬂ)smﬂd@dﬁp . .
0 [ a

I
where : - . :
: -1 __cos*® “sin’Bcos’gp  sin*Bsin’q
1_,'?:'—' c’.+ a’ + bt -, -
Since ~ o
pn G (0, cp)=r"P$(co:\s§,~) COSMmQy,, -
v L - ’
where G
& =r cosf,.

2z =rsinb; cos¢,, y =rsinb, singy,

! . . o . e
Following the corresponding series in Spherical Harmonics we have
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the followm g results A
cepoos0 J,(p sin0 /a¥ costq + b* sing ) —-2 P

273

C"(( cosﬂ)

- S eingf aint
2(2"""1) Cn(ccos0)pr= - p*(c? cos®() + a? sm’O c0s?¢ + H?sin?@ sin ?),

: . "

where

X =1—2pcosh -+ p?| ¢ cos*) + a*sin?0 cosp + H*sin?Osintg ],

we know
P.(p) = 1 f“ X
— =T e Jo(hu)h dd
I_Ln-o-: ll ", 0( )
where
u=yat+y*, z=rcosl;
Hence
Fp(ccosf) 1 * cocodd . .
T—E»[ e=repeosd J o (Qpsin Op) In d
where ’
Pp=\a*cos’q + b*sin’gp;
we know
! _2., iy Pn(cosy)
ViE— 2 cosy + "
if . > ., where
cosy ==cosf cos, + sin0sin0, ,"Os(q’ — ¢1)-
Hence

1

Vi ] — 2[38,+ @z + ¥y |
2[ 1 Pa(cos0) Pr(cosl,)
P n+t
[]

n

n—+m

m=1

n 6,
PrCa(®, g )——(M"’ ’

—E

n — Fn

n-!—m

m 97, "
+22 — [prcmw,e')-——"( 22D rSp,9)

m=1"

—l—'zz r_=- P (cost) P2 (cosQ,)cosm(¢_¢,)J

Gm(0”, 9"

Pn+i

I
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where
3 = cpycosl, 3'= cpcosh’,
x =ap,sin(’ cosg’, x'=apsin0" cosgq’,
y=0bp,sin0' sing’,  )'=bpsinl”" sing’,

2 p" Ca(c cosh) =

1
Vi—acp cos§'+ p*(c? cost0+ a? sin?0 cos* ¢ + b* sin’0 sin’q:_-)'

PART II.

m 1 b —l(.l‘COSlt+ sinu
L"(P’o'?)=ﬁ A q,.( ~ X ))cosmudu,

s —i(xcosu—+ ysinu)
a

n =
M,,'(p, 0, P)= P

) sinmu du,

— {(xrcosu + ysinu
4 N4 ))cosmu du,

(
RE(p. 0, ¢) = %,r "
o’

sinmu du,

T:':'(P,O,?)za%r —l(l‘cosu “+ ) smu))

where
z=uap cosb
x =ap sinf cosg,
y = bpsinf sing, and q.(2), pa(?),

are the solutions of the differential equation
d dy —
a (x +t’)m +n(n+1)y =o.

Then L}, M7, R}, T, are the solutions of the differential equa-
tion Av =o.

N L, M=o at p = oo.

It is well known that if ¢ > p

n—m

-=,H_=mQ (p) P () cosmg

27
—ﬂ[ Qnfpp + V(1 — p*) (1— p*) cos(z — ¢) } cosmu du.
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" The corresponding formule (*) in ¢ functions will be
I n—m
W (o) Pt () cosme

"\n+m Tn

b33
N —-:;%;f qn:[-’-P — Iy (1 — ) (1 + p?) cos(u — 9):cosmutlu,

" for unrestricted value of S. -
.Similarly '

IIL——m
—tm———— o/ m .
l‘mln m In (P) [,, “J-) sinmg

b3
= 2-l—rf Gt p — 6\ (1 — p2) (1 + p*) cos(u — @) Vsinmu du.
L) . -

Hence when the eccentricity of the ellipse be zero i.e, a=¥5 and
consequently the discs circular we have

In—m
I“(P’ 0',0): qZ‘(p)l’”‘(p)cosm',

Ly 4

n—m
M (p, O,cp)—_—% "(p) P (u)sinme,

i’"ln +m "
R ‘
m(y T _ I . b . .
L (650 @ Py qn— 1| COSQ COSU + - siny sinu ) cosmu du
[

: °R
- %,f Qn—i{vl—e’sin’tp ros(u——'.’g)}cosmu du
tJ, .

n —_ m . " .
= im[n+m g (o) Py (e sing) cosm ¢,
where .

tanz.p:gtanq;, b*—a*(1 — e?).

Similarly - ,
) y T n—m
MT(”E{"’)‘F;" xm?

w(0) Pl (esing)sinmiy.

Journ. de Math., tome XXVI. — Fasc. 3, 1947.
4 - 4

(*) Dr. J. W. NicroLson, loc. cit., p. 30g.
5 36
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-

ELecrairicaTioN oF ONR BLLIPTIC DIsC. — Let the disc be situatedeitﬁ K
its centre at the origin. Let V be the potential. V=1, whenp=1,

0="
_.a-

V=2 Y a0, ?)+Z 2,» M2 (p, 9, 9).

e m=1 1 m=i

Since V =1 and consequently does not contain

. . cos
" —_— . — .
I'{‘(rsmq;)sinmq; . for p=u,2,...,0; m=1,2,...,n;

bt =o=ah for n=—1,2,...,00 m=1,13,...,n.

Hence .
V= gl..(p, 0,9)

-

The surface densuy Lt e

= ’ . ]
. / 70— (.rcosu A s"'")du _ ‘_;!_ f go— (ipy T— et sin"g cosy) dy
When the eccentricity of the disc be zero (*),

2’ a_ (1
V=r—qo(p) =_tan ‘(;)

The surface density is

\ ~

a (., . _a i
1;.[ 9.—(1P°°sq")d¢'—;m'
—

ELECTRIFICATION OF TWO ELLIPTIC Discs. — Let O, and O, be two
origins on the axis of 3. O, being at 3=—d on the left and O,
at 3=o0. Let(2,y,3), (a:’ y's! ) be the coordma.tes of a pomt with

() This result agraes wn.h that given by Da. J H. Jrans’ s, Flectrzcuy and
Magnetism, p. 3kg. . . .
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respect to O, and O, respectively.
Y=uw, Y=y, s'=134-d,

R ’ ) s
' — (2 cosu — (V' sinu
Lo, 0, ¢') = L d : )cosmu du
(¢ ar J, q,.( «
1 " s4+d—ircosu —ivsinu)
== p )cosmu du
ar |-
o
b33 .
1 d
- — +X)cos d
po q,.(a_+ ) mu du,
where : -
X=35—izcosu—iysinu,
n n)
Lln / / Iy — 2 (l /
w(p 0 ¢') = 21rzn—+—| J,
1 (n+1)(n+2) 1
XS - - +.. | gusmudu
d n 2(2n+3) [d =3 ,
) (%+%) )T
_ o
" ducosmu
=T |
a
where
. /]
D: -—d,
ad=
a

‘we know (')

¢
0
af.
[(]>]3] »
Putting
' t=—1it,, 5, =13,
we have

7 _:_ P :Z'(—- )" (3n 4+ 1) pa(5,) ga(ty).
. P

(1) Whittaker Modern Anralysis, p. 322.
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Hence

(—1)m 3
L0, 9") == a'rl:) (%) 3t (D)
2

XZ(_I)P(ap+x)qp<§>£ pl,:(X)cc?smudu

= 2(—-)P(wﬂ)li’v."(mo"P)(“‘)"\/;EJ"+1(D)"’(Z)'

Let
_tx"(g)=<—l)"\/EJH%(D)”” é)
a a 2 D “
then .
Lip, 9, ¢') =7 (= nFap+ 1 RE G, 9"”“(3)'
Similarly

. . )
M (e 0, ¢ =5 3 Dk + D TE (e 0, 9) K (5):
o -

We know (') that

Pat 2 — V(1 + 2) (1— Z7) cosw } = pa() Pa(2')

n
N |n—m
+ 22‘;"!,‘_”——_‘_’; P (z') pit(x) cosmw.

m=1

. Hence
lim Ly (e, &, 9')
(p:l,O:-’;) - P ?
e ) . —m .
:;12(— l)'"'(ap.:!— l);.m,;— I‘n—i-m "'(o) Pit(e s‘inag) cosmt.[/Ka(:-:) T

-

(') WmiTTAKRR, loc. &it., p. 3:8.
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Simildrly
lim MI?(P/’ 9/, /)
(=0 ’
d
Z(‘* ¥ (2p 41 )1_"'%/:[)" (o) Pﬁf‘(esmgv)smmq;l\"( )

lim Lj{‘(p 0,9)

(p‘: 1,0= E)

r n—m d
:;2‘( ')u(af‘“*"),wll—”—'m (o)P”‘(Psln?)cosm‘[;l\"( -”>

lim nMj{'(p, 0, %)
(p’:l 0‘_—)

3

2
43

d
-—_ R w l__ m m M : A KN L
= 2,( ¥ (2p + l)l’"[n—i—ml” (o) P2 (esmq«)smm,;l\!,,( ”)

Let the discs be equallycharged. Omitting the actual charge for
general convenience the general expression for potential is

V=L,(p, 9, @) + Lo(p’, 0/, 9")

+2A/n [L2(p,0,0) + (—1)n L™ (p', 0, o))

n—=t

+2B”‘ M (p,0,0) +(—1)"M (', 0, 7'l

n—=1

by reason of symmetry.
Since V= constant over the discs and does not contain any term

. cos :
) PZ‘(esmcp)sinmLp for n—=1,2,...,0; m=—1,13,...,n;

we have - ~ ,
. Ar=Bl'=o.

Let

’

V=V, when p_l, 0 —=-

V=V, '. when p'=1, 0=

Naﬂ Wl'-i
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\’1’:2 An (In(o) l’,,(esinQ)

T . d
+ 5 2 “1)*(ap+ 1) Pu(esing) pu(o) Kﬂ(;)
T n ) hll d
;2‘ 2(—1)1‘"+ An(2p + 1) Py(esing) pu(o) —->
n—=1 m=0o
' Ao=1,
r l)l"(o) oy ’n(‘_{)
S Aw= - IW(QP_FI)Q qu(0)’ ZA"( Y h*f‘ a)’
we know (')
Papl0) 3’ P (0) —
‘]!p(o) T Jap+1(0)
Hence
Agppy=o0 (n=o,1,"...,®),

Ap=—(p+ I)ZAo,,K,’l_{'(d\

We know (?)

d = 4 L, dA
(@)= T

we have , |
d o
Agp=— (hp+ :)f" ) P ST
: - :
d
=—Gpn [ TG L0y
where
f(l)zZA,,.JWlml
= ' o - )
ZAEPJ2P+;’(‘},):—‘[ (’ “ f()‘) S()\)
. :
M .Dn. Nicuorson, loc. cit., p. 320.
(?) Dr. NicnoLson, loc. cit., p. 312. -
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and (')

_ VAy fsin(A+y) _sin(d--y)
S = 1':{ A+y + A—y } -

\
Hence

: /5 pe 4 d) { sin() , sin(A — y
_ I 4 P dA jsin(A+y) ( I
f(‘}l') J;(])_ 7:[ ¢ fﬂ)vx; A+ y +_ A=y ;

The solution of this integral equation will determine f() and conse-
quently A,, will be found out. This integral equation has been
solved by Dr. Nicholson. We know (?) from his result

\
1 tanh Z_f,
(— 1) [ Qaa(p) Qo el K2

vt tanh —
\ 49

.f_:tQ,"(.o)rdp

A'_’n —

where ¢ = —

. E tanh mt
o= L% — (i> f sinhede Q| —4¢
VA T o tanh -~
hq

E N tanh I

+(?—)‘f sinA? df tanh—* —illl ;
e tanh —
- hq

for approximate solution
S) 2 bo yem
)\ h 2m )

(=1)™ ;_(—i)m 12[),"%;‘2 1 I

me“" T . - T e —_— —.
. 2m 41 T am T - m 1 k+t \
: [2m 1 [2m =& ,

where - -

k=

/.

~

d
a

When the.eccentricity of the discs be zero i.e when the discs become-

() Dn.-N’i.cnomon, loc. cit., p. 322. -
1), Dr. Nicrovson, loc. cit., p, 324, 346 et 347.



282 ON THE HARMONICS ASSOCIATED.

circular we have

V- ‘Iu(P) -+ 90(9’) +2 A:n[P:'n(_P') q:n(P) -- PIB(P'I) q’"(p,)}‘

This agrees exactly with the result given by Dr. Nicholson in his paper
on Electrification of two parallel coaxial circular discs.

We know (')
N el ) |
’I‘r("")'—.\/;‘-‘/“’ e pr-;(")ﬁ'
Hence

f!f [ ' —drcosu—iy 'slnu)..l (A) ﬂ (Iu
. ©ayam NN

L,=

dr

- e— « J ()= (,lplq T—erampcosy’ gy
\ ‘am "3 \ e 0

\/ [ ”Jo(lp\l—e sin® qa)J , * i{-

where {/=u —1,

rII
v _\/7f |+¢' lq;()\)Jo(p).y"l—e’ sin’@)arl..

‘Following Dr. Nicholson (*) we have the surface density on the
outer side of either disc-

o, = {‘iﬂ\/‘g[' i1+ eM)J (alpyf1—et si:?!qa) 9(ah)dk.
The surface density on the inner side
2 — _‘/_f Z(l—e—”’)cp(al)'d)\.lo(lao\/l—e sin?g )

which tends to zero as d — o.

(1) Dr. Nicaorson, lec. cit., p. 312. - - . -
(2) Dr. Nicroison, loc. cit., p. 348 et 34g. :

- — R E—————



