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Some infinite integrals involvingparabolic cylinderjunctions;

B! R. S. VARMA.

1. The object of this paper is to evaluate some infinite integrals
involving parabolic cylinder functions. Thus in paragraphs2—4 infi—
nite integrals involving a Besse] function and a parabolic cylinder
function are deduced. Again in a recent paper (‘) I have proved that
the functions
(1.1) .'l»"+%eêic.D—zv—a(æ) iR(V)>— I ]

and
(…) x”'îeî”D_,v<æ)

[R<v>>—Êl’
are self—reciprocal (°) in the Hankel—transform of order v. In para
graph 4- a kernel is also discovered which transform(l . 2) into (! . 1).

_
Further we know that a generalization of the parabolic cylinder
function is given by Sonine’s polynomial (“)

( _ )r æll—I'rw” _ __ î(1‘3) l'”('L)_Zrl(n—l')!I‘(n+ln—r+l),  
(') R. S. VARIA, Some functions which are self-reciprocal in the Hankel—

transform (Proc. Land. Math. Soc. (2), h-2, 1937, p. 9—17).
(*) Following Hardy and Littlewood we shall henceforth say that a function

is RV as an abbreviationof the statement that it is self—reciprocal in the Hankel-
transform of order v.

(3) Somme, Recherches sur les fonctions cylindriques et le développement
des fonctions continues en séries (Math. Annalen, 16, 1880, p. 1—80).



158 n. s. VARMA. since, for m=—
â and m: à, (1.3) reduces to

211
l',-: _T” , (x!) = _e‘* D.,.(wv23

“? 2nlg/1r
and

"+; ‘2 '
3.1" _

ÆTî(.‘L‘") _ _— ' Dgn+—1(:l'\/Z)
_.

_ (zn+1)1fie

respectively. In paragraph 5—6 infinite integrals involving Sonine’s
polynomial are evaluated. It is interesting to note that the integrals
of paragraphs 4-6 give functions which are R.,.

2. Now Watson ( ') has shown that, if
!
arg a! < {r…

l‘- 1 .
'

1: ; /1—m T.z(m—;
Tr“ 2' € ' _

tl [ %t_m+i)
l‘(—m)l‘(ëln—an+l or

\ /
1 1 1 1 1 1

‘

XF ——n,-m+-;—m——n+1;1——or' .
2 2 ’ 2 2 2 2

It is easy to see that this reduces, when ou = ; to

°° —l.r’ ,— 1—n—£m—-1(2.1) [ æ’”e " D,.(æ)dæ=Vn.rfi ? =’4@_"
I‘(—2—m——an+1)

(m>——1). .

Since
‘ _ ::

(—)"glt”+2r(“> “”>—Emi?l‘=0 
(‘) G. N. WATSON, The Harmonie functions associated with the parabolic

cylinder (Proc. Land. Math. Soc. (2), 8, 1910, p. 393-421 ).



INFINITE INTEGRALS INVOLVING PARABOLIC GYLINDER FUNCTIONS. 159   et_
'” 1.1,"f .de " D…(w)J,.(aæ)dx

0

1
°°

.°° —- .r’ ‘ (_)r(uJ;)lt+2l_ .! 1 (. ___—{1
—£

xe l)'"(L)Zl2"+2"r!1‘(n+r+l) '
r=0

°° (__)!au+'21 ,] ' _%_U=I_ +n+'.r )m _,- d—Z.n+—=.——î—rr.r<n+,…f,' € … æ

__ \/Ît (—)ra"+"T(l+lz—l—2l+l)_Ë '-n+:u——m+î—l+- ] lr=o 2- -HI‘(n+r++â1)l‘( l+—n+r—Em+l)
(n>o;l+n+1>o)

by the help of (2. 1)

_ VEa”l‘(l+n+l)
"— 3 1 ‘II

22 ? +25r(n+1)r(ïz+ln_lm+l)2 2 2

1 1 1 1 1. \r<-2—l+an+ë1r>(El+ën+l,r)@…2 1 1 1F:" r!(n+l,r)<—l+—n——m+1,r)2 2 2
where .

(n.,r)=n(n+1).…(n+r—1).

The step (2.2) is justified since for positive values of n, J,.(y)
represents & uniformly convergent series in yîo and since the
resulting series is absolutely convergent. Hence, when n>o and

1 + n + 1 > 0,

» 1 .,

(2.3) f æHÎ‘" l)…(.zr)J,,(aw)dœ

_ \/Ea"l‘(l+n+1)
:; _1 1 1—n——_—m+-I+—

22 2 :
21‘(n+1)1‘<11+£n—1m+1)2 2 2

1 1 1 1 1—l+-n+—, -I+—n+1,, 2 2 2 2 2X')": __‘a2
1 1 1 2n+1, —l+-—n—— —m+1,
2 2 2
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ln particular, when [: n + 1, this gives

* _ 1 .L"[ w"“‘e " D…(.L‘)J,,(d.v)dæ
“

lIll 3‘
22 a” P(lt + — )2 , ‘ 3 l 3 1 _,=————-.—11‘,n+—,n——m+—,—-a-, 1 5 2 2 2 2] n——-m+— .

2 2 (n>n).
5. Again we know that

_ _ _ ”‘ (—)"I‘(m+n+2r+1) .1: "‘+”+‘”
J'"(‘Z)J”('Ll—Zr!l‘(m+r+ql‘(n+r+u)l‘(m+n+r+1)<5) '

r=0
Hence

:: l ,f .r'e—îxD,,(æ)J…(w)J,.(x)dw

:: ‘l °°
_ ‘

__ ,.1 _Î'r’ , “ (—)' T(m + Il + 2!“ + 1)
._l'

m+u+zr   r'=0
°° : ‘l: ,» (_)rl‘(m+n+2r+l) [ .,. -L‘I+"‘+"+"e—îæ, Dp(æ) da:—lr!I‘(m+r+1)l‘(n+r+1)l‘(m+n+r+r}2’"+"+-' "r=0

°° - 1[1—ll—îm—Ïn—3r—Ë-
\/—2( )r 22 2 * ‘-’ 2I‘(m+n+2r+1)I‘(l+—m+n+2r—1—1): 1r —

1 1 1 1 \
r=u r!I‘(m+r+1)I‘(n+r+1)I‘(m+n+r+l)l‘(5l+ëm+;n—ap+r+l)

(m+n>u; l+m+n+l>o),
by the help of (2. 1), term by term integration being obviously justi-
fiable.

It follows therefore that, when m+ n > 0 andl+ m+ n—|— 1 > o,

j'm—‘”D,,(æ>J…(æ)Jn(.L-)dæ
\/?tl‘(l+ m+ n+r)_

;; ii 1

êl+- m+-H—- !’ ’ 2p+îl‘(m+1)I‘(n+1)l‘<âl+âm+ân——âp+1)

x[.F. ;—2
I l l I l I I I I l 1 I
—l+—m+—n+—; —l+—m+—n+l, —m+—n+--, _m+—n+l

_

2 2 2 2 2 2 2 2 2 2 2 2

1 1 1 |
.J+;m+—n——p+1, m+1, n+1, m+n+l )2 2 2



mumu INTEGRALS INVOLVING nnmouc cumnnn FUNGTIONS. tôt-
4. Bailey has shown (') that if f(æ) is B… then

|“A”(I…) [ (œuf—‘- ‘3J1 ,(wt)f(t}dt
0 3“+;”

is R… In this, taking
| |u. _. — :"f(w)=.r‘ ”Le" l)_2M.L'),

which is R… we obtain that
v…lp,+l ”.‘p,.,..‘.v -

(km.) .r' * if [‘ " e" “_!P”)"L,…1Qfl‘“dt
0 z 2 _

is R.,.
Evaluating (4.2) by the help of the known integral (')

» ,,…f0

1
' ”_ë‘ 1-L-—/l

=———————””'L“n)[z’n l‘(£;n—n)Œ.(fi;1+n—-l—-m;—laï>3\/7tl‘(m) .. “"
_

?. f"

1 1
F n—»—m T. -—m

_ 2 2 ‘ I 1 I.,+a* _— —m-1_—n —m:—a-m Zn
1141 , + ,

2 2 9. _

lvl—

1 _r,
te J l(a.L')l)_m(.L')d.L'

n——E

l‘El—

F(n)
[R<n)>o, R(m)>R(n— 1)J—

we arrive at the result that

? ( % f* + È” + à)
\/Ël‘(zm

|'I—l V+ë
! |-f +-

(—'|-.3) 2’FL ’  
is R.,. 

(‘) W. N. BAILBY, On the solutions of some integral equations (Journ.
Land. Math. Soc., 6, 1931, p. 242-247).

“( ’) R. S. VARIA, An infiniæ integral involving Basel Function:andpara-
bnlic cvlindcr functions (Proc. Camb- Phil. Soc.. 33- l03'7- n. avc-an).
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Since (') f0r all values of n

(4.3) gives as a particular case, when p. = \: + 2, that
* 3

"+1 l‘<v+;> 1 1 3 1 12vilÏ 2—4— 22r<5)1F1<V+;;5;5Œ2)\/‘Ïrl‘(zv +4)

1 V+— 35.1…"= .I‘
211 + 3
 

is R…
It follows from (4. I) that if

'!1
(!».4) f(x)=æ”Ëef'”’D_gv_.(æ-)

is Rv+2, then

V
1 i .,] +E î.L

2v+3 °” ‘ V+Ï 1 :(4.5) [ (æt)_îJv+1(æt)t ”e‘l D_2v_‘(t)dt= D_,v_3(æ)
' 0

is RV; in other words, the kernel (xt)_ëJv+.(æt) transforms (4.4)
into (4 . 5).

5. In (4.1), take f(æ)=æ“+îe“î*"Tg(xa) which we know (=), 
(') Wmrruan and WATSON, Modern Analysis (fourth Edition), p. 347.
(°) WILSON, Ou au eætension of Milne-‘s integral equation (Messenger of

Math., 53, 1923—1924, p. 157-160).
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is Ru or skew Ru according as n is even or Odd. We then obtain that

101-—(5.1) J v—;u+.;jü'” Ë
W+P+2)

[512
Tÿ_(t“)J% F+%v(æt) dt

is RV or skew Rv according as n is even or Odd.
We shall now show that (5. 1) can be expressed in terms of Kum-

mer’s function. By the help of (1 . 3) and the integral (‘)
I l l

» _1,. '”"r<ël+i”+è>
.,“ —n—-l+

22 ’ 2-l‘(n+1
[R(l+n+l)>o]

1 '1 1 1 “
1<—H——n+—;n+l;——æ-)2 a 2 .

_ 2_

we obtain that
a l 1;(v+p.+2) ——z*f r e * g(z‘l)Jl ,(æt)dt

() Ep'+îv
Il. (—[)" “’ Èv»ëp.+1+2n—2r -—ilî: t' ‘ e 2 J .7:t dt2r!(n—r)!T(n+p—r+1)l Ï-uL%v(

)
2r=0

 
1 1

—y.+ë—v '! (—)”2"“*I‘<;V+ap+n—r+1) :
1 __ 1 _-

P<;*P—+â”+l)r:0
r.(n r).I‘(n+p l+l)

1 1 1 1 1 _)'
><1Fl 2v—l— 2p+n—r+1;zp+âv+1;_êæ-

[R(H+v+2)>01-

We deduce therefore that, when R(p.+ v+ 2)> o,

v — " I‘(£v+£ +n—r+1>——’—2<—‘-> .1 _ 1 _
r<âF+âv+l)r=v

2 1.(n r).I‘(n+p r+1) 
1 1 1 1 1 °

X,F1<2v+gp+n—r+lzëy—+2—v+1;—aæ-).
is RV or skew RV according as n is even or Odd. 

(’—) It is interesting to note that this known integral Can be obtained from
our integral (2.3) as a particular case by putting m = o. '
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'- In particular, when v =: p., we get that

1 ,, 1 r
2" $”?" _

5 ,"1 l‘( 1 "I‘(v+1)Zr!(n—r)î1 1 1+n—r+l.z—t—1.—;.r\I‘:0
 

[R(v + 1)>0]
);:

..
‘ !

is Rv or skew RV according as n is even or Odd.

6. Another theorem (‘) connecting different classes of self—reci—
procal functions given by Bailey is that, if f(x) is R… then

1
ce F'+î(… f _t_(_<{cLd,

" (1 + t'-’)5HH ':‘v—H

is R…

Taking f(æ)=æg+ëe_ëfiTçj(æî) as in paragraph 5, we obtain
from (6. 1) that

’ _ tr…p.+_ °° t2p.+1 e 2 T"(:L‘2 t2

af P-

Il 2\;}L+;V—+l(1+t)'
)dt .L‘

is RV or skew RV according as n is even or Odd.
By the help of (1 .3) and the integral ("’)

1.1": _.—_.l.m—le .!

2 -—n——9—dw
0

(.r—+a-Y‘

%m—n 1 1 ] ‘)=2- T —m——n 1F1 n;1—+—n——m;—a-2 2 2

.‘ 1 1

I<n——m I‘<—m>2 2 :P(n)
[B(m) > OJ)

 + ain—‘!" 
— (‘) W—. N. Buan, loc. cit.
.] (‘) B,.S. Vuun, An infinitp integral involving Besse! function: and para—

bolic cylindcr functions (loc. cit. ).
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we obtain that

!
_ & "": "

Tu" t2y.+ e 2 .L'"' t:f __|—“(’ d(
« '

165 _, 'P.+"V—v—l(1+t )

Il . _1_ü:/2, (_)ræzn_2r “’ tzy.+zn—2r+1e !
{= , ——————'— ( !'—ll'î(n—-—i')!r(n+‘u—r+1)[ rlv.1l':" 1

., :P ..(1+t-)- -
Il

:“ ŒV_£L E (__):-
2 r! (' n »— /')ËI‘(ll+p-—r+1)  

lp.—:v+n—r [ l ‘ l l | | l ">< 2' - (ill—5‘J+II—l' 1l‘1 5H+av+l;Jv_—£H—"+r+l;f‘c
1 1 .

P(ëv—ëp—n+r>l‘(y+n—r+ 1)

_‘_ wp.——v+2n—2r /
l‘ 1 1

(éH+5V+I)
‘ [ 1 l_)

X1l‘l<lJ.+n—r+|;ap_—gy+n_l.+l;ëw_>
[R(2y+1) > 0].

We infer therefore that

‘ (—V‘+,—
.

2 Zr!(n——r)fl‘(n+pml'+1) [R(2PTI)>O]'
I‘=(I

is RV or skew RV according as 11 is even or Odd, where
1 l—ll—.—,V+n——r 1 1

v.lzr=22 ' I‘<—p——v+n—r)' 2 2

><F ! +lv+1- [ +Iv n+r+l'la‘2'1 2” 2 ’ 2” 2 ’2

P(âv—ây—n+r>l‘(g+n—r+1)+ æp—v+m—2r '

(I I
>

I‘ —p+—v+1
_2 2

1 1 1

><,F,<y+n—r+1;(£;p—av+n——r+1;;æ’).
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In particular, putting p. = v, we obtain that when R(2v + I) > 0,

V4— "
.Z‘ * (—)"L!Jî-

2 21r!(n—r)!l‘(n+v—r+x)’
r=0

is Rv or skew RV according as n is even or Odd, where
: ‘ ]

çÿ,=2"—'I‘(n—r)1l‘1<v+l;—n+r+1; gay?)
I‘(r—n)P(v+n—r+

22I1—27‘+ I‘( v + 1)
 1) I _

v1F1<u+n——r+lçn —/'+1;—æ->.‘)


