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CAHIERS DE TOPOLOGIE Vol. XXIII 4 (1982)
ET GEOMETRIE DIFFERENTIELLE

CARTESIAN CLOSED CONCRETE CATEGORIES
by ]. ADAMEK & V. KOUBEK

ABSTRACT,. Full extensions of concrete categories X over a cartesian
closed base category X are studied. If K is cartesian closed and its forget-
ful functor K- X preserves finite products and hom-objects, then K is
called concretely cartesian closed. We prove that each concrete category
has a universal (largest) concretely cartesian closed extension. Further-
more, we prove the existence of a «versatile» concretely cartesian closed
category K* (i.e. such that each concretely cartesian closed category has

a full, finitely productive embedding in K*).

I. INTRODUCTION,

I, 1. We study universal and versatile concrete categories with a given
property. Let us explain first the terms used in the preceding sentence. We
start with a (fixed) base category X and we work with concrete categories,
i.e. pairs (K,| |), where K is a category and | |: K> X is a faithful,
amnestic functor, denoted on objects by A > | A|, on morphisms by

(f:A>B)w (f:|A] > |B]).
(Amnesticity means that, whenever idM‘: A > B is an isomorphism in
X, then A = B.).

I, 2. By a property P of concrete categories we mean a conglomerate
of concrete categories (called P-categories, or categories with property
P) and a conglomerate of concrete functors (called P-functors, or functors
preserving property P); a concrete functor is a func'tor F:X-> £ between
concrete categories with | lK = | |£ F (i.e., on objects |FA|=|A]|,
on morphisms F [ = ). The domain and codomain of a P-functor need not

be a P-category. Example :

P = concrete completeness.
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ADAMEK & KOUBEK 2

Here, P-categories are those concrete categories K which are complete
and detect limits in the base category X (i.e., given a diagram D: D~ K
and given a limit my: X » | Dd| of the underlying diagram | IK D in X ,
there exists an object A in K with |A| = X, such that ny: A>Dd is a
limit of D). And P-functors are concrete functors F: K » £ which preserve
concrete limits in K, no matter whether K or £ are complete categories

or not.

1, 3. A universal P-extension of a concrete category X is a P-category
K* such that
(i) X is its full subcategory and the embedding K » K* is a P-functor ;
(ii) any P-functor F: K » £ into a Pcategory £ has an extension into
a P-functor F*: K*» &, unique up to natural equivalence.
E.g., if the base category X is complete, then each concrete categ
ory has a universal concrete completion (i.e., a universal P-extension with

P = concrete completeness). This has been proved in [1].

L, 4. A versatile P-category is a P-category K such that for any P-
category } there exists a full P-embedding H » X .

Open problem : Does there exist a versatile concretely complete categ-
ory, say, over X = Set? Or, over the one-morphism category X? (Here comr
crete categories are just ordered classes and the open problem is: does
there exist a large -complete lattice into which every large -complete lat-

tice can be embedded with all small infima preserved? )

Let us remark that the term «universal» is commonly used in this
context, see e.g. [ 3, 4, 5]. But universality usually means often a different
concept in category theory. Therefore we suggest that «versatile » be used

for distinction.

L,5. We are going to prove that every concrete category has a universal
concretely cartesian closed extension. Here X is supposed to be cartesian
closed. The property P in question consists of concrete categories which
are cartesian closed and such that the forgetful functor detects both finite
products and hom-objects, and P-functors are concrete functors preserving

finite products and hom-objects.
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Further, using a general construction of versatile categories of
Trkova [4, 5] we show that there exists a versatile concretely cartesian
closed category. In view of the previous result, it suffices to show that
there exists a versatile CFP-category X . Here CFP (concrete finite pro-
ducts) is the property of all concrete categories, the forgetful functor of
which detects finite products, and CFP-functors are concrete functors,
preserving all finite concrete products. Then the universal concretely car-

A
tesian closed extension of K is a versatile concretely cartesian closed

category, of course.

These results continue the research of «formal» extensions (com
plete or cartesian closed) of concrete categories, reported in [1,2,4,5]. In
particular in [2] a necessary and sufficient condition for a concrete categ-
ory is presented to have a fibre small cartesian closed extension which is
initially complete. As opposed to the present results, not every concrete

category has such an extension.

II. UNIVERSAL CARTESIAN CLOSED EXTENSION.

II, L. Recall that a finitely productive category is cartesian closed if
for arbitrary objects A, B a «hom-object» [ A, B ] is given in such a way

that an adjunction takes place :

cxa_l_ B

C——=[4A
f[,B]

E XAMPL ES. (i) Categories of relational structures are cartesian closed.
E.g. the category of graphs is cartesian closed: given graphs A = (X ,a)
and B=(Y, ) (where a CXxX and 8C YXY), then
(4.B1= (Y%, y)
where
y={4(f.g)| [ -ge YX and for each (xl,xZ)ea we have
(/(xl)rg(x2))fﬁ } .
(ii) The category of compactly generated Hausdorff spaces is carte-

sian closed: [A, B] is the set hom(A, B) endowed with the compact
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open topology.
(iii) The category of posets is cartesian closed: [A, B] is the set

bom( A, B), ordered point-wise,

The first example differs basically from the remaining two: all three
are concrete categories over Set but only for the first one the forgetful
functor preserves the hom-objects (i.e., |[A, Bl| = [|A],|B|]) plus
the adjunction. In the present section we shall concentrate only on the type

of concrete, cartesian closed categories represented by this example :

I1,2. DEFINITION. Let K be a CFP-category (= concrete, with finite
concrete products) over a cartesian closed base category X. A concrete
hom-object for a pair of objects A, B of K is an object [A, B] in K such
that

|tA, B =[]A],|B]]

and, given any object C and any map f: |AXC|>|B]|, then f: CXA > B

is a morphism in X iff the adjoint map fA (in X ) is a morphism
[:C>[A,B] in XK.

A CFP-category is said to be concretely cartesian closed provided

that arbitrary two objects have a concrete hom-object.

IL, 3. In [1 ] (Theorem 8) we have proved the following for an arbitrary
base category X with finite products: Let X be a concrete category and
let D be a class of finite collections {A;} " _,; C K9 such that aconcrete
product A; X...XA  exists in X for each D-collection. Then K has a
D-universal CFP-extension K*. This is a CFP-category in which Kisa
full, concrete subcategory, closed to products of D-collections with the
following universal property :

Given a CFP-category £, then each concrete functor F: K » £ preserv-
ing products of D-collections has a CFP-extension F*: K*> & unique up
to natural equivalence.

This result we shall use for the construction of a universal concretely car-
tesian closed extension. We construct this in two steps. In the first step

we assume that a CFP-category K is given together with its full CFP-
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subcategory X having the property that a concrete hom-object [A ,B ] ex-
ists in K for arbitary A, B e } . We construct a «H-universals CFP-ext-
ension of X, to be made precise below. In the second step, for each CFP-
category K we put

Ky = X and K, = (T}
where T is a terminal object; we find a }(O—universal extension Kl of

KO and we put }(1 = KO’ then we find a Hl—universal extension K2 of Kl’
[o1]

etc. The category U Kn is the universal cartesian closed extension of K.
n=0

I[, 4. CONSTRUCTION. Let K be a CFP-category and let H be its
full CFP-subcategory such that any pair of objects A, B ¢ { has a con-

crete hom-object [A4, B] in X . We shall define a sequence of concrete

categories
£,c8cg c..
]
and we shall prove that their union £= . Ulgi is a CFP-extension of K
1 = =
such that:

(i) each pair of K-objects has a hom-object in L2,
(ii) the hom-objects for pairs in H are preserved, and

(iii) & is universal with respect to (i)and (ii).

Category Q_I . Its objects are all K-objects and all (formal) objects
[A,B] such that A, B are K-objects, at least one of which is not in H.
(Thus [ A, B] denotes, ambiguously, a hom-object in case 4, B¢ X, and
a new object in case AfH or B tH. Caution: if, by any chance, a con-
crete hom-object for a pair A, Be K exists though A ¢ H oor B¢ H then
we do not denote it by [A, B] ). The underlying objects for K-objects agree
with those in K (i.e.

|A|K = [A'S:)—] for A ¢ K );
for each pair A, B not in H we choose a hom-object X =[|A|,|B|] in
X and we put |[4, B“g-l = X . Morphisms in £ ; form the least class
of X-maps which is closed under composition (so as to make 53_1 a categ-

ory) and such that
(a) Each morphism in X is a morphism in ‘E-l"

7
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(b) Given a morphism f: B> B' in X and an object A in K then
[|4). /114, B1> (4, B']
is a morphism of g«l (no matter whether [A, B] or [A, B' ] are old ob-
jects or new).
(c) Givena morphism f: CXA » B in K then the adjoint map
f:1cl - T1al, 1Bl ]
isa morphism f: C»[A, B]in 53_1 .

Category 5‘30. Denote by P the class of finite collections of objects
in 53_1 consisting of all finite collections in X and of all collections
{{a,B1.[4,.CH} for A,B,C in K. Then £, is a D-universal CFP-
extension of S?__] (see IL,3). (It is easy to see that

[A ,B]x[A,C]l=[A,BxC]
isa concrete product in g-l for arbitary A , B ,C.)

Categories £n+1 . There are three ways in which 5?_"_” is constructed
from 53" ,n>0 and these are repeated in a cycle. All these categories
have the same objects. Morphisms in 53" + 7 form the leastclass of X-maps
closed to composition containing all £,-morphisms and such that

(a)if n =0 mod 3: foreach p: CXA - B in gn we have

[;:C—D[A,B] in n+1 3

(b)if n =1 mod3: foreach p: C>[A, B] in gn we have

p:CXA > B in £n+l ;
5 . .

(c) if n = 2mod 3: for each product B = _[I B- in £0 with projec-
tions 7;: B+ B;, given an object A and a map p |A| > |B| such that

allm;.p: A~ B, are morphisms in gn, then p :A > B is a morphism in S?.

II,5. LEMMA. L= U gn is a CFP-extension of K, i.e. a CFP-
n=0

category in which X is a full, concrete CFP-subcategory.

PROOF. By definition, go is a CFP-category. The step £n *£n+1 , for

n = 2 mod 3 «reconstructs» finite products, hence L is a CFP-category
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(with finite products agreeing with those in Qo ). Thus it suffices to show
that K is a CFP-subcategory of 53_1 and that K is full in £.

(i) K is full in £ ;. Proof: Let g:A > B be a morphism in £ ; with
A, B ¢ K°. By definition of £_1, we have g =g .....g , where each of
0 B=An) is of one of the

types a,b or c. We shall verify that g is a morphism in X, by induction

the morphisms g,: A, ;> A, (with A =A

in n. For n =1 this is clear (recall that, if an object [C, D] is in K,
then it is actually a concrete hom-object in K with C,DeH). For the
induction step, we can assume A, { KO for k#0,..., n (else we simply
use the induction on 8y e & and 8, 8y ). Then the morphisms
g, with £ #Z 1 must be of type b, i.e. we have objects C, D,,....D in

n

X and morphisms bk: D - Dk such that

k-1
Ak =[C7 Dk] (k#£0) and gk=[llc‘.hk] (k £ 1).

There are two possibilities for g, :

either it is of type b ; then necessarily

Ag=[C,Dg] and g7 :{IICI' b1]
for some Dg, b7 - this implies
g=1cC, hn.....bl] :[C,Do] —»[C,Dn]

which is a morphism in X ;

or it is of type c, i.e. g =f where f: A0>< C- DO is a morphism of
X ; then

pb=h by [rA;XC>D
in X has an adjoint morphism
g:hd,~ [C,Dn]=B

since p = g.

(ii) X is closed under finite products in 53-1 . Proof: Let CXD be a
product in K with projections m ., 7). Let [:X>C, g: XD be mor-

phisms in ‘9-1 . Then we have a unique map

b:|X| » |C|X|D|=|CXD| with ap.h={fand np.bh=g.
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It is our task to show that h: X > CXD isa morphism in Q_I.This is

clear if X ¢ K7, thus we canassume X = [A, B]. We have
f=1, - /i and g = g, --8]
where each of the morphisms
[;:Fg = F; and g Gj-l - G].
is of one of the types a, b or c. The proof proceeds by induction in n-+m.

Let n+m =2, ie. [=[; and g = g; - Then necessarily [ and g are
of type b: we have Cc=[A,C']and /:[IIA!"”‘

(4.B]

/—‘”A'V w”g]

C><D
&
]

A,C' ]| ——I[4, CXD]__——-\[A ,D' ]

U\Al’"C' ] IlA"”D'
for some morphism [': B> C', analogously

D=[A,D'] and g“—‘[A»g']-
Since C', D' ¢} implies c'xD'eH, clearly CxD =[A,C'XD’ 1,
for the projections m( and mp, of C'XD' we ha ve

LA "EI‘A‘)"C'] and ”D—[I\A\’"D']
The unique morphism h’: B > C'xD' in K with
fr=mc.b’ and g' =mp,. b’

fulfills b =[A, b']. This proves that ph:[A,B]-[A,C'XD’ ]is a mor-
phism in 53_1 (of type b).

Let n+m = k and let the proposition hold whenever n+m < k.
A. If all the objects F;, i #n,and G , j # m, are outside of X then

necessarily all the morphisms {; and g are of type b. In that case we have

-=[1\A‘,/-'l and 8;'=[1|A|'8,"l
with F; =[A, F; ] - particularly c=[A,C'], and G.:[A G'.] - par-

txcularly D= [A D’ ]. Then we can proceed as in case n+ m=2.

40
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B. Let Fi ¢ X% for some ip # n (analogous situation is Gjo e K9 for
L
some j, # m). Then = {f.f where
~ =~
/=/i0-1 <o fp and f :/n""‘fi05
by (i) we know that f Fio -» C is a morphism in }(, hence
=
fx]D : Fl.0><D > CXD
is a morphism in K. By induction hypothesis on f, g there is a morphism

h:[A,B1- FiOXD in £; such that, for the projections ;Fi and 7,
0

(4, B]

R

R
X
~

imply (/X1 ).5 = b. Thus b is a morphism in £_; .

0
prove by induction in » > 0 that any £n+1-morphism f:D>C with DeX

(iii) K is full in each 53". Indeed: £, is full in £ and we shall

is an fo-morphism as well.
n = 0 mod 3. It clearly suffices to verify that given En -morphisms
h:D->C and [:CXA->B with D, A,B ip K

also f h:D>[A,B] is an ﬁo—morphism. Since » =0 mod 3, gn is a
CFP-category, thus hX 1: DXA » CXA is a morphism and so is

f.(hX1):DXA> B,

Since both D XA and B are objects of K, by inductive hypothesis f. (hx1)

is a XK-morphism. By definition of g-l? its adjoint map is an £_1-morphism

14
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-this map is evidently f.b:D>[A,B].
n = 1 mod 3. It suffices to show that for any pair of £"~morphisms
b:D>AXB and $:A-[B,C] (B,C,DeK)

also p.h: D> C is an go-motphism. Denote by b, , bgp the components
of b . By inductive hypothesis, 5. hy:D> [B, C] is in go . This clearly
implies that 5. bA =g for some ¢: DXB~>C in ‘?'0' Furthermore, by ind-
uctive hypothesis, the morphism k: D » DX B with components 1y, b p is
in 530 (since &30 is CFP). Moreover b = (b, X1y ). k. Now q.k:D > C

is a morphism in ‘SEO' Since clearly
" " T
q=p.hy=p.(byXlg):D~>[B,C],
we get g =p.(bA><IB) and so
q.-k=p.(byXIp). k=p.bh.
This proves that p. b is in 530.

n = 2 mod 3: clear.

II, 6. LEMMA. The category & has concrete bom-objects for pairs of
K-objects and they coincide with those of X for pairs of objects in K.

8 is universal in the following sense: given a concretely cartesian
closed category ', each CFP-functor ®: K » ' preserving hom-objects
for pairs in X bas a CFP-extension W: £ > £’ preserving hom-objects for

pairs in X, which is unique up to natuml equivalence.

REMARK. For the proof of this lemma it is important that each CFP-categ-
ory X has transfer: for each object A in X and for each isomorphism i:
X | A| in X there is a unique object B in K with | B| = X such that
i: B»>A is an isomorphism in X. The (trivial) reason for this is that the
product of the singleton collection | A| in X is e.g. X with projection

i: X>| A| ; and this product is detected by the forgetful functor.

PROOF. It is evident from the way how gn were constructed that the new
objects [A, B ]in g—l are hom-objects of A and B in £ ; for each mor-
phism f: CXA B in £ which liesin £ , /: C>[A,B1is a morphism

12
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in £n+3; for each morphism fA: C-[A,B]in £n, f: CXA > B isa mor-
phism in £"+3 . For a pair A, B ¢ the same is true with respect to the
K-object [A,B]. Thus £ has hom-objects for pairs in K, preserved in
case of pairs in }.

The universal property of £ readily follows. Given ®: K- £ ‘as
above, let us extend it to ‘~I’_I :53_1 - £ by choosing a fixed hom-object
[®A,DB] for each pair A, B of objects in K, at least one of which is .

outside of X, and then putting
¥Y,04,B]=[0A,®B 1

It is clear that this gives rise to a concrete functor ¥ _; : £ g £'. By def-
inition of universal relative CFP-extensions (II, 3) we have a CFP-exten -
sion 'I’O:ﬁo—ng' of ‘I’_J . This defines a (concrete) CFP-extension ¥ :
£ £ on objects, and, in fact, also on morphisms, because the morphisms
f:A->B added to Qn_l on the »'P step have clearly the property that
f:¥,A->Y¥,B is a morphism in ' (since £ is concretely cartesian

closed). The uniqueness of ¥ is clear.

II, 7. DEFINITION. By a universal concrete cartesian closed exten-
sion of a concrete category K is meant its concretely cartesian closed
extension K C XK* in which K is CFP (closed to concrete finite prod -
ucts) and which has the following universal property :

For each concretely cartesian closed category £ and each CFP-func-
tor ®: K> £ there exists a CFP-extension ®*: X*> £ preserving hom-

objects, which is unique up to natural equivalence.

II, 8. THEOREM. Every concrete category over a cartesian closed

base category bhas a universal concrete cartesian closed extension.

PROOF. For a concrete category X denote by KO its universal CFP-ext-
ension and put M, ={ T} where T is the terminal object of Ko And
[T,T 1=T is aconcrete hom-object.) By Lemma II, 6 there exists a univ-
ersal CFP-extension Kl of Ko with concrete hom-objects for pairs in KO'
Put }(I = KO . Using Lemma II, 6 again we obtain a universal CFP-exten-

sion KZ of Kl with concrete hom-objects for pairs in KI and preserving

13
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hom-objects for pairs in }(1. Put }(2 = Kl and proceed in the same way.

o0 . . .
The category K*= 'UOKi is the universal concrete cartesian closed
1=

extension of XK. Indeed, its finite products and hom-objects can be comput-
edin K, ,
Further X* is clearly a CFP-extension of K. Let ®: K- £ be a CFP-

functor with £ cartesian closed. Then ® has a (unique) CFP-extension

for collections in Ki; thus K* is concretely cartesian closed.

CI)O: Ko" L. By Lemma II, G there exists a (unique) CFP-extension of (DO
into a CFP-functor (I)l : KI > & preserving hom-objects for pairs in Kg=
}(1 . Again by LemmaII, 6 there exists a (unique) CFP-extension of ®; into
a CFP-functor @2: K2—> &, preserving hom-objects for pairs in KI = }(2 ,
etc. This defines a (unique) CFP-extension ®* = . ? ofl)n (KxL 8 preserv-

ving hom-objects.

Ill. VERSATILE CATEGORIES.

II,1. A general theorem about versatile categories is proved in [4,
51. We shall apply this theorem to the property CFP of finite concrete pro-
ducts and we shall derive the existence of a versatile CFP-category which

is moreover cartesian closed.

11, 2. DEFINITION. A property P of categories is said to be canon-
ical if the following conditions are satisfied:
Categoricity : All isomorphisms of categories and all compositions of
P-embeddings are P-embeddings (= full embeddings. which are P-functors).
Chain condition: Let K = UK:‘ be a union of a chain (= a well ord-
ered set or class) of P-categories such that for each 7, Ki is fully P-em-
bedded into Kj , 1< j.Then
a) X is a P-category and each Ki is P-embedded into X ;
b) For each P-category £, an embedding X & isa P-embedding when-
ever each of its restriction to Ki isa P-embedding.
Small character: Every P-category is a union of a chain of small P-em-
bedded P-subcategories.
Amalgam : For arbitrary P-embeddings

(I)]:K"’ﬁ] and (1)2:K—>£2

1%
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between P-categories there exists a P-category £ and P-embeddings
¥,:£-8 and ¥,:2,-8 with ¥,.0,-9,.0,.

Trivial subcategory : There exists a small P-category which is P-em-

beddable into any P-categovry.

III, 3. THEOREM [5] For every canonical property of ca tegories there

exists a versatile category with this property.

1II, 4. THEOREM. CFP is a canonical property of concrete categories

for each finitely productive base category.

PROOF. Both categoricity and chain condition are trivial. Small character
is also very simple to verify : given a CFP-category K choose a well order
on its objects to obtain a chain A,,A,, ..., A ,... such that AO is a
terminal object of K. Let us define full subcategories Ki of K by trans-
finite induction :

KO has one object Ag ;

given Ki then objects of KH] are BXA! , where B is an object
of K;jandn=0,1,2,...;

for a limit ordinal 7/ we put Ki = jgixi .

It is clear that each of the categories Ki is a small CFP-subcategory of
X (hence also of KiH ) and the union of all of them is X .

Before turning to the only nontrivial condition, amalgam, let us remark
that the trivial subcategory is a category with just one object whose under-
lying object is terminal in X.

The proof of amalgam: Without loss of generality we assume that S"Dl
and £2 are CFP-categories with K = S‘flr‘lﬁg a CFP-subcategory of each
of them (and ® 1> @2 are inclusion functors). Let us showthat there exists
a concrete category £ (not necessarily finitely productive) containing 5?.1
and 532 as full subcategories closed to finite products. This will prove
the amalgam condition for we can choose a (universal) CFP-extension
Px of £, see I, 4, and then ‘81 N 5‘32 will be CFP-subcategories of £*

(and ‘1’1 , ‘1'2 will be the irclusion functors). We define a concrete cat-

15
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egory £ as follows:

Objects: all gl-objects and all gz-objects;

Underlying objects agree with those in £1 and/ or £2. This leads to
no contradiction for £1(‘\ £2, since 310£2 is concretely embedded to
both 531 and £2 .

Morphisms: all gl-morphisms and %-morphisms and all maps f:
| Al > |B| for which there exist an object P ¢ £1m£2 and morphisms
[;:A>P, [,:P>B in &UE, (ie.in & orin £, ) with f=/,.f,.

First, we observe that £ is indeed a category, i.e. closed to composition :

‘\Ax/

Peﬁﬁ

given

/l , /2 ' 8 1 8y€ glufythen g; ./2 : P >Q is a morphism in fl (if B 6£7)
or 532 (if B e£2), hence in glfhgz , because £lﬁ£2 is full in gl as
well as in £2 . Then clearly

(gl./2)./1 egluf,z, hence g./e L.
Clearly £l and 5‘32 are full in £ .

Second, we shall show that 532 is closed under finite products in £
(analogously 531 ). The terminal object lies in S?I 05‘32 because gl ”gz is
closed under finite product in £2 . Let AXB be a product in £2. Given
g—morphi'sms h:D->A and k: D> B we are to show that the induced map
g:|D|»|AXB| is a morphism in &£. This is clear if D 5532 ; assume
De £l . We have a commutative diagram with P, Q ¢ £1 a £2

] k
b k
bzl 8 ko
A Axp — B B

necessarily b;, k 5.5‘31, by ky € 32 . Since £Iﬁ£2 is a CFP-subcateg-
ory in f‘l as well as in 532 we have a product P XQ 5.9105‘32. Let g,
D> P XQ be the Si)l-morphism induced by b; and k;; analogously, let

16
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goe £, be induced by b, and k,. Then by the definition of £, g,.g;:

D > AXB is an £-morphism. Clearly 89-8 = 8-

III, 5. COROLLARY. For each cartesian closed base category there

exists a versatile concretely cartesian closed category K*. Every con-

crete category then has a finitely productive, full, concrete embedding
into K*.

PROOF. We have proved the existence of a versatile CFP-category Kz .

Let K* be its concretely cartesian closed extension (I, 10). Then K* has

all the required properties.
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