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CAHIERS DE TOPOLOGIE Vol. XXIV -1 (1983)
ET GEOMETRIE DIFFERENTIELLE

COFIBRATIONS AND THE REALIZATION OF
NON-DE TERMINISTIC AUTOMATA
by S. KASANGIAN*, G.M. KELLY** and F. ROSSI*

ABSTRACT.

We first consider modules (= profunctors) between U-categories for
a monoidal biclosed U, and show that any module 9: - C with small (
has a canonical decomposition as § = G*Y,, where Y: @ = P({ is the
Yoneda embedding and G: C=> P ({ is the O-functor corresponding to 6 ;
observing further that G* is in fact the «right-extension» [Y* ,0] of 0
along Y* in the bicategory of modules. We then apply this to show that
the forgetful 2-functor from the cofibrations (> C to the modules (- C
has a «weak» right adjoint. We observe finally that this includes, as a spe-
cial case, a theorem of Betti and Kasangian on the existence of a weak
right adjoint - which we may call «canonical realization» - to the «behav-

iour» 2-functor defined on non-deterministic automata.

1. INTRODUCTION.

It is a banality .that the mathematical structures of any given spe-
cies, along with the appropriate morphisms, form a category. A much more
striking observation is due to Lawvere [8]: namely, that many of the basic
structures of mathematics are themselves categories; while others are func-
tors between categories.

It is clear that monoids, groups, groupoids, ordered sets, and equi-
valence relations, are simply ordinary categories of special kinds. A top-
ological space is essentially a special case of a topos, which is a categ-

ory. An algebraic theory was exhibited by Lawvere [7] as a category, and

* Partially supported by the Italian CNR.

** The second author gratefully acknowledges the assistance of the Australian
Research Grants Committee ; and of the CNR, which gave him Visiting Professor-
ships in Trieste in 1980 and 1981.
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KASANGIAN, KELLY & ROSH 2

its models as functors. A ring R is a one-object additive category -
that is, one enriched over the category Ab of abelian groups; and an R-
module is an additive functor R » Ab. In [8], Lawvere exhibits metric
spaces as (symmetric) categories enriched over the category of extended
positive real numbers, Joyal treats species of combinatorial structures in
[ 4] as endofunctors of the category of finite sets and permutations. Walters
has emphasized the notion, in [11] and [ 12], of categories enriched over a
bicategory B, and has identified the sheaves on a site as the Cauchy-com-
plete symmetric B-categories for a suitable B ; with the promise of a sim-
ilar description of manifolds and of other structures formed by «patching
models togethers. The list could be continued: suffice it to recall that a
scheme can be identified with a functor from commutative rings to sets.

It is of course of no value to identify some structure with a category
or a functor or some more general categorical situation, unless the natural
morphisms between such structures, and the important operations on them,
themselves turn out to be those appropriate to the categorical context -

which is indeed the case in the examples above,

Our present purpose is to point out one more example, of a some-
what novel kind. Betti and Kasangian [3], in the context of non-determinis-
tic automata, have described a canonical realization functor that is a very
weak kind of right adjoint to the behaviour functor. Our observation is that
this relation between automata and behaviours is but a special case of a
similar relation between cofibrations and codiscrete cofibrations (in the
sense of Street [9]) in the 2-category of [-categories.

To encompass the case of automata, we must allow the O here to
be a not-necessarily-symmetric biclosed monoidal category. Because there
is no sufficient account of profunctors - which we prefer to call modules -
in the non-symmetric case, we give one briefly in Section 2; a still more
general account, with O now a biclosed bicategory, is given in a forth-
coming paper [ 10] of Street, but this does not contain all that weneed, In
Section 3 we establish the weak adjunction between cofibrations and co-
discrete cofibrations, and then in Section 3 we give the application to auto-

mata and re-find the Betti-Kasangian result,

2%



COFIBRATIONS AND THE REALIZATION OF NON-DETERMINISTIC AUTOMATA

2. O-MODULES FOR A MONOIDAL BICLOSED O.

2.1. We consider a locally-small monoidal category U = (0,,®, ) which

is biclosed, in the sense that we have natural isomorphisms
(1) Co(X,[Y,2]1)~ 0o(X0Y,Z) = Co(Y,{X,2}).

As in Sections 1.2 and 1.3 of [5], we have the 2-category U-CAT of (-
categories, (O-functors, and O-natural transformations, and the 2-functor
( )o: C- CAT > CAT represented by the unit C-category 9 ; this much re-
quires no symmetry, We here denote a U-functor by a double arrow, as in
T: @ = B, keeping single arrows for O-modules, which occur below more
than O-functors. In the absence of symmetry we have neither the opposite
C-category (1°P nor the tensor-product O-category § @ B of [5] Section
1.4, so that we have neither contravariant C-functors in general, nor O-

functors of two variables.

We do, of course, have as in [5] Section 1.5 various isomorphisms
concerning G itself, obtained by specializing (1). Thus, writing V for
Oo(1,-): Gy > Set, we have

vIX,Yl=vix,v}= 0,(X,Y).

We alsohave [I,Z] = {I1,Z} = Z ; and besides the isomorphism

3

[xeY,z]l~[Xx,[Y,Z]]
and its dual {XQY,Z} = {Y,{X,Z}}, we also have

tx.ly,zli = [y, {x, z}].

2.2. Symmetry was in fact not needed for the observation in [S] Section
1.6 that there is a C-category called U, with the same objects as U, and
with O(X, Y)=[X, Y], whose underlying ordinary category is (canonic-
ally isomorphic to) U, ; and that each object A of a U-category (@ det-
emines a representable O-functor ((4,-): @= U sending B to GcA, B).

Now, however, there is also a D-category called 6, with the same
objects as O, and with 5(X, Y)=1{Y, X}, whose underlying ordinary
category is (canonically isomorphic to) U °P. Although we do not have

contravariant O-functors in general, we may think of a O-functor =0 as
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KASANGIAN, KELLY & ROSSI 4

a contravariant functor from (& to O ; and each B ¢ @ determines a repre-
sentable (f(- .B):@ -0 sending A to @(A, B).

The ordinary functors
@(A,-)o:®@6->Uo and @(-,B)o: @, - ,°P
are easily verified to be the partial functors of a bifunctor
hom : R,Px®2, -0,

sending (A, B) to @(A, B), whose value on morphisms we write as
@(f, g). We still find the expressions (1.31) and (1.32) of [5] for @(A, g)
and @(/, B), and hence the altemative expression [5] (1.39) of O-natural-
ity. Then, after the easy verification that O(f, g) = [/, gl, we get essen-
tially as in [5] Section 1.9 the Yoneda lemma, giving for F: @ = U a nat-
ural bijection between O-natural transformations @(A, -)»> F and maps
I-FA. There is also a dual Yoneda lemma for transformations G » (@ (A, B)

where G: @ = (—3

Although it no longer makes sense to speak, as in [5] Section 1.6,
of a O-functor Ten: 0@ U~ 0, it is still the case that -®Z: O, » T,
has an evident enrichment to a C-functor -®@Z: O => 0 ; while Z @ - has

a similar enrichment to a O-functor Z@ -: 0 = 0.

2.3. Given (O-categories @ and B, by a module (or O-module) ¢: @-3
we mean what has been variously called a profunctor, a distributor, or a
bimodule. It is a function assigning to each A ¢ @ and each B ¢ B an ob-
ject ¢(A, B) of (¥ , together with actions
B(B,B')@H(A,B)>P(A,B’), $(A,B)®@ R(A',A)>P(A",B),

subject to five axioms: the evident associativity and unit axioms for the
left action of B on ¢ , which equivalently assert that each A ¢ Q@ givesa
C-functor é(A,-): B=>0; the comesponding associativity and unit
axioms for the right action of & on ¢ , which equivalently assert that each
BeB gives a O-functor ¢(-,B): @ = 0 ; and the axiom asserting the

equality of the two maps

B(B.B')®S(A,B)@Q(A",A) > ¢(A",B").
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COFIBRATIONS AND THE REALIZATION OF NON-DETERMINISTIC AUTOMATA

For a symmetric O, it is immediate from [ 5] Section 1.4 that such a module

is the same thing as a O-functor @°P@ B = (. See in particular [1].
A morphism q: é->y:A> B of modules is simply a family
ag:p(A,B) > y(A,B)
of maps which commute with the two actions. It comes to the same thing
to say thateach ay _: ¢ (A,-)>(A,-) andeacha. g : (-, B)> y(-,B)

is a C-natural transformation. Thus we have a category MOD ((,B) of

modules from ( to B.

If § is the unit O-category with one object 0, a module b 4> B
is essentially a O-functor ¢: B=> U, and we may write ¢ B for ¢(0, B);
and moreover MOD (4,B) is the category O-CAT (B, 0) . Similarly a mod-
ule ¢: (@ -9 is essentially a O-functor b = 6 ; while a module ¢:§-9
is just an object ¢ of U, and mop (4,9) is O,.

2.4. Consider O-functors ¢, 0: 3=>0 and ¢, y: @ = O (or the corres-
ponding modules). We need below a notion of U-naturality for families

(2) ag:0A@pA->Z, By:X->[yA,xAl, yq:Y->{0pA, 04},

Under the isomorphisms (1), there is a bijection between such families
ay, families a4 : ¢y A> [ A, Z], and families ay": p A~ {y A, Z}. Since
¢ and [¢-,Z] are both C-functors G=> 6, we know what it means for
a' to be G-natural; and since ¢ and {l,[/ -, Z} are both U-functors G=0 ,
we know what it means for @'’ to be O-natural. An easy calculation shows
that the C-naturality of a' is equivalent to that of ", and  equivalent to

the commutativity for all A, Be @ of the diagram

/¢A@¢AK

Y BO¢B

(3) yBE(A,B)@¢p A Z ;
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which now becomes our definition of U-naturality for @ . Similarly the O-nat=
urality of 8 is defined as that of the corresponding family X @y A > y A,
or equivalently as that of the corresponding family ¢y A { X,y A}, which

turns out to mean the commutativity for all A, B of the diagram

X Py [y B,xB]
-e(d(A, B)
(4) B4 [yBe{(A,B), yBeU(A,B)]
[y A, xAl [y B®(A,B), xAl.

Finally, O-naturality of y is defined as that of pAQY > § A or equally
that of p A» [ Y,0 A], which gives a diagram analogous to (4).

To say that g is the wniversal O-natural family with domain
Yy A®p A is to say that (3), taken for all A, Be @, is a colimit diagram.
We then call Z the coend [AyA®pA of YABHA. If the coend exists

but Z is arbitrary, to give a O-natural ay as in (2) is exactly to give a
map a :fAt,[/A®</>A » Z. We henceforth suppose U, to be cocomplete;

so that the coend certainly exists if Q@ is small.

Similarly B is universal exactly when (4) is a limit diagram, where-
upon we call X the end fA [g[;A, XA] . If the end exists but X is arbitrary,
to give a O-natural B, as in (2) is to give a map B: X » [, [y A, xA].
We henceforth suppose U, to be complete; so that the end certainly exists

if @ is small.

Again, in the case of y, we define the end [;{pA,0A} as the

limit of a diagram analogous to (4), which certainly exists if ® is small.

Whether @ is small or not, we have the results

(5) AQA,B)@pA ~ $B,
(6) AyaeQ(B,A)=yB,
(7) Jy[@(A,B),xAl = x B,
(8) f41Q(B,A),0A} = 0B.

28
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Each of these follows directly from the Yoneda lemma ; for instance, in the
case of (5), a O-natural ((A4, B)®¢$ A > Z corresponds to a (-natural
@(A,B)>[¢pA,Z] and hence to a map ¢pB » Z. So we may call (5)-(8)

Yoneda isomorphisms.

2.5. Given modules ¢: @ >%B and : B> C, we define their composite
Yo @-C by

(9) (yo)A,C)=[By(B,C)O®4(A,B),

if the coend exists; otherwise the composite is undefined. The module-
structure of /¢ is inherited from those of ¢ and i using the universal
property of the colimit and the preservation of colimits by X®- and -®Y .
In so far as we suppose U, to have chosen colimits, the composite is well
defined ; but equally it does no harm, where convenient, to replace the right
side of (9) by an isomorph.

The preservation of colimits by X®- and -®Y, and the commuta-
tivity of colimits with colimits, easily give associativity isomorphisms
(x¢)é = x( ¢) whenever the inner composites and one of the outer ones

exist. For any @ we have the module
13:@- @ given by 15(A,A") = (A, A");
and if ¢: @ > B is any module we have by (5) and (6) unit isomorphisms
The universal property of /¢ tells us how to define
op:ipp>y’p’ for p:pgp” and o>y’
and easy verifications confirm that modules and their morphisms (which
we may now call 2-cells) «constitute a bicategory MOD in so far as comp-

osition is defined». We of course get a true bicategory Mod if we consider

only modules between small {-categories.

2.6. Consider modules ¢: @->%B, ¢:B->C, and §: @ > C. We define a
module [¢,0]: B - C by

(11) [#,01(B,.C) = [,[4(A,B),6(A,C)]
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KASANGIAN, KELLY & ROSSI 8

whenever this end exists - its module structure being inherited from those
of ¢ and 0 . Similarly we define { i, 9} : @ > B by
(12) (g ,04(A,B) = [ ly(B,C),0(A,C)}.
If Y and [¢,0] both exist, a 2-cell a: ¢y p-> 6 corresponds
to a family
@ ¥ (B, C)®H(A,B) > 6(A,C)
that is Omnatural in all variables, and hence by 2.4 to a family
ajpc:¥(B,C)->[p(A,B),0(A,C)]

that is Cnatural in all variables, and so finally to a 2-cell ¢ “: 1/ [qS, a].

Similarly a corresponds to a 2<ell @ ”: ¢ > {1y ,0} if the latter exists.

It follows that Mod is a biclosed bicategory, while MOD is «par=
tially» one. We have an evaluation [¢,60]¢ » 6 only when the domain here
exists ; and similarly for the evaluation y{¢s,0} - 6. Isomorphisms of the

kinds
lve .01 =[y,le,011, o ,0} =i ,ly,0}1,
and {lﬂ ,[¢’ ,0:“ = [(]S y{¢f 10}]’

which are automatic in a true biclosed bicategory such as Mod, need to be
explicitly proved in MOD , under the hypotheses that the inner limits or
colimits and one of the outer ones exist; we shall not explicitly use them.

There is, however, no problem with the isomorphisms

(13) (1g.01=6=~{10,01},

which follow from (7) and (8).

2.7. When the C~ategory (@ is small, we can represent modules 6 :@-C
as O-functors G: C= P (@, there being an isomorphism of categories

(14) MoD(®,C) =~ UcAT(C,PQR)

for a suitable O-category P @. The case € =§ shows that an object ¢ of
P @ must be a module £: @ > § or equally a C-functor £ : @ = 0. We set

30



COFIBRATIONS AND THE REALIZATION OF NON-DETERMINISTIC AUTOMATA

which as a module 9§ is an object of U. The composition in P{'is the
obvious one deriving from the biclosed structure of Mod via the evaluation
£, ¢1€ » . A morphism £ » £ in the underlying ordinary category (P @,
of P@, being a map I-(PR)(& ¢) =& ], is equivalently a map
£=1E-¢, so that (PA),~ Mod(®@ ,9), which is the special case
C =9 of (14).

For the general case of (14), we leave the reader to verify that

if we set
(16) (GC)A =0(A,C),

then the data and axioms making G into a O-functor € => P({ correspond
exactly to those making 6 into a module (- C ; and that pc:GC-»G'C
are the components of a (-natural p: G- G' if and only if their compon-

ents pry : (GC)A>(G'C)A constitute a 2=cell p: 6 - 6°.

In particular the identity module 13 : @ - @ corresponds to a (-
functor Y: @ > PQ@ (the Yoneda embedding ) sending A to YA=( (-,A4).

From (15) and (7) we have a natural isomorphism
(17) (PR)(YA, Q) =LA,
from which it follows in particular that
(18)  the O-functor Y: Q& = PQ is fully faithful.
In the case of a symmetric O, it is immediate that
P& ~ [@°P,0] ;

and then (14) is just the remark of 2.3 that a module & » C is a O-functor

@PeC=01 or C=>[Q°r,01l.

Dually to the above, we have for small C a C-category P'C whose

objects are modules £: 9> O or equivalently O-functors
£:C=>0, with (P'C)(&,¢0) =1¢,¢3.
In place of (14) we have
moD(®,C) = (C-cAT(&,P'C))°P

and, in the case of a symmetric O we have P'C = [C,0]°P.
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2.8. Any O-functor T: @ = B gives rise to evident O-modules T*: B-3
and T*: B @, where

(19) T(A,B)=8(TA,B), T*B,A)=%8(B,TA);
and a O-natural q:T - S gives rise to evident 2-cells
a,:S,»T, and a*: T*> S*.
Since a b a, and a b> a* are both fully faithful by the Yoneda lemma,

any one of g, @, a * determines the others.

For T:@ = % and Y : B> C we get from (6) and (7) natural iso-

morphisms
(20) WTIA,C)=¢(TA, C)=[T*yl(A, C);
and dually, for ¢:&—»93 and S: C= B,
(21) (S*¢)(A,C)=¢~(A,SC)={S*,gb}(A,C).
In particular, for T: @= B and 0:B = C., we have natural isomorphisms
(QT), ~Q, T, and (OT)* = T*Q*.
Thus we have locally-fully-faithful embeddings
(),:(0-CAT)? > MOD and ( )*: (0-CAT )P » MOD

of «partial bicategories ».

The isomorphisms
(22) l/lT*‘:S[T*,l)[l], resp. S*¢={S*,¢},
resulting from (20) and (21) admit of further analysis when @ (resp. @)
is small. We consider the first of these, and observe that, when { is small,
OT* exists for any §: @~ C. In particular T*T* exists, and we have a

canonical €: T, T*~1 ¢ induced by the composition
B(rA,B')OB(B, TA)> B(B,B’").
On the other hand, T*T* always exists by (20), with
(T*T)(A,A') = B(TA, TA");

and we have a canonical :13 - T*T* with components
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Tgq:@(A,4") > B(TA, TA").

An easy Yoneda-lemma calculation shows that 5, ¢ are the unit and counit
of an adjunction T, ~| T* in MOD. It is further easy to check that the
evaluation [T*,] T* >y corresponds under (22) to e : T T*> 4. Now
the conclusion from (22), that there is a natural bijection between 2-cells
-y T, and 2-cells ¢ T*- s, is just a classical consequence (see [G]) of
this adjunction. The other classical consequence - the bijection between
2-cells T x »¢ and 2-cells y > T*y - corresponds to the second isomor-
phism in (22).

Note that the unit 5: 13 » T*T* of the adjunction above is an iso-
morphism exactly when T is fully faithful. In this case we have a some-

what less evident result:

PROPOSITION 1. Let @ be small, let T: @ =B be fully faithful, and
let 0: @- C. Then [T*,G] exists, and the evaluation [T*,O]T*—»O is

an isomorphism.
PROOF. Since @ is small, [T*,G] exists by (11) and is given by
[(T,,01(B.C) = [, [B(TA,B),6(A,C)].
By (20) we have
({r,01T)(A.C) = [ [B(TA, TA"),0(4, C)].

Because T is fully faithful, the right side here is isomorphic to
Jq @A, A7), 004,C),

which is itself isomorphic by (7) to §(A’,C). It is an easy verification

that this isomorphism is in fact the evaluation. O

REMARK 2. If we were prepared to use the isomorphism
[T*,[T*,G]] = [T*T*,O]

of 2.6, which we have preferred not to discuss, we could have expressed

the evaluation here directly as the composite isomorphism

[T,,01T, = [T*,[T,,61] = [T*T,,6] (1.6 = 6.

[7]91]
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REMARK 3. When € too is small, and 0 : & » € corresponds as in 2.7 to
H:®@ = P'C, Proposition 1 reduces to the classical result (see [5] Prop-
osition 4.23) that (Lanp H)T = H for a fully faithful T ; at least for sym-
metric G, but in fact for any O if the (pointwise) left Kan extension is
appropriately defined. Similarly for the dual result S*{S*,0} =~ 0 when S
is fully faithful, interpreting § now as a O-functor € = P(1 .

REMARK 4. In so far as composition of modules is defined only to within
isomorphism, it does no hamm to express Proposition 1 as [T,,0]1T = 6,

with the identity as the evaluation.

PROPOSITION 5. Let @ be small, let the module 6: @ = C correspond as
in 2.7 to the U-functor G: C=PQ, and let Y: R = PR be the Yoneda

embedding. Then we bave a natural isomorphism

(23) [Y*,G] =~ G*;

and taking this, as we may, to be an equality, we have the decomposition
(24) 0 =G*Y,.

PROOF. Since Y is fully faithful by (18), we have by Proposition 1 and
Remark 4 only to verify (23). By (19) and (17) we have

Y (A, L) =(PR)(YA,L)= LA,
so that (11) gives

[Y*ae](gﬂ C) = fA [CAle(At C)]-
By (16) this is [, [{ A, (GC)A], which by (15) is (P®)({,GC); that
is, G¥( £, C), as desired. O

REMARK 6. We regard (24) as the canonical decomposition of any 6 : ({ » C
with @ small. There is a dual decomposition when € is small, and 6 cor-
responds to H:®@ => P'C; namely 6 = Y'*H_, where Y': C=>rP'C is

the dual Yoneda embedding ; and in place of (23) we now have

ty*0l=H,.

REMARK 7. We can generalize Proposition 5 as follows. Let Q @ be a full

3%
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subcategory of P(I containing the representables, and let Z: @ = Q@ be
the Yoneda embedding seen as landing in Q@ . Let : @ > C be such that
the comesponding G: @ = P C lands in QC, giving K: @ => QC. Then
a trivial modification of the proof of Proposition 5 gives [Z_,0] = K*, so
that 6 = K*Z*.

3. COFIBRATIONS.

31. For any objects &, C of any bicategory K with finite bilimits, Street
[9] defines the bicategory Fib(®,C) of fibrations @ > C in K as that
of the algebras for a certain bimonad on the bicategory of spans from @ to
C. One can define «discrete object» in any bicategory ; and the full sub-
bicategory of Fib((®,C) given by its discrete objects forms the category
DFib(Q®, C) of discrete fibrations @ » C.

When K = Cat there is a biequivalence between Fib((, ) and
the bicategory of bifunctors* #°P x € => Cat, and an equivalence between
DFib(®,C) and the category of functors #°P xC =» Set (or modules
(@ - @) ; so that in this case fibrations are, in effect, two-sided versions
of those first introduced by Grothendieck. However the equivalence between

DFib(®@,€C) and Mod(®, C) fails totally for K = O-Cat, even for good U.

Nevertheless, as Street observes, we can still recover O-Mod di-
rectly from the 2-category O-Cat, by looking instead at fibrations in
(O-Cat)°P, which he calls cofibrations in U-Cat. He analyzes the nature
of these in elementary terms, and shows that the codiscrete cofibrations

@ » C are (to within equivalence) the modules G- C.

3.2. Since we do not want to restrict ourselves to small U-categories, we
first give the results of Street's analysis in a form which makes sense with-
out smallness. We also, by abuse of language, use the name «cofibrations »
for the concrete objects to which the actual cofibrations are only biequi-

valent.

* We use «bifunctor» for what some call a «pseudofunctor» or a « homomosphismof
bicategories».
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Then a cofibration @ » C in U-Cat may be identified with a cospan
@ =D <= C of the following special kind: the U-functors @ => P and
C= 9 are fully faithful, and may as well be taken to be the inclusions
of full subcategories; these subcategories (@ and C are disjoint; and if
B is the full subcategory of 9 given by the objects neither in & nor in

e , we have
D(B,A)=D(C,B)=D(C,A)=0
(the initial object of U) whenever Ae @, Be®B, and Ce C. A morphism
of cofibrations from @=> D<=Cto @ = P’<« € is a O-functor T :
D => D’ which is the identity on @ and on € and which maps B into the
corresponding B°. A 2-cell ¢: T » T is a O-natural transformation whose
components oj are identities when D¢ @ or DeC. The bicategory
Coﬁb(@, @) so described is in fact a 2-category.The codiscrete cofibra-
tions are those for which B is the empty O-category 0.
3.3. Street carries the analysis further in terms of modules. To give the
cofibration @ =» P «= C is to give the D-category B, the objects D(A, B),
ED(B, C), and fD(A, C) of C , and the law of composition in D. If we write
$(A,B), ¢y(B,C), and (A, C) for D(A,B), D(B,C), and D(4,C),
the composition
PB,B")®@D(A,B)» D(A,B")
is just a left action B(B,B')® $(A,B)>¢p(A,B'), and so on; in short,
we are to give modules ¢: -3, Y B-C, and §: @ » C. The composi-
tion is now determined except for its components
D(B.c)®@D(A,B)» D(A,C);
and the giving of the cofibration is complete when we give this as a family
)\ABC:l/I(B,C)@qS(A,B) > 0(A,C)

that is C-natural in all variables. When the composite /¢ exists this is
just to give a 2-cell A: ¢y » 6 of modules.

Since we need below the case where B is as large as P( fora

small @, we do not automatically have /¢ as a O-module;and yet it would
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be intolerably tedious to work with A, 5~ instead of A. Accordingly we
suppose 0 embedded, as in [5] Section 3.12 (which does not use the sym-
metry of O), into a O' corresponding to a higher universe Set’ that sees
Set and O as small, in such a way that the inclusion of  in U' preserves
limits and Set’-small colimits. Then we have ¢ as a ('-module, which
coincides with the module 1)¢» when the latter exists; and similarly for

such other module~composites as we need below.

With this understanding, then, a cofibration @ = P <= C is iden-
tified with a pentad (B ;¢ ,1,0; 1) where B is a O-category, b,y ,0 are

modules, and A is a 2-cell, as in

G . e

The corresponding analysis of a morphism T: D= D’ in
Co/z'b(@, ) identifies it with a tetrad (S;a »3,y) where §: B=> B is

a O-functor and where a, 3, y are 2-cells of modules satisfying the equa-

o
TR
-C

tion

B
@ Y
(26) / AN
Q 5 C

=@ . B’ >
Iy ¢\,\‘u v

6’ 9°
Here S is the restriction of T to B, the component
aqp:P(A.B)>p’(A,SB) of a:¢~»>S*p’

is Typ:D(A,B)>D(TA,TB), and the component y,c of y:0~6"is
Tyc:D(A, C)>D(TA,TC). On the other hand Tp; is the component,
not of B:yS*>y”, but of the B: ¢ »y°S_ which corresponds it under
the adjunction S_— $* of 2.8. The equation (26) is what is needed to

ensure that the T so defined is a O-functor.
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When
T, T:(B:¢p,p,0:0) > (B¢ ,4",0%: 1)
are given by (S;a, 8,y) and (5;a,B,y), it is easy to see that there are
no 2-cells T—»-T." in Cofib((®, C) unless
(27) y=Y.
When this does hold, a 2-cell ¢: T 5T is at once seen to be a (-natural

o:S -5 satisfying the equations

/'SB
(28) e 5*<ﬁ>5* -z,
¢\;$’
B

(29) o

The full sub-2-category of codiscrete cofibrations is obtained by
setting B = 0 throughout. An object is just a module 6 : @ > C, and amor-
phism just a 2—ell y: 0 @’ ; there are no non-identity 2-cells here, so
that we are dealing with a mere category. We need no new name for it; it

is just MOD (@, C).
3.4. We define the bebaviour 2-functor
B: Cofib(@,C) » mop (®,C)
to be that sending (B;¢,¢,0 ;1) to §:A> C, sending (S;a,B,y)to
y:0 > 0°, and sending a 2-cell ¢ to the identity.
For small @, we define a functor
R: MOD (@, C) > Cofib(®, C)
that we may call (canonical) realization. It sends 6: (@ - C to the cofibra-

PR
{[,zd
@ Y e

38

tion RO given by
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using the canonical decomposition (24) of 8. As for its effect on a 2-cell
y:0 >0, we can by 2.7 identify y with a C-natural y: G- G', and hence
by 2.8 with a 2-cell y*: G*> G'*; and we set Ry = (lp ] . y* ).
This is indeed a morphism in Cofib({®, C), for the condition (26 ) reduces
here to y*Y*= y, which follows from the naturality of the evaluation in

; in this sense

Proposition 1 and of the isomorphism (23). Clearly BR = 1

RO is a «realization» of @, since its «behaviour» is §.

If X is an arbitrary cofibration (33;¢>,(/1,0 iA) and 0°:@ > C an
arbitrary module, the category Cofib({,C)(X, RO’) is neither isomorphic
nor equivalent to the discrete category given by the set MOD ({,8)(BX, 6" ;

so that R is neither a right adjoint nor even a right biadjoint to the 2-func-

tor B. We have only the following still weaker result:
PROPOSITION 8. The functor

(30) By g Cofib(@,C)(X,R0%) > Mod(A,C)(BX,BRO’)
= Mod(®@,C)(BX,0%)

has a left adjoint.

Since the codomain of (30) is only a set, this has a very simple
meaning in elementary terms. The functor (30) sends a typical morphism
(S;a,B,y):X~> RO of cofibrations to y:60 - 6°, and a 2-cell between
such morphisms to the identity. To say that it has the left adjoint L is
to assert a natural bijection between 2-cells 0: L8> (S;a,3,y)and maps
8-y in the discrete category MOD (®,C)(9,0) . Thus there is to be
exactly one 2-cello: L&~ (S;a,B,y) if &=y, and none otherwise. Since
the equality (27) is a necessary condition for the existence of a 2-cell,

Proposition 8 in fact asserts the following:

THEOREM 9. Let @ be small, let X =(B;p,¥,0;)A) be a cofibration
@ > C andlet 0°: @ > C be a module. Then for each y: 0 - 0°, the full
subcategory of Cofib(®,C)(X, RO’),given by those (S;asB,y): X > RO’
with this particular y, has an initial object.

PROOF. To give a motphism (S;a,B3,y) from X=(55;¢,x/1,9;)\) to
RO'=(PQ;Y,, G'*6°;id), where G': C=> P({ corresponds as in 2.7
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to %: @- C, is by 3.3 to give
$: 8= PR, a: P~ S*Y*, B:¢yS*>G'™* and y:0-6",
satisfying the appropriate instance of (26). To give S: B =P is equally
to give the module y: (@B which corresponds to it as in 2.7. Then
S*Y*= x by (24), so that ¢ is just a 2-cell ¢ » X - Since G'*= [Y*,e']
by (23), and since the evaluation [Y_,07]1Y, -6’ is the identity by Rem-
ark 4, there is a bijection between 2-cells B:¢S*- G'* and 2-cells
€y S*Y »6°, where ¢= Y, . Using S*Y, =y once more, we conclude
that to give a morphism (S;a,B,y): X » RO’ is to give
x:@>B, a:dp>x, e:yx~>0" and y:0-0°,

satisfying the instance of (26) which now becomes

/I:A u&M‘ew e .

0' w‘y

;1) @

Consider now a 2-cell o:(S;a,8,y) "’(§"°—“B’}’)' where y re-
mains fixed. To give the O-natural o: S+ § is equally by 2.7 to give a
2-cell 0: x> X of modules. The condition (28), since a*Y*=o by the

naturality in Proposition 1 and that of ( 23 ), becomes

¢
T

(32) Gz\u/—c—rx/;%:a;
X
and the condition (29 ) becomes
X B
vo /N
X €
(33) ® ik ~C =
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We get the initial object by setting ¥ =¢, a =id, and ¢ equal to
the composite yA on the left side of (31 ). For then, by (32), a 2-cell -0
is forced to by a itself; and this satisfies (33) by the (¥ ;a,e,y)-case

of (31 ), whose left side is still yA=¢. m}

REMARK 10. There is a dual result, when C is small, corresponding to

the dual decomposition of @ in Remark G.

REMARK 11. Clearly the results of Proposition 8 and Theorem 9'remain un-
changed if we restrict ourselves to those cofibrations (B ;¢,,0;)) in

which A is the identity.

4. NON-DETERMINISTIC AUTOMATA .

41. We recall the description of non-deterministic automata in terms of

enriched categories, given by Betti [2].

The dynamics of a deterministic automaton with Q for its set of
states and L for its alphabet of inputs is given by a function L XQ » Q ,
which at once extends to an action MXQ »Q where M is the free monoid
on the set L . Because there are also practical applications where the mon-
oid M is not free, it is usual to generalize at once to the case of any mon~
oid M . Thus a deterministic dynamics is a monoid M together with an M-
set Q.

To obtain the notion of a non-deterministic dynamics, we merely
replace the function M XQ » Q by a relation ~ between MX(Q and Q, sat-
isfying the following generalizations of the associativity and unit laws for
an action:

if (m,q) ~r and (n,r) ~s then (nm,q) ~s ;

and (e, q) ~q forall g, where e is the identity of M.

A relation between MXQ and Q is equally a relation between OXQ
and M, which is in tum the same thing as a function Q:0x0+PM into

the set P M of subsets of M.

The ordered set P M, seen as a category, is in fact a biclosed mon-
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oidal category . The tensor product X ® Y is just the set
{xy| xeX and ye Y },
while the unit object I is { e}. One intemal-hom [Y, Z] is
x| xyeZzZ forall yeY},
and the otherone { X, Z} is

{y | xyeZ forall xeX}.

The transforms of the generalized associativity and unit laws are

the inequalities
2(r,5)82(q,7)<2(q,s) and 1<2(q.q),

which inform us precisely that we have a O-category 2 with Q for its set
of objects. Thus a non-deterministic dynamics with monoid M is nothing

but a O-category fl, where O = P M.

Accordingly, if wenow fix once for all the monoid M, the possible
dynamics form the objects of a 2-category, namely the 2-category U-Cat of
small O-categories. Thus a morphism S: 2=>2’ of dynamics is just a
C-functor; and since #M is only an ordered set, this is just a function

$:0 >Q" suchthat 2(¢q,7)<2'(Sq,Sr) ; or equivalently, such that
(m,q) ~r implies (m,Sqg) ~ Sr.
Again, there is at most one 2-cell ¢: S » §, this existing when

eeQ’(Sq,fq) forall g¢.

4.2. A non-deterministic automaton is a (non-deterministic) dynamics 2
together with a subset [ C Q of initial states and some notion of output.
We restrict ourselves to the simplest case where the automaton is a mere
recognizer, with possible outputs 0 and I ; so that to give the output func-
tion Q »{0,1} is just to give a subset T C Q of terminal states. Then
the bebaviour b(2; ], T) of the automaton is the subset of M given by
those m such that, for some je ] and some t¢ T, we have (m,j) ~t. In

other words,

(34) b2;1,T) =32 ;. r2i.t),

jE]t
%2
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where the coproduct 2 in O is in fact the union in $M .

Following Betti [2], we define a morphism (Q; ], T)->(Q';]', T")
of automata (still for the fixed M) to be a morphism $:2 =9 of dynam-
ics such that the function §:Q -» Q' satisfies

(35) S(J)<]" and S(T)ST';

and we define a 2-cell to be just any 2-cell o: S > S of dynamics. Thus
automata are the objects of a 2-category Aut. Since (35) clearly implies
that b(2; J, T)<b(2';]",T'), behaviour becomes a 2-functor b from
Aut to the underlying category Oo =P M of U; of course b sends any
2-cell to an identity.

The condition (35) is not, on the face of it, a «categorical» one.
Still following Betti [2] (although not in terminology), we define a 2-cat-
egory Gen of generalized automata (for the given monoid M). A generalized
automaton is a dynamics 2 along with modules ¢: 459 (the input) and
: 29 (the output). A morphism (2;¢,¥) »(2';¢",4°) is a morphism
$:2 =9 of dynamics satisfying the inequalities (that is, 2-cells of
modules)

0
b2\ Y
(36) g I [S* in 4 ;
¢\\9’, 4
and a 2-cell is any ¢: S - S. There is a bebaviour 2-functor
B: Gen » Mod(4,9) =0, ,

sending (2; ¢,y ) to the composite Yd:9-9; for clearly (36) implies
that ¥ < 7",

We have a 2-functor F: Aut > Gen, sending (2 ;],T) to @, bdsY)
where
(37) $(q) =2 2(j.q), ¥(q) =%, 024q, 1),

and sending S, o to themselves; for it is easy to see that (35) implies

(36) when ¢, ¢y are defined by (37). It is further clear from (34) that F
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preserves bebaviour: we have BF = b. Betti seems to us to be mistaken,

however, in asserting that F is fully faithful.

As he correctly observes, F has a right adjoint H, sending ; ¢,¢/)
to (5’2; J. T ) where

(38) ]={q|€e¢q}, T:{qlef‘,[lq}’
and sending S, o to themselves. Indeed, an easy calculation shows that, if
F:1.T)=Q ;¢,¢) and HQ':¢"¢") =(2";]"T"),

the inequalities (36) become exactly S(J)<J' and S(T)< T'. However

the unit I > HF of the adjunction is not an isomorphism ; for

HF(2;].T)=@; L1t

where
(39) ]*={q|ee£’2(j,q) for some je ]},
(40) Tt:{q[eefl(q,t) for some te T} ;

and the inequalities | < ]f and T< Ttare in general strict.

What we do have at once from the triangular adjunction equations,

since both F and H are the identity at the level of the dynamics, is that
(41) FHF=F and HFH =H.

Let us call the idempotent 2-functor ( Y= HF: Aut > Aut the normaliza-
tion functor, and call an automaton A = (5’2; J, T) normal if ]"=] and
TY= T ; which is equivalently to say that A is in the image of H . Note
that (41 ) gives

(42) FAY =Fa,

whence, applying B and using BF = b, we have

(43) vat = b4,

so that nomalization preserves bebaviour. Observe that, although F is

not fully faithful, we do have:

PROPOSITION 12. The functor Fyg 402 Aut(A,A’') > Gen(FA,FA') is

an isomorphism if the automaton A' is normal. O

4%
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4.3. We may identify a generalized automaton (2; ¢, ) with the cofibrae
tion (2;¢4,4,0;2):9-9, where =y¢ and \=id. Then a morphism
S of generalized automata coincides with a morphism (S;a,B,y) of co-
fibrations; a and B are the inequalities in (36), and y is the induced in-
equality Yy p <y’p’. A 2-cell 0: S+ § in Gen is also a 2-cell
o:(S;a,B,y) ~» (§;&,B,7)

in Cofib(4,9) ; for the equations (27), (28), and (29) are automatic when
O, is merely an ordered set. Thus Gen is identified with the full subcat-
egory of Cofib(4,4) given by those cofibrations with A = id. Moreover
the behaviour 2-functor B: Gen » MOD(4,9) = O, of 4.2 is just the res-
triction of the behaviour 2-functor B: Cofib($,9) > MOD(4,9) of 3.4.

The 2-functor R: MOD (9,9) » Cofib(9,9) of 3.4 may be seen as a
2-functor R: O, » Gen, sending 0ePM to RO=(PY; Y., G*) . Since
PJ§=0, since Y,; 9> 0 is given by

vy x =[1,X] =X,
and since G*: U~ is given by G*X =[X, 0], we in fact have RO =
F¢0;{1},{6}). The automaton (0;{1},{8}), however, is not normal ; its

normalization is N6 Z(O;n,é) where
(44) m=1XCM|eeX}, 6={XCM|XCO},
and RO is equally FN@ by (42).

Theorem 9 now gives, when we use Proposition12:

THEOREM 13. Let A =(2 ], T) be any automaton, let its bebaviour be
6, and let 0°>0 in $ M. Then the category of morphisms

Q; 1.T) » (O;m, 67),
and 2-cells between them, has an initial object. Equivalently, the functor
by, g Aut(A,NO%) > Do(bA,bNO’) = Uo(bA,0%)
bas a left adjoint. O

This is the essence of the theorem of Betti and Kasangian in [3].

It is true that they consider a richer notion of morphism for automata, which
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involves a re-coding given by a monoidal functor from U to itself; but their
result in fact follows from Theorem 13 without any significant further cal-

culation.

REFERENCES.

1. J. BENABOU, Les distributeurs, Inst. de Math. Pures et Appl. Rap. 33, Univ.
Catholique de Louvain (1973).

2. R.BETTI, Automi e categorie chiuse, Boll. Un. Mat. Ital. 5 (1980), 44-58.

3. ReBETTI & S. KASANGIAN, A quasi-universal realization of automata, Rend.
Ist. Mat. Univ, Trieste, to appear.

4. A. JOYAL, Une théorie combinatoire des séries formelles, Advances in Math.,

42(1981), 1-82

G.M. KELLY, The basic concepts of enriched category theory, London Math,

Soc. Lecture Notes Series 51, Cambridge Univ. Press, 1982,

N
.

G.M, KELLY & R. STREET, Review of the elements of 2-categores, in Lec=
ture Notes in Math. 420, Springer (1974), 75-103.,

[
.

7. F.W. LAWVERE, Functorial semantics of algebraic theories, Proc. Nat. Acad.
Sci. U.S.A. 50 (1963), 869- 872

F.W. LAWVERE, Metric spaces, generalized logic, and closed categories,
Rend. Sem. Mat. e Fis. di Milano 43 (1973), 135-166.

9. R.STREET, Fibrations in bicategories, Cahiers Top. et Géom. Diff. XXI-2
(1980), 111-160.

0

10. R. STREET, Enriched categories and cohomology, Proc. Category Theory Conf.
(Cape Town, 1981), to appear.

11. R.F.C. WALTERS, Sheaves and Cauchy-complete categories, Cahiers Top. et
Géom. Diff. XXII-3 (1981), 283~ 286.

12. R.F.C. WALTERS, Sheaves on a site as Cauchy-complete categories, J. Pure
& Appl. Algebra 24 (1982), 95-102.

K ASANGIAN : Istituto Matematico ¢« F. Enriques»,
Via Saldini 50, 20123 MILANO, ITALY

KELLY: Department of Pure Mathematics
University of Sydney, N.S.W. 2006. AUSTRALIA

ROSSI : Istituto di Matematico,
Universita degli Studi di Trieste

P.le Europal, 34100 TRIESTE, ITALY

%6



