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MODULO C HOMOTOPY

by J. R. DENNETT

CAHIERS DE TOPOLOGIE

ET CÉOMÉTRIE DIFFÉRENTIELLE
Vol. XXIII-4 (1982 )

This work arose from an attempt to understand how the ideas of

localization and completion relate to p equivalences as defined by Serre

i. e, maps f: X - Y such that f *: H *( Y, Z p) - H *( X, Zp) is an isomor-

phism. Localization is usually set up by defining for a space X its local-

ization E X , i. e, in a sense enlarging the category by including more ob-

j ects. It seemed to me that it might be fruitful to keep the same objects
but to change the morphisms by defining a modp homotopy relation.

In suitable circumstances the localization can also be regarded as

a functor n: A - A/E where A/E is the category of fractions with respect

to a suitable morphisms class [3]. This suggests taking 2 to be the class

of p equivalences and defining maps f and g to be modp homotopic if

n (f) = 71 ( g) . This is just the situation studied by Bauer and Dugundji

[1] although not in the cases (e. g. p equivalences) in which I was inter-

ested. They define morphism s f and g in N to be E-homotopic if n (f)=
q( g ) , and show, for example, that if S is the category of topological

spaces and continuous maps and I is the class of homotopy equivalences
then E-homotopy coincides with the usual notion of homotopy.

In this note we investigate the homotopy relation, in the homotopy

category of pointed topological spaces, determined by the class of mor-

phisms which induce C isomorphisms in homology, where C is a Serre

class of abelian groups. Since this class admits a calculus of left frac-

tions, the homotopy relation has another description in terms of equalis-
ers. In the category of 1-connected spaces this class also admits a calcul-

us of right fractions and so the homotopy relation has a description in terms

of coequalisers too. This mod C homotopy relation enables us to define

mod C homotopy groups. If we take C to be the Serre class of all finite

abelian groups with p torsion (p prime) and work in the category of 1-con-

nected finite CW-complexes, then the mod C homotopy groups are the p

components of the usual homotopy groups.
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Let 5’ denote the category of pointed topological spaces and cont-

inuous base point preserving maps and let F denote the homotopy category
of 5 . Let e denote a Serre class of abelian groups and let 2 denote the

set of maps in 5 which induce C isomorphisms in integral homology. Let

E denote the image of I in F .

THEOREM 1. 1 admits a calculus o f le ft fratctions in F .

PROOF. The constructions in Lemma 3.6 of [2] work in this situation.

Let denote the category of 1-connected pointed topological spa-
ces and let S denote the set of maps in 9- which induce C isomorphisms
of all homotopy groups. Let denote the image of in F1’ the homo-
topy category of F1 .
THEOREM 2. 2- admits a calculus of right frrxctions in
P ROO F. (i) It is obvious that 11 contains identity maps and is closed

under composition .

( ii ) Suppose that we have

where f E I I Replace f and g by fibrations and pullback to

where s:W- X is the induced fibration. Since f E E1,

where F is the fibre of f. This implies that s #: TTi (W) - 03C0i (X) is a C

i somorphism for i &#x3E; 2, 03C01 (W) E C and 03C00 ( W) - 0. Now apply Corollary
8 page 444 of [ 5] to get s’: W’ - W where W’ is 1-connected and
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( iii ) Suppose that we have

where rf - r g and r E E1 . We may assume that r is a fibration. Let S be

and define

By Corollary 10 page 416 of [5] a is a (Serre) fibration and the fibre is

Q F 
r 

where F r is the fibre of r . The homotopy sequence of the fibration

r gives

Therefore Define

where F ; X - Z I is given by the homotopy between r f and r g. Pullback

to

G yields a homotopy between f h and gh , Moreover the homotopy sequence
of the fibration h shows that h #: 03C0i (W) -03C0i (X) is a e isomorphism for

i &#x3E; 2 and 03C01 (W)E e. Replace W by its path component containing the

base point and, as before, approximate by s’: W’ - W where W’ is 1-con-

nected and s’ 7Ti ( W’) == 03C0i(W) for i &#x3E;2.

Theorem 1 also holds in F 1 and in the following categories :

W = homotopy category of C5 complexes,
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By = homotopy category of 1-connected CW-complexes,
F = homotopy category of spaces of finite type,

F1 = homotopy category of 1-connected spaces of finite type,
? B = homotopy category of CW-complexes of finite type,

FW1 = homotopy category of 1-connected CW-complexes of finite type.
Theorem 2 holds in W1 since having obtained W’ we can find a CW

complex K and a weak homotopy equivalence from K to W’.

PROPOSITION 3. Theorem 2 holds in FI and in FW1.
PROOF. The construction of W in (ii) and (iii) does not depend on C. If

we take C to be the Serre class of finitely generated abelian groups and

work in the categories 3" or j=W 1 then any map induces e isomorphisms
of homotopy. But 77i (W’) is C isomorphic to 03C0i (X) where ,X is of finite

type. Therefore W’ is of finite type.

If C is an acyclic ideal of abelian groups and we work in one of

the categories of 1-connected spaces, then I= E1 and l admits a cal-

culus of left and right fractions. Let us call a map in E a e equivalence.

DEFINITION [1]. Suppose that f and g: X - Y in 3,. Then f is mod C
homot,opic to g if 77(f) 77(g) where 77: F1 - F1 /E is the localization

functor. Ve write f =C g.
PROPOSITION 4. (i) f=C g iff there is a C equivalence h: Y-Z in F1
such that h f= h g.

(ii) f g iff there is a C’ equivalence k:W- X in 5, such that

fk = gk. (Here = denotes the usual homotopy relation.)

P ROOF. Let 77: F1, F1 I Ï 1 be the localization functor and let 03C0 : F1- 3,
be the natural surjection. If f=g in F1, then 77(f) = 77(g) , so that 77 in-

duces 77 F1 - F1/E1 . By the universal property for 77 there exists a func-

tor 0 : F1 /E 1- F1/E1 such that 0n = n03C0. By the universal property for

77 there exists a functor

Then 0 and VI give an equivalence



393

Therefore,

(since E1 admits a calculus of left fractions in :f1 )
= there exists h in E1 such that h f = h g
= there exists k in Sr such that fk = gk

(by Part ( iii ) of Theorem 2).

Clearly mod C homotopy is an equivalence relation and behaves

correctly under composition.
Let [ X, Y]/C denote the set of mod C homotopy classes of maps

f rom X to Y and let [fle denote the mod C homotopy class of a map f .
If f: X - Y in 3r then f induces mappings

for any Z in F1. 
Let SX denote the (reduced) suspension of X and Q Ydenote

the space of loops on Y.

THEOREM 5. [SX, Y]e is a gmup. It is abelian if X = SZ or Y = QZ.

If Q Y c 5-1 then [X , Q Y]C is a group and there is an isomorphism

PROOF. If f, g: SX -Y let f * g denote (fvg) v: S X -Y where v:

SX - S X y S X is th e comultiplication. Define [f]C * [g] C to be (f * g] C .
It suffices to show that if fl f 2 and g1=C g2 then f1 * g1=C f2* g2’

Suppose there are 6 equivalences h: Y - Z and k: Y - W such that

h fi = h f2 and k g1= k g2. By Theorem 1 there exist C equivalences r and
’s such that i-h = sk.
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Then

Since rh is a e equivalence fl * g1=Cf* g2 J

If Q Y EF1 then a similar argument using Theorem 2 shows that the

usual operation on [ X, f2Y] , the group of homotopy classes of maps from

X to Q Y , yields a group structure on [ X, Q Y]C.
Let 0:[SX,Y]-[X,AQY] and y:[X,QY]- [SX ,Y] be the

usual isomorphisms. To complete the proof of the theorem it is sufficient

to show that 0 and y§ preserve mod C homotopy. Suppose that f, g ; SX- Y

and f=C g , i. e. there is a C equivalence

The homotopy F: SX X I - Z yields a homotopy F:X x I - QZ , and

F :Qh 0 f= Qh0g . Since Qh is a C equivalence, 0 f =C0g . Similarly, by

taking a C equivalence on the left, gl also preserves mod C homotopy.

DE FINITION. For n &#x3E; 1 the nth mod C homotopy group 03C0Cn (X) is [Sn, X]C
It is abelian if n &#x3E; 1.

Then f:X - Y in 5’1 induces Also there is

a canonical epimorphism

DEFINITION. f: X - Y in F1 is a mod C homotopy equivalence if there

exists g: Y - X in F1, such that

We now consider the situation in H, category of finite 1-connected

CW-complexes. Let P be a (possibly empty) subset of the primes and let

lilp be the class of finite abelian groups without P torsion. Then ep equi-



395

valences are precisely P equivalences [4]. Let 03C0P (X) denote nCP (X)
and let = denote =CP. In the homotopy category K the homotopy classes

of P equivalences admit a calculus of left fractions and (as in Proposition

4) we have f =P g iff there is a P equivalence h in H such that h f = h g,
For X in H let X p denote the localization [4] and iX ; X - X p the can-

onical inclusion.

PROPOSITION 6. Suppose that f, g: X , Y in Jt Then f=g iff iYf=iYg.
P ROO F. Suppose that f=Pg , i. e. there exists a P equivalence h : Y - Z in

K such that h f = h g, Then we have the commutative diagram
Z

where hP is a homotopy equivalence [4, Theorem 2.4]. Therefore

Conversely, suppose that H: Xx1- Yp is a homotopy between .Yf and

iYg. Since XxI is a finite CW-complex, H : = X X I - YB where Yx is 
finite CW-complex occuring in the construction of YP. Thus H: if = i 
where i:Y- YB is the inclusion and a P equivalence.

THEOREM 7. 03C0Pn(X)= (03C0n(X))P, the P component of 03C0n (X).
PROOF. It follows from Proposition 6 that there is a well defined mono-

morphism f3: 03C0Pn(X)- 03C0n(XP) such that the diagram

commutes. Thus

Now ; , where Qp is the ring of rationals which, in
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their lowest form, have denominator prime to p for all p in P and (iX)# is

where i : Z - Qp is the inclusion [4, Theorem 2.5]. Hence

THEOREM 8. If f: X - Y in H is a mod Cp homotop y equivalence for all
p limes p, then f is a homotop y equivalent ce..

FROOF. For each prime p there exists g : Y - X such that fgp o lY and
gp f p 1 X* By Proposition 6, i y f gp = i Y and i Xgp f = iX. Therefore

Since i*Y and i * are isomorphisms so is f*; H*( Y;Zp) -H*(X ; Zp).

Thus is a p equivalence. Since this holds for all primes p, f is a homo-

topy equivalence.
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